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Abstract Under shearing, joint asperities get

sheared off and damaged. Moreover, shearing and

sliding and the interaction between normal and shear

stresses occur simultaneously. The nonlinearity of the

shear strength envelope is closely related to the joint

material, normal stress level, and morphological

characteristics. This study analyzed the correlation

of the friction angle with the normal stress level to

overcome overestimation or underestimation at rela-

tively low or high normal stress levels in the JRC–JCS

empirical model. A hyperbolic function was adopted

to describe the degradation of friction for different

normal stress levels, and the modified non-linear shear

criterion s ¼ rn tanð/r þ D/=ð1 þ arn=JCSÞÞ was

proposed. Furthermore, the proposed model avoids

direct connection to the surface morphology, which is

convenient for practical use. Statistical analysis of the

experimental data and comparison with the JRC–JCS

model verified the validity of the proposed model and

present an excellent method for characterizing the

non-linearity of the failure envelope for the rock joint.

Keywords Rock joint � Direct shear test � Shear

strength criterion � Nonlinearity � Peak friction angle

List of symbols

rn Normal stress

/ Friction angle

rt Tensile strength

rT Transition stress in Patton model

/P Friction angle of peak shear strength

/b Basic friction angle

dn Peak dilation angle

sn Contribution of asperities degradation in

friction angle

/r Residual friction angle

s Peak shear strength

JRC Joint roughness coefficient

JCS Joint compressive strength

PN Median angle pressure in Maksimović model

cT Apparent cohesion in Maksimović model

/MAX Friction angle of the initial surface roughness

of the discontinuity

rc Uniaxial compressive of intact rock

D/ Difference between /MAX and /r

1 Introduction

Discontinuities make a rock mass a discontinuous

system because of its relatively poor mechanical

properties with respect to rocks. Rock joints consid-

erably influence the instability of rock masses (Ser-

rano et al. 2014; Tang and Wong 2016). Hence, the
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shear mechanical behavior of joints has long attracted

the interest of many researchers (Asadollahi and

Tonon 2010; Wan et al. 2018). Numerous shear

strength criteria, including empirical (Tang and Wong

2016; Yang et al. 2016; Tang et al. 2016; Xia et al.

2014; Grasselli 2006) and theoretical approaches

(Misra 2002; Homand et al. 2001), have been reported

in the literature. Patton (1966) proposed a bilinear

shear strength criterion based on an experiment on a

regular saw-tooth triangular asperity designed to

capture two key mechanisms of asperity, namely,

sliding and shearing (Bahaaddini et al. 2013). In this

model, the failure envelope consists of two linear

segments that intersect at the normal stress rT known

as the transition stress. For normal stresses, in which

rn is less than rT, the rock sliding along the joint

asperities and the shear strength are governed by

frictional resistance. The shear strength above the

transition stress is governed by the shearing of

asperities with cohesion of joint wall materials and

residual friction angle. Based on extensive experi-

ments on natural rock joints, Barton and Choubey

(1977) proposed an empirical law (the JRC–JCS

criterion) of friction for rock joints that can be used to

extrapolate and predict shear strength data in which

the shear strength originates from frictional resistance

only. This model is the most widely accepted in

practice (Maksimović 1996).

Quantification of surface morphology was intro-

duced into the shear strength criteria (Tang and Wong

2016; Tang et al. 2016; Grasselli 2006; Homand et al.

2001; Zhang et al. 2016) to better understand the non-

linearity of the failure envelope because of the

continuous study of surface morphology. However,

the description of surface morphology evolution,

which is impractical in practice, requires topograph-

ical measurements prior to and after each shear test.

Thus, the shear strength criteria that use surface

morphology characteristics included certain limita-

tions in shear strength prediction. Many studies

(Grasselli and Egger 2003) have also shown that

friction is correlated with the rock joint material,

normal stress level, and surface morphology. There-

after, researchers (Yang et al. 2016; Tang et al. 2016;

Grasselli 2006; Zhang et al. 2016) established more

complicated shear strength criteria to overcome the

subjective determination of the joint roughness coef-

ficient (JRC), and the coefficient always represents the

influence of the surface morphology on friction in

these models.

The nonlinearity of the shear strength envelope is

closely related to the joint material, normal stress

level, and morphology characteristics. Under shear-

ing, joint asperities get sheared off and damaged, and

the shearing and sliding as well as the interaction

between normal and shear stresses occur simultane-

ously. In this study, the non-linear variation of the

peak friction angle was studied in terms of the non-

linear failure envelope, and a hyperbolic function was

proposed to describe the non-linear shear strength

criterion for rock joints. A statistical analysis of the

experimental data and a comparison with the JRC–

JCS model were conducted to verify the validity of the

model.

2 Non-linear Failure Envelope and Friction Angle

Variation

Shearing and sliding simultaneously occur (Bahaad-

dini et al. 2013) for real rock joints under shearing. At

the same time, the course of shearing is governed by

normal stress, which restrains the dilatancy effect and

affects the joint surface contact. Bandis et al. (1983)

used the terms matched and mismatched joints as

interlocked and dislocated joints for a natural joint,

respectively. Zhao (1997) applied the joint matching

coefficient (JMC) to develop the JRC–JMC shear

criteria. Shear-off and damage of joint asperities exists

in either matched or mismatched joints, and thus, the

failure envelope is non-linear (Barton 2013). Homand

et al. (2001) studied the shearing of an artificial granite

joint with hammered surfaces, an artificial regularly

undulated joint, and a natural schist joint under

different normal stress levels. These researchers

presented the non-linear correlation of asperity degra-

dation and normal stress by quantifying the amount of

surface damage and considering the friction angle / as

a function of the normal stress rn, i.e., / ¼ f ðrnÞ.
Correspondingly, Tang et al. (2016) suggested that the

friction angle / was a function of rn and the tensile

strength rt of rock, i.e., / ¼ f ðrn; rtÞ to represent

nonlinearity. Figure 1 shows the nonlinearity of the set

of experimental data. Therefore, nonlinearity is

beyond the expression of the bilinear shear strength

criterion (Patton 1966). Figure 2 shows an ideal non-

linear failure envelope of sheared joints. And as shown
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in Fig. 2, if the traditional Mohr–Coulomb expression

is used to present the failure envelope, then the friction

angle is the inclination of the tangent line to the failure

envelope, where it is a constant. But the non-linear

variation of the friction angle for the failure envelope

shown in Fig. 3a decreases with increasing normal

stress level, and an ‘‘S’’ shape appears in the semi-log

plot (as shown in Fig. 3b), as Homand et al. (2001)

proposed, the Mohr–Coulomb criterion is not suit-

able for representing non-linearity of failure envelope.

As Barton (1973) described, the friction angle /P of

the peak shear strength assumes the following form:

/p ¼ /b þ dn þ sn; ð1Þ

where /b is the basic angle of friction, dn is the peak

dilation angle, and sn is the contribution of asperities

degradation.

The peak friction angle based on Coulomb’s

expression is expressed as the ratio of peak shear

stress to normal stress (as shown in Fig. 4):

sp

rn

¼ tan/p: ð2Þ

Subsequently, Barton and Choubey (1977) pro-

posed an empirical law (the JRC–JCS model) of

friction for rock joints based on an extensive
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Fig. 1 Set of experimental data from the direct shear test and its

nonlinearity (data from Tang and Wong 2016)
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Fig. 2 Non-linear failure envelope of sheared joints
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Fig. 3 Non-linear variation of friction angle for the failure

envelope. a rectangular coordinate plot. b Semi-log plot.

(Reproduced with permission from Maksimović 1996)
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experiment on natural rock joints. The friction angle

and shear strength, respectively, take the following

forms:

/ ¼ /r þ JRC log
JCS

rn

� �
; ð3Þ

and

s ¼ rn tan /r þ JRC log
JCS

rn

� �� �
; ð4Þ

where /r is the residual friction angle, JRC is the joint

roughness coefficient, and JCS is the joint compres-

sive strength. For unweathered rock joints, the residual

friction angle /r is equal to the basic friction angle

(/b), and JCS is equal to the uniaxial compressive of

intact rock (rc). Therefore, it assumes peak friction

angle is the inclination angle (/) of the line connecting

the point on the failure envelope and the origin.

The comparison of friction variation in Fig. 5

shows a dotted line, which represents the variation of

friction angle for the JRC–JCS model, and a contin-

uous line, which denotes the variation of friction angle

for the failure envelope. In the semi-log plot, the

variation of the friction angle was represented by a

negative linear correlation with normal stress in the

JRC–JCS model (red dotted line shown in Fig. 5).

Thus the best straight-line fit in the semi-log plot

depends on the distribution of data points in the stress

range from zero to a certain high stress level (Mak-

simović 1996). When the normal stress is in an

appropriate range, the negative linear correlation is an

excellent approximation for the variation of friction

angle. However, the JRC–JCS model offers an over-

estimated or underestimated friction value when the

normal stress offset is without this range (Maksimović

1992). Therefore, the JRC–JCS empirical criterion is a

linear correlation that represents the non-linear vari-

ation of the friction angle in the moderately normal

stress range in the semi-log plot. As a result, the

friction value could be overestimated or underesti-

mated in a lower or higher normal stress level range.

So the JRC–JCS model’s predicting results depend on

the distribution of experimental data. In this case,

when the experimental normal stress decreases to

lower stress level, a good approximation could be

supplied in the lower stress level, and a larger error

could be produced for the higher stress level, and vice

versa.

Maksimović (1992) proposed a hyperbolic rela-

tionship (as shown in Fig. 6) to describe the tangent

angle (/T) on the failure envelope in terms of the non-

linearity of the failure envelope, which is written as

follows:

/T ¼ /b þ D/=ð1 þ rn=pNÞ; ð5Þ

where D/ reflects the surface roughness of the

discontinuity and the associated dilatancy effects at

zero stress level and can be described as the ‘‘angle of

maximum dilatancy,’’ that occurs on an undamaged

rugged surface, and PN is ‘‘the median angle pressure’’

and is equal to the value of the normal stress, where

/¼/b þ D/=2 (Fig. 6). The strength and rigidity of

the asperities that roughen the discontinuity surface

are mainly reflected.
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Fig. 5 Friction angle comparison for the JRC–JCS model and

the failure envelope in a semi-log plot
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Shear strength can be expressed in terms of the

tangent angle /T on the failure envelope and the

apparent cohesion cT, in Mohr–Coulomb form (Mak-

simović 1996):

sp ¼ cT þ rn tan/T: ð6Þ

The hyperbolic relationship proposed by Maksi-

mović (1996) can better represent the non-linearity

correlation of the friction angle and the normal stress

than the JRC–JCS model for which a negative linear

correlation was used to characterize the variation of

friction angle. But it’s hard to obtain the PN value.

Figure 7 illustrates that the three lines that show the

degradation of friction for D/ equal to 30�, 20�, and

10� (note that /b is fixed to represents identical rock

joint types), in which each D/ corresponding to

certain surface roughness of the discontinuity. Thus,

only one variation of friction path exists for certain

surface roughness. Remarkably, the fixed friction

degradation path requires further discussion on

whether nonlinearity can be represented or not. In

addition, the same degradation path should be con-

sidered uncertain for different surface morphologies.

Thus, this model ignored the various degradation paths

of friction and the influence of surface morphology.

Apparent cohesion, which increases with normal

stress, was introduced into Maksimović’s model. If

cohesion describes the physical and mechanical prop-

erties of the material, then it should be a constant. The

principle that cohesion increases with increasing

normal stress appears in the variation of friction under

different normal stresses. Barton (2013, 2016) dis-

cussed this principle in his studies and proposed that

Coulomb’s expression is more appropriate for describ-

ing the non-linearity of the failure envelope.

Lee et al. (2001) observed that the degradation of

the asperities of a rock joint under cyclic loading

conditions followed exponential degradation laws,

and a damage coefficient was introduced to connect

the degradation of the joint asperity and the initial

surface topography. Homand et al. (2001) proposed

two shear strength criteria based on Eq. (1) by

investigating the degradation of a joint asperity on

three different rock joints. Each joint has a constant

related to shear surface degradation and initial surface

topography. Many studies (Grasselli and Egger 2003)

have also shown that friction is correlated with the

rock joint material, normal stress level, and surface

morphology. Thereafter, researchers (Yang et al.

2016; Tang et al. 2016; Grasselli 2006; Zhang et al.

2016) established more complicated shear strength

criteria by quantifying the surface morphology to

overcome subjective determination of the joint rough-

ness coefficient (JRC).

3 Modified Model and Discussion

The non-linearity of the rock joint failure envelope is

associated with the joint material, normal stress level,

and joint topography. The use of the traditional Mohr–

Coulomb criterion to describe nonlinearity is inappro-

priate according to the aforementioned analysis. The

inclination angle of the line that connects the point on
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Fig. 6 Definition of parameters for rock joint (from Maksi-

mović 1996)
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failure envelope and the origin could be used to

express shear strength from frictional resistance.

According to the friction component form for the

peak shear strength (Eq. 3) (Barton 1973) and the

hyperbolic type hypothesis (Maksimović 1996) for the

tangent description on the failure envelope, which

displays an S-shape in the semi-log plot, it assumes

that the inclination angle of the line that connects the

point on the failure envelope and origin (friction)

obeys a hyperbolic law in a rectangular coordinate

system (Fig. 3a) and shows an S-shape in the semi-log

plot (Fig. 3b). Consequently, a modified hyperbolic

type was adopted to describe the variation of the

friction angle of failure envelope:

/ ¼ /r þ D/=ð1 þ arn=JCSÞ; ð7Þ

where /r is the residual friction angle (�), JCS is the

joint compressive strength (MPa), rn is the normal

stress (MPa), a is the coefficient related to the initial

surface topography of joint and joint material proper-

ties and reflects the influence of initial surface

topography and normal stress level on friction degra-

dation for peak shear strength, D/ is the difference

between /MAX and /r (Fig. 3) (with a value deter-

mined by regression analysis), /MAX is the friction of

the initial surface roughness of the discontinuity and

the associated dilatancy effects at extremely low stress

levels, and /r is the residual friction angle in

accordance with Barton and Choubey (1977).

For Eqs. (7), rn ! 0, / ¼ /r þ D/, rn ! þ1,

/ ¼ D/r. Thus, Eqs. (1–8) show that the friction

angle reaches a maximum for the maximum dilatancy

at an extremely low stress, and it is an asymptote of the

residual friction angle when the normal stress is

relatively high (Fig. 3). The proposed model intro-

duces coefficient a to reflect the influence of the initial

surface topography and the normal stress level on the

friction degradation of the failure envelope. The

coefficient was determined by regression analysis,

and thus, it could better fit the degradation of friction

(Fig. 8), and a more reliable result could be obtained.

Coefficient a, which could assign an empirical value

when no adequate experimental data are available, is

also an option.

In the following sections, a statistical analysis and a

comparison were conducted to verify the validity of

the model.

4 Verification

The results of the least-square regression analysis and

the experimental data from (Tang and Wong 2016)

were used to compare the existing criterion of the

JRC–JCS model. The failure envelope can be obtained

based on Eq. 7 with the following expression:

s ¼ rn tanð/r þ D/=ð1 þ arn=JCSÞÞ; ð8Þ

where /r is the residual friction angle (�), JCS is the

joint compressive strength (MPa), rn is the normal

stress (MPa) and is an independent variable, s is the

peak shear strength (MPa) and is the dependent

variable, and D/ and a are undetermined coefficients.

The experimental data (Tang and Wong 2016),as

show in Table 1, were collected from the direct shear

test results performed on each group of samples with

identical geometrical features under a constant normal

load condition. Thus, the samples have similar surface

morphologies (or joint roughness coefficients) for the

same group. And joint compressive strength is the

same because they were made up of the same material.

Table 1 shows comparison with experimental data

of the direct shear test and calculated shear strength,

and Table 2 presents the fitting parameters for joint

groups J-I, J-II, and J-III. Figures 9a, 10b, and 11b

illustrate the fitting results in the proposed model with

a fitting coefficient greater than 0.95, and the residual

(as shown in Figs. 9b, 10b and 11b) is randomly

scattered on both sides of the horizontal axis. Thus, the

proposed model is excellent in describing the non-

linearity of the failure envelope. Additionally, D/
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Fig. 8 Degradation path of the friction angle in the proposed

model
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reflects the difference between the maximum friction

angle of the initial surface roughness of the discon-

tinuity and the associated dilatancy effects at extre-

mely low stress levels and the residual friction angle at

extremely high normal stress levels, which occur on

completely damaged asperities. Hence, the friction

angle of the peak shear strength increases with the JRC

value under a low normal stress because of the sliding

Table 1 Comparison with experimental data of the direct shear test and calculated shear strength (experimental data from Tang and

Wong 2016)

Sample Normal

stress

(MPa)

JCS

(MPa)

JRC JRCcal s/r Inclination

(�)
Residual

friction

angle (�)

Peak

shear

strength

(MPa)

Calculated peak shear strength

This paper (MPa) JRC–JCS (MPa)

Prediction Error Prediction Error

Group

J-I

0.5 27.5 6.3 11.3 1.7 59.53 35 0.85 0.81 - 0.04 0.71 - 0.14

Group

J-I

1 27.5 6.3 11.3 1.19 49.96 35 1.19 1.31 0.12 1.25 0.06

Group

J-I

1.5 27.5 6.3 11.3 1.18 49.72 35 1.77 1.74 - 0.03 1.38 - 0.39

Group

J-I

2 27.5 6.3 11.3 1.12 48.24 35 2.24 2.14 - 0.1 2.21 - 0.03

Group

J-I

3 27.5 6.3 11.3 0.95 43.43 35 2.84 2.9 0.06 3.09 0.25

Group

J-II

0.5 27.5 12.8 16.5 2.26 66.13 35 1.13 1.16 0.03 1.01 - 0.12

Group

J-II

1 27.5 12.8 16.5 1.75 60.26 35 1.75 1.75 0 1.65 - 0.1

Group

J-II

1.5 27.5 12.8 16.5 1.47 55.71 35 2.2 2.22 0.02 2.21 0.01

Group

J-II

2 27.5 12.8 16.5 1.39 54.27 35 2.78 2.64 - 0.14 2.73 - 0.05

Group

J-II

3 27.5 12.8 16.5 1.11 48.07 35 3.34 3.44 0.1 3.69 0.35

Group

J-III

0.5 27.5 17.1 21.9 3.56 74.31 35 1.78 1.77 - 0.01 1.65 - 0.13

Group

J-III

1 27.5 17.1 21.9 2.42 67.55 35 2.42 2.44 0.02 2.3 - 0.12

Group

J-III

1.5 27.5 17.1 21.9 1.93 62.57 35 2.89 2.95 0.06 2.9 0.01

Group

J-III

2 27.5 17.1 21.9 1.76 60.33 35 3.51 3.41 - 0.1 3.45 - 0.06

Group

J-III

3 27.5 17.1 21.9 1.4 54.46 35 4.2 4.23 0.03 4.46 0.26

Table 2 Fitting parameters for joints

Parameters D/ (�) a Statistics

Value Standard error value Value Standard error value Reduced Chi-Sqr Adj. R-square

Joint J-I 33.94 7.76344 25.4499 9.94 0.0102 0.98

Joint J-II 42.45 3.72503 18.8500 3.33 0.0096 0.99

Joint J-III 48.89 1.20875 13.6014 0.86 0.0055 0.99
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along the asperity. The residual friction angle is

reached at an extremely high normal stress in which

the asperities are completely damaged. Consequently,

a large JRC implies an increase in the difference

between the friction under low normal stress and that

under high normal stress. Coefficient D/ is equal to

33.94, 42.45, and 48.89 for joint groups J-I, J-II, and J-

III, respectively, and the value increases as JRC

increases based on the fitting results. Thus, D/
satisfies the basic change rule. Coefficient a is related

to the initial surface joint topography and compressive

strength, and it reflects the influence of the initial

surface topography and the normal stress level on the

friction degradation of the failure envelope. The effect

of the shearing of asperities becomes more evident

when the JRC is larger for the same normal stress

level. Thus, the friction angle decreases rapidly with

increasing normal stress level when the value of JRC

increases, and thus a appears to be larger. The

performance of the a value in the fitting results also

satisfies the rule of basic change.

5 Comparison with the Existing JRC–JCS

Criterion

The results are compared with the analysis results of

the JRC–JCS model. The measured peak shear

strength is relatively higher than the calculated values

obtained using Barton’s criterion when the JRC values

are determined by the visual method. Hence, the value

of JRC (JRCcal) obtained by back-calculated of the
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Fig. 9 Analysis of the fitting result in joint group J-I
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Fig. 10 Analysis of the fitting result in joint group J-II
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direct shear test results is input into the JRC–JCS

model (Xia et al. 2014). Table 1 shows the comparison

of the experimental data with the calculated shear

strength from the proposed and JRC–JCS models.

Certain deviations can be observed between the

experimental data and the predicted values, which

contain model and measurement errors. As mentioned

in Sect. 2, JRC–JCS model’s predicting results depend

on the distribution of experimental data. Correspond-

ingly, the shear strength predicted by the JRC–JCS

model tends to be larger than the experimental data

when the normal stress is relatively high (Table 1).

Figures 12, 13, and 14 show the comparisons of the

failure envelope calculated by the proposed and JRC–

JCS models for joint groups J-I, J-II, and J-III,

respectively. These figures illustrate that the failure
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Fig. 11 Analysis of the fitting result in joint group J-III
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Fig. 13 Comparison of the failure envelope calculated by the

proposed and JRC–JCS models for joint group J-II
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Fig. 14 Comparison of the failure envelope calculated by the

proposed and JRC–JCS models for joint group J-III
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envelope of JRC–JCS is offset upward for high normal

stress. Thus, deviation increases with increasing

normal stress. In the semi-log plot, a negative linear

correlation with normal stress was used to represent

the variation of friction in the JRC–JCS model (as

shown in Fig. 5). As a result, the non-linearity of the

failure envelope cannot be expressed satisfactorily.

The slope of the line changes with the distribution of

the data points. Consequently, an overestimated or

underestimated friction value can result for lower or

higher normal stress levels.

No significant deviation is observed between the

predicted value of the proposed model and the

experimental data at relatively high normal stress.

Furthermore, when the joint roughness coefficient

significantly changes, the predicted value does not

deviate from its experimental data at lower and higher

normal stresses. Therefore, the proposed model adapts

well to the variation trend of the friction angle and

produces an accurate predicted value. When the

experimental data are taken from a small range of

normal stress, the model proposed in this study fails to

supply the offset predicted shear strength value for the

other normal stress sections, and it will be helpful for

predicting shear strength at full normal stress level.

Coefficients D/ and a are determined by regression

analysis. Thus, the proposed model avoids direct

connection with surface morphology, which is conve-

nient for practical use.

6 Conclusions

The non-linearity of the failure envelope for rock joint

shearing and the corresponding variation of friction

were studied. A modified hyperbolic function,

s ¼ rn tanð/r þ D/=ð1 þ arn=JCSÞÞ, was adopted to

describe the degradation of the peak friction angle.

The coefficient a is related to the initial surface

topography of the joint and joint compressive strength,

and it reflects the influence of the initial surface

topography and normal stress level on the friction

degradation of the failure envelope. Additionally, D/
reflects the difference between the maximum friction

angle /MAX of the initial surface roughness of the

discontinuity and the associated dilatancy effects at

extremely low stress levels and the residual friction

angle /r. In this model, rn ! 0, / ¼ /r þ D/;

rn ! þ1, / ¼ /r, and thus, the friction angle

reaches a maximum for the maximum dilatancy at

extremely low stress and is an asymptote of the

ultimate friction when the normal stress is relatively

high. The proposed model meets the variation of

friction path well, owing to the introduction of a. Thus,

it could better fit the degradation of friction, and a

reliable result can be obtained. Furthermore, coeffi-

cient a could assign an empirical value when no

experimental data are available.

A statistical analysis of the experimental data

verified the validity of the proposed model, which

offered an excellent method for characterizing the

non-linearity of the failure envelope. In addition, D/
and a satisfy the basic change rule according to the

definition. The proposed model offered higher accu-

racy predictions than the JRC–JCS criterion, espe-

cially at high normal stress levels. Moreover, the

proposed model overcomes the overestimation or

underestimation at lower or larger normal stress levels

of the JRC–JCS empirical model. It will be helpful for

predicting shear strength at full normal stress level.
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