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Abstract In this paper, we mainly study the mean curvature flow in Kdhler surfaces with
positive holomorphic sectional curvatures. We prove that if the ratio of the maximum and the
minimum of the holomorphic sectional curvatures is less than 2, then there exists a positive
constant § depending on the ratio such that cos « > § is preserved along the flow.
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1 Introduction

Mean curvature flows were studied by many authors, for example Huisken [14,15], Ecker
and Huisken [6], Huisken and Sinestrari [16], Carlo Ilmanen [17], Neves [18], Smoczyk [19],
Wang [21], White [22], etc.

In this paper we mainly concentrated on the symplectic mean curvature flows, which were
studied by Chen and Tian [4], Chen and Li [2], Chen et al. [3], Wang [21], Han and Li [8-10],
Han and Sun [13], and Han et al. [11,12]. The basic fact is that the symplectic property is
preserved by the mean curvature flow if the ambient space M is Kéhler—Einstein, or if the
ambient Kéhler surface evolves along the Kihler—Ricci flow [10].

J.Li

School of Mathematical Sciences, University of Science and Technology of China, Hefei 230026,
People’s Republic of China

e-mail: lijila@amss.ac.cn

J.Li- L. Yang (X)

Academy of Mathematics and Systems Sciences, Chinese Academy of Sciences, Beijing 100190,
People’s Republic of China

e-mail: yangliuging@amss.ac.cn

@ Springer



64 Geom Dedicata (2014) 170:63-69

Let (M, J, @, g) be a Kihler surface. For a compact oriented real surface ¥ which is
smoothly immersed in M, the Kéhler angle [5] « of £ in M was defined by

w|y =cosaduy

where duy is the area element of ¥ in the induced metric from g. We say that ¥ is a
symplectic surface if cos@ > 0; X is a holomorphic curve if cosa = 1.

Given an immersed Fj : ¥ — M, we consider a one-parameter family of smooth maps
F, = F(.,t) : ¥ — M with corresponding images ¥, = F;(X) immersed in M and F
satisfies the mean curvature flow equation:

[aalF(x,t) = H(x,1) (1.1)

F(x,0) = Fo(x),

where H (x, t) is the mean curvature vector of X, at F'(x,t) in M.
Choose an orthonormal basis {eq, €2, €3, e4} on (M, g) along X; such that {e1, e>} is the
basis of %; and the symplectic form w, takes the form

Wy = COSaU| AUy + CoSauUz A g+ Sinauy A usz — sinouy A ug, (1.2)

where {u1, uz, u3, us} is the dual basis of {ey, e2, e3, e4}. Then along the surface ¥; the
complex structure on M takes the form ([2])

0 cosa Sina 0
—cosa O 0 —sino
I = —sina 0 0 cosa | (1.3)

0 sina —cosa 0

Recall the evolution equation of the Kéhler angle along the mean curvature flow deduced
in [10],

Theorem 1.1 The evolution equation for cos o along %, is

9 _
(a — A) coso = IVJ);, |2cosa + sinzaRic(Jm, e). (1.4)

Here
Vs, = e+ B+ [ e[ = 1P (1.5
We want to see whether the symplectic property is preserved along the mean curvature flow.
In the case that M is a Kidhler—Einstein surface, we have Ric(Jey, e2) = p cos «, where p
is the scalar curvature of M, so the symplectic property is preserved. If the ambient Kéhler
surface evolves along the Kédhler—Ricci flow, Han and Li [10] derived the evolution equation
for cos o and consequently they showed that the symplectic property is also preserved. In
this paper, we find another condition to assure that along the flow, at each time the surface is
symplectic. Note that we don’t require M to be Einstein. Denote the minimum and maximum
of holomorphic sectional curvatures of M by k1 and k. We state our main theorem as follows:
Main Theorem Suppose M is a Kdihler surface with positive holomorphic sectional
curvatures. Set .. = % If the flow satisfies either

530.—1)
A/ (331—53)24+(48—242)%

L 1<\i< 17—landcosoz(-,0)28>

or
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I <A<2andcosa(-,0) >4 > 815

7 V=32 +(12—62)2

then along the flow

0 _
(E — A) coso > |VJ):I‘Zcosa + C sin? o, (1.6)

where C is a positive constant depending only on ki, ky and §. As a corollary, miny, cos o
is increasing with respect to t. In particular, at each time t, ¥, is symplectic. Therefore, we
call this flow the symplectic mean curvature flow.

Since we obtain (1.6), many theorems in “symplectic mean curvature flows in Kéhler—
Einstein surfaces” still hold in our case. For example,

Arguing as in [5] by strong maximum principle, we have

Corollary 1.2 1. Suppose M is a Kiihler surface with positive holomorphic sectional curva-
turesand 1 < A < 17—1, then every symplectic minimal surface satisfying
53 —1)

Ccosa >
V(53) — 53)2 + (48 — 241)2

in M is a holomorphic curve.
1. Suppose M is a Kdhler surface with positive holomorphic sectional curvatures and
% < A < 2, then every symplectic minimal surface satisfying
8A =5
V8L =52+ (12 — 61)2

cosoa >

in M is a holomorphic curve.

Arguing exactly in the same way as in [2] or [21], we have
Theorem 1.3 Under the same condition of the Main Theorem, the symplectic mean curvature
flow has no type I singularity at any T > 0.
2 Curvature tensor, sectional curvature and holomorphic sectional curvature
Denote the curvature tensor of M by K. Set K(X) = K(X,JX,X,JX)and K(X,Y) =
K(X,Y, X,Y),where X, Y are arbitrary vector fields on M. It is known that (c.f. [1,20]) we

can express the sectional curvatures by holomorphic sectional curvatures.

Theorem 2.1 The sectional curvatures of M can be determined by the holomorphic sectional
curvatures by

KX, Y) = 3%[31(()( +JY)+3K(X—JY)—K(X+Y)—K(X—7Y)
—4K(X) — 4K (Y)]. 2.1)

Using (2.1), it is easy to check that,
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Theorem 2.2 For any vector fields X,Y and Z on M,
1
KX, Y, X,Z) = E[K(Y-i-Z,X) - KX, Y) - K(X, 2)]

1
=a[3K(Y+Z+JX)+3K(Y+Z—JX)—K(Y+Z+X)

—KY+Z—-X)—3K{Y +JX)—3K(¥ —JX)—3K(Z+JX)
—3K(Z—JX)—4KY +Z)+ K(Y +X)+ K(Y — X)
+K(Z+X)+K(Z—X)+4K(X)+4K(Y) +4K(Z)]. (2.2)

Denote the minimum and the maximum of sectional curvatures by K,,;, and K4, respec-
tively, we have the following estimates.

Theorem 2.3 K,,;, and K4y satisfy

3 1
Knax < EkZ - Ekl 2.3)
and
3 1
Kmin = Zkl - Ekz (24)

Proof Given any point p € M and any two unit orthogonal vectors X and Y at p, we can find
two vectors Z and W such that {X, ¥, Z, W} form an orthonormal basis of T}, M. Suppose
JX =yY +zZ + wW, then

(X+JY,X+JY)=2-2y, (2.5)
and
(X —JY, X —JY)=2+2y. (2.6)

Assume the Kihler form is anti-self-dual, it was shown in [12] that, y? + z2 + w? = 1
and J has the form

0 vy z w
-y 0 wo -z
-z —w 0 y
—w z -y 0

J = 2.7

Combining (2.1) with (2.6) and (2.6), we get

1
K(X,Y) < > [3(2 —29)%ky + 32 + 2y)%ky — 2%ky — 2%ky — 4k; — 4k1]

1
= Z[G +3y2)ks — 2k1]

IA

1
~(6ky — 2
4(6k2 k1)

3 1
= Zky — —ky,
2727
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and similarly

1
K(X.Y) = 116 +3yDh - 2%k]

1

> —(3k1 — 2k

> 4( 1 2)

= 3k 1k

= 4 1 2 2

This proves the theorem. O

3 Proof of the Main Theorem

In this section, we will prove the Main Theorem of this paper.

Proof of the Main Theorem In order to prove this theorem, we need to estimate Ric(Jeq, €3).
Using two different methods, we get two available estimates. We now deduce the first one.

Ric(Jey,ep) = K(Jey,eq1,e2,e1) + K(Jey,e3,ex,e3) + K(Jey, eq, €2, e4)
= K(cosaep + sinaes, eq, €3, e1) + K(cosaey + sinaes, e3, €2, €3)
+ K (cosaer + sinaes, eq, €2, e4)
= cosa Ry + sina(K3121 + K3424), (3.1)

where
Ry = Ko121 + K2323 + Koana. (3.2)
By (2.1), we have

Krio1 = 3%[31((61 + Je2) +3K(e1 — Jer) — K(e1 + e2) — K(e1 — e2)
—4K (e1) — 4K (e2)].
By our choice of the complex structure (1.3), we get
(e1 + Jez,e1 + Jex) =2 —2cosq,
and
(e1 — Jep,e1 — Jex) =2+ 2cosa.

Hence K7121 can be estimated by k; and k3,

1
Ka1o) > 33[3(2 —2cosa)?ky 4+ 3(2 + 2cosa)?ky — 2%ky — 2%ky — dky — 4k ]

= %[(3 + 3 cos? a)k; — 2ks]. 3.3)
Similarly, we get
Ko303 > %(3/61 — 2ka), (3.4)
and
Ko > %[(3 + 3sin® a)k; — 2k,]. (3.5)
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Putting (3.3), (3.4) and (3.5) into (3.2), we obtain that

Ry > 3k; — %kz. (3.6)
Using (2.2) and (1.3), we can also estimate K3121 and K3424. We have
K311 > 3%[(53 + 48 sin cos o)k — 53k2], 3.7
and
K3qp4 > %[(53 — 48sinw cos )k — 53ko]. 3.8)

Adding (3.7) and (3.8) yields
53
K3121 + K3424 > _T6(k2 — k). (3.9)
By a similar computation in the opposite direction, we get
53
|K3121 + K3424| < E(kz — k). (3.10)
Therefore by (3.1), (3.6), (3.10) and short time existence of the mean curvature flow, we have
3 53
Ric(Jey, er) > cosa(3k; — EIQ) . — coszaﬁ(kz — k1)

53 3 53
(3 cosa+E\/ 1 — cos? a) k1 — (5 cosa + E\/l — cos? a) ky. (3.11)

If1 <A <2andcosa > 30—D) , then the RHS of (3.11) is positive.
A/ (331—53)24(48—242.)?

Another estimate follows directly from Theorem 2.3 and Berger inequality (c.f. [7]) that

5
|K3121 + K3424| < |K3121] + |K3424] < Kiax — Kmin < 2kz — Zkl- (3.12)

Putting the above estimate into (3.1) yields

3 5
Ric(Jey, er) > cosa (3k1 — EIQ) — V1 —cos?a (2k2 — fkl)

4
5 3 5
= 3cosa+1\/1—cos2a ki — ECOSOH_Z 1 —cos?a ) ky. (3.13)
It follows thatif 1 < A < 2 and cosa > ———2=3  then the RHS of (3.11) is

V(81=5)2+(12—62)2

positive. Note that
53— 1) - 8r—5
V(530 —53)2 + (48 —242)2 ~ /(8h —5)2 + (12 — 6))2

forlgk<%,and

530 — 1) _ 8r—5
V(331 = 53)2 + (48 — 240)2 ~ /(8r —5)2 + (12 — 61)2

for 17—1 < A < 2, we get the conclusion. O
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