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Abstract The fatigue deformation of sandstone was

investigated in the laboratory using uniaxial cyclic

loading tests. These tests showed that: (1) Fatigue

deformation can be divided into three phases, the

primary, steady, and acceleration phases. The initia-

tion of the acceleration phase indicates that the sample

is about to fail. (2) Sandstone samples subjected to

conventional compression tests fail in a different way

than samples subjected to cyclic loading tests. The

former mainly fail along shear and tensile fractures

whereas the latter are transformed into a pile of many

large and small fragments. (3) When sandstone is

undergoing cyclic loading, the extent of deformation

and the dissipated energy change synchronously, so

the energy dissipation curve can reflect the fatigue

deformation of the sandstone. (4) A model for

sandstones deformed by cyclic loading is put forward

that describes the U-shaped distribution of energy

dissipation points on an energy dissipation-cycle

number plot well.

Keywords Cyclic loading � Deformation � Failure
mode � U-shaped dissipated energy evolution model

1 Introduction

In underground mines, in addition to the static loading,

the rock is also affected by cyclic loading caused by

the mining itself. In many cases, the deformation and

instability of the rock surrounding underground road-

ways is mainly caused by this cyclic loading. There-

fore, the study of the fatigue in rock masses under

cyclic loading is very important and the research

findings from such studies can be used to evaluate the

stability of rock masses and thereby contribute to

preventing dynamic mine disasters and accidents. This

would promote mine safety and ensure safe

production.

Many researchers have studied rock fatigue. For

example, studies have shown that the fatigue failure of

rock is controlled by the static stress–strain curve and

that the axial residual strain can be divided into three

phases: the primary, steady, and acceleration phases

(Ge et al. 2003; Zhang et al. 2006; Lu et al.

2015, 2016). Some researchers have studied the

different factors influencing rock fatigue. These

research findings have shown that the peak stress,

amplitude, loading frequency, and initial stress of

cyclic loading have a significant influence on the

rock’s fatigue failure (Feng et al. 2009; Fuenkajorn

and Phueakphum 2010; Yang et al. 2007; Hamid and

Abdolhadi 2014; Araei et al. 2012; He et al. 2016;

Jiang et al. 2016; Bagde et al. 2005, 2009). Some

authors have reported on the energy dissipated by

rocks subjected to cyclic loading. For example during
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experiments on sandstone, He et al. (2015) found that

both axial strain and energy dissipation evolve through

three phases when the peak stress of cyclic loading

exceeded the fatigue strength of the sandstone.

This paper investigates the fatigue of sandstone

under cyclic uniaxial loading because sandstone beds

are present in many mines.

2 Experimental Methods

2.1 Test Equipment

Tests were conducted using an MTS815.02 rock

mechanics test system (MTS Systems Corporation, Eden

Prairie, MN, U.S.A.). Compared with some other rock

mechanics test systems, the MTS815.02 system has the

following advantages. (1) The test machine is con-

structed with a solid steel body and only a small amount

of elastic energy is stored during testing. This means a

rigorous pressure test can be conducted. (2) The strain

can be accurately measured using an extensometer from

American MTS Systems Corporation (a patented pro-

duct). (3) The test system is very stable.

2.2 Samples Tested

The sandstone samples were collected from a fluvial

sandstone in a coal mine in Shandong Province, China.

The cylindrical samples were approximately 100 mm

long and 50 mm in diameter. The samples selected for

the tests had no cracks or joints.

2.3 Test Procedures

Two types of tests were performed, conventional

uniaxial compression tests and cyclic uniaxial loading

tests. Conventional uniaxial compression tests were

carried out using the displacement-control mode. The

aim of the testing was to obtain complete stress–strain

curves and determine the strength of the sandstone

samples to provide essential data for the cyclic loading

tests. Previous research has shown that the peak

strength of a rock as determined by conventional

compression tests increases with an increase in the

loading rate (Wu 1982). However if the loading rate is

less than a specific threshold, the loading rate has very

little influence on the rock’s strength. The strain

loading rate threshold is 10-4/s (Yin et al. 2010),

therefore the strain loading rate should not exceed

0.01 mm/s when the sample length is 100 mm. In this

paper, the strain loading rate for the conventional

uniaxial compression tests was 0.003 mm/s.

Cyclic uniaxial loading tests were performed under

the stress-control mode in which loading stops when

the axial displacement of the sample exceeds 3 mm.

Prior to each test, an initial force of 1.0 kN was applied

to ensure close contact between the test machine’s

piston head and the sample. The linear loading rate

was 0.2 kN/s. Each sample was deformed with a

cosine waveform at a frequency of 0.25 Hz. The axial

valley stress and peak stress were fixed. The loading

path for a cyclic loading test is shown in Fig. 1.

3 Test Results

Three samples were selected for conventional uniaxial

compression test. The peak strengths of these samples

were 53.07, 62.25, and 57.69 MPa; their average

strength was 57.67 MPa. The test results showed that

there was considerable variation in the strength of the

samples. Figure 2 shows the stress–strain curves for

those three samples.

3.1 Deformation and Fatigue Failure

Table 1 lists test results for the three samples

subjected to cyclic loading tests. Figure 3a, b compare

the axial stress–strain curves for the cyclic loading and

the conventional uniaxial compression tests. It is quite

clear that there is little difference in failure

Fig. 1 The Loading path in cyclic loading test
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deformation between samples deformed by cyclic

loading tests and those deformed by uniaxial com-

pression tests.

3.2 The Three Phases of Fatigue

The axial fatigue curves for rock take three forms

depending on the relationship between peak cyclic

loading stress and the fatigue strength of the sample.

These three forms are shown in Fig. 4 (Ge et al. 2003).

When the peak stress of cyclic loading is less than the

fatigue strength of the sample, the shape of the fatigue

curve is that of curve ‘‘a’’ in Fig. 4 and the sample

deformation does not increase after a certain number

of cycles. When the peak stress of cyclic loading is

slightly higher than the fatigue strength of the sample,

the shape of the fatigue curve becomes that shown by

curve ‘‘b’’ in Fig. 4. The fatigue undergone by samples

of this type can be divided into three phases, primary,

steady, and acceleration phases. The third type of

fatigue curve, curve ‘‘c’’ in Fig. 4, is produced when

the peak stress of cyclic loading is close to the peak

strength of the sample. In this situation, the fatigue

curve is approximately linear and the sample will fail

after only a few cycles.

Figure 5a, b, c show the curves for axial, circum-

ferential, and volumetric strains versus cycle number

for the three samples tested. The strain after failure is

not shown.

The fatigue curves in Fig. 5a are curves of type ‘‘c’’

as shown in Fig. 4. For the first 35 cycles, the fatigue

curves are approximately linear. After cycle number

35, the strain rate increase and sample deformation

falls into the acceleration deformation phase.

The fatigue curves in Fig. 5b are type ‘‘b’’ curves as

shown in Fig. 4. For the first five cycles, the fatigue is

in the primary phase. Between 6 and 60 cycles, the
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Fig. 2 Stress–strain curves for sandstone samples from con-

ventional uniaxial compression tests. The symbols r1, e1, e3, and
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0.0

17.5

35.0

52.5

70.0

σ 1/
M

Pa

ε
1

0.000 0.003 0.006 0.009 0.012 0.015 0.000 0.003 0.006 0.009 0.012 0.015
0.0

17.5

35.0

52.5

70.0

σ
1
/M

Pa

ε
1
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Table 1 Test conditions and results for three samples tested under cyclic uniaxial loading

Sample

number

Loading

Frequency/(Hz)

Valley stress/(MPa) Peak stress/

(MPa)

Stress

amplitude/(MPa)

Cyclic

number

Failure

state

1# 0.25 17.3 50.2 32.9 38 Failed

2# 0.25 17.3 49.7 32.4 63 Failed

3# 0.25 17.3 50.0 32.7 2400? Not failed
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fatigue in the steady phase and after 60 cycles, the

fatigue in the acceleration phase.

The fatigue curves in Fig. 5c are type ‘‘a’’ as shown

in Fig. 4. For the first 500 cycles, the strain increases at

a decreasing rate as the cycle number increases and the

fatigue is in the primary phase. After 500 cycles, the

strain increases at an almost constant rate with

increasing cycle number, indicating that the fatigue

is in the steady phase.

The test results shown that the axial, circumferen-

tial, and volumetric strains in the sample increase

simultaneously near the end of the acceleration phase.

The behavior indicates that the sample is about to fail.

It is important to point out that the steady phase of

sandstone deformation actually means that the resid-

Fig. 4 Diagrammatic sketch showing fatigue curves for rocks

with different relationships between peak cyclic loading stress

and the sample’s fatigue strength (from Ge et al. 2003)
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Fig. 5 Graphs showing the relationships between axial (e1), circumferential (e3), and volumetric (ev) strains and cycle number (N) for

the three samples tested by cyclic uniaxial loading. a Sample #1, b sample #2, c sample #3
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ual strain in each cycle fluctuates within a range. The

axial residual strain versus cycle number for sample #2

reflects this fact, as shown in Fig. 6.

3.3 Sample Failure

Figure 7 presents photographs showing sandstone

samples after failure. The samples shown in Fig. 7a

failed after being compressed by conventional uniax-

ial compression tests whereas the samples in Fig. 7b

failed after cyclic loading compression tests.

The conventionally compressed samples mainly

failed along shear and tensile fractures, however

failure transformed the cyclically loaded samples into

several large blocks and numerous smaller fragments.

The difference in failure mode is the result of different

crack propagation mechanisms. During a conventional

uniaxial compression test, the micro defects in the

sample cannot develop fully because the time required

for the test is very short. Most of the axial mechanical

energy imparted by the test machine is consumed by

several large cracks that finally cause failure. During a

cyclic loading test, the micro cracks in the sample can

develop fully because the time required for the test is

much longer. In addition, the propagation of large

cracks is restricted during cyclic loading because the

peak stress of cyclic loading is lower than the peak

strength of the sample. Most of the mechanical energy

imparted by test machine is consumed by the many

micro cracks in sample. The abundant, propagating

micro cracks are the reason the sample finally fails and

breaks into numerous pieces.

4 Discussion and Energy Dissipation

4.1 Dissipated Energy Calculations

The deformation and failure of rock are closely related

to energy transfer. Where energy is transferred during
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(b)(a)Fig. 6 Graphs showing

axial residual strain versus

cycle number for sample #2.

Panels 6a and 6b show the

same data but with different

Y-axis scales. a Cycles

2–62, b cycles 2–61

Fig. 7 Photographs showing the different failure modes for samples compressed by conventional uniaxial compression and cyclic

uniaxial loading tests a Conventional uniaxial compression test failure b Cyclic loading compression test failure
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rock deformation can reflect the damage to the rock

(Ma 2016). During compression tests, some of the

energy forced into the rock is stored in the form of

elastic strain energy and the rest, called dissipation

energy, is dissipated in the form of heat and radiation

(He et al. 2015 and Lazan. 1968).

The area of the hysteresis loop in the rock’s stress–

strain curve under cyclic loading has been used by

some workers to represent the magnitude of the

dissipated energy (Bagde and Petroš 2009; Xiao et al.

2010).

The area of the axial hysteresis loop is the

difference between the area under the loading curve

and the area under the unloading curve (Zhang 2011).

The calculation for the area of the axial hysteresis loop

used in this paper is illustrated in the example below.

In Fig. 8, the area under the axial loading curve

(area ABCD) is the unit volume energy for a loading–

unloading cycle, expressed as U?. The area under the

axial unloading curve (area A’B’CD) is the elastic

strain energy per unit volume for a loading–unloading

cycle, expressed as U-. Because U? is positive and U-

is negative, the sum of the two is the dissipated energy

per unit volume, U. The ‘‘U’’ value can be obtained by

integrating the trapezoidal areas shown in Fig. 8. The

relationship between U, U?, and U- is (Zhang 2011):

U ¼ Uþ þ U�

¼
Xn

i¼1

r1;i þ r1;iþ1

� �
� e1;iþ1 � e1;i
� �

=2 ð1Þ

4.2 Dissipated Energy and Compression Cycles

The hysteresis loop in the first compression cycle is

not representative because the stress was linearly

loaded and unloaded in a cosine waveform. As

explained below, the hysteresis loop for the last

compression cycle is also not representative. Figure 9

illustrates the stress–strain curves for the 37th and 38th

compression cycles for sample #1, the sample that

failed at cycle #38 (Table 1). In Fig. 9, point ‘‘a’’ is

defined as the failure point (Ge et al. 2003).

From point ‘‘a’’ on, the maximum peak stress in

each cycle cannot rise to the designed peak stress for

that cycle’s load. For this reason, the hysteresis loops

at or after the failure point are also not representative.

Through analysis of these stress–strain curves, it was

found that cycles 2 through 37, for sample #1, and

cycles 2 through 61 for sample #2 (which lost all of its

carrying capacity at cycle #63) were normal loading–

unloading cycles with the same peak and valley

stresses for those samples.

In Figs. 10, 11, the dissipated energy per unit

volume versus cycle number curves are approximately

U-shaped and can be divided into three phases, the

primary, steady, and acceleration phases. In Fig. 12,

the dissipated energy per unit volume versus cycle

number curve is approximately L-shaped and can be

divided into two phases, the primary and steady

phases.

In general, the deformation of rock is closely

related to energy dissipation and the larger the axial

residual strain in a cycle, the larger the amount of
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dissipated energy. In the primary phase, both the

dissipated energy and the residual strain gradually

decrease with increasing cycle number. In the steady

phase, the dissipated energy fluctuates in a small range

as the cycle number increases, indicating that the

cumulative residual strain is increasing at an almost

constant rate. In the acceleration phase, both the

dissipated energy and the residual strain increase

rapidly at an increasing rate with increasing cycle

number. For these reasons, the energy dissipation

curve can also reflect the fatigue evolution of the rock.

4.3 A Model for Dissipated Energy

He et al. (2015) found that the relationship between

dissipated energy and stress amplitude is exponential

and gave the following equation:

U Dr;Nð Þ ¼ aNb Drð ÞcN
d

ð2Þ

where U is dissipated energy; N is the cycle number, and

a, b, c, and d are parameters concerning rock properties.

Equation (2) can only describe the L-shaped curve for

dissipated energy versus cycle number and the equation

cannot be applied to the U-shaped curves. In general,
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whether linear, logarithmic, or exponential and power

function and their combined forms are used, the fit to

U-shaped dissipated energy versus cycle number curves

would be very poor. The following two methods can be

used to fit U-shaped curves. (1) First divide the whole

curve into segments according to the shape of the curve.

Then choose a proper function to fit each segment. (2)Use

a polynomial function to fit the whole curve.

Using the first method results in a very bad fit no

matter what kind of equations are used for each

segment because there is considerable variation in the

amplitude of the sample’s dissipated energy. How-

ever, a polynomial function can be used to great

advantage for fitting complex curves. Thus the

following energy dissipation model is proposed:

U ¼ Y � Dr� De ð3Þ

where U is the dissipated energy amplitude in a cycle

and Y is a polynomial function whose order should be

greater than or equal to two. The general form of the

appropriate quadratic polynomial equation is

Y = aN2 ? bN ? c where a, b, and c are fitting

coefficients and Dr and De are the axial stress

amplitude and the axial strain amplitude in a cycle,

respectively.

Origin8.6 data analysis and graphing software

(OriginLab Corp, Northampton, MA, USA) allows

user to define multivariable functions and perform

multivariate fitting. For this paper, the fitting and

analysis were both done using Origin.

Curves fit to the data for samples #1 and #2when the

Y in Eq. (3) is a quadratic polynomial are shown in

Fig. 13. The correlation coefficients for samples #1

and #2were 0.7421 and 0.5734, respectively.When the

Y in Eq. (3) is a fourth order polynomial, the corre-

sponding fitting curves, shown in Fig. 14, have corre-

lation coefficients for the two samples of 0.7709 and

0.6245. It is quite clear that the correlation coefficient

increases when Y is a higher order polynomial.

5 Conclusions

1. Fatigue evolution can be divided into three

phases, the primary, steady, and acceleration

phases. In the primary phase, the axial, circum-

ferential, and volumetric strains in the sample

increase with increasing cycle number at a

decreasing rate. In the steady phase, the strains
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increase with cycle number at an almost constant

rate. In the acceleration phase, the strains increase

with cycle number at an increasing rate. The

initiation of the acceleration phase indicates that

the sample is about to fail.

2. Sandstone samples compressed by conventional

uniaxial compression and samples compressed by

cyclic loading fail in very different ways. The

conventionally compressed samples mainly fail

along shear and tensile fractures but remain

standing whereas the cyclically compressed sam-

ples are transformed into a pile composed of many

large and small fragments.

3. When sandstone is undergoing cyclic loading, the

extent of deformation and the dissipated energy

change synchronously so the energy dissipation

curve can also reflect the fatigue deformation of

the sandstone.

4. A model for sandstones deformed by cyclic

loading is put forward that describes the U-shaped

distribution of energy dissipation points on an

energy dissipation-cycle number plot well.
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