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Abstract We classify elementary abelian 2-subgroups of compact simple Lie groups of
adjoint type. This finishes the classification of elementary abelian p-subgroups of compact
simple Lie groups (equivalently, complex linear algebraic simple groups) of adjoint type
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1 Introduction

For a positive integer m, let C,, = Z/mZ be the cyclic group of order m. For a prime p and
a positive integer n, an elementary abelian p-group of rank # is a finite group isomorphic to

€)' =EPc,.
1

The goal of this paper is to study elementary abelian p-subgroups of compact simple Lie
groups of adjoint type. Precisely, we focus on the case of p = 2. Here, we say a compact Lie
group G is simple if its Lie algebra gop = LieG is simple; and say it is of adjoint type if the
adjoint homomorphism 7 : G — Aut(gp) is an injective map. For a compact simple Lie
algebra ug and any compact simple Lie group of adjoint type G with Lie algebra LieG = uy,
the adjoint homomorphism

7 : G —> Aut(up)
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Table 1 Torsion primes

Ap_1,n>2 B,,n>2 Cy,n>3 D,,n>5 Dy Eg E; Eg Fy Gy

pl2n 2 2 2 2,3 2,3 2,3 2,3,5 2,3 2

is injective, so it suffices to study elementary abelian 2-subgroups of the compact Lie group
G = Aut(up).

The structure of elementary abelian p-subgroups of a compact group G is related to the
topology of G and its classifying space (cf. [2,4, 10]). In the 1950s, Borel made an observation
that, for a compact connected Lie group G, the cohomology ring H*(G, Z) has non-trivial
p-torsion if and only if G has a non-toral elementary abelian p-subgroup (cf. [4,10]). Recall
that, a subgroup of a compact Lie group G is called toral if it is contained in a maximal torus
of G, otherwise it is called non-toral (cf. [10]). We call a prime p a torsion prime of a compact
(not necessary connected) Lie group G if G has a non-toral elementary abelian p-subgroup.
This definition is a bit different with that in [10]. For G = Aut(ug) (the automorphism group
of ug) with ug a compact simple Lie algebra, the torsion primes are as in Table 1. From Table
1 we see that: the prime 2 is a torsion prime of Aut(ug) for any compact simple Lie algebra
up; when ug is a compact simple exceptional Lie algebra, any prime p > 5 is not a torsion
prime and 5 is a torsion prime only when ug is of type Eg.

The study of elementary abelian p-subgroups began at 1950s (or even earlier) by the
famous mathematicians Borel, Serre, et al. In the 1990s, Griess [5] got a classification of
maximal elementary abelian p-subgroups of linear algebraic simple groups (of adjoint type)
defined over an algebraic closed field of characteristic 0. Since there exists a one-one corre-
spondence between conjugacy classes of compact subgroups of a complex semisimple Lie
algebraic group and such subgroups of (any of) its maximal compact subgroup (cf. Appen-
dix of [1]), so we also have a classification of maximal elementary abelian p-subgroups of
compact simple Lie groups of adjoint type. For odd primes p, non-toral elementary abelian
p-subgroups are more or less well understood from [5] and [2]. Precisely, when ug is a com-
pact exceptional simple Lie algebra, non-toral elementary abelian p-subgroups of Aut(ug)
are classified up to conjugacy. When p > 5, such subgroups don’t exist; when p = 5, there is
a unique conjugacy class in Aut(eg) (cf. [5]); when p = 3, there are some conjugacy classes
when ug is of type Eg, E7, Eg or F4 (cf. [2,5]). But a complete classification is impossible
when ug is a classical simple Lie algebra, since some complicated combinatorial problem
will arise.

In this paper, we will first study elementary abelian 2-subgroups of Aut(ug) for compact
classical simple Lie algebras u( systematically. The method is to define and use linear alge-
braic structures on them (a bilinear form m or a bilinear form m together with a function p, all
with values in Fp = Z/27). For any compact exceptional simple Lie algebra ug, we classify
elementary abelian 2-subgroups of Aut(ug) up to conjugation and calculate their automizer
groups (cf. Definition 3.4). A simple account of this classification is as follows. Theorem 1.1
follows by combining Corollaries 4.2, 5.3, 6.8, 7.24 and 8.13.

Theorem 1.1 For ug = e, ¢7, g, f4, g2, there are 51,78, 66, 12,4 conjugacy classes of
elementary abelian 2-subgroups in Aut(ug) respectively.

This paper is organized as follows. In Sect. 2, we do the classification for classical sim-
ple Lie algebras, which amounts to classify elementary abelian 2-subgroups of the groups
PU(n) x (w0), On)/(—=1), Sp(n)/(—1I). Here, PU(n) = U(n)/Z, (Z, = {Al, : || = 1})

@ Springer



Geom Dedicata (2013) 167:245-293 247

is the projective unitary group and 79 = complex conjugation. We have ‘L'g = 1and
wolAlry ' =[A]l, YA e U).

In the first case, we will separate the discussion of subgroups contained in PU(n) and those
not contained in it.
For an elementary abelian 2-subgroup F of PU(n), define a map

m: F x F— {£1}

by m(x,y) = Aifx = [A], y = [B]and ABA~'B~! = AI. We show that m is a bilinear
form when F is viewed as a vector space over Fo = 7Z/27 and {%1} is identified with F,.
We also prove that ker m is diagonalizable and the conjugacy class of F is determined by
the conjugacy class of ker m and the number rank(F/ ker m). This gives F' a structure we
called symplectic vector space. For an elementary abelian 2-subgroup F of O(n)/(—1) or
Sp(n)/{(—1I), we define a bilinear map m : F x F —> {£1} and a function

un: F— {£1}.

The definition of m is similar as in the PU(n) case; u(x) = A if x = [A] and A? =
Al. The bilinear map m and the function w satisfy a compatibility relation (m(x,y) =
n(x)u(y)(xy)). The compatible pair (m, p) gives F a structure we called symplectic met-
ric space and we get invariants r, s, €, 8 from the structure of a symplectic metric space.
We show that the conjugacy class of F' is determined by the conjugacy class of the sub-
group Ar = ker(it|kerm) and the numbers s, €, §. The consideration of elementary abelian
2-subgroups of the group PU(n) x (tp) is reduced to consideration of elementary abelian
2-subgroups of the above three groups.

In Sect. 2.4, we discuss a class of elementary abelian 2-subgroups of the groups O(n) /(—1)
and Sp(n)/(—1) and introduce the notions of symplectic vector space and symplectic metric
space and study their automorphism groups (Definition 3.4). They will play an important
role in later sections.

In Sects. 4-8, we classify elementary abelian 2-subgroups of the automorphism group of
any compact exceptional simple Lie algebra. A detailed account of the method is presented in
Sect. 3. The study of some of these elementary abelian 2-subgroups is reduced to consideration
of the class of subgroups of Sp(n)/(—1) discussed in Sect. 2.4. Moreover, their automizer
groups are described in terms of the automorphism groups of symplectic vector spaces or
symplectic metric spaces.

Notation and conventions. Let Z(G) (3(g)) denote the center of a Lie group G (Lie
algebra g) and G denote the connected component of G containing identity element. For
Lie groups H C G (or Lie algebras b C g), let Cg(H) (Cg4(h)) denote the centralizer of
H in G (h in g) and let Ng(H) (Cq4(h)) denote the normalizer of H in G (h in g). For an
element x in G (or an automorphism of G), we also write G* for the centralizer of x in G,
80 G* = Cg(x) when x is an element of G.

For any two elements x, y € G, the notation x ~ y means x, y are conjugate in G, i.e.,
y = gxg~! for some g € G and for a subgroup H C G, the notation x ~p y means
y = gxg’l for some g € H. For two subsets X1, Xo C G, the notation X; ~ X, means
X, = gXlg’l for some ¢ € G; and for a subgroup H C G, the notation X; ~g X»
means X, = gX g~ ! for some g € H.

For a quotient group G = H/N, let [x] = xN (x € H) denote a coset.

All adjoint homomorphisms in this paper are denoted as 7. This causes no ambiguity, as
the reader can understand it is the adjoint homomorphism for which group everywhere 7
appears in this paper.
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For a compact semisimple Lie algebra ug, let Aut(ug) be the group of automorphisms of
up and let Int(up) = Aut(ug)o. The elements in Int(ug) are called inner automorphisms of
ug and the elements in Aut(ug) — Int(ug) are called outer automorphisms of .

We denote by ¢¢ the compact simple Lie algebra of type E¢. Let Eg be the connected
and simply connected Lie group with Lie algebra eg. Let ¢6(C) and E¢(C) denote their
complexifications. Similar notations will be used for other types. In the case of G = Eg or
E7, let ¢ denote a non-trivial element in Z(G). In the case of ug = e7, let

Hj; + H; + H;

> €ie7 C e7(C)

H) =
(cf. Sect. 3.1).
Let V = R" be an Euclidean linear space of dimension n with an orthogonal basis
{e1,e2, ..., ey} and Pin(n) (Spin(n)) be the Pin (Spin) group of degree n associated to V.
Write

c=eley...e, € Pin(n).

Then c is in Spin(n) if and only if n is even, in this case ¢ € Z(Spin(n)). If n is odd, then
Spin(n) has a Spinor module M of dimension 2T Ifnis even, then Spin(n) has two Spinor
modules M, M_ of dimension 2%. We distinguish M and M_ by requiring that ¢ acts
on M, and M_ by scalar 1 and —1 respectively when 4|n; and by —i and i respectively when
4|n — 2.

For a prime p, let F, = Z/pZ be the finite field with p elements. In particualr, for
p =2, F, =7Z/pZis afield with 2 elements. We have an isomorphism F, = {41} between
the additive group [F, and the multiplicative group {%1}.

Let I, be the n x n identity matrix. We define the following matrices,

_ —]p() _ 0 In ! OIﬂ
ne= (o) = (55) = (05)

I, 0
1,0 0 0
oo 00
ra=1 0 0-1,0 |
00 0 I
07, 00
PR A
ra=1 00 0 1|
0 01,0
00 0 I,
o o0-1,0
Ke=1 01, 0 o0
1,0 0 0

And we define the following groups,
Zin = (MW = 1,
7' = {(e1, €2, €3, €a)|e; = 1, €1e263¢4 = 1},

~1, 0 00\ /=I,0 0 0
Y 4 B A 01,100>
rars =\l 0 o rol|| o o0o-rol)

0 0 01 00 0 I
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2 Matrix groups
Let M, (R), M, (C), M,,(H) be the set of n x n matrices with entries in the field R, C, H
respectively. Let

O(n) = {X e M,(R)|XX' =1}, SO(n) = {X € O(n)|det X = 1},
Un) = {X e M,(O)|XX* =1}, SU®) = {X € U(n)|det X = 1},
Sp(n) = {X € M, (H)|XX* = I}.

Defined as sets in this way, O(n), SO(n), U(n), SU(n), Sp(n) are actually Lie groups, i.e.,
groups with a smooth manifold structure. Moreover, they are compact Lie groups, i.e., the
underlying manifolds are compact. Also let

PO(n), PSO(n), PU(n), PSU(n)

be the quotients of the groups O(n), SO(n), U(n), SU(n) modulo their centers (so PU(n) =
PSU(n), which is the projective unitary group). Let

so(n) ={X € M,(R)|X + X' =0},
su(n) ={X e M,(©)|X + X* =0, trX = 0},
sp(n) ={X € M,,(H)|X + X* =0},

where X' denotes the transposition of a matrix X and X* denotes the conjugate transposition
of X. Then so(n), su(n), sp(n) are Lie algebras of SO(n), SU(n), Sp(n) respectively. They
represent all isomorphism classes of compact classical simple Lie algebras.

2.1 Projective unitary groups

Let G =PU(n) = U®n)/Z,. Then
G = Int(su(n)).
Any involution x € G is of the form x = [A], A € U(n) with A? = ].Then

~1, 0
A - Ip’n_p = ( Op In—p)

for some p, 1 < p <n — 1. One has
. n
(Un)/Z)rn=r) = (U(p) x U(n — p))/Zn if p # B
and

W)z "33 = (Un/2) x Uy2))/20) % (1LI])).

Let F C G be an elementary abelian 2-subgroup. For any x, y € F, choose A, B € U(n)
with A2=B2=1 representing x, y (thatis, x = [A] and y = [B]). Then

1=xyx 'y ' =ABA'B™1)Z,/Z, = [A, Bl = Aa. 3]

for some A4 p € C. It is clear that A4 p € C doesn’t depend on the choice of A and B.
Moreover, since x% = y2 =1, wehave A4 p = £1.
For any x, y € F, define

m(x,y) =mp(x,y) = ka,B.
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Lemma 2.1 For any x,y,z € F, m(x,x) = m(x,y)m(y,x) = 1 and m(xy,z) =
m(x, Z)m(y, z).

Proof m(x,x) = m(x, y)m(y, x) = 1 is clear. Choose A, B, C € U(n) with A> = B>
Cc?:=1 representing x, y, z. Let [A, C] = A1, [B, C] = A2 for some numbers A, Ay =
+1. We have

[AB,C] = A[B,CIA™'[A,C] = AGu DA™ 0 T) = (M1

Som(xy, z) = m(x, 2)m(y, 2). |
If we regard F as a vector space on Fy = Z/2Z and identify {£1} with Fy = Z/27Z,
Lemma 2.1 just said m is an anti-symmetric bilinear 2-form on F. Let
kerm = {x € Flm(x,y) =1,Vy € F}.
Then it is a subgroup of F.
For an even n, let I'g = ([/
tol

%,%], [/ 1), then any non-identity element of I is conjugate
2

» n and
2:2

(Um)/Z)™ = (U(n/2)/Zy) x T.
Lemma 2.2 ForaKlein four subgroup F C G, ifmF is non-trivial, then F is conjugate to I'o.

Proof Choose A, B € U(n) with A2 = B2 = [ and F = ([A], [B]). Since m r is non-trivial,
we have [A, B] = —I. Since A% = I, we may assume that A = I}, ,_, forsome 1 < p < %
From [A, B] = —1, we get ABA~! = —B. Then B is of the form

_ By
B—(Ba )

for some By, B, € M), ,—p. Since B is invertible, we get p = % Since B2 = I, we have
BB} = I.Let S = diag{l,/2, B1}. Then

sas.sps=(( "5 ? 0 Iy
’ “\on)\no))

Forany m,k > 1 and A € U(m), let
D(A) = diag{A, A, ..., A}.
Then D : U(m) — U(km) is the diagonal homomorphism.
Lemma 2.3 For any two closed subgroups S1, S» C U(m),
D(S1) ~D($2) & §1 ~ $.

Proof Since Si, S» are closed subgroups of U(m), so they are compact groups. Then by
character theory of representations of compact groups, both conditions in the lemma are
equivalent to the existence of an isomorphism ¢ : S| — S, such that tr(¢ (x)) = tr(x), Vx €
S1. Thus these two conditions are equivalent. O

Proposition 2.4 Let F be an elementary abelian 2-subgroup of G,

(1) when kerm = 1, the conjugacy class of F is determined by rank F’;
(2) in general, ker m is diagonalizable and the conjugacy class of F is determined by the
conjugacy class of ker m and the number rank F.
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Proof For (1), we prove by induction on n. Since kerm = 1, so rankF is even. When
rank F' > 2, choose any x1, x, € F with m(xy, x;) = —1. By Lemma 2.2, we have

(x1, x2) ~ Tp.
We may and do assume that (x1, xo) = ['g, then
F C(Um)/Z)"™ = AU(r/2)/Zy) x To.

And so F = A(F’) x I’y for some F' C U(n/2)/Z%. We also have kermp = 1. By
induction, the conjugacy class of F’ is determined by rank F’, so the conjugcay class of F is
determined by rank F.

For (2), we have that 7 ~! (ker m) is abelian by the definition of m and ker m, where 7 is
the natural projection from U(n) to U(n)/Z,. So 7~ Ykerm) is diagonalizable. Then ker m

is diagonalizable. We may write F as F = kerm x F’ with m(kerm, F') = 1 and m|p
non-degenerate. By (1), the conjugcay class of F” is determined by

rank F’ = rank F — rank (ker m).
Moreover, it is clear that

Um)/Z)" = AU /Zy) x F',

rank F’
2

where n’ = n/2 . So kerm = A(F”) for some F” C U(n')/Z, . Fix F’, by Lemma
2.3, the conjugacy class of kerm in U(n)/Z, and the conjugacy class of F” in U(n’)/Z,
determine each other. Since the conjugacy of F is determined by F’ and the class of ker m
in (Umn)/Z,)" /, we get the last statement of (2). O

2.2 Projective orthogonal and projective symplectic groups

Let G =PO(n) = O(n)/(—1), n > 2. Let F be an elementary abelian 2-subgroup of G. For
any x € F, choose A € O(n) representing x, then A> = x4/ for some 14 = 1. For any
x,y € F,choose A, B € O(n) representing x, y,then[A, B] = A4 pl forsome iy p = £1.
The values of A4, A4, p don’t depend on the choice of A and B. For any x, y € F, define
u(x) = up(x) =2

and

m(x,y) =mp(x,y) =Aap-
Lemma 2.5 Foranyx,y,z € F, m(x,x) =1, m(xy, z) = m(x, 2)m(y, z), u(1) = 1 and
m(x, y) = ux)pu(y)pulxy).

Proof The equalities m(x, x) = 1 and (1) = 1 are clear.
The proof for m(xy, z) = m(x, z)m(y, z) is similar as that for 2.1.
Choose A, B € O(n) representing x, y. Then

[A,B] = ABA™'B7!
= (AB)*(BY) ™' B(A*)”'B™!
= (uy) DD~ B(ux) ™' B~
= p@)uy)puxyl).
Som(x,y) = px)p(y)pr(xy). o
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Lemma 2.6 For an even n, su(n) has two conjugacy classes of outer involutive automor-
phisms with representatives t) = complex conjugation and t}, = ©9Ad(J,2).

For an odd n, su(n) has a unique conjugacy class of outer involutive automorphisms with
representative Ty = complex conjugation.

Proof This follows from Cartan ’s classification of compact Riemannian symmetric pairs
(cf. [7, Pages 451-455]). ]

Lemma 2.7 Let F be an elementary abelian 2-subgroup of G.
Forx € F, u(x) = —1ifand only if x ~ [J%].
Forx,y € Fwithm(x,y) =—1,

(1) when p(x) = u(y) = =1, we have (x, ) ~ (31, [K 3 );
(2) when ju(x) = j(y) = 1, we have (x,y) ~ ([l 31, [/} D.

Proof If ;u(x) = —1, then x = [A] for some A € O(n) with A% = —].Then A ~ J%, SO
X ~ [J%]
The proof of (2) is the same as that for Lemma 2.2.

For (1), first we may and do assume that x = [J 2] by the first statement proved above.

1

Then so(n)* = u(n/2). By Lemma 2.6, after replace y by some gyg~" with g € G*, we

may assume that
(u(n/2))? =so(n/2) orsp(n/4).
Then a little more argument shows that y = [K z ]. O

Definition 2.8 For an elementary abelian 2-groupsub F C G, define

Ap =ker(ilkerm)
and
defeF =|{x e F:ux)=1} —|{x € F: u(x) =—1}|.

We call defe F' the defect index of F.
Define (e¢f, 8F) as follows,

e when jilkerm # 1, define (er, 6F) = (1,0);
e when i|kerm = 1 and defeF < 0, define (ep, 8F) = (0, 1);
e when i|kerm = 1 and defeF' > 0, define (e, §F) = (0, 0).

Define rp = rankAp and sp = %rank(F/ kerm) — §f.

We will see in the proof of Proposition 2.12 that defe ' = 0 if and only if i |kerm 7# 1. It
is clear that e, 6, rr, sr and the conjugcay class of Ar are determined by the conjugacy
class of F.

LetI'y = ([/

1, [Jx])and Ty = ([J%], [K=2)]. Then defel’; = 2, defel’, = —2,
2

n
I

[NE

1
(O@m)/(—I)" = A<0<§>/<—1>) x T

and

O(m)/(—1)"2 = A<Sp<§)/<—l>) x T.

Lemma 2.9 Let F be a non-trivial elementary abelian 2-subgroup of O(n)/(—1I), if
rank (F/ ker m) > 2, then there exists a Klein four subgroup F' C F such that F' ~ T}.
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Proof Choose a subgroup F” C F such that F = kerm x F”, then ker(mps) = 1 and
rank F” > 2. Replace F by F”, we may assume that kerm = 1 and rankF > 2.

We first show that, there exists 1 # x € F with u(x) = 1. From rankF > 2, we get
rank I > 4 since it is even (mf is non-degenerate). Suppose that any 1 # x € F has
n(x) = —1. Then for any distinct non-trivial elements x, y € F, we have

m(x,y) = p@)u(pnxy) = -1

by Lemma 2.5. This contradicts that m is bilinear on F'.
Upon we get 1 # x € F with u(x) = 1, choose any z € F with m(x, z) = —1. Then

nx)pu(z) =mx, Du(x) = —1.
So exactly one of 1(z), w(xz) is equal to —1. By Lemma 2.7, we have (x, z) ~ I'1. m]

Lemma 2.10 Let F be a non-trivial elementary abelian 2-subgroup of O(n)/{(—1I). If
rank(kerm/Af) = 1 andrank(F/AF) > 1, then there exists a Klein four subgroup F' C F
with F' ~ T'y.

Proof Choose a subgroup F” C F such that F = Ap x F”, then rank(ker(mp»)) = 1,
Apr = landrank F” > 1.Replace F by F”, we may assume that Ay = 1, rank(kerm) = 1
and rank F > 1.

The subgroup F is of the form F = kerm x F” with m(kerm, F”) = 1, rankF” > 2,
and m g non-degenerate. Whenrank F” > 2 or F” ~ I'y, there exists F' C F' with F/ ~ T';
by Lemma 2.9. Otherwise F” ~ I'». Choose x, y € F” generating F” and 1 # z € kerm,
then

F'=(xz,yz) ~ Ty
since (u(xz), u(yz), p(xy)) = (1,1, =1). o
Foranyn > 1,1et T : O(n) < U(n), T’ : Sp(n/2) < U(n)) be the natural inclusions.

Lemma 2.11 For any two closed subgroups S1, S» C O(n) or S{, S5 C Sp(n/2)

T(S1)~T(S) < Si1~5
and

T'(S)) ~T'(S5) & S| ~ S5.
Proof These follow from [6] Theorem 2.3 and [1] Theorem 8.1. O
Proposition 2.12 Let F be an elementary abelian 2-subgroup of O(n)/(—1I),

(1) when kerm = 1, the conjugacy class of F is determined by 5 and sp;

(2) in general, ker m is diagonalizable and the conjugacy class of F is determined by the
conjugacy class of Ar and the invariants (€g,8F, Sf).

(3) we have defe(F) = (1 — ep)(—1)3r 2/ FHsFHir,

Proof For (1), since kerm = 1, so rankF' is even. When rankF = 2, F ~ I'f or I'; by
Lemma 2.2. When rank F' > 2, there exists a Klein four subgroup F’ C F with F’ ~ 'y by
Lemma 2.9. We may and do assume that 'y C F. Then

F c©Om/=)" =a(0G)/=D) xT1.
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So F = A(F") x I'y for some F' C O(%5)/{(—1). By induction, we can show defe F' # 0 and
the conjugacy class of F' is determined by é and sr.

For (2), ker m is diagonalizable since a1 (ker m) is abelian by the definition of m, where
7 is the natural projection

7 :0m) — On)/(-1I).

We break the proof into two parts according to the value of €. When e = 1, by Lemma
2.10, F is of the form F = kerm x F’ with m g non-degenerate and defe ¥’ > 0. By (1),
the conjugacy class of F’ is determined by sp = % We have

©m/(—1)" = AOm)/(~1)) x F/,

where n’ = Fixing F’, by Lemmas 2.3 and 2.11, the conjugacy class of ker m in

_n
rank F/ *

O(n)/(—1) determines the conjugacy class of it in (O(n)/(—I))F/. Moreover, as e = 1 is
given, the conjugacy class of ker m is determined by the conjugacy class of Ar = ker it|ker m-
So the conjugacy class of F is determined by that of Ar and the invariants (§f, sr). When
er = 0, it is similar as the above proof for ey = 1 case to show that the conjugacy class of
F is determined by the conjugacy class of A g and the invariants (§f, Sf).

(3) follows from Lemma 2.7 and (2). ]

The classification of elementary abelian 2-subgroup of Sp(n)/(—1) is similar as that of
O(n)/(—1). We give the definitions and results below but omit the proofs.

Let F be an elementary abelian 2 subgroup of Sp(n)/(—1),n > 2. Forany x € F, choose
A € Sp(n) representing x, then A2 = )41 for some A4 = +1. For any x,y € F, choose
A, B € Sp(n) representing x, y, then [A, B] = A4 p! for some A4 p = £1. The values of
Aa, Aa,p don’t depend on the choice of A, B. For any x, y € F, define

n(x) = pur(x) =24
and
m(x,y) =mp(x,y) = Aa,B.

Lemma 2.13 Let F be an elementary abelian 2-subgroup of Sp(n)/{(—1I). Forany x, y, z €
F, m(x,x) =1, m(xy, z) = m(x, 2)m(y, 2), u(1) = L and

m(x,y) = px)u(y)uxy).

Lemma 2.14 Let F be an elementary abelian 2-subgroup of Sp(n)/(—1I).
Forx € F, u(x) = —1ifand only if x ~ [J%].
Forx,y € F withm(x, y) = —1,

(1) when u(x) = u(y) = —1, we have (x, y) ~ (iI1, 11);
(2) when p(x) = u(y) = 1, we have (x, y) ~ (3,31 /3.

Definition 2.15 For an elementary abelian 2-subgroup F C Sp(n)/(—1I), define

A = ker(itlkerm)

and the defect index
defeF =|{x e F:ux)=1}| —|{x € F: ukx)=—1}|.

Define (ef, 8F) as follows,
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o when tkerm 7# 1, define (er, 6p) = (1, 0);
e when i|kerm = 1 and defeF' < 0, define (ef, 8r) = (0, 1);
e when i|kerm = 1 and defeF' > 0, define (e, §F) = (0, 0).

Define rp = rankAp and sp = %rank(F/ kerm) — 6.
Proposition 2.16 Let F be an elementary abelian 2-subgroup of Sp(n)/{(—1),

(1) when kerm = 1, the conjugacy class of F is determined by §r and sF;

(2) in general, ker m is diagonalizable and the conjugacy class of F is determined by the
conjugacy class of Ar and the invariants (er,8F, Sf).

(3) we have defe(F) = (1 — ef)(—1)2F2rFHsr+ir,

2.3 Twisted projective unitary groups

For n > 3, let G = Aut(su(n)), which has two connected components and Gg =
Int(su(n)) = PU(n) = U(n)/Z,. When n is even, G has two conjugacy classes of outer
involutions with representatives 7o = complex conjugation and 19Ad(J,/2); when n is
odd, G has a unique conjugacy class of outer involutions with representative 7o. We have (cf.
[8, Table 2])

Int(su(n))™ = O(n)/(—1I)
and
Int(su(n)) A2 = Sp(n/2)/(—1).

Let F be an elementary abelian 2-subgroup of G. For the subgroup F N Int(su(n)) of
Int(su(n)) = PU(n), we have a bilinear form

m : F NInt(su(n)) x F NInt(su(n)) — {£1}.
Moreover, we define a function
i F—FNint(su(n)) — {£1}

by u(z) = 1if z ~ 19, and u(z) = —1if z ~ 79Ad(J,2). On the other hand, for any
z € F — Int(su)(n), define u; : F NInt(su(n)) — {1} and

mz @ (F Nnt(su(n))) x (F NInt(su(n))) — {£1}

from the inclusion

F N Int(su(n)) C Int(su(n))* = O(n)/{—1I) or Sp(n/2)/{—1I).
Definition 2.17 For an elementary abelian 2-subgroup F C Aut(su(n)), define

Ar = {x € FNInt(su(n))|z ~ zx,V¥z € F — F N Int(su(n))}
and the defect index

defeF =|{x € F:x ~ 1} — [{x € F : x ~ 190Ad(Jy,2)}I.
Define (ef, 8) as follows,

e when defe F = 0, define (er, 6F) = (1, 0);
e when defe F' > 0, define (¢p, ) = (0, 0);
e when defe F < 0, define (ef, 6r) = (0, 1).

Define rp = rankAg and sp = %rank(F/ kerm) — §f.
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Lemma 2.18 Let F be an elementary abelian 2-subgroup of Aut(su(n)). Then for any z €
F — F NInt(su(n)), we have m; = m on F N Int(su(n)).

Proof For z € F — Int(su(n)) and x, y € F N Int(su(n)), by Lemma 2.2, 2.7 and 2.14, we
have

m(x,y) =—1& (x,y) ~([lz 2], [J%]) < my(x,y) = -1

202
Som:(x,y) =m(x,y). o
Lemma 2.19 Foranyz € F — FNInt(su(n)) andx € FNInt(su(n)), u.(x) = u(z)u(zx).

Proof We may and do assume that z = 79 or ToAd(Jy,/2).
In the case of z = 79 and p;(x) = 1, we may assume that x = [1, ,_,] € O(n)/(=1) =
Int(su(n))* for some 0 < p < n.Letu = [diag{il,, I, p}], then
uzu~' = z(z_luz)u_l = z(ﬁ)u_1
= zldiag{—ilp, In—p}lldiag{—ilp, In—p}]

= z[lpn—pl = zx.

Sozx ~z.Andso 1 = pu;(x) = u(z)pu(zx).

In the case of z = 79 and u,(x) = —1, we may assume that x = [J,2] € O(n)/(—1) =
Int(su(n))?. Then zx = 19Ad(J,2) = t(’). So —1 = p;(x) = pu(z)u(zx).
The proof in the case of z = 7 = 19Ad(J,/2) is similar. O

Lemma 2.20 For any elementary abelian 2-subgroup F C Aut(su(n)), we have Ap C
kerm and Ar = ker(u;|kerm) for any z € F — F N Int(su(n)).

Proof Choose any x € Afr and choose an element z € F — F NInt(su(n)). By the definition
of A, for any y € F N Int(su(n)), we have u(zy) = n(zyx). In particular for y = 1, we
have 1 (z) = u(zx). Then

m(x,y) =mz(x,y) = p () (V) (xy) = p(@pu(zx)u(zy)u(zxy) = 1.

So Ar C kerm.
On the other hand, for any x € kerm = kerm;, x € Ap if and only if Vy € F N

Int(su(n)), n(zy) = p(zyx). Since
w@yI)u(zyx) = p(y)pz(xy) = mz(x, y)pz(x) = pz(x),
we get that Ar = ker(i4z|kerm)- O

Proposition 2.21 For an elementary abelian 2-subgroup F of Aut(su(n)) which is not con-
tained in Int(su(n)), ker m is diagonalizable and the conjugacy class of F is determined by
the conjugacy class of Af and the invariants (e, S, rank F).

Proof We break the proof into two cases.
When there exists z € F with z ~ 79, we may and do assumen that z = 79 € F. Then

F C Aut(su(n))® = (O(n)/{—1)) x (z).

By Lemma 2.18, we get that m, = m. Then (¢f, §F) coincides with (¢fs, €) when F' =
F NInt(su(n)) is considered as a subgroup of O(n)/(—1). Then the conclusion follows from
Proposition 2.12 and Lemma 2.11.
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Otherwise, for any z € F — F N Int(su(n)), we have that z ~ r(’) = 10Ad(J,,/2). We may
and do assumen that z = 1:6 € F. Then

F C Aut(su(n))® = (Sp(n/2)/(—1I)) x (z).

And we have pu, = 1 since all elements in F — F N Int(su(n)) are conjugate to ré. Then
the conjugacy class of F is determined by rank F' by Proposition 2.16. Moreover, in this
case, we have (er, ) = (0, 1) and rankAr = rankF — 1. Then the tuple of invariants
(er, 8, rank F, rank A ) is different from that for any subgroup considered in the first case.
The reason is: if a subgroup F in the first case satisfies rankAr = rankF — 1, then its
elements in F — F N Int(su(n)) are all conjugate to 7y, by which we have (er, 6r) = (0, 0).

]

2.4 A class of elementary abelian 2-subgroups and symplectic metric spaces

The elementary abelian 2-subgroups F of O(n)/(—1) (or Sp(n)/{(—1I)) with non-identity
elements all conjugate to [1%’%], [J%] (or [I%_%], [i/]) have a particular nice shape.

Proposition 2.22 For an elementary abelian 2-subgroup F of O(n)/{(—1) (or Sp(n)/{—1})),
any non-identity element of F is conjugate to [I%,%], [J%] (or [I%,%], [i1]) if and only if any
non-identity element of A is conjugate to [I%,%].

Proof Since elements in F — Af are all conjugate to [I%,%], [J%] (or [1%_%], [i/]) and any
element of Ar is not conjugate to [J%] (or [i1]), the conclusion follows. m]

Regard Ap as a subgroup of G’ = O®n')/(—1I), U(n')/{(—I) or Sp(n’)/(—1), where
n' = 2‘% (k = 2, 1, 0). Then the condition of any non-identity element of A is conjugate
to [l 1] in G is equivalent to any non-identity element of A is conjugate to [I,/ »]in G’.
2°2
Let F* = Hom(F, IFp) be the dual group of an elementary abelian 2-group.
For n = 2™s with s odd, let

K ={£1}"/{(—1,...,=D).
—
This is an elementary abelian 2-group of rank n — 1. We want to characterize subgroups F
of K such that any non-identity element x € F is of the form x = [(xy, x2, ..., x,)] with
x; = —1 for 7 indices i and x; = 1 for the other 7 indices i.

Lemma 2.23 For a subgroup F of K as above, let r be the rank of F as an elementary
abelian 2-group. Then we can divide J = {1, 2, ..., n} into a disjoint union of 2" subsets

(Jy i € F*}
with each Jy of cardinality 2% = 2"7"s such that any element x € F is of the form
x =, 12, ..., )], ti =a(x), Vi€l
—————
Proof Choose a subgroup F’ of {£1}" such that its projection to K has image equal to F
and the projection map onto F is an isomorphism. Then any non-identity element x € F’ is
of the form x = (x1, x2, ..., x,) with x; = —1 for 7 indices i and x; = 1 for the other 5

indices i. For any x € F’,letx = (tx.1,%x2, ..., tx.n)s tx.; = £1. For an index i, the map
X > fy; is an homomorphism from F’ to %1, so there exists ¢; € F'* such that

ti = 0ai(x),Vx € F'.
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For any o € F*, define
o ={1 <i <nlo; =a}.

Then J = {1,2,...,n} is a disjoint union of 2" subsets {J, : « € F*} and any element
x € F'isof the form x = (11, t2, ..., 1), t; = a(x), Vi € J,. We show that the cardinarity
of each Jy is 77 =2"""s.

Let ¢g = 0 € F’* be the zero element. For any o # o, count the number of pairs (x, i)
with ¢(x) = —l and #,; = —1. For a fixed x € F, when x ¢ ker «, there are % such (x, i);
when x € ker «, there are no such (x, i). Forafixedi, 1 <i <n,whenx & Jy, U Jy,ie.,
o # og and ; # «, there are 2772 such (x,i); when i € Jy, i.e., ¢; = «, there are 27!
such (x,i); wheni € Jy,, i.e., o; = ap, there are no such (x, 7). Count the number of pairs
(x,i) withx(x) = —1 and ¢, ; = —1 in two ways, we get an equality

1 n - -
2712 = 0= Val = VagD2 7 + a2

This implies that | Jy| = |Jy, |. Then the cardinarity of each J, is 5 = 2""s.
Since the projection map from F’ to F is an isomorphism, we can identify F’* and F*.
Then we get the conclusion of the lemma. O

Proposition 2.24 For an elementary abelian 2-subgroup F of O(n)/(—I) (or F C
Sp(n)/{—1)) with non-identity elements all conjugate to [I%V%], [J%] (or [I%.%], [i1]), the
conjugacy class of F is determined by the tuple (€, Sp, rF, SF).

Proof This follows from Propositions 2.12, 2.16, 2.22 and Lemma 2.23. ]

Let F, 5 ¢ 5 be an elementary abelian 2-subgroup of O(n) /(—1) (or Sp(n)/(—1)) satisfying
the properties in Proposition 2.24 and with invariants (e, §, r, s), which is unique up to
conjugation.

Definition 2.25 A finite-dimensional vector space V over the field Fp = Z/27Z is called
a symplectic vector space if it is associated with a map m : V x V —— F, such that
m(x,x) =0, m(x,y) =m(y,x)and m(x + y, z) = m(x, z)m(y, z) forany x, y, x € F.

Moreover, it is called a symplectic metric space if there is another map & : V. — F»
such that ©(0) = 0 and m(x, y) = pu(x) + u(y) + n(x + y) forany x, y € V.

Two symplectic vector spaces (V, m) and (V’, m’) are called isomorphic if there exists a
linear space isomorphism f : V — V' transferring m to m’.

Two symplectic metric spaces (V, m, u) and (V', m’, u’) are called isomorphic if there
exists a linear space isomorphism f : V — V’ transferring (m, ) to (m’, u’).

The following proposition is clear.

Proposition 2.26 The isomorphism class of a symplectic vector space (V, m) is determined
by the dimensions (dimp, V, dimp, ker m).

Definition 2.27 For a symplectic metric space V, define Ay = ker it|kern and the defect
indexdefeV =|{x e V:iux) =1} —|{x e V:pukx)=—1}|.
Define (ey, 8y ) as follows,

o When ji|kern 7# 1, define (ey, 8y) = (1, 0);
e when u|kern = 1 and defeV < 0, define (ey, §y) = (0, 1);
e when i|kerm = 1 and defeV > 0, define (ey, dy) = (0, 0).

Define ry = dimp, Ay, sy = %dimﬂrz(V/ kerm) — §y.
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Remark 2.28 When m is non-degenerate, u is a non-degenerate quadratic form, in this case
8y is the Arf invariant of .

The following proposition is an analogue of Proposition 2.24. And it also can be proved
by the same method.

Proposition 2.29 The isomorphism class of a symplectic metric space is determined by the
invariants (ry, sy, €y, 8y).
We have defeV = (1 — €)(—1)%2/+s+5,

Proposition 2.30 Foravector space V over Ty of rank 3 withamap  © V. — T, satisfying
n() =0, let m(x,y) = ux) + n(y) + ulx + y). Then (V,m, n) is a symplectic metric
space if and only if m is bilinear, if and only if there are even number of elements in 'V with
non-trivial values of the function (.

Proof With the definiton of m and the property w(0) = 0, we get the compatability relation
and the property m(x, x) = 0, then (V, m, n) is a symplectic metric if and only of m is a
bilinear form. This is the first statement.

For any x, y,z € V, when x, y, z are linearly dependent, the equality m(x + y, z) =
m(x, z) + m(y, z) follows from the definiton of m and the property 1 (0) = 0. When x, y, z
are linearly independent, they consist in a basis of V. By the definition of m and the property
©(0) = 0, we have that the equality m(x + y, z) = m(x, z) + m(y, z) holds if and only if
the sum of the values of u over all elements of V is 0. That is also equivalent to there are
even elements in V with p-value 1. So the second statement follows. m]

Let V}.5.¢,5 be a symplectic metric space with the prescribed invariants, which is unique
up to isomorphism. Let Sp(r, s; €, 8) be the group of automorphisms of V. ; ¢ s preserving m
and p. Let Vi.c s = Vo s.e,6 and Sp(s; €, 8) = Sp(0, s; €, §). It is clear that

Sp(r, s; €,8) = Hom(Vy;c 5, F5) % (Sp(s; €, 8) x GL(F%)).
Let Sp(s) = Sp(s, F2) be the degree-s symplectic group over the field F.
Proposition 2.31 We have the following formulas for the orders of Sp(s; €, §),

ISp(s; 0,0)| = H Q1@ 1) | 257

I<i<s—1

ISps — 1:0, DI =3-| [] @-bnE@*+1n 8Pt

I<i<s—1

1SpGs: 1.0) = 1Sp)l = [ [T @ - e +1n )27

1<i<s

Proof When s = 1 or 0, these are clear. So we just need to calculate
ISp(s; €, 8)I/1Sp(s — 15 €, )|

We calculate it for the case € = § = 0, the other cases are similar.

Sp(s; 0, 0) permutes the non-identity elements x € Vi.00 with w(x) = 0, there are
# —1 = (2 = 1D)*~! + 1) such elements. Fix two distinct non-identity elements
X1, x2 € Vg 0,0 with u(x1) = u(x2) = 0 and m(xy, x2) = 1. For any other x with p(x) =0

@ Springer



260 Geom Dedicata (2013) 167:245-293

and (x1, x) = 1, (xy, x) is transformed to (x;, x2) under some transformation in Sp(s; 0, 0).
Fixing x1, there are 222 such elements x. Moreover, the subgroup of Sp(s; 0, 0) consisting of
elements fixing x| and x; is isomorphic to Sp(s—1; 0, 0). So So we have |Sp(s; €, §)|/|Sp(s —
e, 8) = (25 — D+ 122, O

Since we have
V5;0,0 @ Vo;1,0 = Vs—1;0,1 @ Voi1,0 = Visn,0,
so we can regard Sp(s; 0, 0) and Sp(s — 1; 0, 1) as subgroups of Sp(s; 1, 0).
Proposition 2.32 Sp(s; 1, 0) = Sp(s).

Proof Since V.1 0/ kerm = IF%S is a symplectic vector space of dimension 2s, by restriction
we get a natural homomorphism p : Sp(s; 1, 0) —> Sp(s).
Let z be the unique non-identity element in ker m. Suppose that p(f) = 1 for some
f € Sp(s; 1,0), then for any x € V.1, f(x) = x or f(x) = xz. Since u(xz) = p(x) +
(@) +m(x,z) = u(x)+ 1,50 f(x) # xz. Then f(x) = x for any x € Vi.1 0. Thus p is
injective.
Moreover, by Proposition 2.31 we have |Sp(s; 1, 0)| = |Sp(s)|. So p is an isomorphism.
O

Since an element in Sp(s; 0, 0) or Sp(s — 1; 0, 1) preserves the symplectic form m on
V= F%S, so we have inclusions Sp(s; 0, 0) C Sp(s) and Sp(s — 1; 0, 1) C Sp(s).

Proposition 2.33 We have
[Sp(s) : Sp(s: 0,0)] = 212 + 1)
and
[Sp(s) : Sp(s — 1;0, D] =2°~1(2° — 1).
Proof This follows from Proposition 2.31 directly. O

Define the groups Sp(s; t) (s, t > 0) as the automorphism group a symplecic vector space
(V, m) over Fp with rankV = 2s + ¢ and rank ker m = t. It is clear that Sp(s; 0) = Sp(s)
and

Sp(s; 1) = Hom(F3*, F5) x (GL(z, F2) x Sp(s)).

3 Exceptional compact simple Lie groups (algebras)
3.1 Complex semi-simple Lie algebra and a specific compact real form

Let g be a complex semisimple Lie algebra and § be a Cartan subalgebra of g. Then g has a

root-space decomposition
g=ho (EB ga),
aEA

where A = A(g, h) is the root system of g and g, is the root space of a root « € A. Let
B be the Killing form on g. It is a non-degenerate symmetric form. The restriction of B to
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b is also non-degenerate. Let h*™ be the dual complex vector space of h. For any A € h*, let
H, € 4 be the element in ) determined uniquely by

B(H,,H)=X(H), VH eh.

Forany A, € b*, let (A, u) :== B(H,, H,). Then (-, -) is an inner product on h*.
For any root «, we have

H, €. (1
Define
2
H =——H,, 2
= ol e )
which is called a co-root; let
0# Xy € g 3)

be any non-zero vector (recall that dim g, = 1), which is called a root vector of the root «.
The notations Hy, H,,, X, will be used frequently in this paper.
Note that, for any «, B € A,

(a, B) = B(Hu, Hp) = B(Hy) = a(Hp) €R,
(o, ) = B(Hy, Hy) = a(Hy) # 0,
and 2(«, B)/(B, B) € Z. We also note that
spang{a|a € A} C b*

is a real vector space of dimension equal to r = rankg = dimc b (cf. [9, Pages 140-162]).
We set

Aa.p =2{a, B)/(B, B) = a(Hp).
Then
2(a, B)
(a, o)

Choose a lexicography order of spang{a|¢ € A} to geta positive system A1 and a simple
system IT. Let

[HO’(, Xpl = ﬁ(H‘;)Xﬂ = Xp=ApoXp.

H:{a17a25"'aar}~ (4)
For brevity, we write

H;, H 5

1

instead of Hy,;, H,, for asimple root e;.

Draw Ay gAg,« edges to connect any two distinct simple roots o and 8, and draw an
arrow from o to § if (o, ) > (B, B), we get a graph. This graph is connected if and only if
g is a simple Lie algebra, in this case it is called the Dynkin diagram of g. We always follow
the Bourbaki numbering to order the simple roots (cf. [8, Page 3]).

Let Aut(g) be the group of all complex linear automorphisms of g and Int(g) be the
subgroup of inner automorphisms. We define

Out(g) := Aut(g)/Int(g).
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The exponential map exp : g —> Aut(g) is given by
exp(X) = exp(ad(X)), VX € g = Lie(Aut(g)),

where ad(X) € gl(g) is defined by ad(X)(Y) = [X, Y], VY € g.
One can normalize the root vectors {X,, X_4} so that B(Xy, X_¢) = 2/a(H,). Then
[X«, X—o] = H),. Moreover, one can normalize {X,} appropriately, such that

up = spang{Xe — X—o,i(Xe + X—o), iHy : @ € AT} 6)
is a compact real form of g ([9, Pages 348—354]). Define
0(X+iY):=X—-1iY, VX,Y €up.

Then 6 is a Cartan involution of g (as a real semisimple Lie algebra) and ug = g is a maximal
compact subalgebra of g. Any other compact real form of g is conjugate to ug. In the below,
whenever we discuss a compact real form of g, we always use this compact real form v in
(6).

Let Aut(up) be the group of automorphisms of ug and Int(ug) = Aut(ug)o be the sub-
group of inner automorphisms. Any automorphism of ug extends uniquely to a holomorphic
automorphism of g, so Aut(up) C Aut(g). Similarly we have Int(up) C Int(g). Define

O(f) :=6f0"", Vf e Aut(g).

Thenitis a Cartan involution of Aut(g) with differential 6. It follows that Aut (1) = Aut(g)®
and Int(up) = Int(g)® are maximal compact subgroups of Aut(g) and Int(g) respectively.
We also have

Out(up) := Aut(up)/Int(up) = Out(g) = Aut(I1),

where Aut(I1) is the symmetry group of the graph IT consisting of permutations of vertices
preserving the multiples of edges and directions of arrows.

3.2 Involutions

Let up be a compact simple Lie algebra and G = Aut(up) be its automorphism group. The
conjugacy classes of involutions in G are in one-one correspondence with the isomorphism
classes of real forms of the complexified Lie algebra g = up ®r C, and also in one-one cor-
respondence with compact irreducible Riemannian symmetric pairs (ug, ho). These objects
were classified by Elie Cartan in 1920s. We give representatives of conjugacy classes of
involutions in the automorphism group G = Aut(ug) for each compact simple exceptional
Lie algebra ug. The following are from [8, Pages 5-6]. In particular, as explained in [8], the
notation eg _ denotes a real simple Lie algebra with a Cartan decomposition uy = €y + po
such that g = ug ®p C is a complex simple Lie algebra of type Eg and dim ¢y —dim pg = —2,
and similarly for the notations of other real simple Lie algebras.

(i) Type Eg. For up = ¢, let T be a specific diagram involution defined by
T(Hy) = Hog, T(Hyg) = Hay, T(Hoy) = Hys,  T(Has) = Hos,
T(Hy,) = Hoy, T(Hyy) = Hoyy T(Xta)) = Xtogs T(Xtag) = Xtas
t(Xioq) = Xiay t(XiO(S) = X+, 'C(Xiaz) = Xtw, T(Xia4) = Xetoy-

Let

6

o1 = exp(wiH}), 00 = exp(wi(H| + H{)), 03 = T, 04 = T exp(mwi Hy).
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Then o1, 03, 03, 04 represent all conjugacy classes of involutions in Aut(up), which
correspond to Riemannian symmetric spaces of type EII, EIII, EIV, EI and the corre-
sponding real forms are e _2, ¢6,14, €6,26. ¢6,—6- O1, 02 are inner automorphisms, 03, o4
are outer automorphisms.

(ii) Type E7. For ug = ¢7, let

H/+H/+H/
o1 =exp (wiH;), o3 =exp (m’%) ,
/+H/+H/+2H/
03:exp(m‘ 2 > 5 ! ]).

Then o1, 02, 03 represent all conjugacy classes of involutions in Aut(ug), which corre-
spond to Riemannian symmetric spaces of type EVI, EVIIL, EV and the corresponding
real forms are e7 3, ¢7,25, ¢7,-7.

(iii) Type Eg. For ug = eg, let

o1 = exp(wiH}), 02 = exp(wi(H; + HY)).

Then o1, o, represent all conjugacy classes of involutions in Aut(ug), which correspond
to Riemannian symmetric spaces of type EIX, EVIII and the corresponding real forms
are eg 24, €8, —§.

(iv) Type F4. For up = f4, let

o1 = exp(wiH{), o2 = exp(wi Hy).

Then o1, o7 represent all conjugacy classes of involutions in Aut(u), which correspond
to Riemannian symmetric spaces of type FI, FII and the corresponding real forms are
f4,—4, fa,20-

(v) Type Ga. For ug = g2, let o = exp( H{), which represents the unique conjugacy class
of involutions in Aut(ug), corresponds to Riemannian symmetric space of type G and
the corresponding real form is g2, —».

We remark that, in types Eg, F4, G2, the automorphism groups of the simple Lie algebras,
Aut(eg), Aut(fs), Aut(gn), are connected and simply connected. In type Eg, Aut(eg) is not
connected and Int(eg) is not simply connected, the image of the adjoint homomorphism
7w : Eg —> Aut(ee) is Int(eg) and the kernel of 7 (i.e., Z(Eg)) is of order 3. Since Int(eg)
has two conjugacy classes of involutions, so Eg has two conjugacy classes of involutions.
Their representatives o = exp(rwi H;), o5 = exp(wi(H| + H()). Here exp : ¢¢ —> Eg is
the exponential map for the Lie group Ee. In type E7, Aut(e7) is connected but not simply
connected, the adjoint homomorphism 7 : E; — Aut(e7) is surjective and the kernel of &
(i.e., Z(E7)) is of order 2. The preimages of 02, 03 € Aut(e7) in E; are elements of order 4;
and the preimages of | are two non-conjugate involutions. So E7 has two conjugacy classes
of involutions. Their representatives are o] = exp(i H}) and 0 = exp(ri (H{ + H)). Here
exp : ¢e; —> E7 is the exponential map for the Lie group E7.

There is an ascending sequence

F4 C E¢ C E7 C Eg,

we observe that under these inclusions, the involutions o, in Fy (02’ in Eg, or 02’ in E7) is
mapped to conjugate element of the involution cré in Eg (02/ in E7, or o7 in Eg). The conjugacy
class containing o (or ¢3) in each type is particularly important to us as we will use them to
define the translation subgroup A for an elementary abelian 2-subgroup F'.
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The following Table 2 is from Tables 1 and 2 in [8], which describes the isomorphism
type of the symmetric subgroup Aut(ug)? and the isotropic module p = g=? for each pair
(up, €) with up a compact exceptional simple Lie algebra and 6 an involtution in Aut(ug).

Remark 3.1 We apologize that we use o; to represent the conjugacy classes of involutions in
the automorphism groups Aut(ug) in all types (as well as use o/ to represent the conjugacy
classes of involutions in the connected and simply connected compact Lie groups E¢ and
E7). But this causes no ambiguity as we always specify in which group we are talking about
conjugacy classes.

3.3 Klein four subgroups

In [8, Section 4], we constructed some Klein four subgroups of Aut(ug) and described the
conjugacy classes of involutions in them, it is showed that they represent all conjugacy classes
of Klein four subgroups. These Klein fours subgroups, as well as their fixed point subalgebras
and their involutions types (cf. Definition 3.3) are listed in Table 3.

From Table 3, we see that, the groups Aut(eg), Aut(e7), Aut(eg), Aut(f4), Aut(gs) have
8, 8, 4, 3, 1 conjugacy classes of Klein four subgroups in them respectively. Most of these
conjugacy classes are distinguished by their involution types (Definition 3.3) except that the
Klein four subgroups I', ' of Aut(e7) have the same involution type [both are (o1, o1, 01)].
The Klein four subgroups I'1, 'y C Aut(e7) can be characterized in this way: a Klein four
subgroup F C E7 with 7 (F) = I'y [or w(F) = I'2] have an odd number of elements (or
an even number of elements) conjugate to 02’, where m : E; — Aut(e7) is the adjoint
homomorphism, which is a double covering. That is equivalent to say, we can choose a Klein

Table 2 Symmetric subgroups and isotropic modules

uy 0 Aut(up)? p

EI ¢ o4 =Texp(wiH}) (Sp(4)/{—1)) x (8) Vo,

EIl ¢ o1 =exp(miH}) (SU((J)xSp(l)/((e%I, D, L-D)x(r) A3CO@C?
2 =1, & = sp(3) ® sp(1)

EINl ¢ oy =exp(wi(H| + Hg)) (Spin(10)xU(1)/((c,))) X () M@ M-_®1)
2 =1, & = s0(9)

EIV ¢g 03 =T Fq x (0) Vy

EV e7 o3 =exp(mi(H| + H}) (SU®)/(il)) x () Atc8
w? =1, € =spd)

EVI  ¢; o) =exp(miH}) (Spin(12) xSp(1)/{(c, ), (=1, =1)) M4 ® C2

EVII ¢ op= exp(m'Hé) (EgxU(1))/((c, e%))) X () Vo, ® 1) ® (Vg ® 1
o’ =1, =1

EVII ¢ oy =exp(mi(H| + H})) Spin(16)/(c) My

EIX eg 0] = exp(m’Hl/) E7 xSp(1)/{(c, —1)) Vy ® c?

FI fa o1 =exp(wiH]) (Sp(3) xSp(1))/{(—=1, =1)) Vay ® C?

FII f4 o2 =exp(miHy) Spin(9) M

G @ o =exp(riH]|) (Sp(1) xSp(1))/{(—=1, =1)) Sym3C? ® C?
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265

Table 3 Klein four subgroups in Aut(1iy) for exceptional case

o I; Ip = ugi Involution type
6 (exp(mHz) exp(mH4)) (su(3))? @ (iR)? (01,01,01)
¢ Fz = (exp(wi H}), exp(ri (H} + Hy + H.))) su(4) @ (sp(1))? @ iR (01.01,02)
73 I's = (exp(rn(H2 + H| s exp(nz(H4 + Hl))) su(5) @ (iR)2 (01, 02,02)
e6 Ty = (exp(mi(H| + H)), exp(mi(Hj + HZ))) 50(8) ® (iR)? (02,02, 09)
26 s = (exp(ziHj), T) sp(3) @ sp(1) (01,03, 04)
6 I'e = (exp(mHQ) rexp(mH4)) s50(6) @ iR (01,04, 04)
€6 7 = (exp(wi(H| + H¢))), T) 50(9) (02,03, 03)
e Fg = (exp(i (H{ + H{)), T exp(ri H})) 50(5) @ s0(5) (02, 04, 04)
e7 (exp(mHz) exp(mH4)) su(6) & (iR)2 (01,01,01)
7 rz = (exp(ri H}), exp(ri Hj)) s0(8) @ (sp(1))3 (01,01,01)
e7 I's = (exp(wiH. ) 7) 50(10) @ (iR)2 (01,02,02)
€7 T4 = (exp(niH]), ) su(6) ® sp(l) iR (01,02,03)
e7 I's = (exp(mHz) T exp(mH )) su(4) @ su(4) ® iR (01,03, 03)
€7 T = (1, 0%) fa (02,02,02)
e7 7 = (v, wexp(wiH))) sp(4) (02, 03,03)
e7 Fg =(t exp(nzH ), a)exp(mH )) 50(8) (03,03, 03)
eg (exp(mHz) exp(mH4)) e6 D (iR)? (o1,01,01)
eg rz = (exp(wi H}), exp(mi HY)) 50(12) @ (sp(1))2 (01,01, 02)
eg I's = (exp(mHz) exp(m(H’ + H4))) su(8) @ iR (01,02,02)
eg r4 = (exp(wi(Hy + H|)), exp(mi(H} + H|))) 50(8) @ s0(8) (02,02, 07)
fa = (exp(niHy), exp(niH})) su(3) @ (iR)? (01.01,01)
fa F2 = (exp(mHg) exp(mHz)) s50(5) @ (5p(1))2 (01, 01,02)
fa '3 = (exp(wi Hy), exp(mi Hy)) 50(8) (02,02,02)
@ r= (exp(mHl), exp(mHz)) (iR)2 (0,0,0)

24 = exp (n(xuzgx_@) exp (n(xqsgxfas)) exp (n(xu7gx_a7))

four subgroup F C E7 with w(F) = I' (or 7 (F) = I'7) such that all of its involutions are
conjugate to o} (or 0}).

Given a Klein four subgroup F C G, we have six different pairs (6, o) generating F, but
some of them may be conjugate.

Theorem 3.2 [8, Theorem 5.2] Let (0, 0), (0', ¢") be two pairs of commuting involutions
in Aut(ug) for ug a compact exceptional simple Lie algebra, then they are conjugate if and

only if
0~6,0~0',00~00c
and the Klein four subgroups (0, o), (0', o’) are conjugate.

We remark that, Aut(e7) has two non-conjugate Klein four subgroups with involutions all
conjugate to o7, so the condition of “the Klein four subgroups (6, o), (8, o) are conjugate”
is necessary. By Theorem 3.2, Table 3 also classifies conjugacy classes of ordered pairs
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of commuting involutions in Aut(ug). Which is another approach to Berger ’s classification
of semisimple symmetric pairs (cf. [3]).

3.4 An outline of the method of the classification

In type Ga, it turns out the conjugacy class of an elementary abelian 2-subgroup of Aut(gy)
is determined by its rank and the rank is at most 3. So we have four conjugacy classes of
elementary abelian 2-subgroups in total.

In type F4, by Table 3, we see that Aut(f4) does not possess any Klein four subgroup with
involution type (o1, 02, 02). That implies, the subset consisting of the identity element and all
elements conjugate to o»in an elementary abelian 2-subgroup F of Aut(f4) is a subgroup of
F. Let Ar be this subgroup. Then r = rank A and s = rank F'/ A g are conjugate invariant.
We show that the conjugacy class of F is determined by the pair (r, s) and the range of the
pairsis {(r, s) : r < 2,5 < 3}. So we have twelve conjugacy classes of elementary abelian
2-subgroups in total.

In type Eg, we divide the elementary abelian 2-subgroups F' of Aut(ee) into four disjoint
and exhausting classes:

Class 1, F contains an involution conjugate to 03;

Class 2, F doesn’t contain any element conjugate to o3, but contains one conjugate to o4;
Class 3, F C Int(eg) and it contains no Klein four subgroups conjugate to I'3;

Class 4, F C Int(eg) and it contains a Klein four subgroup conjugate to I'3.

As Int(eg)” = Fy4 and Int(e6)® = Sp(4)/((—1, —1)), the classification for subgroups
in Class 1 reduces to the classification in F4 case; the classification for subgroups in Class
2 reduces to the classification of subgroups of Sp(4)/((—1, —1)), but only those subgroups
with any involution conjugate to i/ or diag{—1I», I} are concerned (cf. Sect. 6 for the reason).
Our representatives of conjugacy classes in Class 1 are denoted as {F,; : r <2,s < 3} and
representatives of conjugacy classes in Class 1 are denoted as { F 5., 5 1 €+6 < 1, r+s < 2}.
Two important observations are: any subgroup in Class 3 is of the form F N Int(eg) for a
subgroup F in Class 1; and any subgroup in Class 4 is of the form F N Int(eg) for a subgroup
F in Class 2 satisfying some additional condition. Our representatives of conjugacy classes
in Class 3 are denoted as {F/ : r < 2, s < 3} and representatives of conjugacy classes
in Class 1 are denoted as {FE’Y&” te+6 < 1,r+s < 2,5 > 1}. In total, we have
3x4+43x6+3x4+3x3 =751 conjugacy classes of elementary abelian 2-subgroups.

In type E7, we divide the elementary abelian 2-subgroups F' of Aut(e7) into three disjoint
and exhausting classes:

Class 1, F contains an involution conjugate to o7;
Class 2, F doesn’t contain any element conjugate to o>, but contains one conjugate to 03;
Class 3, any involution in F is conjugate to 7.

From Table 2, we have that
2mi
Aut(e7)” = ((Eg x U(1))/{(c,e3)) x (@),

where | # ¢ € Zg, o? =1, (6 D IR)” = f4 ® 0, oo = (1, —1). Modulo U(1), we
have a homomorphism 7 : Aut(e7)°2 —> Aut(eg). It turns out there is a bijection between
conjugacy classes of elementary abelian 2-subgroups of Aut(e7) in Class 1 and elementary
abelian 2-subgroups of Aut(eg). So we have fifty-one conjugacy classes in Class 1.

From Table 2, we have that

Aut(e7)” = (SU®)/(i 1)) x (wo),
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Lti

where o} = 1, woXw, ' = X forany X € SU(8), 03 = el

I.So we have a homomorphism

7 Aut(e7)” —> Aut(su(8)) = (U(8)/Zg) x {(wo).

There is a bijection between conjugacy classes of elementary abelian 2-subgroups of
Aut(e7) in Class 2 and elementary abelian 2 subgroups of Aut(su(8)) whose inner involu-
tions are all conjugate to I 4 = diag{ls4, —I4} and outer involutions all conjugate to wy.
These subgroups are classified by Propositions 2.4, 2.12 and Lemma 2.23. We get fourteen
conjugacy classes in Class 2.

For an elementary abelian 2-subgroup F of Aut(e7) in Class 3, we show either F is toral
or it contains a rank 3 subgroup whose Klein four subgroups are all conjugate to I'y. In the
first case, we can find an involution 8 € Aut(e7)” such that elements in 6 F are all conjugate
to 03. In the second case, we can find a Klein four subgroup F’ C Aut(e7)” conjugate to I'g.
Then F is a canonical subgroup of some well-chosen subgroup in Class 2 or Class 1. We get
thirteen conjugacy classes in Class 3. In total, we have 51 4 14 4 13 = 78 conjugacy classes
of elementary abelian 2-subgroups.

In type Eg, Aut(eg) = Eg has two conjugacy classes of involutions with representatives
o1, 02. A nice observation is: for an elementary abelian 2-subgroup F of Aut(eg) and any
element x of F' conjugate to o1, the subset

Hy ={y € Flxy # y}

is a subgroup. We define Hr as the subgroup generated by elements of F conjugate to o
and define

Arp={1}U{x € Flx ~ 02, andVy € F — {1, x},xy ~ y}.

Then Ap C Hp if Hr # 1.
By [8, Table 6], we have that

2i

Aut(eg)" = ((Bg x U(1) x U(D)/((c, e, 1)) x (),

where 1 # ¢ € Zg,, 0> =1, (¢ ®IRDIR)? =f4 @00, ' = ((1,1, —1), (1, =1, 1)).
Modulo U(1) x U(1), we have a homomorphism 7 : Aut(eg)®> —> Aut(eg). It
turns out, w does not give a bijection between conjugacy classes of elementary abelian
2-subgroups of Aut(eg) containing a Klein four subgroup conjugate to I'y and elementary
abelian 2-subgroups of Aut(eg) and we find an explicit relation between these two kinds of
conjugacy class and so get a classification of elementary abelian 2-subgroups of Aut(eg) con-
taining a Klein four subgroup conjugate to I';. We have 48 conjugacy classes of elementary
abelian 2-subgroups of Aut(eg) containing a Klein four subgroup conjugate to I';

When F doesn’t contain any Klein four subgroup conjugate to I'y and Hr # 1, we show
that rank(Hr/AF) = 1, rankAr < 3 and rank(F/HF) < 2. Moreover, the conjugacy class
of F is determined by the numbers rank A r and rank (F/ Hr). We have 12 conjugacy classes
of elementary abelian 2-subgroups of Aut(eg) of this type.

When Hr = 1, we have rank F' < 5 and the conjugacy class of F is determined by rank .
So we have 6 conjugacy classes of elementary abelian 2-subgroups of Aut(eg) of this type.
In total, we have 48 + 12 + 6 = 66 conjugacy classes of elementary abelian 2-subgroups.
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3.5 Some notions

Definition 3.3 (Involution type) For an elementary abelian 2 subgroup F of a compact Lie
group G, we call the distribution of conjugacy classes of involutions in F the involution type
of F.

Definition 3.4 (Automizer group) For an elementary abelian 2 subgroup F of a compact Lie
group G, we call W(F) = Ng(F)/Cg(F) the automizer group of F.

W (F) is also called Weyl group in Literature, e.g, [2]. The name of automizer is suggested
by Professor R. Griess. We determine the automizer group W (F) for each elementary abelian
2-subgroup F' of Aut(up) with ug a compact exceptional simple Lie algebra. Conjugation
action gives us an inclusion

W(F) C Aut(F) = GL(rank F, F»).

Then we need to determine which automorphisms of F' can be realized as Ad(g) for some
g eG.

We also introduce other notions like translation subgroup, defect index, residual rank in
the following sections. As the definitions of these notions depend on the types of the Lie
algebras (or Lie groups), we give the precise definitions in each section below. These notions
help us to show the subgroups we constructed in different classes or in the same class but
with different parameters are non-conjugate to each other.

4 G,

For G = Aut(gy), by Table 2 we know G has a unique conjugacy class of involution and we
have G° = Sp(1) x Sp(1)/((—1, —1)) for any involution o € G.

Proposition 4.1 The conjugacy class of an elementary abelian 2-subgroup F of G is deter-
mined by rank F' and the possible values of rank F are {0, 1, 2, 3}.

Proof We first prove that, for any r < 3, there exists a unique conjugacy class of ordered
tuples {x1, ..., x,} such that they generate an elementary abelian 2-subgroup of G with rank
r. When r = 1, this follows from the classification of involutions in G, moreover we have

G = Sp(1) x Sp(1)/((=1, =1))

for any involution x| € G. Let xo € G*! be an involution different from x;. Then x ~gx
[(i, i)]. This proves the statement when » = 2. Moreover we have (when xo = [(i,1)], we
can take t = [(j, j)] below)

G2 = (U x U /{(—1, =1))) = (1),

where 1> = 1 and 7(z1,22)r™" = (z7', 25", Vz1,22 € U(l). Let x3 € G2 be an
involution not in (x1, x2). Then x3 ~g~1.x2 ¢. This proves the statement when r = 3.
Moreover, we have G*'*2%3 = (x|, x3, x3), S0 (x|, X2, x3) is not properly contained in
any abelian subgroup of G. So an elementary abelian 2-subgroup F of G has rank at most 3.
Then the proposition is proved. O

Corollary 4.2 G has 4 conjugacy classes of an elementary abelian 2-subgroup.

Proposition 4.3 For 0 < r < 3, for any elementary abelian 2-subgroup F, of G = Gy with
rank . = r, we have W (F,) = GL(r, ).
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Proof This follows from the following statement: for any » < 3, there exists a unique
conjugacy class of ordered tuples {x1, ..., x,} such that they generate an elementary abelian
2-subgroup of G with rank r. This is proved during the above proof for Proposition 4.1. O

5F4

Let G = Aut(f4). From Table 2, we see that G has two conjugacy classes of involutions with
representatives o1, o such that

G = Sp3) x Sp(1)/{(—1, —1))
and
G = Spin(9).

From [8, Page 18], we see that G°! has three conjugacy classes of involutions except o1 =

-1 -1
(—=1,1) = (I, —1) with representatives (il, i), 1 1], —1 1
1 1
Moreover in G, we have the conjugacy relations
(if, i) ~ o1,
—1
1 1) ~oy,
1
—1
—1 1) ~on
1
And G°? has two conjugacy classes of involutions except oo = —1 with representatives

e1erezey, ejerezesesegeres. And in G, we have the conjugacy relations
ejexezes ~ 01
and
ejey...eg ~ 03.
In G°" = Sp(3) x Sp(1)/{((—1, —1)),letx; = (I, —1), xo = (i1, 1), x3 = (jI, ),

—1 -1
X4 = —1 , X5 = 1
1 -1

ForO <r <2and0 < s < 3, define
Frg=(x1,...,Xg, X4, ..., X34s)
and A, = (x4, ..., X345).
Definition 5.1 For an elementary abelian 2-subgroup F C G, define

Ap={x e F:x ~o}U{l}.
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Proposition 5.2 For an elementary abelian 2-subgroup F of G, AF is a subgroup of F and
we have rankAr < 2 and rank(F /Af) < 3.

For each (r,s) with0 <r <2and 0 < s < 3, there exists a unique conjugacy class of
elementary abelian 2-subgroups F of G such that rank Ar = r and rank(F/AF) = s.

Proof Let F C G be an elementary abelian 2-subgroup. By Table Table 3, we see that there
are no Klein four subgroups of G with involutions type (o1, 02, 02). Then for any distinct
non-identity elements x, y € F with x ~ y ~ o2, we have xy ~ 02. So A is a subgroup.

In G2 = Spin(9), besides oo = —1, the elements conjugate to o, in G are all conjugate
to ejey...eg in G°2. There does not exist x, y € Spin(9) with x, y, xy all conjugate to
erey...eg,sorankAp < 2.

In G = Sp(3) x Sp(1)/{(—1, —1)), the elements x with x,o;x = (—I, 1)x both
conjugate to o1 in G are all conjugate to [(i7, i)] in G°!. By this, itis clear that any elementary
abelian 2-subgroup of G whose non-identity elements all conjugate to o has rank at most 3
(o1, [, 1], [(JI, j)]) is an example of rank 3). Since non-identity elements of a complement
of Ar in F are all conjugate to o1, so rankF/Ar < 3.

InF = F,y,wehave Ap = A, isofrankr and F/Ar = F, /A, isofranks,so F = F,
satisfies rank Ar = r and rank F/Af = s.

When s = 0, the uniqueness of the conjugacy class is showed in the proof for r < 2
above. When s = 1, we may and do assume that oy € F, then

F C G = Sp(3) x Sp()/((—1, —1)).

The elements in G°' which are conjugate to o2 in G are conjugate to [([2,1, 1)] in G°'.
Moreover, any pair (x1, x2) with xj, x € G are distinct and both conjugate to o7 in G
is conjugate to ([(/2,1, 1)], [(I1 2, 1)]) in G°!. This proves the uniqueness of the conjugacy
classes whens = 1. When s = 2, we may and do assume thatoy € F and [(il,1)] € FNG°!.
Then

F c (GO = (u3) x U /(—1, —1))) x (1),

where t = (jI, j). Similarly as s = 1 case, we get the uniqueness of the conjugacy classes
whens = 2. Whens = 3, we may anddo assumethato| € F and[(i/,1)], [, j)] € FNG°!.
Then

F C (GOHUIDLGEDT = (SO(3) x SO(1) x (o1, [GI, D], [GL, D))

We have SO(1) = 1 and the elements in SO(3) which are conjugate to o, in G are conjugate
to I,1 in SO(3). Moreover any pair (x, x2) with x1,x2 € SO(3) are distinct and both
conjugate to I 1 in SO(3) is conjugate to (2,1, I1,2) in SO(3), so we get the uniqueness of
the conjugacy classes when s = 3. O
Corollary 5.3 We have 12 conjugacy classes of elementary abelian 2-subgroups in G.
Proof Since 3 x 4 = 12, by Proposition 5.2, we get that there are 12 conjugacy classes of
elementary abelian 2-subgroups in G. O
Proposition 5.4 For two elementary abelian 2-subgroups F, F' C G, if f : F —> F'is
an isomorphism such that f(x) ~ x, Yx € F, then there exists g € G such that f = Ad(g).
Proof This is proved in the proof of Proposition 5.2 O
Proposition 5.5 For anyr < 2, s < 3, W(F,;) = P(r,s,F2), where P(r,s,F) is the
group of (r, s) block wise upper triangular matrices in GL(r + s, F2).

Proof For F = F,, we have Ar = A, and any g € Ng(F) satisfies gA,g‘1 = A,. By
Proposition 5.4, we get W(F) = Ng(F)/Cg(F) = P(r, s, ). ]
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6 Eg

Let G = Aut(eg). By Table 2, G has four conjugacy classes of involutions, two of them
consist of inner automorphisms with representatives o1, o3 and the other two consist of outer
automorphisms with representatives 03, o4. We have

i

(Go)" = SU(6) x SP(D/((é’ZTL D, (=1, -1)),
(Gp)?* = Spin(10) x U(1)/{(c,i)),c =ejez...e10,
(Gp)* =Fy
and
(Go)™ = Sp@)/(—1).

From [8, Page 15], we see that (G)°' has four conjugacy classes of involutions except
o1. Their representatives and their conjugacy classes in G are as follows,

("))~ ("))~
(") )= (") )

And (G)?? has four conjugacy classes of involutions except o>. Their representatives and
their conjugacy classes in G are as follows,

(ele2e3e4, 1) ~ o, (elez ...eg, 1) ~ 0,
1+i) 1+i)
V2 V2

(n7 ~ 02, (_Hs ~ 0,

where
B 1+e1er 1+ e3eq 1+ egeqp

Definition 6.1 For an elementary abelian 2-subgroup F' C G, define
n:FNGy— {£l1}

by u(y) = —1lif y ~ oy;and pu(y) = 1if y ~ 0.
And define

m: (FNGo) x (FNGy) — {1}

by m(y1, y2) = u(1y2)n(ym(y2).
Here m is not always a bilinear form.

Definition 6.2 Foranelementary abelian 2-subgroup F' C G, define the translation subgroup
Arp={xe HNGy: u(x) =land m(x,y) =1,Vy € F N Go}
and define the defect index
defe(F) =[{y € FNGo:n(y) =1—-Hye FNGo:puly) =—1}.
The subgroup A the has an equivalent definition as
Arp ={1}U{x € Flx ~0y, andy ~xyforanyy € F — (x), },

this is why the name of “translation subgroup” arises.

@ Springer



272 Geom Dedicata (2013) 167:245-293

6.1 Subgroups from F4

In (G()? = Fy, let 71, 12 be involutions such that
fil Zsp3) dsp(l), i = s0(9).

From [8, Page 15], we see that 71, 12, 0371, 0372 represent all conjugacy classes of involutions
in G except 03 and in we have the conjugacy relations in G,

T ~ 01, T2 7™ 02,
03T] ™~ 04, 0372 ™~ O03.
We have ((G)?)™ = Sp(3) x Sp(1)/{(—1, —1)). Let

X0 =03, X1 =T :[(lv_l)L

xp =[ALD], x3 =[G )],
-1 -1
X4 = —1 o1 , X5 = 1 1
1 -1

For a pair (r, s) withr <2 and s < 3, define
Frs = (X0, X1, + 5 X5, X4y ooy X34p)
and
Fl o= (X1, X, X4y oo X340)

Proposition 6.3 For an elementary abelian 2-subgroup F C G, if F contains an element
conjugate to o3, then F ~ F,  for some (r,s) withr <2,s < 3;if F C Go and it contains
no Klein four subgroups conjugate to I'3, then F ~ Fr/’sfor some pair (r,s) withr <2 and
s <3.

Proof For the first statement, we may and do assume thatoz € F,then F C G = F4x (03).
Then F ~ F,; (r <2,s < 3) by Proposition 5.2.

For the latter statement, since we assume that F' does not contain any Klein four sub-
group conjugate to I'3, so F does not contain any Klein four subgroup of involutions type
(01, 02,07). Then we have Ar = {1} U {x € F|x ~ 02}. Prove in the same line as the proof
for Proposition 5.2, we can show that rankAr < 2, rank(F/AFr) < 3 and the conjugacy
class of F is uniquely determined by rankAr and rank(F/AF). Then we have F ~ F/
(r <2,s < 3)since rankAF;.S =randrank(F/Afp ) =s. ]

Lemma 6.4 For an elementary abelian 2-subgroup F in Proposition 6.3,
mx,y)=—-1&x,ye (FNGy) —Afr, Vx,ye FNGyp.
Proof This follows from the equality Ar = {1} U {x € F|x ~ 02}. O

6.2 Subgroups from Sp(4)/(—1)

In (Go)** = Sp()/(—1I),lett) =il, 1 = (_IZ 12), 3 = (_1 13). From [8, Pages

15-16], we see that 7y, 72, 73, 0471, 0472, 0473 represent all conjugacy classes of involutions
in G except o4 and we have the following conjugacy relations in G,

71 ~ 01, T2 ™~ 02, 13 ™~ 0]

@ Springer



Geom Dedicata (2013) 167:245-293 273

and
04T ™~ 04, 04T) ™~ 04, O4T3 ~ 03.

Letxo = o4, x1 =1il, xo =1,

10
0 -1 10

For any (€, 8, r, s) withe + 8 < 1,r + s < 2, define

Fesrs = (X0, X1, ooy Xeq28, X35 - oy Xpg2s)

and

e srs = (X0 ooy Xeq 25, X3, -y Xry2s)-

Proposition 6.5 Foran elementary abelian2-subgroup F C G, if F ¢ G and it contains no
elements conjugate to 03, then F ~ F s , s for some (€, 8, r,s)withe +8 < landr+s < 2;
if F C Go and it contains a Klein four subgroup conjugate to T'3, then F ~ F/ s for some
(,8,r,s)withe+8 <1, r+s <2ands > 1.

Proof For the first statement, we may assume that o4 € F, then
FNGyC G} =Sp@)/(—I).
Any involution in Sp(4)/(—1) is conjugate to one of
11 = [il], o = [diag{l>, —I>}], 73 = [diag{1, —I3}].

Since 0473 ~ 03 in G and we assume that F' contains no elements conjugate to 03, S0 any non-
identity element of FNGy is conjugateto 7y or 72 in Sp(4)/(—1). Then FNGo C Sp(4)/(—1)
is in the subclass discussed in Sect. 2.4. Then F ~ F¢ s ¢ for some (¢, 8,7, s) withe +6 < 1
and r + s < 2 by Proposition 2.24.

For the second statement, we may and do assume that I'3 C F, then

i

F C(G)™ = (UGS) x UMN/(—1,~1). (¥, 1) = US) /e F)) x U(D).
Here we use that the map (A, A) —> (LA, A?) gives an isomorphism
UG) x UM)/((=1, =1)) = UG) x U).

Since any abelian subgroup of U(5) x U(1) is total, so ' C Gy is total. We may and do assume
that F' C exp(hp) for a Cartan subalgebra ho of up = ¢g. Choose a Chevelley involution 6
of ug with respect to ho. Then @ commutes with all elements x € exp(ho) satisfying x> = 1.
Moreover, we have 6 ~ o4 (since dim ug = 63) and 6x ~ 6 for any x € exp(ho). Then
(F, 0) is an elementary abelian 2-subgroup without elements conjugate to 3. By the first
statement, we get that (F, 6) ~ Fc s s for some (¢,6,r,s) withe +8 < landr +s5 < 2.
Then F ~ F 6’ 5.r.s- Since we assume that F' contains a Klein four subgroup conjugate to I's,
so we have s > 1. O
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Let F be an elementary abelian 2-subgroup of G without elements conjugate to o3 and
containing an element conjugate to o4. For any x € F with x ~ o4, we have F N Gy C
(Gp)°* = Sp(4)/{(—1I). With this inclusion we have a function u, : F N Go —> {£1} and
amap my : (FNGp) x (FNGy) —> {£1} (cf. Sect. 2.2).

Lemma 6.6 We have p, = u and my = m.

Proof We may assume that x = o4, then F N Gog C (Go)™ = Sp(4)/(—1). Since F does
not have any element conjugate to o3, from the proof for Proposition 6.5 we see that any
element of F' N Gy is conjugate to t; = il or 1, = (_I2 12) in (Go)°* = Sp4)/(—1).

Since 71 ~¢ o1 and 1 ~¢ 02, so we have u, = . Then we have m, = m as well. ]
6.3 Automizer groups

Proposition 6.7 We have the following formulas for rank A and defeF,

(1) for F =F.5, r <2, s <3, rankAp =r, defeF =2"(2 — 2%);
(2) for F = Fr/,s’ r<2,s <3, rankAp = r, defeF =2"(2 — 2%);
(3) for F=Fes,5, €+8<1,r+s <2 rankAp =r, defeF = (1 — €)(—1)%2"T5+3;

4) for F = F/ €e+66d < 1l,r+s < 2,s > 1, rankAr = r, defeFF = (1 —

€,8,r,s’
6)(_1)52r+s+5.
Proof They follow from Lemmas 6.4 and 6.6. O

Corollary 6.8 We have 51 conjugacy classes of elementary abelian 2-subgroups of Aut(eg).

Proof By the formulas of rank A r and defe F in Proposition 6.7, we see that the subgroups
in each family with different parameters are non-conjugate. And the subgroups in different
families are clearly non-conjugate, so these subgroups are non-conjugate to each other. In
total, we have 3 x 4 43 x 4 4+ 3 x 6 + 3 x 3 = 51 conjugacy classes. O

Proposition 6.9 For two elementary abelian 2-subgroups F, F' C G, if an isomorphism
f : F —> F' has the property that f(x) ~ x for any x € F, then f = Ad(g) for some
geG.

Proof We may and do assume that F = F’ and they are equal to one of

Fr,sy F| Fe,é.r,s, F]

r,s’ €,8,r,8"

When F = F/' = F, ;, we may and do assume that f(03) = o3,then FNGo = F'NGy C
(Go)? = Fy. By the proof of Proposition 5.2, we get some g € (Go)? suchthat f = Ad(g).

When F = F’ = F,, similar as the proof for Proposition 5.2, we find some g € G such
that f = Ad(g).

When F = F' = Fc 5,5, we may and do assume that f(o4) = o4, then F N Gy =
F' NGy C (Gy)° = Sp(4)/(—1) and non-identity elements of F N Gy = F' N Gy are all
conjugate to i/ or [I 2] in Sp(4)/(—1). Then f = Ad(g) for some g € Gg“ by Proposition
2.24.

When F = F' = Fé,a,m, since F/ ;. C (Go)™ = Sp(4)/(—I) and non-identity
elements of F = F’ are all conjugate to il or [I>2] in Sp(4)/(—1I). Then f = Ad(g) for
some g € G{* by Proposition 2.24. O

Proposition 6.10 We have the following description for the automizer groups,

(1) r=2,5 <3, W(Fs) = F2)" x P(r,s,F2);
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() r<2,5 <3, W(F/,) = P(r,s,F2);
B)e+d<l,r+s<2

W (Fes,rs) = FLTHT42 50 (Hom(FS T FS) % (GL(r, F2) x Sp(s: €, 8))):
@ e+d<l,r+s5s<2,5s>1,
W(F! s ) = Hom(F$T?25 F) x (GL(r, F2) x Sp(s; €, 8)).
€,8,r,s 2 2

Proof The action of any w € W (F) preserves  and m on F N G and the conjugacy classes
of elements in F — (F N Gy). By Proposition 6.9, an automorphism of F preserves these
data is actually the action of some w € W(F) on F. Then by Lemmas 6.4 and 6.6, we get
these automizer groups. O

7T E7

Let G = Aut(e7). By Table 2 we see that there are three conjugacy classes of involutions in
G with representatives o1, 02, 03 and we have

G = (Spin(12) x Sp(1))/((c, 1), (—¢, =),

G = (B x UM)/((c/, e ) x (),

G” = (SU®)/GI)) x (),
where c = ejea...e1n, 1 #¢' € Zg,, w* =1, and

(e6 ®IR)” = §4 ® 0, su(8)” = sp(4).
Definition 7.1 For an elementary abelian 2-subgroup F of G, define
Hp ={1}U{x € Flx ~ o1};
define
m: Hp x Hp — {*+1}
by m(x,y) = —1if (x, y) ~I'1, and m(x, y) = 1 otherwise.
Definition 7.2 Define the translation subgroup
Arp ={xe Hrp:Vye F—Hp,y~xy;, andVy € Hrp,m(x,y) = 1}

and the defect index

defe(F)=|{x e F:x~o} —|{x e F:x~o3}
For any x € F with x ~ o3, let
H, ={y € Hr|xy ~ 02},
which is not always a subgroup.

Lemma 7.3 Hp is a subgroup of F and we have rank(F /Hp) < 2.
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Proof Since the product of any two distinct elements in F conjugate to o is also conjugate
to o1, so Hr is a subgroup.

Suppose thatrank (F/Hg) > 3, then there exists arank 3 subgroup F' C F with Hpr = 1.
Forany 1 # x € F/, G* ~ G° or G has only two connected components, so rank (F’ N
(G*)g) > 2. Choose y € F' N (G*)o — (x), then (x, y) is a toral Klein four subgroup of G.
By Table 3, at least one of x, y, xy is conjugate to o, which contradicts that Hp = 1. O

7.1 Subgroups from Eg
By Table 2, we have that
G = ((Bs x U(1)/((c, ¢ 3)) x (o),
where w? = 1 and (e @ iR)® = fa @ 0. Let 71, 72 € Eg be involutions with
eg = su(6) dsp(l), eg’ = s0(10) @ iR.
Let 1, n2 € E¢ = F4 be involutions with
1A' =sp(3) @sp(1). 1} = 50(9).

Let 13 = w, 14 = n1w. From [8, Page 16], we see that 71, 12, 0271, 0272, T3, T4 represent
all conjugacy classes of involutions in G2 except o, and we have the following conjugacy
relations in G,

T~ 172~ 01,

02T| ~ 03,027 ~ 02,

T3 ~ 0273 ~ 02,

T4 ™~ 02T4 ™~ O3.
Lemma 7.4 In G°2, we have the conjugacy relations

N1 ~Eg Tl, 12 ~Eg T2, 20 ~Eg ©.

Proof This follows from [8, Page 15] (for Aut(es)??), the elements 7, 72, @, N, N1, N
correspond to the elements o1, 02, 03, 04, 71, T there. O

Let Ly, Ly, L3, Ly be Klein four subgroups of Eg of involution types (ti, T, 71),
(11, 71, 12), (71, T2, T2), (T2, T2, T2) respectively. By Table 3, we have that
H" = su3)’ ® (iR,
()" = su@) © su2)* @ (IR)?,
()5 = su(5) @ (iR)°,
()M Z50(8) @ (iR).
Lemma 7.5 In G, we have L1 ~ L3 ~ 1"y and Ly ~ L4 ~ I's.

Proof Firstsince t; ~ 13 ~ 01inG,soeachof Ly, Ly, L3, L4isconjugatetoI'; or ['>. Since
5u(3)2 ® (iR)%, su(5) @ (iR)® are not symmetric subalgebras of ¢52 = s0(8) @ su(2)® and
su(4) ®s5u(2)2 @ (iR)?, 50(8) @ (IR)? are not symmetric subalgebras of ¢} = su(6) @ (iR)?,
so L1, L3 are conjugate to I'; and Lj, L4 are conjugate to ;. O
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Let F C G be an elementary abelian 2-subgroup containing an element conjugate to o»,
we may an do assume that o; € F, then

F C G™ = ((Bs x UD)/((c. e 3)) x (o),

where ¢ is a non-trivial central element of Eg, ¢> = 1, w? = 1 and (¢ @ iR)® = §4 0. Let
Go, = (B¢ x 1) x (w) be the subgroup generated by E¢ (= Eg x 1) and w. This definition of
G, is not quite canonical, another choice is to define it as (E¢ x 1) x (o2w), but these are
conjugate since
(1, Do, )~ = w1, Ho)(1, i)™
=ow(l, -, —-i)=wl,-1)

= wo3.
And so they are equivalent,

Lemma 7.6 For an elementary abelian 2-subgroup F' C G containing o3, in the inclusion
F C G2 Z ((Eg x U(1))/{(c, e%)) X (w), we have Hr = F N Eg.
Moreover, the map m : Hp x Hp — {%1} is equal to the the similar map when HFp is

viewed as a subgroup of Ee (or E¢/(c) = Int(eg)).

Proof Hr = F N Eg follows from the comparison of conjugacy classes of involutions in
G and in G. The two maps m are equal follows from Lemma 7.5. O

Let w : G,, —> Aut(eg) be the adjoint homomorphism and p : G5, —> G be the
inclusion map. For any elementary abelian 2-subgroup K of Aut(eg), p(r 1K) x (02) is
the direct product of its unique Sylow 2-subgroup F and ((c, 1)). Let

{Fr,s r<2s 53},
{Fly:r<2,5<3},

{FE,S,r,s e+d=<1,r+s 52}3

{Flops €+8<lr+s<2s>1}

,8,1,8
be elementary abelian 2-subgroups of G2 C G obtained from elementary abelian 2-

subgroups of Aut(eg) with the corresponding notation in this way.

Proposition 7.7 Any elementary abelian 2-subgroup of G with an element conjugate to o»

. . / /
is conjugate to one of Fy 5, Fy ¢, Fesrs, Fe,B,r,s'

Proof We may and do assume that o» € F, then
F C G7™ = ((Be x U(1)/{(c, e F)) % (w).

By Lemma 7.3, we have rank(F/HFr) < 2. Whenrank(F/Hfr) = 1,wehave FF C E¢ X (02).
When rank(F/Hfr) = 2, we may an do assume that o € F or iy = niw € F, then
F C (Ee¢ x (w)) x (02). Then the conclusion follows from Propositions 6.3 and 6.5. O

Proposition 7.8 The four families have the following characterization, so subgroups in dif-
ferent families are not conjugate to each other.

(1) F is conjugate to some F s if and only if F contains a subgroup conjugate to I'¢;
(2) F is conjugate to some Fr”s if and only if rank(F/Hp) = 1, F contains an element x
conjugate to o» and Hy is a subgroup;
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(3) F is conjugate to some Fe s s if and only if rank(F/HF) = 2, F contains an element
conjugate to o, but contains no subgroups conjugate to I'g;

(4) F is conjugate to some F€ s.rs U and only if rank(F/Hp) = 1, F contains an element
conjugate to op and Hy is not a subgroup.

Proof (1) and (3) are clear. (2) and (4) follow from the comparison of conjugacy classes
of involutions in G2 and in G and the classification of elementary abelian 2-subgroups of
Int(ee) (by Propositions 6.3 and 6.5). O

We make a remark that, for a subgroup F in case (2) or (4), if H, for some x € F with
X ~ o3 is an subgroup, then the H,/ for any other x’ € F with x’ ~ o, is a subgroup;
conversely, if H, for x € F with x ~ o5 is not a subgroup, then the H,s for any other x’ € F
with x’ ~ o7 is not a subgroup.

Proposition 7.9 We have the following formulas for rank A p and defeF.

(1) For F =F,5, r <2, s <3, rankAr =r, defeF =3-2"(2 - 2%);

(2) For F=F},, r <2, 5 <3, rankAp =r, defeF =2"(2 —2%);

(3) For F=F.s5,5, €+8<1,r+s <2 rankAp =r, defeF = (1 —e)(—1)2+5+ —
21+r+6+25+28 .

4) For F = Fe/,é,r,s’ e+8 <1, r+s <2,5s > 1 rankAr = r, defeF = (1 — ¢)

(_ 1)82r+s+6.
Proof These follows from Lemma 7.6 and Proposition 6.7. m}

Proposition 7.10 Any mwo of the subgroups {Fs}, {F, sh {Fesrsh (F/ c.s.rs) are non-
conjugate.

Proof This follows from Propositions 7.7 and 7.9. O
7.2 Subgroups from SU(8) or SO(8)
By Table 2, we have that
G7 = (SU®)/(I) » (o),
where @ = 1, (u)’)® = sp(4) and p = A*(C®). Let 1) = [Ir6] and 72 = [I4 4].

OI la . Then “’0 = 1and (SU®)/({iI)*® = (SO®8)/{(—1I)) x (03). In
-1, 0

((SU@®)/ (1)) = SO®)/{—1I), let

Letwy = w

where I} 3 = diag{—1, 1, 1, 1}. Let 13 = wp, 14 = n1wp. From [8, Pages 16-17], we see
that 7y, 72, 0371, 0372, T3, T4, 0374 represent all conjugacy classes of involutions in G

except 03 = ]\}‘ I and we have the following conjugacy relations in G,
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T~ 1T ~ O],
037 ~ 02, 03T ~ 03,
3 ~ 03, T4~ 02,

T403 ™~ O03.
Lemma 7.11 In G, we have the conjugacy classes

N3 ~Go3 11,
N1 ~Go3 M2 ~Go3 M4 ~Gos 12,
nN2wo ~Go3 N3Wo ~Go3 W = 13,
N4awo ~Go3 N1W03 = T4072.
Proof These conjugacy relations can be prove by matrix calculation in the group

(SU8)/(il)) x (wp). We show the relation nswo ~go3 niwoo3 here, which is the most
complicated one among them.
Let y = e's diag{l7, —1} € SU(8)/(iI), then
y(naw0)y ™ = (ynay Do (wy ! yao)y™!

1 —ni

= mwoy 'y =mwpe *
= N1wo02,
in the last equality we use e%ﬂl = (eﬂTi DGEDH™' = enTiI =o03in SU®)/(iI). ]

Let

14 04 Iy
m=((70)- ()
My = (diag{—1I4, l4}, diag{— 1>, >, — I, I2}),
then (¢53)M! = su(4) and (¢5)M2 = (sp(1))* @ (iR)>.
Lemma 7.12 In G, we have M| ~ I'1 and M) ~ T'».

Proof First since M, M3 are pure o} subgroulizs, so each of them is conjugate to I'y or I'.
Since su(4) is not a symmetric subalgebra of e72 =50(8) @ (5p(1))3 and (sp(1))* ® (IR)?
is not a symmetric subalgebra of e7rl = 5u(6) @ (iR)2, so we have M| ~ I'y and My ~ Ts.

O

Let F be an elementary abelian 2-subgroup of G with o3 € F. Then
F C GP = (SU®)/(I)) x (wo),

where wé = l and su(8)® = s0(8). If F has no elements conjugate to o, from the description
of conjugacy classes of involutions in G as above, we get that x ~ 1, = diag{—14, 14} for
any 1 #x € HF.

Lemma 7.13 For an elementary abelian 2-subgroup F of G containing o3 and without
elements conjugate to o3, in the inclusion F C G = (SU8)/(il)) x (wop), we have
Hr c SU(8)/(il) and the homomorphism

Hr —> SU®)/ (il, o3) = SU(8) /< > = PSU®)

I+i,
/2
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is injective. Moreover, the map
m: Hp x Hp — {£1}
is equal to the similar map when HF is regarded as a subgroup of PSU(8).

Proof We have Hr C SU(8)/(iI) since any involution in woSU(8) /(i) is conjugate to o2
or 03. The map Hr — PSU(8) is injective since 03 ¢ Hp. The two maps m are equal
follows from Lemma 7.12. ]

In (G7)o = SU(8)/(i1), let y; = diag{—14, 14},

y2 = diag{—1I, I, —I», I},
y3 = diag{—1,1,—-1,1,-1,1, -1, 1},

(04 14
T\ 04 )

0, Ip
| 202
ys = 0L |
L 0
01
10
01
10
Y6 = 01
10
01
10
For each (r, s) with r 4+ 5 < 3,let F'. = (03, Y1, Y24+« s Yress Yoy -« s Y3ts)-

In (G7)® = (SO®)/(—1)) x (03, wo), let x| = diag{—Is, I},

xy = diag{—I, I, — I, I},
x3 = diag{—1,1,—1,1, -1, 1, =1, 1}.

Foreachr < 3,let F/ = (02, wo, X1, ..., Xr).

Proposition 7.14 For an elementary abelian 2-group F C G, if F contains an element
conjugate to o3 but contains no elements conjugate to o3, then F is conjugate to one of
{F/s:r+s <3}, {F :r <3}

Proof We may and do assume that o3 € F, then
F C G = (SU®)/(il)) x (wo).

By Lemma 7.3, we have rank(F/HFf) < 2.
When rank(F/Hp) = 1, F C (G?)g = SU(8)/(iI). As F has no elements conjugate

to 02, so any element of F is conjugate to 12 or 0372 in SU(8) /(i I}, where 7o = (_14 I )
4

Then F ~ F/ for some r, s > 0 with 4+ s < 3 by Proposition 2.24.
When rank(F/HF) = 2, we may and do assume that wg € F as well, then

F C(G™)* = (SO®)/{(—1)) x (03, w).
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We have Hr = F N SO(8)/(—1). Since F contains no elements conjugate to 07, S0 any
involution in Hp is conjugate to o = diag{—1I4, I4} in SO(8)/(—1). Then F ~ F/ for some
r < 3 by Proposition 2.24. O
Proposition 7.15 We have rank Ay = rankA g = r and any two groups in {F); 1 r +s <
3}, {F] : r < 3} are non-conjugate.

Proof By Lemma 7.13, we get rankA gy = rank Ay, = r. Then the conjugacy class of any
group F in {F/}, {F/} is determined by the numbers

(rank(F/HF), rankAp, rank F').

7.3 Pure o1 subgroups

A subgroup F of G is called a pure o1 subgroup if any of its non-identity element is conjugate
tooy.

By Table 2, we have G°' = (Spin(12) x Sp(1))/{(c, 1), (—c, —1)), where ¢ =
ejesr ...en. From [8, Page 16], we see that (ejereseq, 1), (eren, i), (ejerezeseses, i),
(I1, 1), (I1, —1) represent the conjugacy classes of involutions in G°! except o1 = (1, —1)
and we have the following conjugacy classes in G,

(erezezeq, 1) ~ oy,

(erey, i) ~ o1, (e1ez,i) ~ o2,

(e1eze3eqe5€6, 1) ~ 03,

(H’ 1) ~ 02, (H5 _1) ~ 03.
Here

B 14+erex 1l 4+e3eq4 1+ ese61+e7eg 1+ egeigl +eqiern

"==A2 5A B 2 BN

€ Spin(12).

Let

(erTley !, i), (e Tler !, ),

(

((e1e2e3eq, 1), (esecereg, 1)),
((erTley !, 1), (—erezezes, 1)),
(
(

(erTle; ', ), (erezeses, 1)),
(e1ezezey, 1), (e1ezes5¢6, 1)),

K
K>
K3
K4
Ks

where
o — 1+ere31+eqen 1+ ese7 14 egeq 1+ egeq) 1+ enero
V2o V2 V2 V2 2 V2

Lemma 7.16 We have 12 = 1’2 = [I1, [T'] = c.

Proof TI? = IT'? = ¢ is clear. Calculation shows that

_ 14+ ereq 1 4+ere3 1+ e5eg 1+ ege7 14+ egern 1+ eqpern

==7""VG v v v
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so (ITIT")2 = ¢. Then
(I, =000 'n'~! = 0 (cI) = (M) = c.

Lemma 7.17 In G, we have K|\ ~ K3 ~ K5 ~T'1 and Ky ~ K4 ~ I's.

Proof Since (ugl)K1 = sp(3) is not a symmetric subgroup of ugz X 50(8) @ (sp(1))? and
(eg‘ yK2 = (sp(1))7 isnot a symmetric subgroup ofug' =~ su(6)® (IR)%, we getthat K1 ~ I'y
and K, ~ I';.

Choose a Cartan subalgebra ho of ¢7, we may assume that oy = exp (i Hz/). Then g°! has
a simple root system

{2, a4, s, a6, B, a7} (Type Do) |_|{en).

where 8 = o] + 203 + 204 + a2 + «5. By identifying conjugacy (classes of) elements in
exp(ho) and in Spin(12) x Sp(1)/{(c, 1), (—c, —1)), we get the conjugacy relations

(expGri H), exp(ei ), exp(ri Hy) ~ (o1, (er ey ), ereaeses )

and
(exp(miH}), exp(mi H}), exp(mi Hy)) ~ (01, ejezezea, ejezeses).
Then we have K3 ~ K5 ~ I'y and K4 ~ T'5. O
Let 7 : Spin(12) — SO(12) be the natural projection.
Lemma 7.18 In Spin(12), we have T1 ~ IT~!, TT # —I1 and TT # :I:ell'lel_l.
Proof We have (ele3ese7ege11)H(ele3e5e7egen)_l =TI1"!,s0 1~ IT"!. Since
S0(12)"™ = {g € Spin(12)|gITg~" = £I1}/(—1),

—1 € {g e Spin(12)|gl'lg_1 = I1} and SO(12)*™ = U(6) is connected, so we must
have IT # —II. We have 7(IT) = Js € SO(12) and 7 (e e;') = Iy.11J6I} ;. Since

J6 #so2) 11,111611_’111» so T Fspin(12) e Te; " ]
Lemma 7.19 We have Aut(e7)"! = (Aut(e7)")o x ((e111ey, j)) and

(Aut(e7)rl)o = (SU®G) x U(l) x U())/{(wl, afl, D, (—1,1,1)).
Proof First we calculate Spin(12)n. We have

S0(12)"™ = u(6) = (SU®6) x U(1)/(nl, n~ "),

7T

where n = eL’. Then Spin(12)n = (SU(6) x A)/Z, where

A={ H (cosO +sinfleyj_1ez;) : 0 € R} = U(1)
1<jleq6

and Z C Z(SU(6)) x A. The isomorphism U(1) = A maps —1 € U(1l) to ¢ € A, and
w(c) = —1 € SO(12), so

7 : Spin(12)" — s0(12)™™

is an isomorphism when it is restricted to SU(12) or A.
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We show that —c¢ € SU(6) C Spin(lZ)“. For this, we first look at the case of n = 4. For

14+ e1ex 1+ e3eq

My=—-——-"—-—
V2 V2

we have H(Q) = ¢o = ejerezeq. We have an isomorphism

Spin(4) = Sp(1) x Sp(1),

€ Spin(4),

which maps —1 € Spin(4) to (—1, —1) € Sp(1) x Sp(1) and maps co € Spin(4)to (—1,1) €
Sp(1) x Sp(1). Then IT € Spin(4) is mapped to (i, 1) or (i, —1) in Sp(1) x Sp(1). Since

(Sp(1) x Sp(1)®ED = U(1) x Sp(1),

so (1, —1) is in the semisimple part Sp(1) of it. Then —cg € Spin(4) is in the SU(2) part of
Spin(4)™.

As IT is in block form, so —¢ € SU(6)  Spin(12)™ as well. Since (—c)c = —1 # 1 €
Spin(12), 7(—1) = 1, and 7 is a 2-fold covering, so

Spin(12)™ = (SU(6) x U(1))/{(w], 0™ "))
(here we identify A and U(1)). By Lemma 7.18 and Steinberg ’s theorem, we get that
Aut(en)'! = (Aut(e7) Do x ((e1TTer. ).
The description of (Aut(e7)T'1)o follows from the description of Spin(12)™ as above. ]
In G°' = Spin(12) x Sp(1)/{(c, 1), (—c, —1)), let
H = <01, (ell'Iel_l, i) , (ell'I’el_l,j)>,
Hy = (o1, (e1e2e3¢4, 1), (eseceres, 1))

and H3 = (o1, (e l'Iel_] ,1), (e1e2e3eq, 1)). Then any Klein four subgroup of H| is conjugate
to I'1; any Klein four subgroup of H, is conjugate to I'y; a Klein four subgroup of Hs is
conjugate to ['; if and only if it contains (ejezezeq, 1), otherwise it is conjugate to I'y.
Lemma 7.20 We have G = (Sp(3)/{—1)) x Hy and the involutions I 2, il of Sp(3)/{—1I)
are conjugate to o1, oy in Aut(e7) respectively.

Proof GHr = (Sp3)/(—1)) x Hj follows from Lemma 7.19 and the fact
su(6) T = gp(3).

A little more calculation by following the chain Sp(3) € SU(6) € SO(12) shows that
I 2, il € Sp(3) are conjugate to ejezezes, IT in Spin(12) respectively. Then they are con-
jugate to o1, o7 in Aut(e7) respectively. O

Lemma 7.21 Any rank 3 elementary abelian 2- pure o1 subgroup F of G is conjugate to
one of Hy, H>, H3.
Proof For arank 3 pure o] elementary abelian 2-subgroup F of G, we may and do assume
that oy € F. Then

F € G% = Spin(12) x Sp(1)/{(c, 1), (—¢, —1))

and any element of F — {1, o1} is conjugate to (e Hel_l, i) or (e1ezeseq, 1) in G,

When any Klein four subgroup of F is conjugate to I'j, we have F ~ H; by Lemma
7.17; when any Klein four subgroup of F' is conjugate to ', similarly we have F' ~ H; by
Lemma 7.17. For the remaining cases, it is clear that F ~ H3. O
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We have defined the subgroups {F,s : r < 2,s < 3}and {F/ : r +s < 3} in the last two
subsections. The subgroup F, s contains a Klein four subgroup conjugate to Fg; F,’; does
not contain any element conjugate to o, and we have rank(Fr’f s/Hpr ) = 1. For any (r, s)
withr +s < 3, let ’

Fs = Hpy, = {1} U{x € F|x ~ o1};
forany r <2, let
Fr// — HF,_3 ={l}U{x e Fr,3|x ~ o1}

Proposition 7.22 Any pure oy elementary abelian 2-group F C G is conjugate to Fr’;_3 for
some r <2 or F/ for some (r, s) withr +s < 3.

Proof When F contains a subgroup conjugate to Hy, we may and do assume that H| C F,
then

F c G = (gony@lerh.eillerd) =~ (§p(3) /(—1)) x (01, (e1Tley, i), (e1 ey, j)).

Since F is pure o1, by Lemma 7.20 we have any non-identity element of F N (Sp(3)/(—1))
is conjugate to I 2 in Sp(3)/(—1). Then F N (Sp(3)/(—1)) is conjugate to a subgroup of
(I2,1, I1,2), which is a subgroup of (il, jI, 2,1, I 2). We may and do assume that i/, jI €
C¢ (F). Since Non-identity elements of (i/, jI) are all conjugate to o3 in G, so (F, i/, jI) is
conjugate to some Fj s (cf. Proposition 7.7). Then F is conjugate to some Hp, , = {1}U{x €
Fslx ~ o1}. Since we assume that H; C F, so we have s = 3. Then F is conjugate to F.

If F does not contain any subgroup conjugate to H; but contains a subgroup conjugate to
I'1, we may an do assume that o1, (e] l'Iel_l ,i) € F. Since F does not contain any subgroup
conjugate to Hj, so

Fc ((G"l)“l“efl’i))o ~ (SU(6) x U(1) x U(1))/<(e% 5, 1) (=11, 1)>.
Since F is pure o1, we have
F = (FNGSU®)/(—1)) x <01, (ell'Iel_l, l)>

and any element in F' N (SU(6)/(—1)) is conjugate to 12 4. Then F is toral (cf. Proposition
2.4).

If F does not contain any subgroup conjugate to I'(, then any Klein four subgroup of F
is conjugate to I'. When rank(F) > 3, we may an do assume that H, C F. Since there are
no elements x € (G°)"2 — H, such that any Klein four subgroup of (x, H,) is conjugate to
2, so rank(F) < 3. Then F is conjugate to one of 1, (1), ['2, Hz, so F is toral.

For a toral and pure o] elementary abelian 2-subgroup F of G, there exists a Cartan
subalgebra ho such that F C exp(hp). Choose a Chevelley involution 6 of e; with respect to
ho. Then F' = (F, ) satisfies Res(F’'/Hp/) = 1 and any involution in F’ — Hp is conjugate
to 03. Then F’ is conjugate to F, for some (r, s) with r + s < 3. Then F is conjugate to
Fl. o
Proposition 7.23 For any r + s < 3, we have rankApy = r; for any r < 2, we have
rankApr =r. )

Any two subgroups in {F)"{ . r +s < 3}, {F/ : r < 2} are non-conjugate.

Proof By Propositions 7.9 and 7.14, we get rankA pn = r and rank A g = r. Then any two
groups in {F,’{ 1 r +s < 3}, {F) : r < 2} are non-conjugate. |
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7.4 Automizer groups and inclusion relations

Corollary 7.24 G has 78 conjugacy classes of elementary abelian 2-subgroups.
Proof By Propositions 7.7, 7.10, 7.14, 7.15, 7.22 and7.23,we get that G has

3x44+3x44+3%x6+3%x34+10+44+104+3=78

conjugacy classes of elementary abelian 2-subgroups. O

Proposition 7.25 For an isomorphism f : F —> F’ between two elementary abelian 2-
subgroups of G, if f(x) ~ x forany x € F and mp (f(x), f(¥)) = mp(x,y) for any
X,y € HF, then f = Ad(g) for some g € G.

Proof When F contains an element conjugate to 0, we may and do assume thatop, € FNF’
and f(02) = o7, then

F.F' C G = () % ((Be x U(1))/((c, e ).

From the description of conjugacy classes of elements in G2, we get that f(x) ~go2 x for
any x € F by the assumption in the proposition. Then f = Ad(g) for some g € G2 by
Proposition 6.9.

When rank(F/HFp) = 1 and F contains no elements conjugate to o, we may and do
assume that o3 € F N F’ and f(03) = 03, then

F,F' C G = (wp) » (SU®)/(il))

and any element in (Hr U Hpr) — {1} is conjugate to I4 4 in SU(8)/(iI). Since the functions
mp on Hr x Hp and mp on Hpr x Hp are identical to the anti-symmetric bilinear form
when Hf, Hps are regarded as subgroups of PU(8) (cf. Lemma 7.13). Then f = Ad(g) for
some g € G by Proposition 2.24.

When rank(F/HF) = 2 and F contains no elements conjugate to o2, we may and do
assume that 03, wg € F, then

F, F' C (G%)® = SO(8)/(—I)
and any element in (Hr U Hpr) — {1} is conjugate to I4 4 in SO(8)/(—1). Then f = Ad(g)
for some g € (G?)“° by Proposition 2.24.

When F is pure o1, we get the conclusion by the considering the preserving of m g, m g
under f. O
Proposition 7.26 We have the following description for the automizer groups,

(1) forr <2, 5 <3, W(F,s) = Hom(F3, F5) % (GL(2, F2) x P(r,s,F2));
(2) forr <2,s <3, W(Fr/,s) =T, x P(r,s,Fy);
B) fore+8 <1, r+s <2,
W (Fesr,s) = (Fy 224 Hom (5 P42 1)) % (GL(r, F2) x Sp(8 + 53 €)).
@) fore+56<1,r+s<2

W(F. 5, ) = Hom(F§ 5 HL Ry s (GL(r, F2) x Sp(8 + s; €)).

,8,1,8
(5) forr+s <3, W(F/)) = (Fy" » Hom(F3*, F})) x (GL(r, F2) x Sp(s));
(6) forr <3, W(F) = Hom(IF2, IF}) x (GL(r, F2) x GL(2, F2));

(7) forr+s <3, W(F/) = Hom(IF%‘Y, ) »x (GL(r, F2) x Sp(s));

®) forr <2, W(F/) = P(r,3,F2).
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Proof By Proposition 7.25, we need to find all automorphisms of F' preserving the conjugacy
classes of involutions and the form m on Hp.

We prove (4). Let F = F/ 5 . Then F has a decomposition F = Ap x F' with Ap = I}
be the translation subgroup and F' ~ F, 5.0.s- BY Proposition 7.25, we have

W(F) = Hom(F’, Ar) x (GL(r, F2) x W(F")).

So we only need to prove in the case of r = 0. Assume that » = 0 from now on.
Any element in W (F) preserves the symplectic form m on Hp. Since rank(ker m) = e,
so we have a homomorphism

p:W(F) — Sp(§ +s;¢€).
We show that this homomorphism is an isomorphism, which finishes the proof.

Forany f : F — F with f|p, = 1, since F = Hp x (z) with z ~ o3, let f(z) = zxp
for some xo € Hp. The for any x € Hp, f(zx) = zxxp, S0 zx ~ zxxg. This just said
X0 € Afr. Since we assume that » = 0 (equivalent to Ay = 1), so xo = 1. And so f = id.
Then p is injective.

By Proposition 7.25, W (F) permutes transitively elements of F conjugate to o». There
are

225+2s+€ + (1 _ 6)(_])52€+5+S
2
such elements. It is clear that the stabilizer of W (F) at z is Sp(s; €, §). So

|W(F)| = [Sp(s; €, )25 P71 (2F+ 4 (1 — ) (—1)°29).

— 23+5—1(25+5+€ + (1 _ 6)(_1)526)

By Propositions 2.32 and 2.33, this is also equal to [Sp(s + &; €)|. Then p is surjective.

(3) follows from (4) immediately.

The proof for the other cases easier, we use the facts that rank Ay = r and the form m on
Hpr /AF is non-degenerate. O
Remark 7.27 We have the following containment relations,

" ’ " " "
€+r,8+s c Fe,S.r,s’ €+r,8+s C €+r,5+s° Fe+r,8+s C FEV&F,Sv

/ " /
Fr+s+5 C Fesrss Fr+3 C Fr,3’

together with those obvious relations, they consist in all containment relations (in the sense
of conjugacy) between these subgroups

8 Eg

Let G = Aut(eg). By Table 2, G has two conjugacy classes of involutions with representatives
o1, op and we have
G = (B7 x Sp(1)/{(c, =1)),
G° = Spin(16)/(c’),
where c is the unique non-trivial central element of E7 and ¢’ = ejes ... ej6 € Spin(16).
In G = (E7 x Sp(1))/{(c, —1)), let 1, n2 € E7 be involutions such that there exists

Klein four groups F, F' C E; with non-identity elements all conjugate to 51 or 1, respectively
and

e = 5u(6) @ (IR)?, ¢ = s0(8) @ (sp(1))°.
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Then ey ~g; m2, cm2 ~g; m. Letty = (1, 1), 12 = (2, 1) € G°'. Let n3, n4 € E7 be
involutions with n% = 77‘2¥ = cand

7 Z e @IR, ¢ = su(®).

Then cn3 ~g; 13, cna ~g; na. Let 13 = (93,1), 4 = (4, i). By [8, Page 17], we see
that 71, 12, 73, T4 represent all conjugacy classes of involutions in G°! except o1 and we have
the following conjugacy classes in G,

71 ~ 01, T2 ™~ 02,

3~ 01, T4~ 02
In G° = Spin(16)/(c), let

71

ejezezeq, T) = e1epe3 ... e,
3 =1II, ty = —II,
where
o— 1+erer 1+ ezeq 1+ erse16
V22T 2

By [8, Page 17], we see that 71, 12, 13, 74 represent all conjugacy classes of involutions in
G except oo and we have the following conjugacy classes in G,

T~ 13 ~ 01,
T ™~ T4 ™~ 0.
Moreover in G2, we have
0271 ~Go2 11, 0272 ~Gn2 T2,
0273 ~Go2 T4, 02T4 ™~ GOo2 T3.
These are obtained from calcualtions in Spin(16)/(c).

Definition 8.1 Let F' be an elementary abelian 2-subgroup of G. For any x € F withx ~ oy,
let

Hy ={y e Flxy 7 y}.
Let
Hr ={({Hy:xe F,x~o})={x:x e F,x ~or}).

Lemma 8.2 Let F be an elementary abelian 2-subgroup of G. For any x with x ~ o1, Hy
is a subgroup and rank(F/H,) < 2.

Proof We may and do assume that x = o1, then
F C G ZE; x Sp(1)/((c, —1)).

For an element y € F C G° with y> = 1, o1y # y if and only if y is conjugate to
1, 01, 71, T2 in G'. Then it is also equivalent to y € E; € G?'. So H, = F NE7. And so it
is a subgroup. Then F/H, C G°'/E7 = Sp(1)/{—1), sorank(F/H,) < 2. O

Definition 8.3 Let F an elementary abelian 2-subgroup of G, For any x € F, define u(x) =
lifx ~oporx =1;and u(x) = —1if x ~ oy.
Forany x, y € F, define m(x, y) = p(x)u(y)pu(xy).
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In general m is not a bilinear form.
Definition 8.4 For an elementary abelian 2-subgroup F of G, define the translation subgroup
Ar ={x € Flu(x) =land m(x,y) =1 forany y € F}
and the defect index
defe(F)=|{xe F:ux)=1}| —|{x € F: u(x) = —1}|.

Definition 8.5 For an elementary abelian 2-subgroup F of G, we call Res(F) :=
rank (F'/ HF) the residual rank of F, and

Res'(F) = max{rank(F/H,)|x € F,x ~ o1}
the second residual rank of F.

Let X = Xr = {x € F|x ~ o1}, define a graph with vertices set X by drawing an edge
connecting x, y € X if and only if xy ~ 0. It is clear that this graph X is invariant under
multiplication by elements in Ar. Let

Graph(F) = Xf/AF

be the quotient graph of the graph X r modulo the action of Af.

8.1 Subgroups from Eg

For an elementary abelian 2-subgroup F of G, if F contains a Klein four subgroup conjugate
to I'1, we may and do assume that I'y = (o1, t3) C F. Then

F CG™ = ((Bs x U1 x U()/((c, e, 1)) x (@),

where w?> =1, (e¢ @ IRQIR)” =4 0@ 0and I'y = ((1, —1, 1), (1, 1, =1)).

Let Gr; = Eg x (w) C GM'. Let 7 : Gr, — Aut(eg) be the adjoint homomor-
phism and p : Gr, —> G'! be the inclusion. For an elementary abelian 2-subgroup K
of Aut(eg), p(r~1(K)) x I'y is the direct product of its (unique) Sylow 2-subgroup F and
((c, I, 1)). Let {Fys : r <2,5 <3}, {Fr/,s 1r <2,8 <3}, {Fesrsi€+6<1,r+s5 =<
2}, {Fé.B , €+8=<1,r+s5s <2, 5> 1} be elementary abelian 2-subgroups of Eg obtained
from eléfnéntary abelian 2-subgroups of Aut(eg) with the corresponding notation in this way.

Let 61, 6 € Eg be involutions with

e = 5u(6) ® sp(l), ¢ = s50(10) @ iR.
Let 03 = w, 04 € wEg be involutions with
P =000, & Zapd) D0 0.
From [8, Pages 16—18] (for Types Eg, E7, Eg), we have
61 ~ 63 ~ o;
and
Oy ~ 04 ~ 0p.
More over we have

B1o0 ~ O40 ~ 0y
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and
bho ~ B30 ~ o1,
forany o € I'1 — {1}.

Proposition 8.6 For an elementary abelian 2-subgroup F of G, if F contains a Klein four
subgroup conjugate to 'y, then F is conjugate toone of {Frs:r <2,s <3}, {F;;
2,8 <2}, {Fesrs:i€+6=<1,r+s <2}, {F re+8<1l,r+s<2,5s>1}

eBrs

Proof The proof is similar as that for Proposition 7.10. O

Remark 8.7 Note that F/ , contains a rank 3 pure o subgroup. By Proposition 8.6, one can
show that it is conjugate to F}.».

Proposition 8.8 We have the following formulas for ResF, Res'F, rankA g and defeF,

(1) for F = Frs, 7 < 2,5 < 3, (ResF,Res'F) = (0,2), rankAr = r, defeF = 3 -
2r+1 (2s _ 2);

() for F = F/g,
2r+1 (25 _ 2),.

Q3) forF = Fesy5, €+8 <1, r+s <2, (ResF,Res'F) = (1,2), rankAp = r, defeF =
(1 _ 6)( 1)8+12r+s+5+1 + 2e+r+28+25;

4) for F = F/ €e+8 <1, r+s5s<2,5s>1, (ResF,Res'F) = (0,1), rankAfr =

€,8,r,8°

r, defeF = (1 — 5)(_1)5+12r+s+5+1_

r < 2,5 < 2, (ResF,Res’F) = (0,1), rankAr = r, defeF =

Proof These formulas follow from the construction of these subgroups and the comparison
of the conjugacy classes of involutions in G and in G. O

Proposition 8.9 The subgroups (Frs :r < 2,5 <3}, {Fy:r <2,5 <2}, {Fesrs :
e+8<1,r+s <2}, {F te+8 <1,r+s <2,5 > 1} are not conjugate to each
other.

€,8,r,8

Proof The numbers (ResF, Res' F, rank A p, rank F, defe F ) clearly distinguish most of these
c onjugacy classes except for some possible pairs (F r’ 2 E 5.r.s)- Suppose that some (F s
is conjugate to some F 6 5.r.s)- BY the formulas in Proposmon 8.8, we have r’ = r (by A p)
S —1=1=-e€)(=1° (by the sign of defe F) and s’ = 2s + 28 + ¢ (by rank F'/ A ). Since
s’ < 2and s > 1, the last equality implies thate = § = 0, s = 1 and s’ = 2. Then the
second equality implies that s’ = 1. So we get a contradiction. O

8.2 Other subgroups

In Gt = (E7 x Sp(1))/{(c, —1)), choose x1, x» € E7 with x; ~ x ~ x1x3 ~ 74, then
(G112 =SO®) /(1) x (o1, x1, X2).
Let z1 = diag{—14, 14},

72 = diag{— b, b, — Iz, I},
z3 = diag{—1,1,—-1,1,—1,1, —1, 1}.

Define

Flo=(21,....2, 01, %1, ..., X)
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forany r <3, s <2,
In G2 = Spin(16)/(c), c = ejez...e16, let y; = 01 = —1,

Y2 = ejexezeqeseqeres,
Y3 = ejezeszeqegelpellen,
Y4 = €1€2€5€6€9€10€13€14,

Y5 = €1e3es5e7e9€11€13€15.
Define F] = (yi, ..., y) forany r <3.

Lemma 8.10 For an elementary abelian 2-subgroup F of G, if F contains no Klein four
subgroup conjugate to I'y, but contains an element conjugate to oy, then

rankHp /AFp = 1.
Proof Recall that, Hr is a subgroup of F generated by elemnts conjugate to o;. Let
Yr={x e Hp : x ~ o} U{1}.

We show that Ar = Y under the assumption of the lemma.

Choose any xg € F with xo ~ o7. For any other x € F with x ~ o1, since F contains
no Klein four subgroup conjugate to I'1, so xxo ~ o». Then x € H,,. By this, we get
that Hr C Hy,. So Hy, = Hp as the containment relation in the converse direction is
obvious. Similarly we have H, = HF for any x € F with x ~ o1. Then for any two distinct
Y1, Y2 € YF with y; ~ yp ~ 02, we have y;y2 ~ 02. So Y is a subgroup of Hr.

Then it is clear that Y = Ap. SorankHr /Ap = rankHp/Yfr = 1. ]

Proposition 8.11 For an elementary abelian 2-subgroup F of G, if F contains no Klein four
subgroup conjugate to Ty, then F is conjugate to one of {F)'s :r < 3,5 <2},{F/:r <5}.

Proof When F contains no Klein four subgroup conjugate to I'{, but contains an element
conjugate to o1, we may and do assume that o1 € F. Then

F C G” = (E7 x Sp(1))/{(c, =D)).
Modulo Sp(1), we get a homomorphism
m: F — E7/(c) = Aut(e7).

Since we assume that F' contains no Klein four subgroup conjugate to I'y, so any element in
F —(o1) isconjugate to r; = (1, 1), 72 = (2, 1) or 74 = (n4, i) in (E7 x Sp(1))/{(c, —1));
and any Klein four subgroup of F N E; has at least one element conjugate to 1. Then
F’ = 7 (F) C Aut(e7) contains no elements conjugate to n3, and no Klein four subgroups
whose fixed point subalgebra is isomorphic to su(6) @ (iR)Z. In the case of E7 (Sect. 7), it
corresponds to the elementary abelian 2-subgroup F’ with no elements conjugate to o, and
the map m on Hp is trivial. By Propositions 7.14 and 7.22, we get that F ~ F,”  for some
(r,s) withr < 3,5 <2.

When F is pure 0,, we may and do assume that oo € F. Then

F C G = Spin(16)/(c)
and any element in F — (07) is conjugate to ejeze3esesegeres in Spin(16)/(c). Then F ~ F

for some r < 5. m]
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Proposition 8.12 For any (r,s) withr < 3 and s < 2, we have rank A Fr. = r; for any
r <5, we have rankAFr/ =r.
Any two subgroups in {F,’fs ir < 3,5 <2},{F/:r <5} are non-conjugate.

Proof The equalities rank A pm = r and rank Ay = r are clear. By them, we get that any
two subgroups in {F{ : r +s < 3}, {F/' : r < 2} are non-conjugate. O

8.3 Involution types and Automizer groups

Corollary 8.13 G has 66 conjugacy classes of elementary abelian 2-subgroups.

Proof By Propositions 8.6, 8.9, 8.11, 8.12, we get that G has
3x44+3x3+3x64+3x3+4x34+6=0606

conjugacy classes of elementary abelian 2-subgroups. O

Proposition 8.14 For an isomorphism f : F —> F' between two elementary abelian
2-subgroups of G, if f(x) ~ x forany x € F, then f = Ad(g) for some g € G.

Proof When F contains a Klein four subgroup conjugate to I'y, this reduces to the similar
statement in Aut(eg) case.

When F does not contain any Klein four subgroup conjugate to I'y, this is already showed
in the proof of Proposition 8.11. O

Definition 8.15 For an elementary abelian 2-subgroup F of G, we say that F is the
orthogonal direct product of other subgroups K7, ..., K; if there exists an isomorphism
f: Ky x---x Ky — F with

w(f ey x)) = p(xn) o)
for any (x1,...,x;) € K1 x --- X K;.

Let A = (02). Let By(s < 3) be arank s pure o1 subgroup. Let B = Bj, C = F3 and D
be a rank 3 subgroup with only one element conjugate to o;. Then the involution types of
some elementary abelian 2-subgroups of Eg have the following description

Fry=A" x By x B3; F/ = A" x B x By;

¥
Féys’m =A" x C’ x Bf x BQI'HS;
F/,=A"xB, F/y=A, x C,
F/'y=A"xD; F. = A"

Fe 5.r.s (s > 1) does not have a similar decomposition since elements in Fe s 5 — FE/.BM, are
all conjugate to 0.

With the involution types available, we can describe the graphs Graph(F'). The graphs of
F 5 is a complete bipartite graph with s, 3 vertices in two parts; that of F,  is a complete
bipartite graph with s, 2 in two parts; that of F,( (s > 1) is a single vertex graph; that of F/
is an empty graph. The graphs of F¢ 5 s, F, 6’ 5.r.s are not of bipartite form and a little more
complicated.

In summary, we have the following statement

“the conjugacy class of an elementary abelian 2-subgroup F C G is determined by the
datum (rank F', rank A g, Graph(F))”.
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Proposition 8.16 For an elementary abelian 2-subgroup F C Eg, m is a bilinear form on
F if and only if F is not conjugate to any of {Frs :r < 2,58 <3} U{Fes,5: €+ <
Lir+s <2}U{F/3:r <2}

Proof When F is conjugatetoone of {F.5 :r <2,5 <3}U{Fes,5s:€+6 <1, r+s <2},
it contains a subgroup conjugate to B3, Fp 00,0 or D. The subgroups B3, Fy,0,0,0. D contains
7,3, 1 elements with pu-value -1 respectively, so m is not bilinear on them by Proposition
2.30.

When F is conjugate to a subgroup in the other four families, m is bilinear on F follows
from the orthogonal decomposition of it. O

We can write the decomposition of involution types for some subgroups in a simpler way,
Fr/,O =A" x By,
Fl,=A"xBxB,=A"xBxC,
Fl,=A"xByxBy=A"xCxC,

"
Fll,o,r,s=Ar><Cs><B><321=Ar><B><Cs+l,

/ AT s 148 _ gr 1-§ s+28
FO.S,r,S_A xC*x B, =A"xB,"xC .

Proposition 8.17 (1) r < 2,5 < 2, W(F,s) = Hom(F3™,F}) x (GL(r, F2) x
(GL(s, F2) x GL(3, F2)));

) r <2, W(F,3) = Hom(FS, F}) x (GL(r, F2) x ((GL(3, F2) x GL(3,F2)) x $));

(3) r <2, 5 <2, W(F.,) = Sp(r, s; 25 — 52, C=10=2));

(4) €48 <1, 745 <2, W(Fes,5) =B, T4 508p(r, s +e+285 €, (1—€)(1-8));

(5) e+8<1 r+s<2 W(E.,, )=Sprs+e+28e (1—e)(l—38).

(6) r <3, s <2, W(F/,) = Hom(F}, F5 ™) %0 (B x GL(r, F2)) x GL(s)));

(7) r <5, W(F)) = GL(r, F2).

Proof By Proposition 8.14, we need to calculate automorphisms of F' preserving the function
pmonF.

W(F.s) = Hom(IFg“, %) x W(Fp5) and W (Fp ) stabilizes By U B3 C Fys. By this
we get (1) and (2).

When m is bilinear, (F, m, ) is a symplectic metric space, then we can identify W (F)
with the automorphism group of (F, m, ). By this we get (3) and (5).

(4) follows from (5) immediately.

For (6), we have A C Hr C F and Ap, HF are preserved by W(F). By Lemma 8.10,
we have rankAr = r, rankHr/AF = 1, rank F/HF = 1, then we get the conclusion.

(7) is clear. ]

We have an inclusion p : E7 C Eg since Eg‘ = (E7 x Sp(1))/{(c, —1)).Letr : E7 —
Aut(e7) be the adjoint homomorphism, which is a 2-fold covering. For a pure oy (that for
E7 case) elementary abelian 2-subgroup F of Aut(e7), p(yr_1 F) is an elementary abelian
2-subgroup of Eg.

Proposition 8.18 An elementary abelin 2-subgroup F of Eg is conjugate to the subgroup
p(n’1 (K)) for some pure o1 subgroup K of Aut(ey) if and only if F contains an elementary
x such that x ~ o1 and H, = F.

Proof 1t follows from the description of the conjugacy classes of involutions in Eg' =
(E7 x Sp(1))/((c, =1)). o
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Remark 8.19 Any subgroup of Eg satisfying the condition in Proposition 8.18 is conjugate
to one of

{Frpor <2}, {Flyir <2}, (Flo,s:r+s<2s=1}, (F|:r<3}.

There are 13 such conjugacy classes in total. On the other hand, there are 13 classes of pure
o1 subgroups of Aut(e7), so for any two elementary abelian 2-subgroups K|, K; of Aut(e7),
we have

P Ky~ p(mT K2) & Ki ~Auier) Ko
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