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Abstract This study was focused on investigating

the correlations between the physical and mechanical

properties and geostatistical analysis of the shale rock

based on the experimental data and the data collected

from various research studies. In this study, over 250

data were used to characterize the shale rock behavior.

The compressive strength and tensile strength of the

shale rock investigated varied up to 200 and 13 MPa

respectively. The shale rock was characterized based

on the density, modulus of elasticity, fracture tough-

ness and tensile strength and correlating the properties

to compression strength and pulse velocity. Based on

the statically analysis, the density of shale was in the

range of 1.70–2.78 gm/cm3. Vipulanandan correlation

model was effective in relating the modulus of

elasticity, pulse velocity, fracture toughness with the

compressive strength of the rocks. There was no direct

correlation between the compressive strength and

density or tensile strength and density of the shale

rock. The new Vipulanandan failure model has been

used to not only better quantify the tensile strength but

also to predict the maximum shear stress of the rock.

The prediction of the Vipulanandan failure model for

shale rock type was also compared to the Mohr–

Coulomb failure model. The Vipulanandan failure

model has a maximum shear stress limit were, as the

Mohr–Coulomb failure model did not have a limit on

the maximum shear stress. Based on the Vipulanandan

failure model the maximum shear stresses produced

by the shale was 103 MPa. Based on the coefficient of

determination (R2) and the root mean square error

values, the Vipulanandan failure model predicted the

results better than the Mohr–Coulomb model.

Keywords Shale rock � Physical properties � Failure

model criteria � Nondestructive test � Statistical

analysis � Modeling

1 Introduction

Shale oil is unconventional oil, which is produced

from oil shale pyrolysis, hydrogenation, or thermal

dissolution. Generally, the term oil shale is given to

any type of sedimentary rock that contains solid

bituminous materials (called kerogen) that are

released from petroleum like liquids when the rock

is heated in the chemical process of pyrolysis (Sandrea

2012). Formation of oil shale was from the same

process as that in which the crude oils were generated

millions of years ago mainly by deposition of organic

debris on ocean, lake, and sea beds. The oil shale is

sometimes called ‘‘the rock that burns’’ as it contains

enough oil to burn itself (Omar 2017). In the United

States shale gas and oil production has grown rapidly
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in the past years with continuous technological

developments in hydraulic fracturing. Hydraulically

fracturing rocks increases the permeability by open-

ing, connecting and keeping open pre-existing or new

fractures in the formation (Vipulanandan et al. 2015a).

For tunneling through the rocks to place, the necessary

infrastructure there is a need for better quantification

of the mechanical properties and failure criteria for the

shale rock. The design of drilled foundations, footings,

and rafts in shale rock requires quantification of the

strength properties of the rock in order to be rational;

most problems in rocks during construction and

hydraulic fracturing require the tensile strength,

modulus, fracture toughness and failure model for

the in situ rock. Based on this study, using only the

unconfined compression strength of the rock (nor-

mally very limited number of samples are available for

testing), the tensile strength and compression modulus

can be determined (Swapnil et al. 2004). Since the

sampling of these materials is difficult and costly, it is

important to characterize shale rocks with minimum

testing. Nondestructive tests are increasingly being

used in rapidly evaluating the properties of construc-

tion materials. The nondestructive evaluation of rock

properties is useful for preliminary prediction of static

properties. The vibration method and the ultrasonic

pulse velocity method are some of the most commonly

used nondestructive testing methods for construction

materials (Swapnil et al. 2004). The pulse velocity

method has the advantage that, generally, it does not

depend on the size or the shape of the specimen and

can be applied well to construction materials. At

present, Mohr–Coulomb criteria is used to character-

ize the failure of the rocks, but it does not quantify the

tensile strength and has no limit on the maximum shear

strength tolerance for rocks. In addition, there is very

limited property correlation in the literature for the

shale rock. Hence, there is a need for developing

improved failure criteria and property correlations for

the rocks (Swapnil et al. 2004; Omar 2017).

Uniaxial compressive strength (UCS), the most

widely used parameter to evaluate rock strength,

requires expensive and time-consuming testing with

sample preparation (Karakus et al. 2005). Many

researchers have tried to predict UCS based on

simpler, faster, and less expensive physical tests by

means of statistical methods. For this purpose,

researchers have introduced several empirical equa-

tions for determination of rock strength via simple

physical properties. By means of such properties, rock

strength may be determined in an easy, quick, and

inexpensive manner during field investigations (Sa-

batakakis et al. 2008; Rajabzadeh et al. 2012). In

geotechnical and rock engineering, most applied rock

classification systems are based on mechanical param-

eters such as uniaxial compressive strength (UCS),

tensile strength (rt) and Young’s modulus or deforma-

bility modulus (E). Tensile strength and fracture

toughness are an important parameter in rock mechan-

ics, and is amongst other things used as a criterion for

initiation and propagation of fractures in hydraulic

fracture modeling (Meng and Pan 2007; Vipulanandan

and Mohammed 2015a). The unconfined compressive

strength (UCS) and angle of internal friction (/) of

sedimentary rocks are key parameters needed to

address a range of geomechanical problems ranging

from limiting wellbore instabilities during drilling

(Moos et al. 2003), to assessing sanding potential and

quantitatively constraining stress magnitudes using

observations of wellbore failure (Zoback et al. 2003).

1.1 Vipulanandan Correlation Model

The Vipulanandan hyperbolic model has been used to

present the behavior of cement and polymer modifi-

cation soils (Usluogullari and Vipulanandan 2011).

Mohammed and Vipulanandan (2014, 2015) used the

Vipulanandan hyperbolic relationship to predict the

relation between the compressive and tensile strength

of sulfate contaminated CL soils. Vipulanandan and

Mohammed (2014) used the Vipulanandan hyperbolic

relationship to predict the maximum shear stress limit

for the bentonite drilling mud modified with the

polymer. The Vipulanandan hyperbolic model was

used to predict the rheological properties with the

electrical resistivity of nanoclay modified bentonite-

drilling muds (Vipulanandan and Mohammed 2015b).

For shear thinning fluids, the shear stress-shear strain

rate relationship is nonlinear with a limit of the

maximum shear stress tolerance. Similar trends has

been observed in many other engineering and envi-

ronmental applications and has been modelled using

the Vipulanandan hyperbolic relationship (Mo-

hammed 2016, 2017a, b, c; Mohammed and Mahmood

2018; Vipulanandan et al. 2018a, b). The Vipulanan-

dan hyperbolic relationship to predict the maximum

shear stress limit for the bentonite drilling mud and oil

well cement modified with nanomaterials
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(Vipulanandan and Mohammed 2015a, b, c, d, e;

Mohammed 2016, 2017a, b, c).

1.2 Objectives

The objective of this study was to quantify the

mechanical behavior of the shale rock using experi-

mental data and more than 250 data collected from the

literature. The specific objectives are as follows:

1. To qualify the statistical variation in the density,

compressive strength, tensile, modulus of elastic-

ity and fracture toughness of shale rock.

2. To investigate and quantify the correlation rela-

tion between the compression strength and tensile

strength of shale rock using the Vipulanandan

correlation model.

3. To investigate and quantify the correlation rela-

tion between the modulus of elasticity and frac-

ture toughness with tensile and compressive

strength of shale rock using the Vipulanandan

correlation model.

4. Using nondestructive test such as the ultrasonic

pulse velocity to characterize shale rock.

5. Quantify the shear failure strength for the shale

rock using the Vipulanandan failure model and

compare the prediction to the Mohr–Coulomb

failure model.

2 Methods and Materials

2.1 Shale Rocks

Five field rock samples were used for testing. The

physical and mechanical properties of the rock were

tested according to ASTM Standards. These results are

summarized in Table 1.

2.2 XRD Analysis

X-ray diffraction (XRD) was used to characterize the

shale rock. The XRD patterns were obtained using the

Siemens D5000 powder X-ray diffraction machine.

The sample (& 2 g) was placed in an acrylic sample

holder, which was about 3 mm deep. The sample was

analyzed by using parallel beam optics with CuKa
radiation at 40 kV and 30 mA. The sample was

scanned for reflections (2h) in the range 0�–90� in a

step size of 0.02� and a 2 s count time per step.

2.3 Data Collection

This study was focused on the statically variation and

correlations between density and strength properties of

shale rock, based on the tested and collected data from

various research studies.

This study was focused on the behavior of shale

rock and the data collected from several research

studies (Swapnil et al. 2004; Vipulanandan and Nam

2009; Nam and Vipulanandan 2010; Vipulanandan

et al. 2015a; Mohammed and Mahmood 2018). The

properties of interest were density, compressive and

tensile strengths, Mode-1 fracture toughness, com-

pressive modulus and shear strength of the shale rock.

The data was collected from rocks in seven countries.

The density study focused on the statistical distribu-

tion and the range of variation using 53 data on shale.

2.4 Strength Properties

In this study, more than 150 data of compression and

tensile strengths for shale rock were collected from

various research studies. The data were quantified

using the Vipulanandan correlation model and com-

pared with models used in the literature.

Table 1 Test methods and

mechanical properties of

shale rock

Mechanical property Test method Average value

Density, c (gm/cm3) ASTM D 5195 2.42

Compressive strength, rc (MPa) ASTM D7012 46

Tensile strength, rt (psi) ASTM D3967 5.8

Modulus of elasticity, E (GPa) ASTM D3148 3.3

Pulse velocity PV, (m/s) ASTM D2845 3633
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2.5 Compressive Strength Test

Unconfined compression tests were conducted accord-

ing to ASTM D 7012. The cylindrical rock specimens

with the diameter of 3 inches and a height of 6 inches

(76 mm dia. * 152 mm height) were tested at a

predetermined controlled displacement rate with a

displacement rate of 1 mm/min and loading rate of

0.5 mm/min. Compression tests were performed on

shale rock samples using a hydraulic compression

testing machine. Commercially available 10 mm

resistance strain gages were used for strain measure-

ment. At least three samples were tested as shown in

Fig. 1.

2.6 Split tensile Strength Tests

The split tensile tests were performed according to

ASTM D 3967 Standard. For conducting the split

tensile test, cylindrical specimens of size 3 inches

diameter and 6 inches length were tested. The rock

specimens were placed horizontally between the two

bearing plates of the compression-testing machine

adjusted for a machine displacement rate of 1.0 mm/

min. The split tensile strength (rt) was obtained using

the following relationship.

rt ¼
2P

pLD
ð1Þ

where P = failure load; L = thickness or length of

specimen; and D = diameter of the specimen.

2.7 Ultrasonic Pulse Velocity Test

The primary advantages of ultrasonic testing are that it

produces compression and shear wave velocities, and

ultrasonic values for the elastic constants of intact

homogeneous isotropic rock specimens (Cannaday

1964; Swapnil et al. 2004). The propagation velocities

of the compression wave, Vp as follows:

VP ¼ L

Tp
; ð2Þ

where, V = pulse-propagation velocity (m/s), L =

pulse-travel distance (m) and T = effective pulse-

travel time (measured time minus zero time correc-

tion) (s) and subscripts P denote the compression

wave. Pulse velocity tests were performed on five

shale samples. The frequency used to measure the

pulse velocity was 150 kHz. Pulse-travel distance and

time were measured to determine compression-wave

velocity for shale rock. Unit weight was also calcu-

lated by measuring the weight and volume of each

sample. The average compression-wave velocity of

shale rock was 3233 m/s.

3 Modeling

3.1 Vipulanandan Correlation Model

Nonlinear correlation between the rock properties was

investigated using the Vipulanandan correlation

model for the shale rock. Based on the inspection of

the data collected the following relationship was

selected:

Y ¼ Yo þ
X

ðAþ B � XÞ ð3Þ

where, Y = Depended variable (example: tensile

strength, compressive modulus, fracture toughness);

Yo, A and B = model parameters; X = Independent

variable (example: compression strength, tensile

strength, pulse velocity).

Based on the data collected the correlations were

either linear or nonlinear for the material properties of

interest. As shown in Fig. 2 relationship proposed in

Eq. (3) can be used to represent various linear and

nonlinear trends based on the values of the parameters

A and B. When parameters A and B are positive, the

relationship was hyperbolic. Linear relationship is
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represented by Eq. (3) when B = zero and A will take

any value. When parameters A and B are negative, the

inverse hyperbolic relationship is obtained (Vipu-

lanandan and Mohammed 2014, 2015b). The results

obtained from Eq. (3) were compared with Model-2

(Eq. 4) which has been used in the literature (Juki et al.

2013; You 2015).

rt ¼ a � ffiffiffiffiffi

rc
p ð4Þ

where, a is the correlation parameter.

3.2 Mohr–Coulomb Failure Model (1900)

The Mohr–Coulomb failure criterion represents the

linear relationship between the shear strength of a rock

and the applied normal stress on the failure plane. This

relation is expressed as:

s ¼ so þ rntan; ð5Þ

where s is the shear strength, rn is the normal stress, so

is the intercept of the failure envelope with the y axis,

and / is the slope of the failure relationship. The

quantity c is called the cohesion and the angle / is

called the angle of internal friction.

From Eq. (5)

ds
dr

¼ tanu ð6Þ

d2s
dr2

¼ 0 ð7Þ

when rn ! 1; s ¼ 1
Hence, Mohr–Coulomb failure model does not

satisfy the upper limit condition for the shear strength

tolerance of the materials.

Fig. 2 Vipulanandan model the linear and nonlinear responses

of rock
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3.3 Vipulanandan Failure Model (2018a, b)

s ¼ so þ
rn

C þ D � rn
ð8Þ

ds
drn

¼ C þ Drnð Þ � rD

ðC þ DrnÞ2
¼ C

ðC þ DrnÞ2
[ 0

) C[ 0

d2s
dr2

n

¼ �2ðC þ DrnÞ�3 � CD ¼ �2CD

ðC þ DrnÞ3
\0;

) D[ 0

when s ¼ 0 )

0 ¼ so þ
rt

C þ D � rt
ð9Þ

rt ¼
�so

1
C
þ D

C
so

ð10Þ

Equation (8) is similar to Eq. (3) in characterizing the

tensile strength of shale rock.

Also, when rn ! 1

s1 ¼ so þ
1

D
ð11Þ

Hence, this model (Eq. 8) has a limit on the

maximum shear stress the rocks will tolerate at

relatively high normal stress.

Mohr–coulomb failure relationship (linear curve

fitting of data) was developed in 1900. Since then

many failure relationships with quadratic and cubic

terms have been developed to curve fit the test data

without satisfying basic conditions. Vipulanandan

failure model (not curve fitting model) is based on

satisfying fundamental conditions in developing the

relationship with three material parameters.

3.4 Comparison of Model Predictions

Both coefficient of determination (R2) and the root mean

square error (RMSE) for the model predictions were used

in order to determine the accuracy of the model predictions

as defined in Eqs. (12) and (13) were quantified.

R2 ¼
P

i xi � �xð Þ yi � �yð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

i xi � �xð Þ2
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

i yi � �yð Þ2
q

0

B

@

1

C

A

ð12Þ

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pn
i¼1 yi � xið Þ2

N

s

ð13Þ

where yi = actual test value; xi = calculated value

from the model; �y = mean of the actual test values;

�x = mean of calculated values and N is the number of

data points.
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4 Results and Analyses

4.1 XRD

X-Ray diffraction was used to identify and quantify

the changes in shale rock with two different compo-

nents such as clay mineral and no clay mineral. Clay

minerals were included kaolinite (Al2Si2O5(OH)4)(2h
peaks at 19.75�, 20.75� and 55.30�) and illite ((K,H3-

O)(Al,Mg,Fe)2(Si,Al)4O10[(OH)2,(H2O)]) (2h peaks

at 19.75�, 20.75� and 55.30�). No clay minerals were

included quartz (SiO2) (2h peaks at 43.50�) and

Calcite (CaCO3) as shown in Fig. 3. Similar results

was reported by Butt (2012).

4.2 Density (c)

Based on the total of 58 density data for shale, the data

varied from 1.70 to 2.78 gm/cm3 with the standard

deviation of 0.132 gm/cm3, variance 0.017 and coef-

ficient of variation (COV) of 5.56% as summarized in

Table 3. The histograms were analyzed and showed

that, almost 67% of the total of c was between 2.3 and

2.5 gm/cm3. In this study, the statistical details and the

histograms were developed for each density data sets

to identify the distribution. Different distribution tests

for the densities for shale was performed as summa-

rized in Table 4. Based on the Anderson–Darling

statistic (AD) and P value (hypothesis testing), 3-

Parameter Weibull frequency distribution for the

density for shale was observed and are shown in

Fig. 4a.

Table 2 Rang of shale properties from the literature

References Location Density (gm/

cm3)

Tensile

strength, rt

(MPa)

Compressive

strength, rc

(MPa)

Shear

strength

(MPa)

Compression

modulus, E

(GPa)

Fracture

toughness

(MPa m0.5)

Wang and Park

(2002)

S. Korea – – 28–54 – – –

Josh et al.

(2012)

Australia – – – 7–53 – –

Zhang (2002) Sweden – 3.3–13 – – – 0.6–1.1

Pells (2004) Australia – 1.0–4 7.0–40 – 5.0–15 –

Fjar et al.

(2008)

USA 2.71–2.78 2–10 5–100 – 5–30 0.027–0.041

Nam and

Vipulanandan

(2010)

USA 1.7–2.1 – – – 0.4–2.6 –

Yesiloglu–

Gultekin et al.

(2013)

Turkey – 6.0–16 60–200 – 10–33 –

Vipulanandan

and

Mohammed

(2014)

USA 1.9–2.7 – 12–45 – – –

Mohammed and

Mahmood

(2018)

Iraq 2.65–2.7 – 15–40 – – –

Remark 7 Countries Varied

between

1.70 and

2.78 gm/cm3

Varied

between

1 and

13 MPa

Varied

between 5

and

200 MPa

Varied

between

7 and

53 MPa

Varied

between 0.4

and 33 GPa

Varied between

0.027 and

1.1 MPa m0.5
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4.3 Strength Properties

4.3.1 Compressive Strength (rc)

Based on the 5 experimental data and 72 data of the

shale rock collected from literature (Table 2), the

compressive strength data for shale rock varied from 5

to 200 MPa with a mean of 57 MPa, the standard

deviation of 43.17 MPa and coefficient of variation

(COV) of 62.43% as summarized in Table 3. The

histograms were also analyzed and showed that, more

than 76% of the total of rc was between 30 and

90 MPa. Different distribution tests for the compres-

sive strength for shale was performed as summarized

in Table 4. Based on the Anderson–Darling statistic

(AD) and P value, Weibull frequency distribution for

the density for shale was observed and are shown in

Fig. 4b.

4.3.2 Tensile Strength (rt)

Based on the 5 experimental data and 72 of the shale

rock collected from literature (Table 2), the tensile

strength data for shale rock was varied from 1 to

13 MPa with a mean of 5.96 MPa, the standard

deviation of 3.1 MPa and coefficient of variation

(COV) of 55.13% as summarized in Table 3. The

histograms were also analyzed and showed that, more

than 25% of the total of rt was between 4 and 8 MPa.

In addition, different distribution tests for the tensile

strength for shale was performed as summarized in

Table 4. Based on the Anderson–Darling statistic

(AD) and P value, similar to compressive strength, the

Weibull frequency distribution for the tensile strength

of the shale was observed and are shown in Fig. 4c.

There were no direct correlations between the

compression strength, tensile strength and density (c)

of the shale rock as shown in Fig. 5.

Table 3 Statistical parameters of geotechnical properties of shale rocks

Statistical

parameters

Density (gm/

cm3)

Compressive strength,

rc (MPa)

Tensile Strength, rt

(MPa)

Compression modulus,

E (GPa)

Fracture toughness

(MPa m0.5)

No. of data 53 77 77 29 10

Range 1.70–2.78 5–200 1–13 0.4–33 0.027–1.1

Mean (l) 2.35 57 5.96 15.30 0.76

Std. deviation

(r)

0.132 43.17 3.1 1.18 0.19

Variance (r2) 0.017 1863 9.48 1.38 0.036

COV (%) 5.56 62.43 55.13 7.68 23.86

Table 4 Distribution

identification of shale rocks
Properties Distribution fit P value AD

Density (gm/cm3) Largest extreme value 0.132 0.585

2-Parameter exponential 0.186 0.768

3-Parameter Weibull 0.453 0.366

Compressive strength, rc (MPa) Normal 0.009 1.046

Gama 0.010 1.063

Weibull 0.036 0.806

Largest extreme value 0.022 0.884

Tensile strength, rt (MPa) 2-Parameter exponential \ 0.010 2.733

Weibull \ 0.010 1.775

Smallest extreme value \ 0.010 1.852

Largest extreme value \ 0.010 1.975
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4.4 Relationship Between Compressive Strength

(rc) and Tensile Strength (rt)

Based on the total of 30 shale of tested and collected

data from various research studies. With increasing of

rc of rocks, the rt nonlinearly also increased as shown

in Fig. 6. The change in the rc with rt of rocks was

represented using Vipulanandan correlation model

relationship (Eq. 3) and the model parameters A, B,

coefficient of determination (R2) and root mean square

error (RMSE) were 5.9, 0.081, 0.93 and 0.50 MPa

respectively as summarized in Table 5. The tensile

strength to compressive strength ratio of the shale

rocks varied from 0.05 to 0.18 compared to 0.1 for

concrete and more than 50% of the rt
rc

data were more

than 0.1 as shown in Fig. 5c.

4.5 Relationship Between Fracture Toughness

(KI) and Tensile Strength (rt)

Based on the total of 19 shale data were collected from

various research studies. With the increase inrt, the KI

increased nonlinearly as shown in Fig. 7. The change

in the rt of rocks, the fracture toughness (KI) of rock

was represented using Vipulanandan correlation

model relationship (Eq. 3) and the model parameters

A, B, coefficient of determination (R2) and root mean

square error (RMSE) were 4.96, 0.68, 0.82 and

0.08 MPa m0.5 respectively as summarized in

Table 5.

4.6 Relationship Between Compressive Strength

(rc) and Pulse Velocity (PV)

Based on the five experimental data and total of 50

data were collected from various research studies.

With increasing of rc the PV nonlinearly increased as

shown in Fig. 8a. The change in the rc of shale rocks,

the pulse velocity (PV) of rock was represented using

Vipulanandan correlation model relationship (Eq. 3)

and the model parameters A, B, coefficient of deter-

mination (R2) and root mean square error (RMSE)

0

10

20

30

40

50

60

70

80

90

1.7 1.9 2.1 2.3 2.5 2.7 2.9

Co
m

pr
es

si
ve

 S
tr

en
gt

h,
 σ

c
(M

Pa
)

Density, γ (gm/cm3)

No. of Data=20

Data from Literature

Current Study

0

2

4

6

8

10

12

1.7 1.9 2.1 2.3 2.5 2.7 2.9

Te
ns

ile
 S

tr
en

gt
h,

 σ
t
(M

Pa
)

Density, γ (gm/cm3)

No. of Data=53

Data from Literature

Current Study

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

1.7 1.9 2.1 2.3 2.5 2.7 2.9

σ t
/σ

c

Density, γ (gm/cm3)

No. of Data=53

Data from Literature

Current Study

Concrete

a

b

c

Fig. 5 Variation of strengths with density for shale a compres-

sion, b tensile and c tensile/compression ratio

0

1

2

3

4

5

6

7

8

9

0 25 50 75 100 125 150

Te
ns

ile
 S

tr
en

gt
h,

 σ
t
(M

Pa
)

Compressive Strength, σc (MPa)

No.of Data=30

Data from Literature
Current Study
Vipulanandan Correla�on Model (Eq.3)
Model (Eq.4)

Fig. 6 Variation of tensile strength with compressive strength

for shale

123

Geotech Geol Eng (2019) 37:625–638 633



were 30.6, 0.007, 0.85 and 2.81 MPa respectively, as

summarized in Table 5.

4.7 Relationship Between Tensile Strength (rt)

and Pulse Velocity (PV)

Based on the five experimental data and total of 16

data were collected from various research studies.

With increasing of rt the PV also nonlinearly

increased as shown in Fig. 8b. The change in the rt

of shale rocks, the pulse velocity (PV) of rock was

represented using Vipulanandan correlation model

relationship (Eq. 3) and the model parameters A, B,

coefficient of determination (R2) and root mean square

error (RMSE) were 343, 0.01, 0.86 and 1.03 MPa

respectively, as summarized in Table 5.

4.8 Relationship Between Modulus of Elasticity

(E) and Pulse Velocity (PV)

Based on the five experimental data and total of 21

shale data were collected from various research

studies. With increasing of PV, the E nonlinearly

increased as shown in Fig. 8c. The change in the

modulus of elasticity (E) of shale rocks, the pulse

velocity (PV) of shale rock was represented using

Vipulanandan correlation model relationship (Eq. 3)

and the model parameters A, B, coefficient of deter-

mination (R2) and root mean square error (RMSE)

were 219.2, 0, 0.87 and 1.3 MPa respectively, as

summarized in Table 5.

4.9 Shear Stress-Normal Stress Failure Models

Shear stress-normal stress relationships was predicted

using the Vipulanandan failure model and compared

with the Mohr–Coulomb failure model as shown in

Fig. 9.

4.10 Mohr–Coulomb Failure Model

The shear stress behavior of the 29 data of the shale

collected from the literature was modeled using the

Mohr–Coulomb failure (Eq. 5) as shown in Fig. 10.

The coefficient of determination (R2) and root mean

square of error (RMSE) were 0.95 and 5.2 MPa

respectively as summarized in Table 6. The yield

stress (so), angle of internal friction (/) and tensile

Table 5 Model parameters for tensile, compression modulus, fracture toughness, compression strength and pulse velocity rela-

tionships of shale

Depended variable (Y-

axis)

In depended variable (X-

axis)

Model (Eq. 4) Vipulanandan correlation

model (Eq. 3)

No. of

data

Fig. no.

a RMSE R2 A B RMSE R2

Tensile strength, rt (MPa) Compressive strength, rc

(MPa)

0.70 0.48 0.93 5.90 0.081 0.50 0.93 30 6

Fracture toughness

(MPa m0.5)

Tensile strength, rt (MPa) 0.26 0.07 0.84 4.96 0.68 0.08 0.82 19 7

Compressive strength, rc

(MPa)

Pulse velocity PV, (m/s) 1.08 14.8 0.73 30.6 0.007 2.81 0.85 50 8 (a)

Tensile strength, rt (MPa) Pulse velocity PV, (m/s) 0.16 1.47 0.70 343 0.01 1.03 0.86 16 8 (b)

Compression modulus, E

(GPa)

Pulse velocity PV, (m/s) 0.27 4.17 0.60 219.2 0.0 1.30 0.87 21 8 (c)
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strength (rt) of the shale rock were 2.5 MPa, 25� and

6.5 MPa respectively as summarized in Table 6.

4.11 Vipulanandan Failure Model

The shear stress behavior of the 29 data of the shale

collected from the literature using the Vipulanandan

failure model (Eq. 8). The coefficient of determination

(R2) and root mean square of error (RMSE) were 0.95

and 2.6 MPa respectively as summarized in Table 5.

The yield stress (so) and tensile strength (rt) of the

shale was 3 and 3.9 MPa respectively as summarized

in Table 6. The model parameter C and D for shale

were 1.34 and 0.01 MPa-1 respectively as summa-

rized in Table 6.

4.12 Maximum Shear Stress (smax.)

Based on Eq. (11), the Vipulanandan failure model

has a limit on the maximum shear stress the rocks will

produce at relatively at very large normal stress. The

smax for shale was 103 MPa as summarized in Table 6.

The coefficient of determination (R2) and root mean

square error are methods used to quantify the errors.

Visual observation (appearance) doesn’t quantify the

error. The Model-3 shows better correlations than

0

10

20

30

40

50

60

70

80

90

0 1000 2000 3000 4000 5000 6000 7000

Co
m

pr
es

si
ve

 S
tr

en
gt

h,
 σ

c
(M

Pa
)

Pulse Velocity, PV (m/sec)

No.of Data=50

Data from Literature
Current Study
Vipulanandan Correla�on Model (Eq.3)
Model (Eq.4)

0

2

4

6

8

10

12

14

0 1000 2000 3000 4000 5000 6000

Te
ns

ile
 S

tr
en

gt
h,

 σ
t

(M
Pa

)

Pulse Velocity, PV (m/sec)

No.of Data=16

 Data from Literature
Current Study
Vipulanandan Correla�on Model (Eq.3)
Model (Eq.4)

0

5

10

15

20

25

0 1000 2000 3000 4000 5000

M
od

ul
us

 o
f E

la
s�

ci
ty

, E
 (G

pa
)

Pulse Velocity, PV (m/sec)

No.of Data=21

Data from Literature
Current Study
Vipulanandan Correla�on Model (Eq.3)
Model (Eq.4)

b

c

a

Fig. 8 Variation of a compressive strength, b tensile strength

and c modulus of elasticity with pulse velocity for shale rock

Fig. 9 Vipulanandan failure mode compared to Mohr–

Coulomb model

0

10

20

30

40

50

60

-20 0 20 40 60 80 100 120

Sh
ea

r S
tr

es
s τ

(M
Pa

)

Normal Stress, σn (MPa)

No. of data=29

Data from Literature

Mohr-Coulomb Failure Model (Eq.5)

Vipulanandan Failure Model (Eq.8)

Fig. 10 Variation of shear and normal stress of shale

123

Geotech Geol Eng (2019) 37:625–638 635



Model 4 used in the literature based on the R2 and

RMSE (Table 5).

The nonlinear Vipulanandan failure model is a

generalized failure model, developed based on funda-

mental criteria. When material parameter B is zero it,

represent the Mohr–Coulomb model. Therefore, Vip-

ulanandan model will also represent Mohr–coulomb

model. Using the data in the literature, the Vipulanan-

dan failure model was compared to the Mohr–

coulomb model and the results are summarized in

Table 6. In addition, the Vipulanandan failure model

(Eq. 11) has a limit on the maximum shear stress the

rocks will tolerate at relatively high normal stress. But

the linear Mohr–Coulomb failure model (Eq. 5) does

not satisfy the upper limit condition for the shear

strength tolerance of the materials.

5 Conclusions

The focus of this study was to characterize the rocks

based on the density and strength properties. Based on

the collected data from the literature and analytical

model, the following conclusions were advanced:

1. Based on the statistical analysis the mean density

of the shale was 2.35 gm/cm3. The compressive

strength (rc) of the shale varied between 5 and

200 MPa. The maximum density of the shale was

2.78 gm/cm3.

2. The variation of strength properties of the rocks

showed good correlation between the compres-

sive strength with tensile strength and modulus of

elasticity of the rocks.

3. The variation of tensile strength of the rocks

showed good correlation between the tensile

strength and fracture toughness of the shale rock.

4. There were no direct correlations between the

compression strength, tensile strength and density

(c) of the shale rock. The tensile strength to

compressive strength ratio of the three rocks

varied from 0.05 to 0.18 compared to 0.1 for

concrete.

5. The Vipulanandan correlation model was effec-

tive in predicting the relationship between tensile

strength and compressive strength of the shale

rock.

6. The Vipulanandan failure criterion has been used

to not only better quantify the shear stress but also

maximum shear stress (smax.) of the shale rock,

which was 103 MPa.
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