Geotech Geol Eng (2019) 37:3771-3780
https://doi.org/10.1007/s10706-019-00867-4

)

Check for
updates

ORIGINAL PAPER

Stress Analytical Solution for Shallow Buried Lined
Circular Tunnel Under the Deformation of Surrounding

Rock Inner Edge

Cao Xiaolin + Gong Weiming * Zhou Fengxi + Dai Guoliang

Received: 14 December 2018/ Accepted: 19 March 2019/ Published online: 22 March 2019

© Springer Nature Switzerland AG 2019

Abstract In this article, an analytical solution is
presented for an elastic shallow buried lined tunnel,
which consider a certain surrounding rock deforma-
tion at the inner boundary. Concrete lining and the
surrounding rock was assumed as linearly elastic
materials. The solution uses Muskhelishvili complex
potential functions combined with conformal mapping
method to determine stress components within con-
crete lining and the surrounding rock mass. The
coefficient of Laurent series expansion of the stress
functions is determined by a combination of analytical
and numerical computations. As an example, the case
of a uniform radial displacement of surrounding rock
inner edge is considered in some detail. The solution
was verified by FEM through an example, very good
agreement was demonstrated between analytical solu-
tion and numerical solution. Through numerical
examples, the effect of elasticity modular and the
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ratio of the diameter to buried depth on the stresses
component were assessed.
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1 Introduction

With the development of the urban underground traffic
system and utilization of underground space, shallow
tunnels are favored in engineering projects in order to
low operational costs, and they inevitably lie near the
ground surface. The excavation of the shallow tunnels
not only causes settlement of ground surface but also
leads to displacement and stress concentration at
around rock hole. It is essential for engineers to control
settlement at ground surface by calculating the stress
of surrounding rock, and given the strength required
for lining (Bobet 2003; Huang and Zhang 2016).

For elastic plane problems of multiplying con-
nected region, it is difficult to get the analytical
solution by general methods. One of the useful
approaches implemented in two dimensional elastic
theories is Muskhelishvili’s (1966) (Sokolnikoff and
Specht 1956) complex variable method. The method
investigated based on complex potential functions and
conformal mapping method, and stress components
and deformations can be determined within the
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materials. Based on this method, Exadaktylos and
Stavropoulou (2002) presented a closed-form solution
to stress and displacement of semicircular tunnels. Fu
etal. (2015) used complex variables method presented
the solutions for a buoyant tunnel in an elastic half-
plane, which considered the resultant buoyancy forces
acting on the tunnel by assuming two additional
logarithmic terms with the potentials. Based on
previous studies, Verruijt (1997, 1998) (Verruijt and
Booker 1998; Verruijt and Strack 2008; Kargar et al.
2015) has achieved a lot of research results, and
proposed a similar method for stress and displacement
around a circular tunnel in an elastic half-plane. The
deformations of shallow tunnels have been investi-
gated under different boundary conditions. Recently,
some works on the analytical solution of tunnel via
complex variable method have been reported (Zhou
and Cao 2017; Wang et al. 2018). Include the problem
of a half plane with a circular cavity loaded by a
uniform radial stress, and the problem in which a
uniform radial displacement is imposed on the cavity
boundary. Verruijt (2015) investigated on a complex
variable solution for a deforming circular tunnel in an
elastic half plane. Lu at al. (2016) given the Solution of
a circular cavity in an elastic half plane under gravity
and arbitrary lateral stress. However, the complex
variable solution for shallow buried lined circular
tunnel under the deformation of surrounding rock
inner edge has been rarely considered in the above-
mentioned literature.

The aim at this paper is to give a plane-strain elastic
solution to shallow buried lined circular tunnel, under
the deformation of surrounding rock inner edge. The
solution employs complex potential functions and
conformal mapping method, and is verified by a series
of numerical simulations. Through numerical exam-
ples, the solution is adopted to study the elasticity
modular influences on the stress distribution around a
shallow.

2 General Consideration

2.1 Description of the Problem

The problem deals with an elastic shallow buried lined
circular tunnel in an elastic homogeneous material.

The upper boundary of the half plane and lining inner
boundary are considered to be free of stress, and the
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boundaries of the surrounding rock inner edge are
assigned the displacement. The tunnel radius of lining
and Surrounding rock is denoted by R and r, respec-
tively. The tunnel axis is at a depth i from ground
surface, and surrounding rock inner edge is at a depth
d from ground surface (Fig. 1). Lining and Surround-
ing rock is assumed as isotropic and homogenous
materials. It is supposed that liner is installed without
any delay after tunnel excavation,and due to excava-
tion produced deformation of the inner boundary is
W. The infinite plate on complex plane is divided into
two isotropic homogenous regions of §; and S,
bounded by contours L; and L,. The regions S; and
S, referred to rock mass and concrete lining with
Young modulus E; E, and Poisson ratio v;, v,
respectively. Assuming that the tunnel is infinitely
long, the plane strain problem was analyzed. The
shallow lining tunnel model established is shown in
Fig. 1.

2.2 Conformal Mapping

Through two mapping functions, the region in the
z-plane can be mapped conformally onto two circular
rings (region y; and y,) in the {-plane. Let w({) be a
conformal mapping function which maps boundaries
LI and the upper boundary of the half plane for two
concentric circles (Fig. 2), bounded by the circles
I{l = 1 and I{l = a. The conformal transformation is

1+
Z=W1(C)=—la1_§ (1)
where
A
Y X
|
S5 y
S N

Fig. 1 The model of Lined tunnel at shallow depth
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Fig. 2 The mapping functions of surrounding rock
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Let w,(n) be a conformal mapping function which
maps boundaries L/ and L2 into two concentric circles
(Fig. 3), bounded by the circles Iyl = 1 and Iyl = Ry, Ry
= R/r. The conformal transformation is

z=w(n)=m (3)
2.3 Basic Equation
Two potential functions corresponding to the sur-

rounding rock domain can be expressed by Laurent
series (Sokolnikoff and Specht 1956)

e ()= al"+> bl™*
k=0 k=1
Ui () =D el +> dil™
k=0 k=1

Fig. 3 The mapping
functions of lining
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In the same way, two analytic functions corre-
sponding to the lining can be expressed by Laurent
series (Sokolnikoff and Specht 1956)

P(n) => et + > fun™

kzooo k:]oo (5)
(O =Y et +> ™
=0 k=1

Stress components are determined based on these
complex potential functions as follows:

P(t) N @j(1)
o0 o
0 = Opj + 2iTpy;

_ 26 | el (a0~ gef ()
o |7 ]

op_,~+69j=2[

+¢]/(I) ,J=1,2...

(6)

where 6, 6¢; and 7,¢; are radial, circumferential and
tangential stress components, respectively. when

== [NV
(=0'(¢) \\\\j;//
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j=1,t={j =2,t=n, represent surrounding rock
and lining, respectively.

2.4 Boundary Condition

Stress functions ¢, ¥, and ¢,, Y, should satisfy
boundary conditions. Under the mapping functions of
surrounding rock, the upper boundary of the half plane
are considered to be free of stress, and the deformation
of the inner boundary is W, ({), yields

wi (£
00+ 295G+ @ = 0 )
wy(0)
w; (¢ = .
K161() - 250 — 1,0 = 261 (e + i)
(0
=Wi({)
(8)
where u, and u, are x and y direction displacement
components. G; = ﬁ, due to the analysis is a plane

strain problem, so K; = 3 — 4v;. Under the mapping
functions of lining, the inner boundary of the half
plane is considered to be free of stress, and the
deformation of the outer boundary is W, (1), yields

mww—%w%w—%W=KM%ﬂm
) (1)
= Wa(n)
9)
o) + 220 GG + ) = 0 (10)
w4 (n)
3 Solution

3.1 The Solution for Surrounding Rock

Form (1), the following expressions can be obtained

2
ﬂ:—(lﬂ)(l_@ (11

@' (0) 2(1-9)

Along the outer boundary I{l = 1, the radiusp = 1,
so that { = pa = o = exp(if)), { = o '. Then Substi-
tuting (11) into (7), yields

~—
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01(0) +5 (1= )@ +i(0) =0 (1)

Substituting (4) into (12), by setting the coefficients
of all powers of ¢ equal to zero. The following
expressions can be obtained

1 1
co = —dy 7501 - Ebl (1321)
=—b 1k 1 lk 1
Ck = — k+§( - )ak—l_i( + Dagy (13b)
k=1,2,3,...
dy = —a 1k 1)b, lk 1)b,
k—_ak+§( - )kfl_i( + )bgys (13¢)

k=1,2,3,...

Along the inner boundary of surrounding rock
Il = a, the radius p=a, SO that
{ = po = ac = aexp(if), { = ac~'. Then Substitut-
ing (11) into (8), yields

Kig(a0) 2 2y o1 _ 2 2
—ac—(1-2a )2J(rle(§0)oc o~ —oa o (20)
— ¥ (a0)
=W (0)

(14)

In order to the convenience of computation, for (14)
multiplied by (1 — ao) on both sides, yields

p _ _ 2 — o2 1 _ 252
o (22 LR T S o) — e | = WO

(15)

(130 Ky o) -

where

k=00
Wi (0) = Wi(ao) = (1 —20)Wi(00) = Y A
k=—00

(16)

Substitution of (4), (14) and (16) into (15) gives, In
the same way, by setting the coefficients of all powers
of g equal to zero. The following expressions can be
obtained

(1 - az)(k+ 1)C_lk+] - (0(2 +K10572k)bk+1
= (1 — OCZ)Kldk — (1 + K1a72k>bk +A,k067k
k=1,2,3...

(17)
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(1+ K1)y — (1 — o) (k + )by
= 062(1 + K]OCzk)dk + (1 — Otz)kbk +Ak+1<xk+l
k=1,2,3...

(18)

From these two Egs. (20) and (21), the coefficients
can be determined recursively. Thus, all the coeffi-
cients of the Laurent series for surrounding rock have
been determined, except for ay. As the system of
equations is linear, the correct value of ay can be
determined by first assuming a, = 0, then calculating
the limiting value of ay for k — oo, repeating this
calculation for an initial value ap =1, and then
determining the correct value of a, by linear interpo-
lation such that ¢, — 0 for k — 0. It seems that this
coefficient remains undetermined by the boundary
conditions specified above. This part can refer to a
complex variable solution for a deforming circular
tunnel in an elastic half-plane by Verruijt (1997) If the
boundary conditions are known, through (6) can give
the stress component of surrounding rock.

3.2 The Solution for Lining

Along the outer boundary of lining Iyl = 1, the radius

p=1, so that (= po=oc=exp(if), (=01,
according to (3) can gives
wa(e) =, whlo)=r, wh@ —r. 22D _g
wh(0)
(19)

Through the mapping function z = w,(), the outer
boundary displacement condition of the lining is

k=00
Wa(n) = Wa(o) = > Bio* (20)
k=—00
Substitution of (19) and (20) into (9) gives

o0 o0
Kreyg + Kreyjo + K2€202 + ZKzekO'k + ZKszOfk
k=3 k=1
o0

—e10—28— Y (k+2)é20 "
k=1

+Z (k= 2)f20" — gy — nga
k=3

—Hlﬁ—ﬁzﬂz—ZEkO'k:WZ(O') (21)
k=1

According to (21), by setting the coefficients of all
powers of g equal to zero. The following expressions
can be obtained

g0 = Kaep —2ey — By (22a)
hy = Kyey — e — By (22b)
hy = K»éy — By (22¢)
by = Kyep + (k—2)fio — B k=3,4,5,...
(22d)
=Kofy — (k+2)eia =By k=1,2,3,...
(22e)

Along the inner boundary of lining rock Iyl = Ry,
the radiusp = Ry, so that { = po = Ry = Rg exp(if)),

{ = Ryo~'. According to (3) can gives

w2(Roo) = Ra, wh(Roo) =R, w)(Roo) =R,
W/z(G) _
wh(0)
(23)
Substituting (22) and (23) into (10), yields
(K> +1)éy +2e2(R; — 1) = By (24a)
(K> + Rg)er + (Rg — 1)e; = By (24b)
(Ky+ Ry)e> = B, (24c)
B (o k™an =50 o)

(Kz + Ry )fe + (k+2)(R; — 1)exsn = By (24e)

k=1,2,3,...

According to (24) can give all the coefficients of
the Laurent series for ¢,, Substituting (24) into (22)
can give all the coefficients of the Laurent series for
W, . It seems that this coefficient remains undetermined
by the boundary conditions specified above. If ¢, and
W, are known, by (6) gives the stress component of
lining.
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4 Solution of Uniform Radial Displacement

4.1 The Solution of Uniform Radial Displacement
for Surrounding Rock

Considering a uniform radial deformation of magni-
tude u, at the inner boundary of surrounding rock. If
the direction of displacement u, is considered in
inward the displacement components at the inner
boundary of surrounding rock face are

X y+h
Uyl = _u0;7 Uyr = —Ug

(25)
where u,; and u,; are the x and y displacements of
surrounding rock face. According to (25), yields

z+ih
r

2G1 (Mxl + iuyl) = —2G1Lt() (26)

Through the mapping function z = w({), along the
inner boundary of surrounding rock { = oo, we can be
obtained.

26, (1 + i) = ~2iGrutg 7 — (27)
Substituting (27) into (17), yields
W () = —2iGup(o — o) (28)

Form (28), the boundary function only contains two
terms of order ¢ and ¢'. The only two non-zero
coefficients in the Fourier expansion (16) are

Ay = =2iGuge, A; = 2iGiug (29)

The coefficients a; and by can be determined from
Egs. (17) and (18). With (29) this gives
2iG1uooc
1+ (Ko — 1)o? + ot

a; = + ap (30)
21G1 M()OC3

b =
Tl (K- D2+ o

+ ao (31)

For Stress functions ¢; and y;, where it has been
assumed, on the basis of a consideration of symmetry,
that all the coefficients are purely imaginary. Now that
the coefficients a; and b, have been determined, the
other coefficients can be determined successively,
using Eqgs. (17) and (18). The value of the very Prst
constant ag can be determined from the condition that
the coefficients tend towards zero if k — oo.
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4.2 The Solution of Uniform Radial Displacement
for Lining

On the boundary between the surrounding rock and the
lining, uy + iuy; = Uy + iuy,. Through the mapping

function z = w({), along the outer boundary of ling
{ = o,we can be obtained.

h
2G2 (I/sz + l'uyz) = 72G2M0 (G + l;) (32)
According to (32), yields
h
Wz(o‘) = —2Guy <O’ + l;) (33)

Form (33), the boundary function only contains two
terms of order ¢ and ¢'. The only two non-zero
coefficients in the Fourier expansion (16) are

h
BO = —21.G2Lt()—7 B] = —2G2MQ (34)
r

The coefficients e, and f; can be determined from
Eq. (24) gives

o0 — — 2iG|u0h e — — 2G|MQ

T K+ 1) T K +2RR—17 (35a)
€y = =€ = 0

fi=h=-=f=0 (35b)
Substituting (35) into (24), yields

Ziquoh
=——) =---=g=0 36a
80 r(Ks + 1) 81 8k (36a)

4G2MQR%
=—— h=---=h =0 36b

'"TK 2R -1 g (36)
Substituting (36) into (5), yields
( ) _ 21G2M0h . ZGQM()

P =K+ 1) Kt 2R 1 .
=Tk 1) K+ 2R — 1y
Substituting (37) into (6), yields

1 4GuoR? 1 4G
2UORG 2U (38a)

Op =— ——
TP Ky +2R2 — 1 rK,+ 2R — 1
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Table 1 Input date Rock type Elastic properties of rock Elastic properties of concrete
E; (Gpa) K, Vi E; (Gpa) K> V2
Limestone 30 0.333 0.25 45 0.5 0.428

Table 2 Coefficients of Laurent series

k=0 k=1 k=2 k=3 k=4 k=5 k=6 k>6
ag — 0.00015i 0.001365i 0.000144i 1.17E—-05i 8.58E—06i 6E—08i 6E—09i 0
by 0 — 3.9E—-05i — 6.8E—07i — 6E—009i 0 0 0 0
C — 0.00081i — 0.00018i 0.000664i 0.000143i 1.74E—05i 3.77E—05i 1.56E—07i 0
dy 0 0.001366i 0.000125i 1.1E—05i 8.46E—07i 6E—08i 6E—09i 0

Fig. 4 Finite element grid
mesh

1 4G2MOR% 1 4G2M0
rp*Ky +2R3— 1 rK,+2R3—1

oo = (38b)

Ty =0 (38¢)

5 Discussion

5.1 Comparison of the Analytical Solution
and ABAQUS Finite Element Code

In order to make a comparison, surrounding rock inner
edge is at a depth d = 2.5 m from ground surface, the
tunnel axis is at a depth 2 = 5 m depth from ground
surface, the tunnel radius of lining and Surrounding
rock are denoted by R = D/2 = 2.5 m and r = 2.8 m,
respectively. The radial deformation uy = 0.05 m,
input data are represented in Table 1. From equations

(14), (20) and (21), all the coefficients of the Laurent
series for surrounding rock have been determined. The
coefficients of the Laurent series are presented in
Table 2.

In this section, compressive stress is assumed a
positive quantity for convenience. Figure 4 shows
ABAQUS grid for tunnel cross-section. The magni-
tude of radial stress around tunnel is presented in
Fig. 5. Figure 6 shows magnitude of circumferential
stress along internal lining inner predicted by the
analytical solution and ABAQUS finite element
software. There’s a difference between the analytical
solution and the ABAQUS solution, but the difference
is very small, and it’s negligible.

5.2 Parameter Analysis

In order to study the effect of elastic modulus E; and
the ratio of the diameter to buried depth on the stress

@ Springer



3778

Geotech Geol Eng (2019) 37:3771-3780

IBLY__T-DATUM C

ODB: YanTaan Amsua/Stanasia 6111 | Eum Ma: 04 19:15:52 GT4D5:00 2018

Fig. 5 The circumferential stress around tunnel in cylindrical
coordinate system

-2309.90
-2309.88
-2309.86
-2309.84
-2309.82
-2309.80 F----------f - m-m- -

- - - - Analytical Solution
—— ABAQUS
-2309.72 +

-2309.70 L L L L L L L L
0 10 20 30 40 50 60 70 80 90

6)

0y(MPa)

-2309.78
-2309.76
-2309.74

Fig. 6 Circumferential stress along internal lining inner
predicted by the analytical solution and ABAQUS

component, the stress around the tunnel is analyzed in
this paper. Under different values of elastic modulus
E,, the radical stress component and the tangential
stresses component of rock with E, = 45GPa is given
in Figs. 7 and 8. With the increase of E, the radial
stresses and tangential stress decrease from the edge of
the tunnel to the ground surface. This is due to the
stress concentration mainly occurs near the hole, and
the less obvious the stress concentration with the
increase of distance from the edge of the tunnel. In
addition, with the increase of E, the radial stress and

@ Springer
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Fig. 7 Radial stress with different values of elastic modulus at

0 =90°
225
200 ™
175 F 4 —— E;=15GPa
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150 F
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-------- E;=90GPa

50
25
0
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y/m

-0.75 -0.50 -0.25 0.00

Fig. 8 Tangential stress with different values of elastic

modulus at 0 = 90°
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Fig. 9 Circumferential stress with different values of elastic

modulus at 6 = 90°
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Fig. 10 Radial stress with different values D/h at 6 = 90°
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Fig. 11 Tangential stress with different values D/h at 0 = 90°
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-2.00 -1.75 -1.50 -1.25 -1.00 -0.75 -0.50 -0.25 0.00

y/m

Fig. 12 Circumferential stress with different values D/h at
0 =90°

tangential stress is negative and the magnitude
increase at the ground surface near.

Under different values of elastic modulus Ej, the
circumferential stress component of rock with
E, = 45GPa is given in Fig. 9. We can find that the
circumferential stress component of rock is negative,
and the magnitude decrease from the edge of the
tunnel to the ground surface. This is due to the ring is
compressed under radial deformation, and the stress
concentration gradually dissipates.

Under different values of the ratio of the diameter to
buried depth D/h, the radical stress component and the
tangential stresses component of rock with D = 2.5 m
is given in Figs. 10 and 11. With the increase of D/h,
the radial stresses and tangential stress decrease from
the edge of the tunnel to the ground surface.

Under different values of the ratio of the diameter to
buried depth D/h, the circumferential stress compo-
nent of rock with D = 2.5 m is given in Fig. 12. We
can find the magnitude of the circumferential stress
component of rock decrease with D/h decrease.

According to the strength theory, the failure is most
likely to occur on the inner boundary of rock where the
stress component is relatively large. Stress concentra-
tion mainly occurs near the hole, and with the increase
of E;, the phenomenon of stress concentration is more
obvious. From Figs. 7, 8, 11 and 12, we also found the
radical stress component and the tangential stresses
component of rock are zero position around 0.8 m and
0.5 m from the ground surface, and it does not change
with the elastic modulus of surrounding rock and the
buried depth of tunnel.

6 Conclusions

The Stress analytical solution was presented for
shallow buried lined circular tunnel under the defor-
mation of surrounding rock inner edge. It was assumed
that rock and concrete behaved as isotropic linear
elastic materials, and surrounding rock and lining is
contact completely. The stress components were
predicted by employing complex potential functions
and combined with conformal mapping method.

(1) The numerical example result shows that by
increasing elastic modulus of surrounding rock,
the magnitude of stresses component decreases.
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With the increase of tunnel buried depth, the
magnitude of stresses component decreases.

(2) Stress concentration mainly occurs near the
hole, and with the increase of E;, the phe-
nomenon of stress concentration is more
obvious.

(3) It was found that the stress concentration is
gradually dissipating with the distance from the
inner of tunnel, and with the increase of E|, the
stress concentration is more obvious.

(4) We also found the radical stress component and
the tangential stresses component of rock is zero
position around 0.8 m and 0.5 m from the
ground surface, and it does not change with
the elastic modulus of surrounding rock and the
buried depth of tunnel.
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