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Abstract Let f: M" — R"*P be an isometric immersion of an n-dimensional Riemannian
manifold M" into the (n + p)-dimensional Euclidean space. Its Gauss map ¢: M" —
G, (R"*P) into the Grassmannian G, (R"*?) is defined by assigning to every point of M"
its tangent space, considered as a vector subspace of R”*7. The third fundamental form III
of f is the pullback of the canonical Riemannian metric on G (R"*P) via ¢. In this article
we derive a complete classification of all those f with codimension two for which the Gauss
map ¢ is homothetic; i.e., Il is a constant multiple of the Riemannian metric on M". We
furthermore study and classify codimension two submanifolds with homothetic Gauss map in
real space forms of nonzero curvature. To conclude, based on a strong connection established
between homothetic Gauss map and minimal Einstein submanifolds, we pose a conjecture
suggesting a possible complete classification of the submanifolds with the former property
in arbitrary codimension.

Keywords Homothetic Gauss map - Third fundamental form - Minimal Einstein
submanifolds - Codimension two

1 Introduction and statement of the main results

Since the very beginning of differential geometry the Gauss map has played an important role
in surface theory. A natural generalization of this classical map for an isometric immersion
fi M"™ — R"*P of an n-dimensional Riemannian manifold into the (n 4+ p)-dimensional
Euclidean space is defined by assigning to every point x € M" its tangent space T, M. The
Gauss map ¢: M" — G,(R"*P) into the Grassmannian G,, (R"*?) of n-subspaces of R"*7
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obtained this way has been extensively studied, and a beautiful survey on results concerning
¢ and on alternative definitions of the Gauss map of f can be found in [17]. In this paper
we will mainly consider the pullback III of the canonical Riemannian metric on G, (R"*?)
(regarded as a symmetric space) via ¢, which is called the third fundamental form of f.1Itis
very natural to pose the following Main Problem:

Find all Euclidean submanifolds for which the Gauss map is homothetic (i.e., 1l is a
constant multiple of the Riemannian metric on M").

Due to [15], III can be written in terms of the second fundamental forma: TM x TM —
NyM of f as

n

(X, Y) :Z(a(X, Xi), oY, Xi)), (D)

i=1

where X1, ..., Xj, is any orthonormal tangent frame. In terms of the mean curvature vector H
of f and of the Ricci tensor Ric of M", the Gauss equation leads to the invariant description

(X, Y) =n{a(X,Y), H) — Ric(X, Y). 2)

Notice that for curves, i.e., n = 1, we have IIl = Kz(-, -}, where k is the curvature function.
Thus, a curve has homothetic Gauss map if and only if it has constant curvature, so that we
can assume n > 2.

We obtain from (2) a strong connection between our Main Problem and minimal Ein-
stein submanifolds of Euclidean space, namely, a minimal immersion f: M" — R"*? has
homothetic Gauss map if and only if M" is an Einstein manifold (for n = 2, by an Einstein
surface we mean a surface with constant Gaussian curvature). Another interesting conse-
quence of this equation is the fact that minimal Einstein submanifolds of Euclidean spheres
also have homothetic Gauss map. Indeed, minimality in the sphere easily implies that the
shape operator in the direction of H is a constant multiple of the identity map. There are
important examples of minimal Einstein submanifolds in spheres, the so-called Veronese
embeddings corresponding to the nonzero eigenvalues of the Laplacian on an irreducible
compact symmetric space. They are natural generalizations of the classical Veronese surface
RP? < S* c R>. See [9,16,19] and Chapter 4, §5-6, of [4] for the definition and other
concrete examples.

A simple geometric construction to obtain new examples of submanifolds with homothetic
Gauss map out of simple known ones is given by the so-called diagonal immersions. Let
fi: M" — R""Pi 1 < i < k, be k isometric immersions of a Riemannian manifold M" into
R"*Pi  respectively. For any k real numbers w1, ..., wy with z;‘:l wl.2 = 1, the immersion

k
f=@ifi..owfi M" > R'P p=(k—Dn+ > pi.

i=1

is also an isometric immersion, which is called the diagonal immersion of fi, ...,

fx. If f1, ..., fr have homothetic Gauss map, then so does each diagonal immer-
sion of fi, ..., fx, since the second fundamental form of an f above splits as ay =
(wrees, ..., wrep) and accordingly Il = Z;‘:l wl.ZIIIfl.. In particular, diagonal immer-

sions of minimal immersions f;: M" — SZI.”" c RTPitl 1 < i < k, of an
Einstein manifold M" into spheres provide a broader class of submanifolds with homo-
thetic Gauss map. Note that in this case the image of f is contained in the sphere St with
2
w

p=k=Dn—1+3 piande= (3, )"
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In [14], a partial answer to the Main Problem was obtained by Nolker under the assump-
tion of flat normal bundle. Under this restriction, the only non-totally geodesic solutions are
Riemannian products of totally umbilical submanifolds with mean curvature vectors of the
same constant length, i.e., Euclidean round spheres or curves of constant curvature. Observe
that without the assumption of flat normal bundle the Veronese surface provides a counterex-
ample to Nolker’s theorem already in codimension three. Nevertheless, we show that such
assumption can be dropped in codimension two. Throughout this paper we agree that a round
sphere S"(r) C RY is an n-dimensional totally umbilical submanifold of radius r, even for
n=1.

Theorem 1 Let M" be an n-dimensional connected Riemannian manifold, n > 2, and let
f: M" — R""2 be an isometric immersion. Then 1l = r%(-, -y with r > 0 if and only if
F(M") is (an open subset of) either a round sphere S"(r) C Rt < R"*2 or a product of
two round spheres " (r) x S""(r) C R x R+ = RAH2

As aconsequence, we have that there is no substantial irreducible codimension two Euclid-
ean submanifold with homothetic Gauss map (except curves of constant curvature in R?).

The key fact that the third fundamental form can be written in terms of the second funda-
mental form allows us to naturally extend our Main Problem for isometric immersions into
real space forms QY of nonzero curvature.

A version of Nolker’s theorem for the case ¢ # 0 can be easily obtained, based on the
notion of extrinsic products of isometric immersions; cf. Remark in Section 1 of [14]. Let us
recall this construction.

Let us regard the space form QY ! as

Qévjl:‘XZ(xl,...,XN)EEN:<X’X>:%].

where EV denotes either the Euclidean space RY or the Lorentz space LV according to
whether ¢ > 0 or ¢ < 0, respectively, and x; > 0O in the latter case. Given an orthogonal
decomposition

EN = E™0 x R™ x ... x R™

and immersions fo: Mgo — Q%"fl C E™0 and f;: Mi"i — SZ;"_] CR",1 <i <k,
then the image f(M") of their product immersion f = fy x f1 X - X fr : M" =
My® x M{" x - x M* — EN = E™0 x R™ x ... x R™ given by

fpr, - pi) = (folpo), f1(pD), -+, fe(Pr)

-1
is contained in the space form Qév —Lof curvature c = (Zk 1 ) , provided that Zfzo % #*
v

i=0 o

0. If f is regarded as an immersion into Qév ~1 then it is called the extrinsic product of
fos f1» ..., fr. On the other hand, consider now an orthogonal decomposition RVN~! =
R™ x --. x R™ and isometric immersions f;: M; — R™ 1 < i < k. If we regard each

fi, 1 <i <k, as an isometric immersion into RV ! and consider its composition f; = jo f;
with the umbilical inclusion j : RV =1 — Hé\', then we also say that f =jo(ft x--x fx)
is the extrinsic product of fl, el fk

Under the above notation, Nolker’s argument can be generalized in space forms to show
that every non-totally geodesic isometric immersion into space forms with flat normal bun-
dle and homothetic Gauss map is an extrinsic product of either totally umbilical isometric
immersions fy, f1, ..., fi or fl, R fk, where the mean curvature vectors H; of f; have
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all the same constant length in the latter case, 1 < i < k, and | H;|| = /p? — ¢; for some
p > 0in the former, 0 <i < k.

We say that an isometric immersion in space forms is irreducible if it does not split as an
extrinsic product as above. Our next result shows that the only substantial irreducible solution
of the Main Problem for codimension two submanifolds in space forms is the Veronese surface
in the 4-sphere. This together with the preceding discussion provides a complete classification
of all submanifolds in space forms with codimension two and homothetic Gauss map.

Theorem 2 Let M" be an n-dimensional connected Riemannian manifold, n > 2, and let
f: M" — Q’g""z be a substantial irreducible isometric immersion with homothetic Gauss
map. Thenn =2, ¢ > 0 and f(M™) is (an open subset of) the Veronese surface RP? <> S‘C‘.

2 Minimal Einstein submanifolds

Here, we state some results related to minimal Einstein submanifolds which will be necessary
for the proofs of Theorems 1 and 2.
As previously mentioned, we have the following fact.

Proposition 1 Let f: M"* — R""P be a minimal immersion, with n > 2. Then, f has
homothetic Gauss map if and only if M" is an Einstein manifold.

By combining a result of Osserman—Chern [5] for the Gauss map and a result of Calabi [3]
for Riemann surfaces in the complex projective spaces, we know that the hyperbolic plane
can not be minimally immersed into a Euclidean space even locally. In other words, we have

Theorem 3 Every minimal surface in Euclidean space with constant Gauss curvature must
be totally geodesic.

The next conjecture, due to Di Scala [8], is the higher-dimensional version of the previous
result.

Conjecture 1 Let M" be an Einstein manifold, with n > 3. Then, any minimal isometric
immersion f: M" — R"*” must be totally geodesic.

According to the main result of [8], the conjecture is true if M" is also Kéhler. Furthermore,
under the assumption of flat normal bundle, it follows as a corollary of Nolker’s theorem and
Proposition 1. In [11], Matsuyama presented a general proof in codimension two. His result
is stated below.

Theorem 4 Let M" be an Einstein manifold, with n > 3. Then, any minimal isometric
immersion f: M" — R"2 with codimension two must be totally geodesic.

Theorems 3 and 4 are also true for minimal Einstein submanifolds of hyperbolic space (see
[2,11]).

In the sphere, though, the situation is different. In [10], Kenmotsu has provided a complete
classification of the minimal surfaces with constant Gaussian curvature in the 4-sphere. The
only non-totally geodesic ones are the Clifford torus and the Veronese surface. Notice that the
Clifford torus is reducible in the sense of extrinsic products. In higher dimension, Matsuyama
[11] classified the minimal Einstein submanifolds with codimension two in the sphere. The
only such submanifolds are products of up to three spheres of the same dimension and radius.
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3 The algebraic decomposition

In this section, we prove some algebraic results that will play a key role in the proofs of
Theorems 1 and 2.

We write Iy for the identity automorphism on a vector space V. The spectrum of a self-
adjoint operator A and the eigenspace associated to the eigenvalue A are denoted by A 4 and
E 4 (1), respectively. For convenience, we set E4(A) = {0} forA e R\ A4.

Let V and W be real vector spaces of finite dimension with positive definite inner products
and leta: V x V — W be a symmetric bilinear form. For any given £ € W, we define the
shape operator Ag: V. — V of a with respect to £ by

(AeX,Y) = (a(X,Y), §).

We say that « is adapted to an orthogonal decomposition V = E| @. .. & Ey if the subspaces
E;, 1 <i <k, are preserved by all shape operators. Equivalently,

«(Ei, Ej)) =0, V1<i#j<k

Finally, a bilinear form ¢: V x V. — W is said to be umbilical if there exists a vector
& € W such that

p(X,Y) =(X,Y)§

for all X, Y € V. We start with a useful criterion for umbilical bilinear forms.

Lemma 1 Let V and W be real vector spaces of finite dimension, where V has a positive
definite inner product, and let ¢: V x V. — W be a bilinear form such that ¢(X, Y) = 0 for
all pair of orthonormal vectors X, Y € V. Then ¢ is umbilical.

Proof Let {X1, ..., X,} be an orthonormal basis of V and write
o(Xi, Xj) =¢ij, 1=<i,j=<n.

By linearity, all we have to prove is that ¢;; = §;;& for some § € W. Fori # j, it
holds by assumption. For i = j, take the orthonormal vectors X = %(X,' + Xp), Y =

%(X,- — X&), i # k, and use the assumption to conclude that

1
0=9X.,Y)= E(% — Prk)-
Thus & = ¢;; does not depend on i and our lemma is proved.

Next, we study some algebraic implications of having umbilical third fundamental form.
We use Eq. (1) as an abstract definition of the third fundamental form associated to a sym-
metric bilinear forma: V x V — W.

Lemma 2 Let V" and W? be real vector spaces of dimensions n and 2, respectively, endowed
with positive definite inner products, and let a: V" x V* — W? be a symmetric bilinear
form. If the third fundamental form 11l associated to « is umbilical, then there is an integer
k, 1 < k < n, pairwise distinct nonnegative functions X ;: w2 — Rso, 1 < j <k, and an
orthogonal decomposition

VI=E & - ®E; 3)

@ Springer



156 Geom Dedicata (2016) 180:151-170

to which o is adapted and such that the shape operators satisfy
AflE; = M)

for all & € W2. Moreover; the integer k, the functions Aj, 1 < j < k, and the above
decomposition are unique (up to permutations).

Proof Observe that A A= K2k €A A¢ }- Moreover,
E 2 (k%) = Ep, () ® Ea (—x) @)

for any & € W2. In particular, A¢ leaves the eigenspaces E A2 (%) of Aé invariant.

We can assume that III # 0, since, otherwise, @ = 0 by (1) and there is nothing to prove.
The assumption that III is umbilical, say III = riZ(~, -), is equivalent to Aé + Agz = rizlv,

where {£], &} is any orthonormal basis of W2. In other words, the spectra and eigenspaces
of A7 and Agz are related by

Thus, both Ag, and Ag, must leave the eigenspaces of Aé invariant, 1 <i < 2. As we are in
codimension two, it follows that « is adapted to the eigendecomposition of A?i . But since the

orthonormal basis {£], &} of W2 was taken arbitrarily, we conclude that « is indeed adapted
to the eigendecomposition of any AZ, £ € W2. In other words,

ApE (%) C E(?). VE. e W2,

where A2 € A A2 In particular, the eigenspaces of each Ag are invariant under any other

A%/. Since the endomorphisms Ag are self-adjoint, this is equivalent to the existence of a

common eigenbasis for the family {Ag: £ € W?}. It is now straightforward to verify that
the components E; in our decomposition (3) must be precisely the eigenspaces of the family
{Ag: & € W2}, ie., the maximal subspaces of common eigenvectors of all A§,§ e W2
Equivalently,

Ej =NeewEz (2®).

where the eigenvalues )L? &) eA 42 are such that the subspace on the right-hand side of the
above equality is nonzero. This concludes the proof of the lemma.

Remark 1 Notice that, if TIT = j—2<-, 3, then A;(€)? + 1 (&2)? = riz for1 < j < k and
every orthonormal basis {£1, &>} of w2,

The idea now is to understand the algebraic structure of o restricted to each block of
decomposition (3).
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Lemma 3 Let E™ and W? be real vector spaces of dimensions m and 2, respectively,
endowed with positive definite inner products, and let «: E™ x E™ — W?2 be a sym-
metric bilinear form. If there exists a positive function A: W2\ {0} — R~ such that the
shape operators of o satisfy

A§ = M)’ Ig 5

for every & € W2\ {0}, then both (&) and — A(&) are eigenvalues of A¢ and have the same
multiplicity (in particular, m is even and trace Az = 0).

Furthermore, for any orthonormal basis {§1, &} of W2, there exist p,oc € R, o > 0,
satisfying p* + 0% = AM(&2)? and a linear map A: EY — E~ such that

A*A =0’ AA* =0l (6)
and
Ay = 2MEN@T —77),
Ag, = (pIg + At + (—plg + AHT, )

where E* = EAsl (£A(&1)) and 7% is the orthogonal projection gt Em — E*,

Proof Take any orthonormal basis {£1, &} of W2. We have that
2 2 2 2
A§1+Ez = (Ag + Ag)” = Agl + Agz + Ag Ag, + Ag Agy.
By the assumption, we obtain
Ag Ay + Ag Ag) = BlE (®)
for some real number 8. 3 ~
For simplicity of notation set A(§;) = A. Since Agl = A2Ig, it follows that A Ag S
{=X, A}. Write
Ag =2t —n7), Ag = AT+ ArT + (AT + BT
according to the eigendecomposition of Ag , where AT E*¥ - E* A: ET — E~ and
B: E= — E™T. As A, is self-adjoint, we must have

B = A*. ©)
Then Ag, Ag, + Ag, Ag, = 2A(ATrT — A~ 7) and (8) yields
AT = 4plgs 10)

with p = 2% Now, it follows using (9) and (10) that A§2 = p2lp + A*Ant + AA*n—.
Since A*A and AA™* are positive operators, we conclude by using the assumption on the
shape operators again that A(£2)> — p > 0 and obtain (6) for 62 = A(&)2 — p2. If o = 0,
then A = 0 and thus Ag, = p(x* — 7). But this implies that A¢ = 0 for some & # 0,
which contradicts the positivity of A. Therefore, s # Oand A: E¥ — E~ is an isomorphism.
In particular, both % and —2X are eigenvalues of Ag and have the same multiplicity. Since
£ € W2\ {0} was taken arbitrarily, the proof is complete.

Remark 2 Observe that A is positive if and only if Im o = span{a(X,Y): X,Y € E™} is
two-dimensional. In the case where there is a nonzero vector & € W2 such that A(§) = 0,
(6) and (7) still hold provided that &; is not collinear to £&. However, A = 0 and then
dim ET # dim E~ in general.
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We finally compile the information contained in (6) and (7) by means of certain umbilical
bilinear forms derived from o and A. Defineaq: ET X ET — W2andas+: E- X E~ — W2
by s (X,Y) = a(X, AY) and a4+ (X,Y) = a(X, A*Y).

Lemma 4 Let o and A be as in Lemma 3. Then the bilinear forms o| g+ g+, @ g-x -, ®A,
aax are all umbilical. More precisely, we have

alptxpt (X, Y) = (X, Y)(A(E1)E1 + p&2), aa(X,Y) = (X, Y)o%&,
alp-xp- (X, Y) = —(X, V)(MED&E + p&2),  aa=(X,Y) = (X, Y)o?E

forall X, Y in the corresponding domains.

an

Proof We argue for a4, the other cases being similar. Since ET and E~ are eigenspaces of
Ag, associated to distinct eigenvalues, it follows that

(@a(X,Y),861) =0 (12)
forany X, Y € ET. On the other hand, (6) and (7) imply that
(@A(X,Y), &) = (AX, AY) = (X, Y)o%.
Therefore a4 (X, Y) = (X, Y)o?& and the lemma is proved.

4 Proofs of Theorems 1 and 2

The main goal of this section is to prove Theorems 1 and 2. Additionally, we conclude
posing a conjecture suggesting a possible complete solution to our Main Problem in arbitrary
codimension.

Throughout this section, we denote by V and V- the Levi-Civita connection of M” and
the normal connection of f, respectively.

The following result is of independent interest.

Proposition 2 Let f: M" — R"*P be an isometric immersion, and suppose that there exists
a totally geodesic submanifold L in M" such that « is adapted to (T L, TL+ N TM). Then
flL admits a reduction of codimension to p.

Proof Let (o, V1) and (ar, L' V1) denote the second fundamental forms and normal connec-
tions of f and f|, respectively. In terms of the second fundamental forms, the assumption
that L is a totally geodesic submanifold of M" means that

ap =a|lrLxTL- (13)

In particular, we have N L € N1 M, where N1M and N;L are the first normal spaces of f
and f|r, respectively.

The assumption that « is adapted to (T L, T L+ N T M) implies that Az X € TL for all
& € NyM whenever X € T L. In other words,

Af = AglrL (14)

for all ¢ € NyM, where AEL denotes the shape operator of f|; with respect to £. Hence,
comparing the Weingarten formulas of f and f|; we obtain

Lyie =vVye, VXeTLandé € NyM.
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Therefore, Ny M is a parallel subbundle of rank p of the normal bundle N 7|, L containing
N1 L. The statement then follows from a well-known fact about reduction of codimension

(cf. [6]).

Remark 3 Let I : TL x TL — R denote the third fundamental form of f|;. Since « is
adapted to (T L, TL+ N TM), it follows immediately from (13) that

Iy =l7rxTeL,

where III is the third fundamental form of f.

Let us start to carry out the proofs of Theorems 1 and 2. By Lemma 2 we get at each
x € M" an integer k, 1 < k < n, pairwise distinct nonnegative functions A ;: NyM(x) —
R>¢, 1 < j <k, and an orthogonal decomposition

I\M=E & & E s)

to which the second fundamental form ay: Ty M x TxM — NyM (x) is adapted and such
that the shape operators satisfy

A}lg, = 7€) Ig,, VE € NpM(x).

In particular, since the integer k, the functions A;, 1 < j < k, and the above decomposition
are unique up to permutations, we can choose them to be smooth along an open dense subset
U of M". In fact, we first claim that, at each point x € M", there exists a normal vector
&x € NyM(x) such that the numbers A (&), ..., Ax(§x) are pairwise distinct. Suppose
otherwise and let / < k be the maximum number such that (&), ..., A;(&p) are pairwise
distinct for some & € NyM(x). Pick vectors & € NyM (x) for which A;41(&) # A (&),
1 < i < [ This is possible, since the functions A1, ... Ay are pairwise distinct. Now, set
& = &y + t;&; and observe that, for a unit vector X,, € E;;, 1 < m < k, we have

2 2
)‘m(g) = (AE0+1‘,'§[ Xms Xm)
= A2,(80) + 2(Agy Xm» A, X )ti + 12, (EEP. (16)

Thus, p; = klz (&) — kl.z (&) is a quadratic polynomial in the variable #;, and hence has at most
two zeros, | < i < [. In particular, p; # O for #; sufficiently small. So, we can iteratively
reset &y as follows. Choose t; sufficiently small such that A1 (§), ..., A;(§) for& = &y + 11§
remain pairwise distinct and p; # 0. Reset &) := & and repeat the process for 1,, getting
anew & = & + né& with A(§), ..., A(§) pairwise distinct and p, p» 7# 0. Continue
the process up to the [t step, obtaining a £ = &y + ;& such that A{(§), ..., A;(§) remain
pairwise distinct and p; # Oforall 1 < j < [/. Butit just means that if we add A1 () to the
previous list they are still pairwise distinct, contradicting the maximality of /. This concludes
the proof of our claim.

Now, extend &, to a smooth unit normal vector field £ in a neighborhood of x. As the
number of eigenvalues of A is a lower semi-continuous function, so is k(x). In particular, k
is constant along the connected components of an open dense subset U of M". Furthermore,
since A, ..., A and Eq, ..., E are, respectively, the eigenvalues and eigenspaces of a
shape operator by the above argument, we conclude that they are smooth along each connected
component of U, as we wished.

To prove Theorem 1, it suffices to show that f has flat normal bundle, and the result will
follow from Nolker’s. Suppose otherwise and take a point x € U at which this property
fails. By the Ricci equation, it means that the shape operators {A¢: & € NyM(x)} are not
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simultaneously diagonalizable. Thus, there is at least one index j, 1 < j < k, such that the
family {Ag| Ej : & € NyM(x)} is not simultaneously diagonalizable. In particular, since we
are in codlmens10n two, no Ag|g; with § # 0 can vanish identically, so that A (§) # 0 for
every § € NyM(x) \ {0} and Lemma 3 applies to a|g; x ;- This clearly remains valid in a
small neighborhood U’ C U of x.

Lemma 5 E; is a totally geodesic (hence integrable) distribution on U’.

Proof Let E; be another distribution in decomposition (15). Since E; and E; are orthogonal,
we can define a tensor ¢: E; x E; — E; by projecting VxY orthogonally onto E;, i.e.,

(X, Y) = (VxY)E;. a7

All we have to prove is that ¢ vanishes identically. Consider Uy C U’ the set where there
is a nonzero normal vector £ € NyM such that A;(§) = 0. We point out that Iy may a
priori be empty. Nevertheless, it does not affect the proof at all. Actually, the main reason to
define Uy is that, although the algebraic structure of the second fundamental form provided
by Lemma 3 applies for any chosen orthonormal normal basis {£1, &} under the assumption
that X never vanishes, when working in Uy, in order that (6) and (7) can still hold, Remark
2 requires that &1 not be collinear to the above &, that is, within /) we need a bit of care to
choose our orthonormal frame in order to be able to carry out the computations making use
of the structure provided in Lemma 3.

So, at each point in U’, the functions A j and A; are distinct, so that we can take a (local)
smooth unit normal vector field &; for which A;(§1) # A;(&1) everywhere. Furthermore,
when working in Uy, we choose &; such that A; (E 1) # 0 as explained above. Let {£1, &} be
a smooth orthonormal normal frame. We write A ;(§1) = xi j»Ai(€1) = i for simplicity and
denote by (pj, 0, Aj: Ej — Ej ) and (p;, 0}, A Ef — E;7) the triples given by Lemma
3 and Remark 2 applied to o|E, < g; and a|g, g, , respectively (recall that o; # 0 and A; is
an isomorphism).

In what follows, the fact that « is adapted to (15), together with (6), (7) and (11), is often
used without explicit mention.

Let us define tensors <ij¢: E]i X EJjE — E; by

va:(X.Y) = (X, ATY),

where we write AT = Ajand AT = A% Since AT ET > ETis an isomorphism, it suffices
to show that ¢| EfxE* and Pa* vanish identically to conclude the proof of the lemma. Our

first goal is to show that since a| E:t g+ and o 4+ are umbilical bilinear forms by Lemma 4,
J
the same property holds for ¢| E:_tx £t and ¢ 4= The symbol F is used when = has already
J J J

appeared in the same context, to indicate the sign opposite to the one represented by the latter.
Using that « is adapted to (15) together with (11), the Codazzi equation for (Z € E;, X €
EjE Y e Ei Y L X) becomes

a(VzX,Y)+a(X,VzY) =a(VxZ,Y)+a(Z, VxY).

Taking the inner product of the equation above with &1, the pairwise orthogonality of X, ¥, Z
yields (recall that E is the eigenspace of Ag, |g; associated to +X; i)

(@(X,Y), (A, F AjI£)Z) =0,
Since :I:):j ¢ AAEl Ik, (after all, )1]- #* %), we have that AglE, F ):jIE,, is an isomorphism
of E; and thus ¢(X, Y) = O for all orthonormal pair X, Y € E]i Therefore, it follows from
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Lemma 1 that the bilinear form @]+ p+ is umbilical. In other words, there exists a vector
J J
field P* € E; such that

(P|E/_i><1§;E ={(, ')Pi~

Taking now the inner product of the same equation with &, (7) and again the pairwise
orthogonality of X, ¥, Z give (we use the above to conclude that the term (¢(X, Y), (Ag, F
pj1E;)Z) vanishes)

<¢A¢(X, Y). z> - —<VZX, AjFY) - <VZY, AfX). (18)
J
In particular, as the right-hand side is symmetric in X, Y, so is the bilinear form ¢ ,+.
J
Using that a(X, ATY) = 0a,+(X,Y) = 0 by Lemma 4, the Codazzi equation for (Z €
J
Ei,X € EJi AfY: Y € Eji Y L X) yields

o (VZX, AjFY) ta (X vajEY) —a (VXZ, AjEY) ta (z, VXA]#Y) .

Taking the inner product of the above equation with &; and taking into account that ATY €
ET, we obtain

<¢Af(x, Y). (Ag, :|:)~LjIE[)Z> = F23; (vzx, AjEY>, (19)

which alongside the symmetry of ¢+ gives (VzX, A7Y) = (VzY, A7X). This and (18)
: . .
then yield

(04:X. 1), Z) = —2(Vzx, ATY). (20)
j ;
Now, multiply (20) by :|:)~\ j and add the result to (19), to obtain
<¢AJ¢(X, Y). Ag Z) =0,

Recalling that we have chosen & such that 5\1‘ # 0 and hence Ag |g; is an isomorphism of
E;, we get that ¢ 4+ (X, Y) = 0 for all orthonormal pair X, Y € EJi Lemma 1 again applies
J

to conclude that ¢ A]# is also an umbilical bilinear form. Let Q% € E; be such that
Gar = (0%
It remains only to show that P¥ and Q¥ vanish. The idea now is to explore how the
Codazzi equation relates P + and Qi. First, observe that
p(A; X, A;X) = asz’, P(A; X, X)=0" (21)
for aunit vector X € E ;L One can check these identities by simply writing X as X = U%Aj‘ Y

with Y € E; of unit length, since (}A;‘ CE; — E;L is an orthogonal transformation, and

then evaluating the left-hand side using (6).
Consider the Codazzi equation for (X € E]+ XII=1,A;X,Z € Eii),

a(VXAjX, Z) +05(AjX, sz) = (X(VAJ.Xx, Z) + Ol(X, VA_/.XZ). (22)
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Taking the inner product of this with & and using the equation on the right in (21), we have
(G FANQ™,Z) = =Gy £1)(07, Z). (23)
On the other hand, the Codazzi equation for (Z € EljE X e E;L X =1, X) gives

Via(X,X) —2a(VzX, X) = —a(VxZ, X) — a(Z, Vx X).

i

Comparing this to the same equation for (Z € Ei, Y e Ej_ Yl =1,Y), we see by (11)

that the two terms involving the normal connection V- are equal up to sign, so that we can
add the equations up in order to get rid of them. After doing so, take the inner product of the
resulting equation with & and & to obtain

Goj £AP™,Z) = (h; FA)(PT, Z) (24)
and
(P (pj £ 0)Z + AFZ)— (PT, (pj F p)Z — AFZ) = (0" + 0™, Z) + 28,

respectively, where & = (VzX, A;X) + (VzY, A’]‘TY ) is independent of the unit vectors
X € Ef, Y e Ej_ In particular, setting ¥ = U%A,-X [note that ||Y|| = 1 by (6)], we
conclude that & = 0. Therefore,

(0" +07.2) = (P (0 £p)Z + ATZ)—(P*. (0, FPIZ — ATZ).  (25)
Finally, take the inner product of (22) with &, and use both equations in (21) to get that
(0" () £0)Z + ATZ)+(Q7, (pj FPZ = ATZ) = 0} (P = P, Z). (20)

Now, if we multiply (25) and (26) by ():j + Xi)(ij F 5»,-) = ():? — Xl.z) and use (23) and (24)
into the resulting equations, we obtain a couple of expressions involving only P* and Q:

%Gy 000" 2) = (PH, Gy F 200k — mANZ F 1,0 £70AFZ), @7)
oGy FAPT, Z) =(0F. () £ 10 (pikj — A Z £ 3,0, FA0AFZ). 28)
By changing Z to A7 Z in (27) (remind that A}"Z € E;7), we obtain
T = N O AT — (Pt (5 TN AYAT AT
A FANQT,ATZ) = (P s X (pjri — pik AT Z N (hj F Ai)o; Z>- (29)
Multiplying (28) by ;i and using (27) and (29) yield an equation just in terms of P*:
((Piij — pjii)? +<7125\,~2 - 0125»?) (5»,' F ii) (P*,z)
£2 (pidj = piki) 3y (35 £ 3) (P AFZ) =0, (30)
We can again change Z to Al.iZ in (30), getting
207 (pinj — pjridhj(hj FANPT, Z) F ((;Oij»j — pjri)?

+olil - a}iﬁ) (j £ i) (P, A% Z) = 0. 31)
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Equations (30) and (31) constitute a homogeneous linear system in the variables (P, Z)
and (P, AiiZ ) whose determinant d is given by

o - - - N N2 - -
d==+ ()“12 - A%) [((Pikj — pjhi)® + 01-2)»,-2 - a,-z)ui) +40l(pikj — pj)»i)z?»?] .

We show next that d # 0. Suppose that d = 0. Then, since A j#E A,

(pidj — pjri)* +07hF — o A% =0, (32)

oi(pikj — pjri) = 0. (33)

Of course, o; # 0. Otherwise, (32) and A; # 0 would imply that oj = 0, which is a
contradiction. So, by (33),

Pirj = pjhi. 34
This and (32) then give
(35)

Now, it follows from Lemma 3 and Remark 1 that 1012 + 012 =3- Xlz, forl € {i, j}. Hence,
(34) and (35) imply that

which leads to a contradiction with A jF 5»1‘- Therefore, d # 0 and thus P+ = 0. Finally,
(27) together with (23) and (24) yields P~ = O and Qi = 0, as we wished. Hence the lemma
is proved.

We are now in position to prove Theorem 1.

Proof of Theorem 1 Let L be atotally geodesic integral submanifold of E ;. Since « is adapted
to (TL, TL+NTM), it follows from Proposition 2 that the isometric immersion f|; admits
a reduction of codimension to 2. Moreover, from Lemma 3 and (14) we have that f| is
minimal. Finally, Remark 3 implies that f|; also has homothetic Gauss map with the same
homothety factor %2 Therefore, it follows from Proposition 1 that L is an Einstein manifold.
In other words, L is a minimal Einstein submanifold with codimension two. However, this
contradicts Theorem 4 (resp. Theorem 3 if dim L = 2), since f|;, is non-totally geodesic.

Therefore, f has flat normal bundle and the theorem follows from Nolker’s theorem.
The following lemma is necessary for the proof of Theorem 2.

Lemma 6 Tuke an open subset of M where Ey, ..., Ex as in the proof of Theorem 1
constitute smooth distributions. Then, every E; such that A; (§&1) = 0 for some smooth unit
normal vector field & € Ny M is parallel with respect to the Levi-Civita connection of M".

Proof Throughout this proof, we take a unit normal vector field & orthogonal to &; and use
the normal frame {&;, &»}. We consider three cases:

(a) R+ = 0. The assumption that X;(§;) = 0 for some smooth unit normal vector field
&1 € NyM is not used in this case. By the Ricci equation, there exists an orthonormal tangent
frame {X1, ..., X, } such that

O((Xi,Xj)=0, 1§i;éj§n.
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Therefore, for each x € M" the tangent space T, M decomposes orthogonally as
TeM = Di(x) ® ... D D(x),
where each D;(x) is a common eigenspace of all shape operators, that is,
Ae X = i ()X,

if X; € Di(x),l <i <s=s(x),and u; # pujfori # j. Now, it follows by the uniqueness
part of Lemma 2 that s = k, u; = A; and D; = E;, 1 <i < k. In this special case, the maps
& — A; (&) are linear and hence there exist unique normal vector fields ;, 1 <i <k, called
the principal normals of f, such that A; (§) = (n;, &). Therefore,

Ei={XeTM:a(X,Y)=(X,Y)n;forallY e TM},1 <i <k,
and the second fundamental form of f has the simple representation

k
a(X, ¥y =D (X', ¥, (36)

i=1
forall X, Y € TM, where X + X' is the orthogonal projection onto E;. Then, the assump-
tion on the Gauss map implies that

1
I 1> = (X5, X;) = = (37)

where X; € E; is a unit vector. Therefore, since n; # nj, 1 <i # j < k, it follows from
the Cauchy—Schwarz inequality that

1 .,
(ni,mj) < L 1<i#j<k (38)

Consider the tensor ¢;; : TM x E; — E definedby ¢;;(X,Y) = (VXY)Ej,l <i#j<k.
To conclude that E; is parallel in the Levi-Civita connection, 1 < i < k, we must show that
all ¢;; are identically zero, for 1 <i # j < k.

The Codazzi equation for (Z € E;, X € E;, Y € E;) and (36) give

(X, Y)Vzni = (gij(X,Y), Z)(ni — 1) (39)
Taking the inner product with 7;, we have, by (37) and (38),
(gij(X,Y), Z) =0. (40)

Since X,Y € E;, Z € E; and the indices i # j have been arbitrarily chosen, the above
equation implies that each E; is a totally geodesic distribution, 1 < i < k. Thus, in order
to conclude that E; is parallel in the Levi-Civita connection, it remains only to check (40)
for X € E;,Y € E;, Z € E; and pairwise distinct indices i, j, [, since {¢;;(X,Y), Z) =
—(9ji(X,2),Y)=0forX,Z e E;, Y € E;.

We claim that this follows from the Codazzi equation for (X € E;,Y € E;, Z € Ej). In
fact, the latter gives

(@ij (X, Y), Z)(nj —ni) = {@i; (Y, X), Z)(n; — mp).

But since n;, ;, n; are pairwise distinct and have the same norm, it is straightforward to
conclude that the vectors ; — n; and n; — n; cannot be collinear, so that

(9ij(X,Y), Z) =0, (41)
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as we wished.

(b) dim E; > 2. We show that R+ = 0, hence reducing the problem to the previous case.
Since A;(§1) = 0, we have that E; C ker Ag,. Furthermore, the assumption of homothetic
Gauss map implies that

1
A lrer g, = —3 Ber 4, (42)

From this we then obtain that

2 (&Y
glerag =\ — Ler A

for every & € Ny M, so that ker Ag, fits into decomposition (3). By uniqueness, we conclude
that actually E; = ker Ag,. Now, it is a consequence of (4) and (42) that

1 1
E; C Eqx,, (—;) ® Eq, (;) .

We claim that equality holds in the above inclusion. Indeed, take for instance a vector X €
Ep, (1). In particular, AéX = rizX . The assumption on the Gauss map then yields Agl X =

1
;

0 and, consequently, X € ker Ag, = E;. In other words, E 4, (1) C E;. Similarly, we show

that EA{)22 (—%) C E;, so that our claim is proved, i.e.,

1 1
Ej = Ey, (—;) ® Ex,, (;) : (43)

Take an orthonormal frame {X1, ..., X,,} of eigenvectors of A, |g;, so that Ag, X ; = :I:%Xj,
1 < j < m. Note that a(X;, X;) = :t%(;ﬂgz. Let w be the normal connection 1-form on
T M defined by w(X) = (Vi&, &). We will check that @ = 0 to conclude that R+ = 0,
since the codimension is two.

We claim that E; is a totally geodesic distribution. To see this, consider the tensor ¢ :
E;, x Ei — EtL N TM defined by ¢(X,Y) = (VXY)EilﬂTM' It suffices to show that

o(X;, X)) =0for1 < j,I < m.The Codazzi equation for (Y € ElJ- NTM, X;, X;) yields
1
:I:;Vf;zfz :—oz(VXjY, Xj)—a(Y, VXij). (44)

Taking the inner product with &, gives (p(X;, X ;), (A‘g2 F %ITM) Y) = 0. But, by (43), we
have that Ag, F }ITM maps E;* N TM onto E;* N T M. Thus, we conclude from the above
that o(X;, X;) = Oforall 1 < j < m. Take now the inner product of (44) with &;. By the
above and E; = ker A¢, we obtain

w(¥)=0 (45)

forallY € EF NTM.
On the other hand, the Codazzi equation for (¥ € EIJ- NTM,X;, X;), j #1, now gives

a(Vy X, Xp) +a(Xj, Vy X)) = a(Vx, Y, Xi) + a(Y, Vx, X)).
Since E; = ker Ag,, taking the inner product with &; yields

<(;0(X]7 Xl)7 A§| Y) =0.
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However, Ag, | gL~z 1S an isomorphism of Ef- N T M, and therefore
o(X;, X)) =0.

for j # I. This concludes the proof of the claim.
Finally, Codazzi equation for (X € E;,Y € E;, &) together with the claim just proved
implies that

o(V)Ag X = 0(X)Ag,Y.

Since Ag,|g; : E; — E; is an isomorphism and we are under the assumption dim E; > 2, it
follows that

o|lg; =0.

This and (45) show that @ vanishes identically and thus RL =0, as we wished.
(c) Neither (a) nor (b) occurs. Let ¢j; : TM x E; — E; be the tensor defined as in case
(a), for any pair of distinct indices j, /. Set

I'={j:1j(§)=0 forsomeé& € NyM}.

By assumption, i € I'. If dim E; > 2 for some j € I', we can conclude as in case (b) that
R = 0. Therefore, there is no loss of generality in assuming that all E jfor j € I' are
line bundles. Let E; be locally spanned by a unit vector field X;. So, {X; : j € I'} is an
orthonormal basis of F' = @ jer E; that diagonalizes all shape operators. Then, we can use
the same argument as in case (a) to show that, if j € I,

@ij(X,Y)=0 (46)

forall X € F and Y € E;. To check that the same holds for X ¢ F, we can assume by
tensoriality that X € E; with [ ¢ I, so that the second fundamental form restricted to E;
has the algebraic structure given by Lemma 3. For simplicity, we write A;(§1) = A j and
Lj(&2) = pj for j € I'. Notice that Ai=0 by assumption and p; = :I:% by Remark 1.
Replacing & by —&; if necessary, we can assume p; = % Furthermore, it holds that X i #0,
for E; = ker Ag,.

Using the Codazzi equation for (X;, X;, X € Eli) we have

a(Vx, Xj, X) + a(Xj, Vx, X) = a(Vx; Xi, X) + a(X;, Vx; X).
Taking the inner product with &; and &, yields
R F Alen(Xis X)), X) = Fhlwia (X, Xi), X) (47)

and
1
(0ji(Xi. X)), (AF = (0; F p)IENX) = <<ﬂiz(Xj, Xi), (A,jE - (; F pz) IEI) X>,(48)
respectively. Multiplying (48) by A; and using (47), we obtain

- - (1 ~ (1
<¢jl(Xiv X;), ()»jA,i + ()»j (; F Pl) Fh (; — pj)) IE,) X> =0. (49)

Now, using the Codazzi equation for (X € Eli, X;, X ;) we have

a(VxXi, Xj) + a(X;, VxXj) = a(Vx, X, X;) + a(X, Vx, X;).
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On the other hand, taking the inner product with & and &, we get
(j F Ao (Xis X)), X) = —hjleij (X, X0), X ;) (50)
and

1
(; - /Oj) (0ij (X, X0), Xj) = {ej(Xi. X)), ((0j F o) g, — Ali) X), (5D

respectively, where we set for convenience ¢;; (X, X;) = 0 in the case i = j. Multiplying
(51) by X; and using (50) give

- - 1 ~ (1
<§0jl(Xi, X;), (}»jA?: - (?»j (; F ,01) Fh (; — ,Oj)) IE,) X> =0. (52)

Finally, add (49) and (52) to conclude that (¢;;(X;, X ), AliX) =0forall X € EljE Since
Al1L : E]i — E;T is an isomorphism, it follows that

vji(Xi, Xj)=0. (53)

This together with (50) shows that (46) also holds for X € Eli, I ¢ I', and hence ¢;; = 0
forevery j € I'. It remains to verify that ¢;; = 0 for/ ¢ I'. But then we know from Lemma
5 that E; is a totally geodesic distribution. In particular,

vi(X,X;) =0, VX €E. (54)
Moreover, it follows from (47) and (53) that (54) also holds for X = X; with j € I', and
thus for all X € F. So, in order to conclude that ¢;; = 0, it remains only to check (54) for
X € Ep withl’ ¢ " andl’ # 1.
From the Codazzi equation for (X € E;f, X, Y e Ez+ ), we obtain
a(VxX;,Y) +a(X;, VxY) =a(Vx, X, Y) + a(X, Vx,Y).
Taking the inner product with &€ and &, yields
Mlpin(X, X)), Y) = (ki — k) (o (X, X), Y) (55)
and
<<Pil(X» Xi), (A/ - (% - ,01) IEI+) Y> = (o (Xi, X), (Ar = (pr = p) ) Y)
+ (o (Xi, Y), Ap X),
respectively. A similar computation for X € Ef,/, Y € Ej, where e, € € {+, -}, gives
€0 lpn (Xi, X), ATY) = el (gur(Xi, V). A7 X). (56)
Now, multiply the above equation by 2, and use (56), to get

- (1 - (1
(?»1 (; - pz’) — Ay (; - pz)) (or1(Xi, X), Y)

= lom (Xi, X), AiY) — Ailow (Xi, Y), ApX).
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If we then invert the roles of / and /I’ (and X and Y) in the above equation, we see that,
while the left-hand side remains the same, since (¢;;(X;, X),Y) = — (¢ (X;i, Y), X), the
right-hand side changes sign. Therefore, both sides must vanish, i.e.,

- (1 ~ 1
(Al (f - pz/) — Ay (* - p[)) (pr(Xi, X),Y) =0
r r

Ao (Xi, X), AlY) = Mlgur (Xi, Y), ArX). (57)

and

Suppose, by contradiction, that (¢;;(X;, X), Y) # O for certain X € EIJ,r andY € El+ Then

- (1 - (1
Al (* - /01/) =y (* - pl) . (58)
r r
Set X = Ay X, Y = A}Y in (56) and recall (6), obtaining

dof (o (Xi, ¥), ApX) = —hiop (g (Xi, X), AT Y).
This and (56) give

((5»1'01)2 - (5»101')2) <<pm (Xi, X), Aﬁ) =0.

However, since we are under the assumption that (¢;;(X;, X),Y) # 0 for certain X €
E;,L, Y € E;' and A} is onto E;", it follows that

Y 2 _ % 2

(Aiop)” = (Apor)”. (59

This together with ;\12 + /’12 + 012 = r% (and the same for [’) implies that

- 1 - 1
2 (= —o2) =32 (= - o?).
l(rz pl) 1 r2 Pi
- 1 ~ 1
A7 (*—Pz/)=)\12/ (*—pl)- (60)
r r

Comparing it to (58), we finally obtain 5»1 = il/. But then (59) and (60) yield p; = py and
o1 = op. However, those three relations imply that £ = E; @ Ep fits into decomposition
(3), which contradicts its uniqueness. Therefore, we have that (¢;;(X;, X), Y) = 0 for all
X e Elf, Y e E;F.Finally, (55) then implies that (@;; (X, X;), Y) = Oforevery X € E;,r, Y e
E;r Entirely analogous arguments give (¢;;(X, X;),Y) = Oforall X € E;—L, Y € El:t, and
therefore ¢;; = 0. This completes the proof of Lemma 6.

This and (58) imply

Observe that the proofs of Lemmas 5 and 6 make only use of the Codazzi equation, which
is the same for space forms of nonzero curvature. Thus, we conclude that the lemmas remain
true in this setting. This will be used in the proof of Theorem 2.

Proof of Theorem 2 For the hyperbolic space, the previous proof works mutatis mutandis,
since Theorems 3 and 4 are also true in this setting. The situation for the sphere is more
delicate. By Lemma 6, every distribution E; such that A;(§) = 0 for some smooth unit
normal vector field £ € Ny M is parallel with respect to the Levi-Civita connection of M".
But since « is adapted to (15) and we are under the assumption that f is substantial and
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irreducible, it follows that no such E; must appear. So, we conclude that the only blocks E;
composing (15) are those to which Lemma 3 applies. They are all ‘minimal blocks’ in the
sense that the trace of any Ag restricted to E; is zero. Therefore, f itself must be a minimal
isometric immersion, and consequently M" is Einstein by Proposition 1, which is valid in
any space form. But since all the possibilities in Matsuyama’s classification are reducible,
then n = 2 and f(M") is a piece of the Veronese surface, by Kenmotsu’s result [10], since
the Clifford torus is also reducible.

Remark 4 Case (a) in the proof of Lemma 6 is the quintessence of Nolker’s argument to prove
his theorem. Indeed, first observe that the proof works for arbitrary codimension. Then by
the fact that every E;, 1 <i <k, is a parallel distribution and de Rham’s theorem, M" is the

Riemannian product of the integral manifolds My, ..., My of E, ..., Ej through one point
po € M". Since « is adapted to the product net (Eq, ..., Ex), f is a Riemannian product
of isometric immersions f;: M; — R",i =1, ..., k, by the well-known lemma of Moore

[12, p. 163]. From (36) and (37) follows that fi, ..., fx are totally umbilical immersions
with mean curvature vectors of constant length, thus Euclidean spheres or curves of constant
curvature.

In light of the results presented so far, we conclude this section posing the following
conjecture suggesting a possible complete solution to our Main Problem in arbitrary codi-
mension.

Conjecture 2 Let f: M" — QZH_]) be an irreducible isometric immersion with homothetic
Gauss map, n > 2. Then M" is an Einstein manifold and, up to composition with a totally
umbilical inclusion, f is a diagonal immersion of minimal immersions of M" into spheres.

Remark 5 (i) The preceding conjecture is stronger than Conjecture 1 and also implies the
version of the latter for hyperbolic space forms. The conjecture is true for compact orientable
Einstein submanifolds of Euclidean space whose Gauss map is harmonic, according to a
result due to Muto [13]. It also holds for equivariant isometric immersions of a compact
connected Riemannian homogeneous manifold with irreducible isotropy action in Euclidean
spaces, see Deprez [7] and Takahashi [18].
(ii) We point out that a diagonal immersion f = (w1 fi, ..., wx fi): M" — St of minimal
immersions f;: M" — S’;f" " cannot have parallel first normal bundle N7, unless it is itself
a minimal immersion into some sphere. In fact, since each f;, being minimal in a sphere, is
a pseudoumbilical submanifold with constant mean curvature (in the sense that the length of
mean curvature vector H is constant), so must be f. On the other hand, since f (M) C SZ“’ ,
it follows that the position vector f is a parallel umbilical normal vector field, and thus there
is a nonzero constant A such that f = LH 4+ & with& € N IJ- But differentiating this, the
assumption that Ny is parallel then implies the parallelism of H with respect to the normal
connection, which together with the fact that f is pseudoumbilical yields that f is actually
a minimal immersion into some sphere, as we wished (cf. [1]).

In particular, Conjecture 2 would imply that every irreducible submanifold with homo-
thetic Gauss map and parallel first normal bundle is a minimal Einstein submanifold of a
sphere.
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