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Abstract We derive Harnack estimates for heat and conjugate heat equations in abstract
geometric flows. The main results lead to new Harnack inequalities for a variety of geometric
flows. In particular, Harnack inequalities for the Ricci flow coupled with Harmonic map flow
are obtained.
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1 Introduction

Assume that M is an n-dimensional compact manifold endowed with a one-parameter family
of Riemannian metrics g(¢) evolving along the general flow equation

I (L1)

which exists on [0, T). Here «(, x) is a one-parameter family of smooth symmetric two
tensors on M. In particular when « = Rc Eq. (1.1) is Hamilton’s Ricci flow. Let

A(t,x) = gij()[,'j

be the trace of o with respect to the time-dependent metric g ().
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In [9], Reto Miiller studied reduced volume for the abstract flow (1.1). Miiller defined an
interesting quantity for the tensor « by

Do (V) = % — AA —2jal? +2(Rc—a) (V, V) + (4Div(e) —2VA, V)  (1.2)

where Div is the divergence operator defined by Div(x); = g"/ V;« jk in local coordinates.

Under the assumption that D,, is nonnegative, Miiller obtained monotonicity of the reduced
volumes. For any vector field V, D, (V) is nonnegative in the following flows: static manifold
with nonnegative Ricci curvature, Hamilton’s Ricci flow (in fact D = 0 in this case), List’s
extended Ricci flow [8], Miiller’s Ricci flow coupled with Harmonic map flow [10] and
Lorenzian mean curvature flow when the ambient space has nonnegative sectional curvature.
See [9] for details.

In a recent preprint [5], the authors proved monotonicity of the entropy and lowest eigen-
value in abstract flow (1.1) when D, > 0.

The purpose of this note is to prove Harnack inequalities in the abstract setting with
D, > 0. In Sect. 2 we derive Harnack estimates for the conjugate heat equation, while in
Sect. 3 for the forward heat equation with potential.

As applications, we apply our abstract formulations to the Ricci flow coupled with har-
monic map flow and obtain Harnack estimates for this flow.

2 Harnack for the conjugate heat equation

Assume u is a positive solution to the conjugate heat equation

du
— =—A A 2.1
ot et Au @D

where A is the time-dependent Laplace—Beltrami operator with respect to g(¢). For the
derivative of A we have

d
(EA) f=2(a, VVf)+ (2Div(a) — VA,V f) (2.2)
where f is any smooth function on M. The formula can be found in standard textbooks, for
instance [3].

Let
. 2 2n
P =2Alogu + |Vlogu|" — A+ — 2.3)
T
where v = T —¢.
Lemma 2.1 Along the flow (1.1), P satisfies
ap 2P e
8—:AP+2(VP,V]0gu)——+2 VViogu —a + —g 2.4)
T T T

2 5 2A
+;|V10gu| + - + Dy (—Vlogu).

Proof For any positive solution « to the conjugate heat Eq. (2.1) one has
ad ot Au

—logu=—=——-+A=—-Alogu — |Vlogu|2+A.
ot u u
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Notice that T = T — ¢ and we have

d (Al ) aAl A dlogu
— ogu) = ——Ilogu —
or 08 or ¢ o
= —2(a, VVlogu) — 2Diva — VA, Vlogu)

+ A (Alogu + |Vlogul* — A)

and
- (IVlogul*) = —2a(Vlogu, Vlogu)
T
+2(V (Alogu + |Vlogul* — A), Viogu).
0P _ 50, +8|v1 2 A 2n
— =2—Alogu + —|Vlogu|” — — — —
or  Taro BN T !V o8 ot 2

= —4(a, VVlogu) — (4Diva — 2V A, Viogu)
+ A (2Alogu +2|Viogul* — 24) — 2a(V logu, V log u)

IA 2
+2(V (Alogu + |Vlogu|* — A), Viogu) — T il
T

2
T
= —4(a, VVlogu) — (4Dive — 2V A, Vlogu)
+ A (P +|Viogul* — A) — 2a(Vlogu, Viogu)
5 A 2n
+2(V (Alogu + |Vlogu|* — A), Vlogu) — P
T T

and then by the Bochner formula
AlVlogul2 = 2|VV10gu|2 +2Rc (Vlogu, Vlogu) + 2(V(Alogu), Vlogu)

we have

opP
. = 2|VV10gu|2 —4(a, VVlogu) — (4Divae —2VA, Vlogu) + AP
T

0A 2
+2(Re—a) (Vlogu, Vlogu) +2(VP, Vlogu) = 5~ - 2 a4
T T
1 , 21 4 4
=2|VVlogu —a+ -g| —2la|"— =+ -A— -Alogu
T T T T
— (4Diva —2VA,Vlogu) + AP
dA 2n
+2(Rc—a) (Vlogu, Vlogu) +2(VP,Vliogu) — 3 2 AA
T T
112
=AP+2(VP,Viogu) +2 ‘VVlogu —a+ —g
T
2 2 2 , 0A 2
——P+—-A+ —|Vlogu|” — — —2la|" — AA
T T T at
+2(Rc—a) (Vlogu, Vlogu) — (4Divae —2V A, Vlogu)
Notice that % = —% and by the definition of D we see the last five terms of the above is
nothing but D, (—V log u). O
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Theorem 2.2 Under the same assumptions as in Lemma 2.1, if fort € [0, T), % [VI2+ %A +
Dy (V) = 0, in particular if

De(V) >0, and A >0
then
5 2n
2Alogu + |Vlogu|*— A+ — > 0. 2.5)
T

Moreover, for any two points (x1, t1), (x2,t2) € M x (0, T) with t| < t, one has

1

T — " 1
u(xa, 1) <u(xy,ty) (fg) exp 3 / (|J//(t)|2 + A) dt (2.6)

n

where y (s) : [t1, 2] — M is a smooth curve connecting x1 and xy with y (t;) = x;,i = 1, 2.

Proof Under the assumption that % V|2 + %A + Dy (V) > 0 we can conclude from Eq. (2.4)
that

oP 2P
— > AP +2(VP,Viogu) — —
at T

Notice that for 7 sufficiently small we have P > 0 and by the maximum principle we know
that P > O for all T € (0, T). This proves (2.5).
As standard, integrating (2.5) we have (2.6). Indeed, along a smooth curve y we have

d 1 (y (), 1) = (V1 Y+ dlogu
— logu , 1) = ogu,
77 loguy gu,y ”

= (Vlogu,y') — Alogu — |Viogul> + A

N , A
E(VIOgu,M—EIVlogul +5+T_t

n
T —1t

IA

1
3 (Iy'1?+A) +

and moreover

[5)
u(xz, ) L, n
BB _ (= A+ =" )ar
Ogu(xl,ll)_/(z(h/' * )+T—f

1
9]
T —1n 1
=nl - 12+ A)dt
nOgT—t2+2/(|y| + )

3]

and this proves the classical Harnack inequality (2.6). O

When the metric is static, i.e. « = 0 we know that D is nonnegative when (M, g) has
nonnegative Ricci curvature. Thus for positive solutions to the heat equation one has (2.5)
and (2.6) which are however weaker than the Li-Yau Harnack.

In the case of Ricci flow where « = Rc and D, (V) = 0, (2.5) and (2.6) have been
independently proved by Cao [1] and Kuang-Zhang [7] for nonnegative scalar curvature.

In the following we show new Harnack inequalities in the Ricci flow coupled with har-
monic map flow. Suppose that (N, y) is a compact static Riemannian manifold, a(¢) a non-
negative and non-increasing function depending only on time, and ¢(t): M — N a family

@ Springer



Geom Dedicata (2014) 169:411-418 415

of 1-parameter smooth maps. Then (g(¢), ¢(¢)) is called a solution to Miiller’s Ricci flow
coupled with harmonic map flow with coupling function a(¢), if it satisfies

9

sz — _2Rc+42a(1)Ve ® Vo

dp

E = Tg@ (27)

where 7, denotes the tension field of the map ¢ with respect to the evolving metric g(z).

Corollary 2.3 Assume that (M, g(t) is a solution to (2.7) with
R(0) —a(0)|Vgli_g = 0

then for any positive solution to

ou 2
Fri —Au+ (R —a®)|Vel)u
we have
2 2 2n
2Alogu + |V logu| —(R—a(t)|V<p| )—i—f > 0. (2.8)
T

Moreover, for any two points (x1, t1), (x2,t2) € M x (0, T) with t; < t, one has

n
T-1\" 1
u(x2, ) < u(xy, ty) (fg) exp E/(|y/(t)|2—i—R—a(t)|V(p|2) dt 2.9)

n

where y (s) : [t1, t2] = M is a smooth curve connecting x1 and xy with y (t;) = x;,i = 1, 2.

Proof D is nonnegative in the Ricci flow coupled with harmonic map flow, and nonnegativity
of R — a(t)|V<,0|2 is preserved by the flow (see [10] for details). Thus the assumption in
Theorem 2.2 is satisfied and the conclusions follow. o

Remark 2.4 As pointed out to us by the referee, (2.8) was independently proved by Zhu in
[11] by a direct computation. While we here conclude (2.8) from the much more general
result in Theorem 2.2.

3 Harnack for the heat equation with potential

In this section we consider the forward heat equation. Assume « is a positive solution to

M AutA G.1)
_— = u u .
a1

In this section, we shall use another notation also introduced by Miiller in [9]. To under-
stand more about the quantity D, Miiller introduced

0A A
He (V) = o1 + T 2(VA,V)+2a(V,V) 3.2)
If the flow is Hamilton’s Ricci flow, then

dR R
HV) = -+ —2(VR, V) +2Rc(V. V)
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which is nonnegative if g (0) has nonnegative curvature operator by Hamilton’s trace Harnack
inequality for the Ricci flow [6].
Following Cao-Hamilton’s work in the Ricci flow [2], we define

2
H#ZAIogu+|V10gu|2+3A+7n (3.3)

and prove that

Lemma 3.1 Along the flow (1.1), for any positive solution to (3.1) H satisfies

aH 2H 1|2
= = AH+2(VH,Vlogu) — T+2 VVlogu—i-ot-i-;g

2
+;|Vlogu|2+2HQ(V10gu)+Da(V log u). (3.4)

Proof For any positive solution « to Eq. (3.1) one has

ad st Au
glogu=— ——i—A Alogu—i—lVlogul + A.
u

Notice that
oA a
— (Alogu) —logu + A Elogu
=2(«, VVlogu) + (2Div(a) — VA, Vlogu)
+ A (Alogu + |Viogu|* + A)

and
9
§|Vlogu|2:201(Vlogu,Vlogu)+2(V(Alogu+|Vlogu|2+A),Vlogu)
We have
LN +3 |v1 Ryadd 2
-— = ogu+ —|Vliogu — ==
ot ot & & ar 12

=4{a, VVlogu) (4Div(a) —2VA,Viogu) + A (H + |V log ul2 — A)
+2a(Vlogu, Vlogu) +2(V (A logu + |Vlogu|2 + A) , Viogu)

0A  2n

12

=AH +2|VViogu|* + 4{a, VV logu) + 2Rc(Vlogu, Vlog u)
+2a(Vlogu, Vlogu) + 2(V (2Alogu + |V logu|* + A), V log u)

+3

dA 2
+3§—t—Z+(4DiV(a)—2VA,V10gu)—AA
12 2n  4A1 4A
=AH+2|VVilogu +a+ -g —2Ia|2—*’;—ﬂ—*
! t t t
+2Re(Vlogu, Viogu) + 2a(Vlogu, Vlogu) +2(V (H —24), Vlogu)
9A  2n .
+3§—t—2+(4D1V(a)—2VA,V10gu)—AA
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2

1 , 2H 2 . 2A
=AH+2 VVlogu+ot+;g —2|a| —T+;|Vlogu| +T

+2Rc(Vlogu, Vlogu) + 2a(Vlogu, Vlogu) +2(VH, Vlogu)

0A
—4(VA,Viogu) + 35 + (4Div(e) —2VA, Viogu) — AA
2

2H 1 2 2
:AH+2(VH,Vlogu)—T+2 VVlogu+a+;g +;|Vlogu|
A 2A
+2¥+7—4(VA,V10gu)+4a(Vlogu,Vlogu)
0A 2
+E_AA_2|O[| + 2 (Rc—a) (Viogu, Vlogu)

+ (4 Div(a) — 2V A, Vlogu)
2H 1?2 s
=AH+2(VH,Vlogu)—T+2 VVlogu—l—oc—i-;g +;|V10gu|

+2Hy (Viogu) + Dy (Vlogu)

[m}

Theorem 3.2 Under the same assumptions as in Lemma 3.1, if 2Hy (V) + Dy (V) + % V2>
0, in particular if Hy (V) > 0 and Dy (V) > 0O then

2
2Alogu+|v1ogu|2+3A+7"zo (3.5)

and for any two points (x1, t1), (x2, ) € M x (0, T) with t; < tp we have

[5)
" 1
u(xy, 1) < u(xz, 1) (%) exp 5/(|y’(r>|2+A)dr (3.6)

f

where y (s) : [t1, t2] = M is a smooth curve connecting x1 and xy with y (t;) = x;,i = 1, 2.
Proof The proof is analogous to the proof of Theorem 2.2. We omit details. O

Remark 3.3 1. In the static case, where A = 0 Egs. (2.5) and (3.5) give the same estimate.
2. Inthe Ricci flow, Hamilton has already proved nonnegativity of H under nonnegative cur-
vature operator assumption [6]. Thus assuming that (M, g(0)) has nonnegative curvature
operator, one has Eqgs. (3.5) and (3.6). This has been proved in [2].
3. For the Ricci flow coupled with Harmonic map flow (2.7), under assumption that H (V)
is nonnegative, Harnack estimates (3.5) and (3.6) hold. We note that Fang [4] has proved
Eq. (3.5) under the assumption that H, (V) > 0 in List’s extended Ricci flow, which
is a special case of the Ricci flow coupled with harmonic map flow (2.7). It would be
interesting to see whether one can prove nonnegativity of H under reasonable assumptions
by generalizing Hamilton’s arguments of the trace Harnack for the Ricci flow [6].
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