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Abstract Crack propagation process in pre-cracked

rock like specimens has been studied experimentally

and numerically considering three cracks in the middle

part of each specimen. The rock-like specimens are

specially prepared from Portland pozzolana cement,

fine sands and water. These pre-cracked cylindrical

specimens (each containing a single inclined crack in

the neighborhood of two iso-path cracks) are exper-

imentally tested under compressive loading. The same

problems are numerically simulated by a modified

displacement discontinuity method using higher order

displacement discontinuity elements and higher order

special crack tip elements for crack tip treatment to

increase the accuracy of the Mode I and Mode II stress

intensity factors obtained based on linear elastic

fracture mechanics theory. The crack propagation

and coalescence paths of the inclined crack are

estimated by implementing a suitable iteration algo-

rithm of incremental crack length extension in a

direction predicted by using the maximum tangential

stress criterion. The numerical and analytical crack

extension analyses are compared which are in good

agreement and show the validity, applicability and

accuracy of the present work.

Keywords Inclined crack � Iso-path cracks � Rock-
like specimens � Crack propagation � Numerical

analyses � Experimental analyses

1 Introduction

The recognition of micro cracks and cracks orientation

are of main concern to rock fracture engineers since it

contributes to a better understanding and design of

geo-mechanical projects. This shows the importance

of study of crack propagation and cracks coalescence

phenomena in rock materials under various loading

conditions. More specifically, the pre-existing cracks

and their inclinations have always been considered as

vital structures in controlling the strength of brittle

materials (Barton 1973).

The pre-existing cracks in rocks are normally under

compression and mainly propagate in a stable manner

due to formation of wing and/or secondary cracks

(Haeri et al. 2013b). It is mainly expected that the

crack propagation follows the direction (approxi-

mately) parallel to the maximum compressive stress

for uniaxial compression case (Hoek and Bieniawski

1965). In a crack propagation process of the brittle

solids (such as rock-like specimens) usually two types

of cracks are observed which are originating from the

original tips of the pre-existing cracks i.e. wing cracks

and secondary cracks. Wing cracks are usually

produced due to tension while secondary cracks may

initiate due to shear. Therefore, it is more likely to
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observe wing cracks initiation in rocks since rock have

usually lower tension toughness than shear toughness

(Bieniawski 1967). Generally, wing cracks are con-

sidered as the emanating tensile cracks that initiate at

or near the original tips of pre-existing cracks and

propagate in a curved path (with increasing load)

while the secondary cracks can be considered as shear

cracks that may grow from the original tips of the

cracks in two different directions, coplanar (quasi-

coplanar), and oblique to the pre-existing cracks

(Bobet and Einstein 1998).

In some recent experimental and numerical works

the fracturing mechanism of brittle rocks has been

studied (Park and Bobet 2009; Janeiro and Einstein

2010; Park and Bobet 2010; Lee and Jeon 2011; Yang

2011; Abdollahipour et al. 2013; Haeri et al.

2013a, 2014a, b, c, d; Zhou et al. 2016). For example,

Lee and Jeon performed some uniaxial compression

tests on three different materials to experimentally

analyze the initiation, propagation and coalescence of

pre-existing single and double cracks (depends on the

type of material) (Lee and Jeon 2011).

Various numerical methods such as finite element

method (FEM), boundary element method (BEM), and

discrete element method (DEM) have been developed

for the simulation of crack propagation in brittle

materials (Tang et al. 2001). Natarajan et al. (2010)

proposed an XFEM method for stress intensity factor

computation and Simpson and Trevelyan developed

an enriched BEM and dual BEM to accurately

compute the stress intensity factors (Simpson and

Trevelyan 2011).

In the classical fracture mechanics, three important

crack initiation criteria were proposed to study the

crack propagation mechanism of brittle materials; (1)

the maximum tangential stress (rh-criterion) (2) the

maximum energy release rate (G-criterion) and (3) the

minimum energy density criterion (S-criterion) (Bobet

and Einstein 1998; Vásárhelyi and Bobet 2000). The

modified form of the mentioned criteria e.g. F-crite-

rion (a modified energy release rate criterion) was

proposed by Shen and Stephansson (1993). The

breaking mechanism in brittle materials such as rocks

has been modeled by using several computer codes

such as: FROCK code (Park 2008), rock failure

process analysis (RFPA2D) code (Yang 2011), 2D

particle flow code (PFC2D) (Vesga et al. 2008; Lee and

Jeon 2011; Manouchehrian et al. 2014). Vesga et al.

using PFC2D studied the propagation of open cracks

under uniaxial compression in stiff clay samples. They

showed a very good similarity between the numerical

results and experimental results on stiff clay samples.

In the present study, the cracks propagation mech-

anism in cylindrical specimens of rock-like materials

(containing either single or double cracks in the central

part of the specimen) is being analyzed both exper-

imentally and numerically. The centered single and

double cracked cylindrical specimens (prepared from

PCC, fine sands and water) tested in a compressive

testing apparatus in a rock mechanics laboratory. The

propagation and coalescence mechanism of cracks

through the specimens and in the bridge area (the area

in between the two cracks in the specimens containing

double cracks) have been studied. Then some of the

experimental works are simulated numerically by a

modified higher order displacement discontinuity

method (HODDM) and the crack propagation, cracks

coalescence and the effect of confining pressure are

studied based on linear elastic fracture mechanics

(LEFM) principles by computing the Mode I and

Mode II stress intensity factors (SIFs).

The experimental results are compared with the

corresponding numerical results. There is a very good

agreement between the crack propagation and cracks

coalescence paths obtained experimentally and

numerically which shows the accuracy and validity

of the present work. It should be noted that the

proposed numerical simulation makes the necessary

flexibility in the analysis so that it is readily possible to

investigate many different cases. Finally, the proposed

HODDM is compared to XFEM which is widely used

in fracture mechanics studies. The comparison shows

clear advantages HODDM.

2 Pre-cracked Rock-Like Specimens

2.1 Cylindrical Specimens

The pre-cracked rock-like cylindrical specimens with

60 mm diameters and 120 mm lengths are specially

prepared by mixing the Portland pozzolana cement

(PPC), fine sands and water. The mechanical proper-

ties of the un-cracked rock-like specimens are

obtained by using laboratory tests following ISRM

standards. The mechanical properties used in the

present analysis are: compressive strength, rc = 28

MPa; Young’s modulus, E = 15 GPa, Brazilian
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tensile strength, rt = 3.81 MPa; Poisson’s ratio,

m = 0.21.

Some uniaxial compression tests are conducted on

the rock-like specimens containing three cracks,

named 1, 2 and 3. These cracks are created by

inserting three thin steel shims with 10 mm width and

1 mm thickness in molds (before casting the speci-

mens). The uniaxial compressive stress, r was

uniformly applied and the loading rate was kept at

0.5 MPa/s during the tests.

Figure 1 illustrates the geometry and loading

condition of a pre-cracked specimen with three cracks.

Cracks 1 and 2 (iso-path cracks) have constant

orientations of a = 25� or 60�. The third crack is

oriented at different angles with respect to the

direction of cracks 1 and 2 i.e. at angles w = 0�,
45�, 90� and 135� (in a counterclockwise direction) as
schematically shown in Fig. 1.

All cracks have length of 10 mm. Figure 2 shows

cracks geometries and different orientations of the

cracks in cylindrical specimens.

2.2 Brazilian Disk Specimens

The pre-cracked rock-like disc specimens with

100 mm, diameter and 27 mm, thickness are pre-

pared using similar mixture of PPC, fine sands and

water as stated above. Therefore, the mechanical

properties are the same. Also crack length and

thickness are the same as before. The Brazilian disc

specimens have three parallel cracks with inclination

angles of a = 45�. Figure 3 illustrates the Brazilian

disc specimen. The compressive line loading, F was

applied and the loading rate was kept at 0.5 KN/s

during the tests.

3 Crack Propagation Mechanism (Specimen

Testing)

Specimen testing is carried out to obtain the breaking

stresses and also to visualize the crack propagation

paths and the cracks coalescence in pre-cracked rock-

like materials.

3.1 Breaking Stresses of the Pre-cracked

Specimens

It has been shown that the pre-cracked rock-like

specimens have a lower strength compared to the un-

cracked specimens (specimens having no cracks) (as it

was expected). The breaking stresses of the pre-

cracked cylindrical and disk specimens are of para-

mount importance to study the behavior of the brittle

materials. Therefore, the ratios of final breakage stress

to the uniaxial compressive strength (rF/rc) for two
cylindrical cases of a = 25� and 60� that the crack 3 is
oriented at different angles with respect to the

direction of crack 1 and crack 2, w = 0�, 45�, 90�
and 135� and also a disk specimen containing three

parallel cracks of a = 45� are obtained. Results for

cylindrical specimens are shown in Fig. 4. The

average uniaxial compressive strength of the un-

cracked specimens is about 28 KN.

Fig. 1 Geometry of the two

cracks in a pre-cracked rock-

like specimen under uniaxial

compression
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The ratios of rF/rc for the cracked specimens are

usually less than one (It is 0.33 for disk specimens)

because the pre-existing crack decreases the final

strength of specimen (Fig. 4). In the cracked cylindrical

specimens, breakage stresses at different stages of crack

propagation process increases for w = 0� to almost 45�
but decreases for w = 45�–90� and increases again for

w = 90�–135� (Fig. 4). The lowest value of stress is for
the case of perpendicular cracks (w = 90�).

3.2 Crack Propagation Process of Pre-cracked

Specimens

Considering a specimen with three cracks in its center

the cracks propagation and cracks coalescence phe-

nomena may occur simultaneously because during the

test the three pre-existing cracks combine due to

propagation of wings and/or secondary cracks for both

cases of cylindrical and disk specimens (originating

from the tips of the pre-existing cracks). Figures 5, 6

and 7 show that the cracks coalescence in the bridge

area may also occur during the crack propagation

process.

The current experiments show that the wing cracks

are instantaneously initiated. The development and

coalescence ofwing cracks in the bridge areamaybe the

main cause of failure in rock-like cylindrical specimens.

It should be noted that for the cases shown in

Fig. 5a–c (for w = 0�, 45� and 90�) the cracks

initiated at the tips of all three cracks (crack 1, crack

2 and crack 3) and then the specimen has failed due to

the cracks coalescence phenomenon of crack 2 and

crack 3. But, for the case of Fig. 5d (for w = 135�),
the wing cracks initiate at the tip of the cracks and the

specimen has failed due to cracks coalescence phe-

nomenon of crack 1 and crack 3 (propagated wing

Fig. 2 Crack geometries with spacing S = 30 mm in a pre-cracked rock-like specimen with three random cracks, a w = 0�,
b w = 45�, c w = 90�, d w = 135�
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crack from the tip of crack 3 is coalesced to the tip of

crack 1 and also, no coalescence might occur at the tips

of propagating wing cracks). For the case of three

parallel cracks in disk specimen (Fig. 6) the crack may

or may not propagate from the tips of crack 2 that

means the specimen may break due to crack propa-

gation process starting from the tips of crack 1 and

crack 3. (i.e. no coalescence might occur at the tips of

cracks).

For the case shown in Fig. 7a the wing cracks

initiate at the tip of the cracks and propagate in a

curved path until propagating wing cracks from crack

2 and crack 3 coalesce with the tip of the crack 1, and

also, no coalescence might occur at the tips of

propagating wing cracks. For the cases shown in

Fig. 7b–d the bridge area between crack 2 and crack 3

may be considered as the area starting from the upper

tip of the crack 3 to that of the lower tip of the crack 2.

These cases show the observed wing cracks propagat-

ing toward each other and causing cracks coalescence

in the bridge area (three cases of coalescence paths is

experimentally shown).

4 Indirect Boundary Element Simulation

of the Pre-cracked Specimens

The indirect boundary element method implementing

the displacement discontinuities along each boundary

element in a two dimensional elastostatic body known

as displacement discontinuity method (DDM) origi-

nally proposed by Crouch (Crouch 1967) is employed

to simulate the pre-cracked cylindrical specimens

(Marji et al. 2009; Marji and Dehghani 2010; Marji

2013; Haeri et al. 2013a, 2014a, b, c, d) under uniaxial

compression.

It has been shown that the higher order displace-

ment discontinuity method (HODDM) gives an accu-

rate solution of normal displacement discontinuity

(crack opening displacement) and shear displacement

discontinuity (crack sliding displacement) near the

crack ends. The Mode I and Mode II SIFs can be

formulated based on these discontinuities using the

Linear Elastic Fracture Mechanics (LEFM) principles

(Irwin 1957). This method gives very accurate results

when the special crack tip elements can be used to

account for the singularities of stress and displacement

fields near the crack ends (Marji et al. 2006). This

method also reduces the boundary meshes (elements)

as the two sides of the line cracks are simultaneously

discretized with similar boundary conditions (Marji

et al. 2006).

4.1 Higher Order Displacement Discontinuity

Method (HODDM)

Much higher accuracies of the displacement discon-

tinuities along the boundary of the problem can be

achieved by using higher order displacement discon-

tinuity (DD) elements (e.g. quadratic or cubic DD

elements) in the solution of elastostatic cracked

bodies.

Fig. 3 Geometry of rock-like disc specimens containing three

parallel cracks under diametrical compression
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Fig. 4 rF/rc ratios versus crack inclination angles, w = 0�,
45�, 90� and 135� in the three cracked cylindrical specimens for

two case crack 1 and crack 2 inclination angle, a = 25� and 60�
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4.1.1 Cubic Element Formulation

A cubic DD element [Dk(n)] is divided into four equal

sub-elements that each sub-element contains a central

node for which the nodal DD is evaluated numerically

(the opening displacement discontinuity Dy and sliding

displacement discontinuity Dx) (Marji et al. 2009).

Dk nð Þ ¼
X4

i¼1

Ni nð ÞDi
k; k ¼ x; y ð1Þ

where Dk
1 (i.e. Dx

1 and Dy
1), Dk

2 (i.e. Dx
2 and Dy

2), Dk
3 (i.e.

Dx
3 and Dy

3) and Dk
4 (i.e. Dx

4 and Dy
4) are the cubic nodal

displacement discontinuities and,

N1ðnÞ ¼ � 3a31 � a21n� 3a1n
2 þ n3

� ��
48a31
� �

;

N2ðnÞ ¼ 9a31 � 9a21n� a1n
2 � n3

� ��
16a31
� �

;

N3ðnÞ ¼ 9a31 þ 9a21n� a1n
2 � n3

� ��
16a31
� �

;

N4ðnÞ ¼ � 3a31 þ a21n� 3a1n
2 � n3

� ��
48a31
� �

ð2Þ

are the cubic collocation shape functions using

a1 = a2 = a3 = a4.A cubic element is shown inFig. 8.

The displacements and stresses for a line crack in an

infinite body along the x-axis, in terms of single

harmonic functionsg(x, y) and f(x, y), are (Crouch 1976):

ux ¼Dx 2ð1� mÞf;y� yf;xx
� �

þDy �ð1� 2mÞg;x� yg:xy
� �

uy ¼Dx ð1� 2mÞf;x� yf;xy
� �

þDy 2ð1� mÞg;y� yg:yy
� �

ð3Þ

and the stresses are

rxx ¼ 2lDx 2f;xy þ yf;xyy
� �

þ 2lDy g;yy þ yg;yyy
� �

ryy ¼ 2lDx �yf;xyy
� �

þ 2lDy g;yy � yg;yyy
� �

rxy ¼ 2lDx 2f;yy þ yf;yyy
� �

þ 2lDy �yg;xyy
� �

ð4Þ

l is shear modulus and f,x, g,x, f,y, g,y, etc. are the partial

derivatives of the single harmonic functions f(x, y) and

g(x, y) with respect to x and y, in which these potential

functions for the cubic element case can be found from:

f ðx; yÞ ¼ �1

4p ð1� mÞ
X4

j¼1

Dj
xFj I0; I1; I2; I3ð Þ

gðx; yÞ ¼ �1

4p ð1� mÞ
X4

j¼1

Dj
yFj I0; I1; I2; I3ð Þ

ð5Þ

in which the common function Fj, is defined as

Fig. 5 Experimental results of the coalescence path of rock-like cylindrical specimens containing three cracks under uniaxial

compression for case, a = 25� (a w = 0�, b w = 45�, c w = 90�, d w = 135�)

Fig. 6 Experimental results illustrating the breakage path of

rock-like disc specimens containing three parallel cracks with

constant spacing, S = 20 mm
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Fj I0; I1; I2; I3ð Þ ¼
Z

Nj nð Þ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� nð Þ2þy2

q
dn;

j ¼ 1 to 4

ð6Þ

where the integrals I0, to I3 are expressed as follows:

I0ðx; yÞ ¼
Za

�a

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn

¼ yðh1 � h2Þ � ðx� aÞ lnðr1Þ þ ðxþ aÞ
lnðr2Þ � 2a

I1ðx; yÞ ¼
Za

�a

n ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn

¼ xyðh1 � h2Þ þ 0:5 y2 � x2 þ a2
� �

ln
r1

r2
� ax

I2ðx; yÞ ¼
Za

�a

n2 ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn ¼ y

3
3x2 � y2
� �

h1 � h2ð Þ

þ 1

3
3xy2 � x3 þ a3
� �

ln r1ð Þ � 1

3

3xy2 � x3 � a3
� �

ln r2ð Þ � 2a

3
x2 � y2 þ a3

3

� 	

I3ðx; yÞ ¼
Za

�a

n3 ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn

¼ �xy x2 � y2
� �

h1 � h2ð Þ
þ 0:25 3x4 � 6x2y2 þ 8a2x2 þ a4 � y4

� �

lnðr1Þ � lnðr2Þ½ � � 2ax x2 þ a2
� �

lnðr1Þ þ lnðr2Þ½ � þ 1:5ax3 � 3axy2 þ 7a3x
�
6

ð7Þ

and h1, h2, r1 and r2 are defined as:

h1 ¼ tg�1 y

x� a


 �
; h2 ¼ tg�1 y

xþ a

� 	
;

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� að Þ2þy2

q
; and r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ að Þ2þy2

q

ð8Þ

The partial derivatives of I3 which are used to calculate

displacement discontinuities are provided in ‘‘Ap-

pendix 1’’ section. I0, I1 and I2 are completely

explained by the second author in (Marji et al. 2006).

4.1.2 Special Crack Tip Element

Since the singularities of the stresses and displace-

ments near the crack ends may reduce their accuracies,

special crack tip elements are used to increase the

accuracy of the DDs near the crack tips (Marji et al.

2006). As shown in Fig. 9, the DD variation for four

nodes can be formulated using a special crack tip

element containing four nodes (or having four special

crack tip sub-elements).

DCi nð Þ ¼ NC1 nð Þ½ �D1
Ci að Þ þ NC2 nð Þ½ �D2

Ci að Þ
þ NC3 nð Þ½ �D3

Ci að Þ þ NC4 nð Þ½ �D4
Ci að Þ ð9Þ

where the crack tip element has a length

a1 = a2 = a3 = a4.

Considering a crack tip element with four equal

sub-elements (a1 = a2 = a3 = a4), the shape func-

tions NC1(f) to NC4(f) can be obtained as

equations:

NC1 nð Þ ¼ 2:1336
n
a1

� 	1
2

�1:3965
n
a1

� 	3
2

þ 0:2759
n
a1

� 	5
2

�0:0172
n
a1

� 	7
2

NC2 nð Þ ¼ �0:9475
n
a2

� 	1
2

þ1:2094
n
a2

� 	3
2

� 0:2787
n
a2

� 	5
2

þ0:0194
n
a2

� 	7
2

NC3 nð Þ ¼ 0:1908
n
a3

� 	1
2

�0:2467
n
a3

� 	3
2

þ 0:0771
n
a3

� 	5
2

�0:0231
n
a3

� 	7
2

NC4 nð Þ ¼ �0:0977
n
a4

� 	1
2

þ0:150
n
a4

� 	3
2

� 0:0586
n
a4

� 	5
2

þ0:0065
n
a4

� 	7
2

ð10Þ

By substituting Eqs. (10) into Eqs. (9) and then

substituting these equations into Eqs. (3) and (4) and

following the procedures similar to those given for

the derivation of the general potential function

Fj(I0, I1, I2, I3) in Eq. (6) the general potential

function fC(x, y) for the crack tip element can be

expressed as:
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F x; yð Þ ¼ � 1

4p 1� mð Þ

Za

�a

NC1 nð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dnD1

i

2
4

3
5

8
<

:

þ
Za

�a

NC2 nð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dnD2

i

2

4

3

5

þ
Za

�a

NC3 nð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dnD3

i

2

4

3

5

�
Za

�a

NC4 nð Þ x� nð Þ2þy2
h i0:5

dnD4
i

2
4

3
5

9
=

;

ð11Þ

The potential function FCj(ICK) for special crack tip

elements can be written in the following form

FCðICjÞ ¼
Za

�a

NCjðnÞ ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn ð12Þ

And from this, the following integrals are deduced:

IC1ðx; yÞ ¼
Za

�a

n
1
2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn;

IC2ðx; yÞ ¼
Za

�a

n
3
2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn

IC3ðx; yÞ ¼
Za

�a

n
5
2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn;

IC4ðx; yÞ ¼
Za

�a

n
7
2 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2 þ y2

q
dn

ð13Þ

Following the procedure explained by (Marji et al.

2006) the complete solution of the integrals given in

Eq. (13) are presented in ‘‘Appendix 2’’ section. It should

be noted that for this case also two degrees of freedomare

used for each node (boundary collocation points) at the

center of each sub-elements. Based on the linear elastic

fracture mechanics (LEFM) principles, the Mode I and

Mode II stress intensity factors KI and KII can be easily

deduced (Sanford 2003; Marji et al. 2006). A crack tip

elementof length2a is considered then the stress intensity

factorswith respect to the normal and shear displacement

discontinuities (assuming plane strain condition), can be

determined (Shou and Crouch 1995) as:

Fig. 7 Experimental results of the coalescence path of rock-like cylindrical specimens containing three cracks under uniaxial

compression for case, a = 60� (a w = 0�, b w = 45�, c w = 90�, d w = 135�)

Fig. 8 Cubic collocations for the higher order displacement

discontinuity variation

176 Geotech Geol Eng (2017) 35:169–181

123



KI ¼
l

4ð1� mÞ
2p
a

� 	1
2

DyðaÞ; and

KII ¼
l

4ð1� mÞ
2p
a

� 	1
2

DxðaÞ ð14Þ

where l is the shear modulus and m is Poisson’s ratio of
the brittle material.

4.2 Numerical Simulation of the Pre-cracked

Specimens

In this study, a modified higher order displacement

discontinuity method is used for the numerical sim-

ulation of the proposed experimental work. The cracks

propagation and cracks coalescence in the bridge area

of rock-like brittle materials is numerically studied

and these results are compared with the corresponding

results observed experimentally in Figs. 5a–d, 6 and

7a–d.

The cylindrical specimens containing three cracks

(already shown in Fig. 5a–d) are simulated by the

displacement discontinuity method and the crack

propagation paths are graphically shown in Fig. 10a–

e. The specimen containing three parallel cracks

(already shown in Fig. 6) are simulated by the

displacement discontinuity method and the crack

propagation paths are graphically shown in Fig. 11.

The three different specimens containing three cracks

(already shown in Fig. 7a–d) are also simulated by the

proposed numerical method and the results are graph-

ically shown in Fig. 12a–d. In the present numerical

simulations, the Mode I and Mode II stress intensity

factors (SIFs) proposed by Irwin (Irwin 1957) are

estimated based on LEFM approach. A boundary

element code is provided using the maximum tangen-

tial stress criterion given by Erdogan and Sih (Erdogan

and Sih 1963) in a stepwise procedure so that the

propagation paths of the propagating wing cracks are

Fig. 9 A special crack tip

element with four equal sub-

elements

Fig. 10 Numerical

simulation of the crack

propagation path for

cylindrical specimens (with

three cracks) under uniaxial

compression, a w = 0�,
b w = 45�, c w = 90�,
d w = 135�
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estimated (Haeri et al. 2013c). These simulated

propagation paths are in good agreement with the

corresponding experimental results and are presented

in Figs. 10, 11 and 12 for comparison.

4.3 Comparison of HODDM with XFEM

A center horizontal crack with half crack length of

a = 1 m is used to compare the HODDM with an

XFEM method proposed by Natarajan et al. (2010).

They used Schwarz–Christoffel conformal mapping

(SC Map) for numerical integration. Figure 13 shows

the results of the current DDM, standard XFEM, and

XFEM ? SC Map proposed by (Natarajan et al.

2010). They succeeded in improving the accuracy of

XFEM, however, their accuracy is still not comparable

with the accuracy of DDM used in this study. Using

only a small number of elements in the proposed

method compared to the XFEMmethods a much more

accurate result has been obtained.

5 Conclusion

The subject of cracks propagation and cracks coales-

cence in brittle solids such as geomaterials have found

much attention in recent years. As it is a complicated

Fig. 11 Numerical simulation of the crack propagation path for

pre-cracked Brazilian disc specimen containing three parallel

cracks with constant spacing, S = 20 mm

Fig. 12 Numerical

simulation of crack

propagation paths and

cracks coalescence for

cylindrical specimens (with

three cracks) under uniaxial

compression, a w = 0�,
b w = 45�, c w = 90�,
d w = 135�

0.999

1.004

1.009

1.014

1.019

0 20 40 60 80 100 120

K
I/σ

√ π
a

(Number of nodes)0.5

XFEM + SC Map
Std. XFEM
HODDM

Fig. 13 Comparison of the normalized stress intensity factor,

KI= r
ffiffiffiffiffiffi
pa

p
ð Þ, for the center crack problem [obtained by the

proposed HODDM and XFEM methods given by (Natarajan

et al. 2010)]
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process further research may be devoted to investigate

the crack propagation, cracks coalescence in the

bridge area and final breakage paths of the rocks and

rock-like materials under uniaxial and biaxial com-

pression. A detailed analysis of the fracturing process

of the pre-cracked rock-like cylindrical specimens has

been simultaneously accomplished by experimental

tests and numerical simulation. Effects of fracturing

on the breaking stress of the pre-cracked rock-like

materials have been investigated. It has been shown

that the crack propagation mechanism in the brittle

substances due to the cracks coalescence phenomenon

in the bridge area occur mainly by propagation of wing

cracks emanating from the tips of the pre-existing

cracks. The same experimental specimens are mod-

eled numerically by an indirect boundary element

method and the corresponding numerical results are in

good agreement with the experimental results. The

experimental and numerical models both illustrate the

production of the wing cracks and the cracks propa-

gation paths produced by the coalescence phe-

nomenon of the three pre-existing cracks in the

bridge area. Therefore, the propagating directions of

the wing cracks are changing and inclines toward

those of wing cracks propagating under uniaxial

compression.

Comparison of the HODDM with XFEM showed

that HODDM needs substantially fewer elements for

reaching the same level of accuracy as XFEM.

Appendix 1

Cubic integral I3, and its derivatives

I3ðx;yÞ¼
Za

�a

n3 ln
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q
dn ¼�xy x2�y2
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Therefore,
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Special singular integral ic4 and its derivatives
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