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Abstract A large number of studies on various

aspects of laterally loaded piles in clay have been

conducted in the literature based on experimental and

numerical analyses; however, the lack of studies on

the influence of the soil unit weight on the undrained

capacity of the problem is obvious. In this paper, the

effects of the overburden stress factors on the

undrained capacity of laterally loaded piles under

combined horizontal load and moment are compre-

hensively investigated by employing the three-dimen-

sional (3D) finite element analysis. In the present

study, soil–pile interfaces are modelled as the no-

tension condition while the influences of the pile

length ratios are also examined in the numerical

analyses. The failure envelopes of laterally loaded

piles under combined horizontal load and moment

incorporating overburden stress factors, pile length

ratios are presented. Employing the normality rule to

the derived failure envelopes, the failure mechanisms

corresponding to the ratio between applied moment

and horizontal load are postulated in this paper. An

approximate solution of the failure envelope of

laterally loaded piles is also proposed by using a

nonlinear regression analysis, and provides a conve-

nient tool for predicting the undrained lateral capacity

of piles considering overburden stress factors in

practice.

Keywords Finite element � Lateral pile � Combined

loading � Three-dimensional � Undrained capacity

1 Introduction

Pile foundations are conventionally considered as a

general solution for supporting large structures such as

offshore platforms, bridges, wind turbines, transmis-

sion towers, high-rise buildings, etc. In addition to the

consideration of the vertical load-carrying capacity of

piles under compressive or uplift actions, the lateral

capacity of pile is another important design parameter

for pile foundations under several circumstances due

to wave forces, wind loadings, dynamics forces from

earthquake actions, etc. In most practical cases, piles

are inevitably subjected to both horizontal load and
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moment induced from those different actions and

forces. The prediction of the lateral capacity of piles

under combined horizontal load and moment is also

essential for the design of pile foundations, and hence

is the subject of this paper.

A large number of studies on the analyses of

laterally loaded piles have been conducted in the past.

The conventional methods of analysis of the problem

include limit equilibrium method (e.g., Hansen 1961;

Broms 1964; Meyerhof et al. 1981; Georgiadis et al.

2013), limit analysis method (e.g., Murff and Hamil-

ton 1993; Klar and Randolph 2008; Yu et al. 2015a, b)

and finite element method (e.g., Georgiadis and

Georgiadis 2010; Georgiadis 2014). The summary of

the advantages and disadvantages of the existing

methods of analysis can be found in Reese and Van

Impe (2007) and Ruigrok (2010). It should be noted

that the limit equilibrium method, the subgrade

reaction method (e.g., Matlock and Reese 1960;

Davisson and Gill 1963), and the p–y curve (e.g.,

Reese 1977; Ismael 1990; Reese et al. 2000) require

the solution of earth pressure distribution or lateral soil

resistance under the full-flow around mechanism (e.g.,

Yu et al. 2015a) whose solutions are available for

different shapes of piles such as circular shape

(Randolph and Houlsby 1984; Martin and Randolph

2006), rectangular shape (Keawsawasvong and

Ukritchon 2016a; Ukritchon and Keawsawasvong

2018) and I-shape (Keawsawasvong and Ukritchon

2017a).

At present, the finite element method (FEM) has

become more popular and advanced than that in the

past. This numerical method has been employed as an

efficient and accurate tool to study many geotechnical

problems. Some examples of the studies on founda-

tions under combined loading (e.g., horizontal load

and moment) include Ukritchon et al. (1998) for strip

footings, Keawsawasvong and Ukritchon (2018) for

T-shaped footings, Keawsawasvong and Ukritchon

(2017b) for cantilever flood walls and Keaw-

sawasvong and Ukritchon (2016b) for underground

walls. The latter reported that there are significant

differences on the undrained capacity of laterally

loaded underground walls (i.e., plane strain condi-

tions) between full-tension (no separation) or no-

tension (separation) conditions. Experimental work on

laterally loaded piles in clay has shown that a gap is

formed between the back of the pile and the soil

(Tuladhar et al. 2008).

For a practical point of view, non-dimensional

design charts or closed-form equations that allow a

direct computation of the undrained capacity of

laterally loaded piles in clays are desirable. For

example, the approach of Broms (1964) is one of

conventional and classical methods for determining

the ultimate lateral load of piles in clays. In his

method, a set of equilibrium equations was employed

along with an assumption of a simple geometrical

earth pressure distribution along pile length. Hansen

(1961) and Meyerhof et al. (1981) also proposed an

equation of lateral pile capacity based on another

assumption using different earth pressure distributions

of soil reaction along pile. Nevertheless, the effect of

adhesion factor at soil–pile interfaces is not taken into

account in the methods by Broms (1964), Hansen

(1961) and Meyerhof et al. (1981). Later, Georgiadis

et al. (2013) derived analytical solutions for the

undrained capacity of lateral piles near cohesive

slopes by additionally considering the adhesion factor

at soil–pile interfaces, the inclination of slope and the

distance of pile from the crest of slope.

Weightless soil is one important assumption

employed in most existing studies of the lateral pile

capacity (Broms 1964; Meyerhof et al. 1981; Murff

and Hamilton 1993; Klar and Randolph 2008). In

addition, the effect of soil weight cannot be realisti-

cally handled in the analysis of the full-flow mecha-

nism around pile (Randolph and Houlsby 1984;Martin

and Randolph 2006; Keawsawasvong and Ukritchon

2016a, 2017a; Ukritchon and Keawsawasvong 2018)

because of the assumption of the plane strain condition

in the direction of the pile depth. Yu et al. (2015a, b)

presented non-dimensional design charts of the lateral

pile capacity in which the weight of soil was also

considered. Using FEM, Zhang et al. (2016) reported

that the weight of soil also contributed to the lateral

pile capacity if suction was not available. So far, there

are very few studies on the effect of soil weight on the

lateral pile capacity in the literature, particularly for

piles subjected to purely applied moment or combined

horizontal load and moment.

In this paper, the effects of soil weight on the

undrained lateral capacity of piles are comprehen-

sively investigated by employing a three-dimensional

finite element analysis. The present problem considers

three types of lateral loading including purely applied

horizontal load, purely applied moment, and com-

bined horizontal load and moment. Soil–pile
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interfaces are modelled as the no-tension condition in

finite element analyses. Numerical results are pre-

sented as non-dimensional design charts that are a

function of pile length ratios and overburden stress

ratios accounting for the influence of soil weight

combined with pile length and undrained shear

strength of clays. The failure envelopes of combined

horizontal load and moment of piles are developed

from the numerical solutions while the associated

failure mechanisms are discussed and postulated. An

approximate solution of the failure envelope of

laterally loaded piles under combined horizontal load

and moment is proposed by normalizing it with the

lateral pile capacity under purely horizontal load and

pure moment. The results in this study can be applied

to predict the undrained lateral capacity of piles under

combined horizontal load and moment considering the

effects of overburden stress factors and pile length

ratios in practice.

2 Method of Analysis

The three-dimensional (3D) finite element analysis

(FEA) with the model and computation developed

through the computer software, PLAXIS3D (Brink-

greve et al. 2013) is employed to investigate the effects

of overburden stress ratios and pile length ratios on the

undrained lateral capacity of rigid circular piles under

combined horizontal load and moment in homoge-

neous and isotropic clays, as shown in Fig. 1a. In the

numerical investigation, the clay behavior is modelled

as an elastic-perfectly plastic material obeying Tresca

failure criterion in which the input parameters include

undrained shear strength (su), undrained Young’s

modulus (Eu = 500su), Poisson’s ratio (m) = 0.495,

total friction angle (/) = 0, total dilation angle

(w) = 0 and soil unit weight (c). The circular pile

with diameter (D) and length (L) is assumed to behave

as an elastic material, and is subjected to the combined

horizontal load (H) and moment (M) at its top. The

input parameters of the pile are Poisson’s ratio

(m) = 0.21 and Young’s modulus = 2.545 9 107 kPa,

corresponding to typical properties of concrete. The

interface between pile and soil is assumed to be fully

rough in which the undrained shear strength at the

interface is equal to that of the adjacent soil (i.e.,

sui = su). The soil–pile interface is modelled using the

no-tension condition which allows the soil to separate

from the back of the pile. This is implemented in the

Tresca failure criterion using tension cut-off.

Figure 1a shows the numerical model of laterally

loaded pile generated by PLAXIS3D. Since the

problem of laterally loaded pile is symmetrical, only

half of the model is used in FEA. A very rigid elastic

pile cap modelled by a structural plate element is

employed at the pile top whose center is subjected to

the horizontal load (H). This pile cap has the purpose

of transferring theH load to distributed tractions on the

pile top and avoiding numerical errors associated with

applying the point load to the soil node. Since the

moment is not allowed to be directly inputted to the

structural plate element in FEA, the rigid beam

elements subjected to statically equivalent couple

forces (Cy) are employed to generate the applied

moment (M), as shown in Fig. 1b.

Fig. 1 FEA model: a model geometry and mesh; b transfer

mechanism of combined horizontal load and moment
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Four types of elements were employed in the FEA

model including: (1) 10-noded tetrahedral elements

for the soil; (2) 6-noded triangular interface elements

between the soil and the pile; (3) 6-noded triangular

plate elements for the pile cap; and (4) 3-noded line

elements for the moment transfer beam. It should be

noted that the PLAXIS3D software allows only

tetrahedral elements for soils. Thus, in the present

study, it was not possible to investigate the effect of

using hexahedral elements on the accuracy of the

numerical solution. Readers are referred to Brinkgreve

et al. (2013) for further information on element types

and shape functions.

The boundary conditions for the numerical model

of laterally loaded piles are set by using a typical

pattern commonly used for FEA in geotechnical

engineering. Zero displacements for both horizontal

and vertical directions are defined at the bottom plane

whereas only zero displacements for horizontal direc-

tion are defined for the vertical side planes. The top

plane of soils is treated as the free surface where all

directions of displacements are permitted. The sizes of

boundaries are selected to be sufficiently large in order

to confirm that there is no effect on the undrained

lateral capacity of piles. To confirm this, the computed

relative shear stress obtained from FEA is checked

such that the plastic yielding zone is captured within

the boundary domain, and hence implying that the size

of selected domain is large enough and causes

insignificant effect on the computed solutions. How-

ever, the extremely large size of the domain can result

in an increase in the number of tetrahedral elements

directly reducing the computational performance of

numerical simulations (i.e., increasing calculation

time). Based on several trial-and-error checks, the

optimal sizes of the model are 5D 9 10D 9 1.4L for

the width, length and depth of the domain (see

Fig. 1a). Figure 1a also shows a typical mesh used

in FEA of the present problem. A very fine element

distribution is used for discretizing piles and adjacent

soils whereas a medium element distribution is used

for the zone of remote soils. As a result, the sizes of

elements are refined at the pile and adjacent soils, and

tend to increase as they are close to the boundary of the

domain.

For the proposed study, there are six dimensional

parameters of laterally loaded piles, namely H, M, D,

L, su, and c. Based on the dimensionless technique

(Butterfield 1999), these six parameters can be

reduced to the following dimensionless parameters as:

h;m ¼ f L=D; nð Þ ð1Þ

where h = H/suLD is the horizontal load factor,

m = M/suL
2D is the moment factor, L/D is the ratio

of pile length to diameter, n = cL/su is the overburden
stress factor.

The overburden stress factor n can be considered as

the combined relationship between pile length (L), the

soil unit weight (c), and the undrained shear strength

(su). For the case of non-homogenous soil profile, the

two latter can be taken as the average values of soils.

Considering the practical ranges of parameters as

c = 14–20 kN/m3, L = 10–100 m, su = 10–100 kPa,

the n factor has the range of 1.4–200. Note that the

special condition of n = 0 corresponds to the ideal

case of weightless soils (i.e., c = 0). The n parameter

may be interpreted as the degree of the total overbur-

den pressure of soil at pile tip as compared to its

average undrained shear strength. Conversely, the

reciprocal of n may be interpreted as the ratio of the

average undrained shear strength of soil normalized by

the total overburden pressure. Therefore, a short

length pile embedded into a stiff soil gives rise to a

small n ratio. In contrast, a long length pile embedded

into a soft soil gives rise to a large n ratio.

It should be noted that the undrained shear strength

profile (su) is assumed to be constant with depth in

finite element analyses. In practice, a linearly increas-

ing undrained shear strength may be found at a site

because of the effect of an increase in the effective

overburden pressure in a deeper soils. However, this is

beyond the scope of the present study.

3 Verifications with Existing Solutions

The results of the present study of piles under purely

horizontal load are compared with the existing solu-

tions from several methods such as limit equilibrium

method (LEM) by Broms (1964), Meyerhof et al.

(1981) and Georgiadis et al. (2013) and the upper

bound (UB) limit analysis by Murff and Hamilton

(1993) and Yu et al. (2015a). Note that these solutions

correspond to the cases of no-tension interfaces and

n = cL/su = 0 (i.e., weightless soils) except the solu-

tion of Yu et al. (2015a) who considered the effect of

soil unit weight (c = 0). Details of each method are
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summarized in Table 1. Figure 2a, b show the

comparisons of H/suLD between the present study

and the existing solutions for n = 0 and n[ 0,

respectively. As expected, all solutions indicate that

an increase in L/D results in a rise of H/suLD. For the

case of n = 0 (see Fig. 2a), the UB solutions by Yu

et al. (2015a) and Murff and Hamilton (1993) are

significantly higher than the present study using FEA,

where the former is almost three times of the present

study. On the other hand, the classic LEM solutions by

Broms (1964) andMeyerhof et al. (1981) are relatively

smaller than the present study. The LEM solutions by

Georgiadis et al. (2013) agree well with the present

study using FEA when L/D is more than 10. The effect

of the overburden stress factor (n) is clearly observed

in Fig. 2b in which an increase in n gives rise to an

increase in H/suLD. For the cases of n[ 0, only the

solution of Yu et al. (2015a) is available for the

comparison, where two n ratios of 5 and 20 are

selected. Like the case of n = 0, it can be seen that the

UB solutions of Yu et al. (2015a) are significantly high

as compared to the present study.

4 Results of Lateral Piles Under Purely Horizontal

Load and Pure Moment

This section presents the extensive parametric studies

of the effect of the overburden stress factor (n) on the

undrained lateral capacity of piles under pure H or

pure M. Figures 3 and 4 respectively shows the

normalized load–displacement curves of purely hor-

izontal load factors (H/suLD) and pure moment factors

(M/suL
2D) versus normalized displacement (y/D),

where y corresponds to the horizontal displacement

at the center point on top of the pile. In the figures, the

selected cases correspond to the laterally loaded pile

with L/D = 40. It is evident from Figs. 3 and 4 that all

curves converge to a certain value for a very large

displacement, and hence the limit state condition is

successfully simulated in FEA. The load–displace-

ment curve of a high value of n converges to the limit

state faster than that of a low value of n.

It should be noted that all computed numerical

results including Figs. 3 and 4 are obtained by

employing the arc-length control in elasto-plastic

finite element analyses using PLAXIS3D. This pro-

cedure allows the numerical simulations to the limit

state to be performed reliably under load-controlled

calculations. As a result, the convergence of normal-

ized load–displacement curves can be simulated

accurately as shown in Figs. 3 and 4. For further

details of the arc-length control procedure, refer to

Brinkgreve et al. (2013).

The solutions of the present study for laterally

loaded piles under purely horizontal load and pure

moment are shown in Figs. 5 and 6, respectively.

Clearly, it can be observed that the undrained lateral

Table 1 Summary of the existing methods for the prediction of the undrained lateral capacity of piles under purely horizontal load

Existing method Equations or design charts

Broms (1964) H
suD2 ¼ � 27

2
� 9L

D
þ 9

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

18þ 8L2

D2

q

Meyerhof et al. (1981) H
suLD

¼ 2Fcsc, where FC = lateral resistance factor and sC = shape factor

(see Meyerhof et al. 1981)

Georgiadis et al. (2013) H
suD2 ¼ Npu 2 zo

D
� L

D

� �

þ Npu�Np0

k

� �

,

where zo can be computed from the equation below:

x1
zo
D

� �2þx2 exp �k zo
D

� �

þ x2
zo
D

� �

exp �k zo
D

� �

þ x3 ¼ 0

in which k ¼ 0:55� 0:15a, x1 ¼ Npu, x2 ¼ 2
Npu�Np0

k

� �

,

x3 ¼ �Npu
L2

2D2

� �

� Npu�Np0

k
1
k þ L

D
þ 1

k

� �

exp �k L
D

� �� �

, Np0 ¼ 2þ 1:5a and

Npu ¼ pþ 2 arcsin aþ 2 cosðarcsin aÞ þ 4 cos arcsin a
2

� �

þ sin arcsin a
2

� �� �

Murff and Hamilton (1993) H
suLD

¼ f L
D

� �

from a design chart

Yu et al. (2015a) H
suD2 ¼ f su

cD ;
L
D

� �

from a design chart
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capacity of piles depends significantly on both L/D and

n. In general, an increase of n or L/D results on an

increase of H/suLD orM/suL
2D. The lowest undrained

lateral capacity of pile corresponds to the cases of

n = 0.

Table 2 shows the study of mesh refinement on the

computed numerical solutions of undrained lateral

capacity of piles under purely horizontal load. In this

study, the piles with L/D = 10 and 20, and n = 10 are

selected while the five levels of mesh refinement are

employed, namely very coarse, coarse, medium, fine,

and very fine. The numbers of tetrahedral elements in

each mesh refinement are automatically produced by

(a)

(b)
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s uL

D

L/D

UB, Yu et al. (2015a)

UB,  Murff and Hamilton (1993)
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LEM, Georgiadis et al. (2013)

LEM, Meyerhof et al. (1981)

LEM, Brom (1964)

0

2

4

6

8

10

12

14

0 5 10 15 20 25 30

H/
s uL

D

L/D
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Fig. 2 Undrained lateral capacity of piles under purely

horizontal load: a n = 0; b n = 5 and 20
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Fig. 3 Load–displacement curves of purely horizontal load

with L/D = 40
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Fig. 4 Load–displacement curves of pure moment with L/

D = 40
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Fig. 5 Undrained lateral capacity of piles under purely

horizontal load
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PLAXIS3D using a pre-defined relative element size

factor (see Brinkgreve et al. 2013). Basically, the exact

number of elements mainly depend on that factor, the

shape of problem’s geometry as well as boundary size.

In the present study, the medium element distribution

is employed in the FEA simulations because this

setting requires a suitable computational time, i.e.,

about 6–8 h per run. It should be noted that the very

fine element distribution is not practical as an

extremely excessive computational time takes place,

i.e., 36–48 h per run. In general, it can be observed that

as the numbers of elements increase, the computed

solutions tend to reduce and approach the approximate

limit load from the above side. For the selected cases

in Table 2, the differences of the computed solutions

between the medium and very fine element distribu-

tions are very small about 1.5%, which confirms that

the selected medium refined mesh provides the right

balance between accuracy and computational time.

Figure 7 shows the comparison of the incremental

total displacement for laterally loaded piles with L/

D = 40 under purely horizontal load or pure moment

for two values of the overburden stress factors n = 5

and n = 50. The contour bar in the figure indicates the

percentage of incremental total displacement at any

point in the domain with respect to the maximum

value. Thus, it represents the relative incremental total

displacement varying from 0 to 100% in the domain.

The rotation points of the cases of purely horizontal

load and pure moment happen about 0.75L and 0.55L,

respectively. Note that the separation between pile and

soil occurs in the back side of pile (i.e., the left side)

since both the horizontal load and moment overturn

pile to the front side (i.e., the right side). The

separation between soil and pile is found above the

rotation point for both cases with n = 5 and 50. Thus, it

can be deduced from those results that the separation

distance between the back of the pile significantly

depends of the overburden stress factor n. Figure 8

illustrates the failure zone of the corresponding

laterally loaded piles in Fig. 7 in which the failure

zone is indicated by plotting the development of

plastic points. Note that the plastic point is displayed

when it is located on the Tresca failure surface. It is

found that the size of failure zone of laterally loaded

piles increases with a decrease in the value of n. For

both cases with n = 5 and 50, more plastic points on

the front of pile and less plastic points on the back of

pile are observed.

2.0

2.5

3.0

3.5

4.0

4.5

5.0

0 10 20 30 40 50 60

M
/s

uL
2 D

L/D

n = 50 n = 35 n = 20

n = 10 n = 5 n = 0

Fig. 6 Undrained lateral capacity of piles under pure moment

Table 2 Effect of mesh

refinement on the undrained

lateral capacity of piles

under purely horizontal load

L/D n Element distribution Number of elements H/suLD

10 10 Very coarse 9087 4.878

Coarse 17,323 4.733

Medium 59,387 (used) 4.455

Fine 113,453 4.375

Very fine 171,960 4.383

20 10 Very coarse 9992 5.203

Coarse 19,690 5.088

Medium 47,084 (used) 4.922

Fine 114,391 4.903

Very fine 171,204 4.847
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5 Results of Lateral Piles Under Combined

Horizontal Load and Moment

The failure envelopes of laterally loaded piles sub-

jected to combined horizontal load and moment are

developed as a function of the dimensionless horizon-

tal load factor H/suLD and the dimensionless moment

factorM/suL
2D, as shown in Fig. 9. The parameter b is

introduced and defined as the ratio between those two

parameters asM/HL = tan(b) orM = tan(b)HL, where
b is the angle measured from the ? H/suLD axis as

shown in Fig. 9a. For example, let b = 45� and

L = 40 m, it can be found that the relationship

between the applied moment and horizontal load is

M = tan(45�)(40)H = kH, where k = 40. This loading

ratio is inputted into the numerical computation of

FEA. Thus, the elasto-plastic finite element calcula-

tions with the ratio ofM = kH are performed until the

limit state is reached in the analysis that is confirmed

by the convergence of load–displacement curves as

explained earlier. Figures 9b–d illustrate the failure

envelopes for laterally loaded piles with three pile

Pure H, n = 5 Pure H, n = 50

Pure M, n = 5 Pure M, n = 50

Fig. 7 Incremental total displacements for laterally loaded piles with L/D = 40
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length ratios L/D = 10, 40 and 60, respectively. For

each pile length ratio, the results include two cases

with n = 10 and 50. The failure envelopes of b = 0�–
90� and 180�–270� represent the cases where the

horizontal load and moment produce overturning to

the same direction. In contrast, those of b = 90�–180�
and 270�–360� represent the cases where the horizon-
tal load and moment produce overturning to the

opposite direction. Note that b = 0� and 90� (or

b = 180� and 270�) represent the cases of piles under
purely horizontal load and pure moment, respectively.

It can be observed that the failure envelope under the

H/suLD–M/suL
2D space corresponds to an ellipse

whose major axis is rotated clockwise by about p/4
measured from the positive horizontal axis. This

rotated ellipse seems to be slightly distorted at the end

of its semi-major axis where the convexity condition

of the failure envelope still holds true. It is evident

from Fig. 9b–d that the failure envelopes of the full

tension cases are largest and enclose other failure

envelopes of all n values. An increase of n or L/D

results in an expansion of the size of failure

envelopes. The observed failure envelopes constitute

the major characteristics for the development of an

approximate equation for predicting the capacity of

laterally loaded piles under combined horizontal

load and moment.

The relation of failure mechanism patterns at a

point on the failure envelope is schematically illus-

trated in Fig. 10, and is derived using the associated

flow rule (i.e., the normality rule). By this concept, a

vector normal to the failure envelope represents the

failure mode at the pile top, which is characterized by

the incremental horizontal displacement _D, and the

incremental rotation _h corresponding to the applied

? H and ? M, respectively. In other words, the

normal vector is the sum of each vector component of
_D and _h. The positive sign convention of _D and _h is

defined by the forward direction corresponding to the

applied ? H (i.e., to the right side) and ? M (clock-

wise), respectively. For the failure envelope in the H–

M space, the a parameter is an angle measured from

the ? H axis, and is defined as tan(M/H). This

parameter has a very strong impact on the failure

mechanism of laterally loaded piles. The pattern of

failure mechanism of a certain a value is completely

different from another. In Fig. 10, there are six

important key points on the failure envelope of

laterally loaded piles and the corresponding failure

mechanisms can be described in Fig. 11 as follows:

Point 1 The pile is subjected to a purely horizontal

load (i.e., M = 0), where a = 0�. The rotation point

of pile is located below the mid-point of pile length,

where _D[ 0 and _h[ 0

Point 2 The pile is subjected to a purely applied

moment (i.e., H = 0), where a = 90�. The rotation

point of pile is located about at the mid-point of pile

length, where _D[ 0 and _h[ 0.

Point 3 The pile is subjected to the combined

horizontal load and moment withH\ 0 andM[ 0,

where 90�\ a\ a4. The rotation point of pile is

located above the mid-point of pile length, where
_D[ 0 and _h[ 0.

Point 4 The pile is subjected to the combined

horizontal load and moment with H\ 0 andM[ 0

in such a way that there is only incremental rotation

at the pile top with zero incremental horizontal

Pure H, n = 5 Pure H, n = 50

Pure M, n = 5 Pure M, n = 50

Fig. 8 Plastic points for laterally loaded piles with L/D = 40
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displacement, where a = a4 (see Fig. 10). In other

words, the rotation point of pile is located at its top,

where _h[ 0 and _D ¼ 0.

Point 5 The pile is subjected to the combined

horizontal load and moment with H\ 0 andM[ 0

in such a way that there is only the incremental

horizontal displacement at the pile top with zero

incremental rotation, where a = a5. In other words,

piles are undergone by pure translation to the left

side, where _D\0 and _h ¼ 0.

Point 6 The pile is subjected to the combined

horizontal load and moment withH\ 0 andM[ 0,

where a5\ a\ 180�. The rotation point of pile is

located somewhere below the tip of pile length,

where _D\0 and _h\0.

Note that the loading condition of Point 7 is similar

to that of Point 1 except that the horizontal load is

applied to the left side instead of the right side. Thus,

(a) (b)

-18

-12

-6

0

6

12

18

-18 -12 -6 0 6 12 18
H/suLD

M/suL2D

n = 50

n = 10

-18

-12

-6

0

6

12

18

-18 -12 -6 0 6 12 18
H/suLD

M/suL2D

n = 50

n = 10

-18

-12

-6

0

6

12

18

-18 -12 -6 0 6 12 18
H/suLD

M/suL2D

n = 50

n = 10

(c) (d)

Fig. 9 Failure envelopes of

laterally loaded piles under

combined horizontal load

and moment: a definition of

failure envelope; b L/

D = 10; c L/D = 40; d L/

D = 60

Fig. 10 Associated flow rule applied to the failure envelope of

laterally loaded piles
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the failure mode of Point 7 is opposite to that of Point

1, and corresponds to the condition of _D\0 and _h\0.

Based on the described six key points on the failure

envelope, four failure modes of laterally loaded piles

can be deduced in Fig. 12 as follows:

1. ‘‘Forward overturning’’ mechanism corresponds

to the points between no. 1 and before no. 4

(0� B a\ a4) of the failure envelope, where
_D[ 0 and _h[ 0. The pile top translates and

rotates in the forward direction.

2. ‘‘Kickback’’ mechanism corresponds to the point

no. 4 (a = a4) of the failure envelope, where _h[ 0

and _D ¼ 0. At the pile top, there is only pile

rotation in the forward direction without pile

translation.

3. ‘‘Backward translation’’ mechanism corresponds

to the point no. 5 (a = a5) of the failure envelope,

where _D\0 and _h ¼ 0. At the pile top, there is

only pile translation in the backward direction

without pile rotation.

4. ‘‘Backward overturning’’ mechanism corresponds

to the points between after no. 5 and before no. 7

(a5\ a\ 180�) of the failure envelope, where
_D\0 and _h\0. The pile top translates and rotates

in the backward direction.

It should be noted that the failure envelope in the

H–M space along with parameters a4 and a5 depend on
the dimensionless variables L/D and n, and can be

determined by scaling the failure envelope in the H/

suLD–M/suL
2D space from employing the actual

values of the problem, namely su, L, and D.

Fig. 11 Failure mechanism

of the points on the failure

envelope
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6 Approximate Failure Envelope

Based on the results in the preceding section, the

failure envelope is quite complex as it depends on the

overburden stress factor n and the pile length ratio L/

D. However, a closer investigation reveals that the

failure envelope can be reasonably normalized by the

lateral capacity of pile under purely horizontal load

and pure moment. Thus, the subscript ‘‘0’’ is also

introduced to denote these two special cases as:

h0 = H0/suLD and m0 = M/suL
2D, where H0 = purely

horizontal load and M0 = pure moment.

By employing a nonlinear regression analysis to the

computed finite element solutions, the approximate

expression of h0 and m0 for laterally loaded piles is

proposed using the combined relationship between a

power function of L/D and a rational function of n as

follows:

h0 ¼ a1 þ
a2nþ a3

a4nþ 1

	 


L

D

	 


þ a5nþ a6

a7nþ 1

	 


L

D

	 
0:5

ð2Þ

where a1 = 4.3671, a2 = 3.8909 9 10–4, a3 =

6.5365 9 10–2, a4 = 0.1056, a5 = 2.3647 9 10–2,

a6 = - 0.3956 and a7 = 8.1367 9 10–2.

m0 ¼ b1 þ
b2nþ b3

b4nþ 1

	 


L

D

	 


þ b5nþ b6

b7nþ 1

	 


L

D

	 
0:5

ð3Þ

where b1 = 2.6405, b2 = 1.2146 9 10–3, b3 =

2.1488 9 10–2, b4 = 6.7810 9 10–2, b5 = 2.1137 9

10–2, b6 = - 9.0640 9 10–2 and b7 = 6.4523 9 10–2.

Note that the goodness of fit of the proposed

regression models in Eqs. (2) and (3) is illustrated in

Figs. 13 and 14, respectively. The coefficient of

determination R2 (R-squared) for h0 and m0 is 98.66%

and 98.52%, respectively, which indicates reasonable

(a) (b)

(c) (d)

Fig. 12 Postulated failure

mechanisms of laterally

loaded piles under combined

horizontal load
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agreement between the predictions and the computed

finite element solutions.

Finally, the normalized elliptical envelope in the h/

h0–m/m0 space, which is rotated clockwise by p/4
from the? h/h0 axis can be fitted using all data of L/D

and all n values as:

m

m0

	 
2

þ1:7897mhþ h

h0

	 
2

�1 ¼ 0 ð4Þ

Figure 15 shows the comparison of the normalized

failure envelope in the h/h0–m/m0 space between the

proposed regression model in Eq. (4) and the com-

puted finite element solutions. For each case ofL/D and

n, the failure envelope is normalized with its corre-

sponding h0 and m0. Reasonable and good prediction

between them are observed for all cases. Consequently,

the failure envelope in the h–m space can be scaled

from h/h0 and m/m0 by employing the proposed

expressions of h0 andm0 in Eqs. (2) and (3). Similarly,

the failure envelope in the H–M space can be obtained

by multiplying h and m by the corresponding denom-

inator (i.e., suLD or suL
2D, respectively).

7 Conclusions

Three-dimensional finite element analyses are

employed to investigate the undrained failure modes

of laterally loaded piles under combined horizontal

load (H) and moment (M) considering overburden

stress factors (n) and pile length ratio (L/D). The

important results of the present study can be summa-

rized as follows:

1. The combined effects of soil unit weight (c),
length of pile (L), and undrained shear strength of

clays (su) are represented by the overburden stress

factor n = cL/su. It is found that this parameter has

the profound influence of the failure behavior of

laterally loaded piles under combined horizontal

load and moment.

2. For weightless soils, good agreement of the

undrained capacity of piles under purely horizon-

tal load between the present study and the limit

equilibrium method by Georgiadis et al. (2013) is

observed when the pile length ratio (L/D) is

greater than 10. For non-zero weight of soils, there

are significant discrepancies of the undrained

capacity of piles under purely horizontal load

between the present study and Yu et al. (2015a).

3. The failure envelope of piles under combined

horizontal load and moment in the H/suLD–M/

suL
2D space (i.e., the h–m space) is an ellipse

whose major axis is rotated clockwise by about p/
4 measured from the ? H/suLD axis. There is the

dependency between the size of failure envelopes

and the overburden stress factor (n) and the pile

length ratio (L/D). In particular, as the overburden

stress factor increases, the elliptical rotated failure

envelope expands its size. Employing the corre-

sponding lateral pile capacity under purely hori-

zontal load h0 and pure moment m0, all failure

3
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4

4.5

5

5.5

6

6.5

7

3 3.5 4 4.5 5 5.5 6 6.5 7

H 0
/s

uL
D,

 F
EA

H0/suLD, Proposed Equa�on

R2 = 98.11%

Fig. 13 Comparison of the lateral capacity of pile under purely

horizontal load between the proposed equation and the

computed solution of FEA

2

2.5

3

3.5
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4.5
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2 2.5 3 3.5 4 4.5 5

M
0/

s u
L2 D

, F
EA

M0/suL2D, Proposed Equa�on

R2 = 98.07%

Fig. 14 Comparison of the lateral capacity of pile under pure

moment between the proposed equation and the computed finite

element solutions
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envelopes can be reasonably normalized under the

h/h0–m/m0 space.

4. Employing the normality rule to the failure

envelopes in the H–M space, the failure modes

of laterally loaded piles can be grouped as four

mechanisms, namely forward overturning, kick-

back, backward translation, and backward over-

turning. Each mechanism depends on the ratio of

the applied moment and the applied horizontal

load, and is characterized by the vector normal to

the failure envelope in theH–M space. The normal

vector can be resolved into two components

including the incremental horizontal displacement

and the incremental pile rotation at the pile top.

5. In practice, the prediction of the undrained lateral

capacity of laterally loaded piles under combined

horizontal load and moment can be conveniently

performed using the proposed approximate

expressions for the failure envelope as well as

the lateral pile capacity under purely horizontal

load and pure moment. The effects of overburden

stress factors as well as pile length ratios are well

incorporated into the proposed expression.

6. Since the results of the present study are based

solely on finite element analyses, further verifica-

tion of the presented results via experimental

testing is required.
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