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Abstract The objective of the present work is to

propose an engineering-oriented numerical method-

ology capable of reproducing crack initiation and

arrest in semi-brittle structures under high loading

rate. With this aim in view, the SPH-based method

implemented in LS-DYNA is employed to reproduce

the three-dimensional crack initiation, propagation

and arrest in a rate- and temperature-dependent grade

of RT-PMMA under Kalthoff and Winkler-type

impact loading. The ability of critical maximum

principal stress- and critical plastic strain-controlled

failure criteria, first individually and then combined to

reproduce the crack arrest was evaluated by compar-

ison with experimental results. In spite of the overall

brittle nature of the PMMA matrix, it was shown that

the most pertinent criterion for the material of interest

is the one expressed in terms of critical plastic strain,

as a consequence of the gain in ductility brought by the

embedded rubber nanoparticles. In pratice, the real

crack pattern can be reproduced only if the two criteria

are used together. Following a design of experiment,

an optimised set of values for the critical maximum

principal stress and plastic failure strain were found. A

good agreement in terms of crack advance (as a

function of the impact velocity) and propagation angle

is seen between the experimental and numerical

results.

Keywords RT-PMMA � Brittle fracture � Crack
propagation � Crack arrest � Kalthoff–Winkler

experiment � SPH method

1 Introduction

While PMMA presents advantages in terms of trans-

parency, weather resistance and processing condi-

tions, it is also known for its low toughness. Yet, the

addition of rubber nanoparticles inside a PMMA

matrix has proven to significantly increase the tough-

ness of the resulting composite material known as

rubber-toughened PMMA or RT-PMMA, see e.g.

Milios et al. (1986), Lalande et al. (2006), Mazidi et al.

(2018), and Wang et al. (2019). This gain in ‘ductility’

is increasing with increasing rubber nanoparticle

concentration. This effect is also visible in terms of

impact resistance, as shown by Mat Jali and Longère

(2020a, b) who carried out Kalthoff and Winkler

(KW)-type impact tests at various impact velocities on

a class of RT-PMMAs with different rubber nanopar-

ticle concentrations. KW-type impacts consist of
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impacting the edge of a doubly-notched plate made of

the material of interest in view of investigating the

conditions for crack initiation and propagation under

high loading rate, see Kalthoff and Winkler (1987),

Kalthoff (1988), Zhou et al. (1996a) and Ravi-Chandar

et al. (2000). Mat Jali and Longère (2020a, b) notably

showed that the higher the rubber nanoparticle con-

centrations, the higher the resistance to crack propa-

gation. For the highest rubber nanoparticle

concentration, within an impact velocity range, the

crack is even seen to arrest inside the specimen.

KW-type impact test has been, historically, a

discriminating case for evaluating the performances

of numerical methods aimed at reproducing the

dynamic crack growth and its consequences in brittle

vs. ductile structures. Among the most representative

attempts, one can cite those based on the finite element

method (FEM), as notably done in two then three

dimensions by Needleman and Tvergaard (1995),

Zhou et al. (1996b), Batra and Gummalla (2000),

Batra and Ravinsankar (2000), Batra and Lear (2004),

and more recently by Li et al. (2016) who applied a

phase field-based approach to regularise the crack-

induced singularity. While bringing a better under-

standing of the mechanisms leading to the more or less

progressive ruin of the structure, they all required a

very fine meshing of the area around the notch tip

(during the whole crack propation) and leads to an

unavoidable dependence of the crack path on the

meshing (size and orientation) whatever the adopted

crack representation (element deletion/erosion, node-

splitting, etc.). To partly alleviate these issues, some

authors took advantage of the extended FEM (XFEM)

which consists of embedding the crack within the

finite element and describing the kinematic conse-

quences of the crack through additional nodal degrees

of freedom. In this context, one can notably cite the

two-dimensional approaches by Song et al. (2006),

Combescure et al. (2012) and Haboussa et al. (2012).

The results are convincing but the XFEM remains very

cumbersome to implement in commercial FE codes

(the versions by default being often very limited) and

is also expensive in terms of computation time. Mesh-

free methods seem more efficient and less time

consuming to deal with fracture, and in particular

with brittle fracture, given that the a priori knowledge

of the crack path is not required. In this line, Li et al.

(2002) conducted mesh-free Galerkin simulation of

the KW-type impact test while Raymond et al. (2014)

used the smooth particle hydrodynamics (SPH)-based

method to do the same, both with also convincing

results. One can also cite numerical simulations using

peridynamics-based methods, see e.g. Zhou et al.

(2016). Yet, the common point to the above mentioned

simulations is that they mostly aim at reproducing

qualitatitevely experimental trends while rarely com-

paring quantitatively their numerical results with

experimental ones. In particular, in the case of brittle

fracture, none show results with crack arrest (i.e.

involving finite crack advance), which constitutes a

genuine numerical challenge.

The objective of the present work is to propose an

engineering-oriented numerical methodology capable

of reproducing crack initiation and arrest in semi-

brittle structures under high loading rate with an

application to RT-PMMA, see Kobayashia and Mall

(1979) for the concept of crack arrest. For that

purpose, the SPH-based method is employed to

reproduce the three-dimensional crack initiation,

propagation and arrest in a semi-brittle rate- and

temperature-dependent grade of RT-PMMA using the

commercial explicit computation code LS-DYNA.

In Sect. 2, some fracture mechanics-related results

about crack propagation under shear loading are

recalled as well as some salient experimental results

about the high loading rate resistance under KW-type

impact of a commercial RT-PMMA, viz. RT-

PMMA100, exhibiting crack arrest within an impact

velocity range. Section 3 is dedicated to the SPH

related-numerical procedure with attention paid to the

spatial discretisation, materials definition, formulation

type and contact conditions. The preliminary numer-

ical analysis of the KW-type impact test in Sect. 4

aims at evaluating the ability of stress- and strain-

dependent failure criteria to reproduce, first individ-

ually and then combined, the crack initiation and arrest

in the material of interest. Following a design of

experiment, a set of parameters is identified and

applied to the RT-PMMA100 in Sect. 5 leading to a

very good agreement between numerical and exper-

imental results. Concluding remarks and perspectives

are given in Sect. 6.
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2 Theoretical background and experimental

results

KW impact test, see Kalthoff and Winkler (1987),

consists of impacting the edge of a doubly-prenotched

plate made of the material of interest by a cylindrical

projectile. The impact of the projectile between the

two notches induces a quasi pure Mode II type loading

at the notches tips, at least as long as the waves

reflected from the specimen boundaries do not interact

and involve a complex loading and further mixed

mode of crack propagation, see Ravi-Chandar et al.

(2000). Depending on the material and impact veloc-

ity, the authors reported either a crack kink angle close

to�70� they ascribed to brittle failure or a self-similar

crack propagation (‘kink’ angle of 0�) they ascribed to
ductile failure (actually resulting from a form of

dynamic strain localization known as adiabatic shear

banding, see e.g. Roux et al. (2015) and Manar and

Longère (2019). A second bifurcation is sometimes

observed, see Zhou et al. (1996a).

In this Section, some fracture mechanics-based

theoretical results concerning the crack bifurcation

under shear loading on the one hand, and some

experimental results obtained from impact tests car-

ried out on KW-type specimens made of the semi-

ductile RT-PMMA of interest, viz. RT-PMMA100,

and further used for the numerical simulations, on the

other hand, are recalled.

2.1 Approaches of crack bifurcation under shear

loading

For a 2a-length crack submitted to an in-plane shear

stress rxy ¼ s loading, stress intensity factors KI and

KII at the crack tips take the expressions

KI ¼ 0

KII ¼ s
ffiffiffiffiffiffi

pa
p

(

ð1Þ

We now examine the direction of propagation of

this pre-crack following two well-known theories.

2.1.1 Maximum hoop stress theory

The classical maximum hoop stress theory, see e.g.

Zehnder (2012), states that the crack propagation

angle h� obeys
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Accounting for (1), the set of Eq. (3) reduces to
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Applying (2)1 to (4)2 yields

cos
h�
2

¼ 0 ! h� ¼ �p

3 cos h � �1 ¼ 0

8

<

:

ð5Þ

Solution (5)1 is clearly irrelevant. Accounting for

(1), condition (5)2 reduces to

h� ¼ �70:56� ð6Þ

Condition (2)2 with (6) is verified for

h� ¼ �70:56�. The crack starts to propagate at the

kink angle h� as soon as the hoop stress reaches the

critical stress rc:

rhh h�ð Þ ¼ rc ¼
KIc
ffiffiffiffiffiffi

pa
p ð7Þ

where KIc represents the critical stress intensity factor.

Accounting for (4)1, (7) reads

� 3

4
KII sin

h�
2
þ sin

3h�
2

� �

¼ KIc ð8Þ

Injecting the value h� ¼ �70:56� into (8) yields

KII ¼ 0:87KIc .
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2.1.2 Minimum strain energy density theory

The minimum strain energy density theory, see Sih

(1974, 1991), states that the crack propagation angle

h� obeys

oS hð Þ
oh

¼ 0 &
o2S hð Þ
oh2

[ 0 at h ¼ h� ð9Þ

where the strain energy density S hð Þ is expressed by

S hð Þ ¼ a11K
2
I þ 2a12KIKII þ a22K

2
II

16pl
ð10Þ

with

a11 ¼ K � cos hð Þ 1þ cos hð Þ
a22 ¼ K þ 1ð Þ 1� cos hð Þ þ 1þ cos hð Þ 3 cos h� 1ð Þ
a12 ¼ 2 cos h� K þ 1ð Þ sin h
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>

<

>

:

ð11Þ

and
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8
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:
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Accounting for (1), (10) reduces to

S hð Þ ¼ a22K
2
II

16pl
¼ a22r2a

16l
ð13Þ

Conditions (9)1,2 accordingly become

oa22
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¼ cos h K � 1� 6 cos hð Þ þ 6 sin2 h[ 0
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>
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>

>

:
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yielding

h� ¼ 0 self � similar crack propagation

cos h� ¼ K � 1

6
crack bifurcation

8

<

:

ð15Þ

Solution (15)1 does not verify condition (14)2 for

real materials. Under the plane strain assumption, see

(12)1, (15)2 reads

cos h� ¼ 1� 2t
3

ð16Þ

Together with condition (14)2, (16) implies h� ¼
�70:56� for t ¼ 0 which matches with the value

derived from the maximum hoop stress theory, see (6).

For t ¼ 1=3, we have cos h� ¼ 1
9

and then

h� ¼ �83:62�.

2.1.3 Expected propagation angle during KW impact

tests

If under pure Mode I loading, the crack propagates in a

self-similar way h� ¼ 0�ð Þ, pure Mode II loading

induces a crack bifurcation. As above shown, accord-

ing to the maximum hoop stress theory, the expected

kink angle under pure Mode II is close to �70:56�,
whereas according to the minimum strain energy

density theory, it is close to �83:62�.

2.2 Experimental results on RT-PMMA

In addition to recalling some salient results obtained

on the RT-PMMA of interest and detailed in Mat Jali

and Longère (2020), this section gives the data that

will be used later in the calibration and verification of

the numerical modelling.

2.2.1 KW impact tests

A series of KW impact tests using a 40-mm inner

diameter gas gun have been carried out on three

different grades of commercial shock-resistant RT-

PMMA, viz. Plexiglass Resist�, in the aim of

investigating their absolute and relative crack arrest

capability, see Mat Jali and Longère (2020a, b). The

grades are RT-PMMA45, 65 and 100, with the

increasing number corresponding to increasing rubber

nanoparticle concentration and resulting impact

toughness. The 40 mm-width, 82 mm-height and

6 mm-thickness KW-type specimens made of RT-

PMMA were cut from extruded plates. The 20 mm-

length and 300 lm-gap blunt notches were machined

in the plates using a wire cutting machine. The

20 mm-diameter and 25 mm-length sub-calibrated

projectiles made of hard steel were inserted in

40 mm-diameter and 80 mm-length polystyrene foam

guides (or sabots) for a total mass of about 100 g.

Impact velocities ranged from 20 to 100 m/s, with the

values 20, 25, 30, 40, 50, 80, and 100 m/s. The KW-

type specimen/projectile interaction and further crack
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propagation were recorded using a high-speed camera

at a rate of 100kfps and with a 320 9 192pixel2 spatial

resolution.

During the impact test above 40 m/s, whatever the

RT-PMMA grade, specimens are subjected to multi-

fragmentation with the size and number of fragments

depending on the grade. The number of fragments is

increasing as the impact velocity is increasing from 50

to 80 m/s. At high impact velocity, specimens are

completely shattered. A stress whitening zone forms at

the notch and further to the crack tip and lips, acting as

a retardant and even inhibitor to slow down if not

prevent the crack propagation. A semi elliptical stress

whitening region was also observed at the rear edge of

specimens.

Due to their low rubber nanoparticle concentra-

tions, no crack arrest was observed for RT-PMMA45

and RT-PMMA65 at the lowest impact velocities—

once the crack initiates, it propagates throughout the

whole specimen or/and branches to form amore or less

complex crack pattern. In contrast, crack is seen to

arrest inside the RT-PMMA100 specimens for impact

velocities lower than 40 m/s, see Fig. 1. As the present

study focuses on the crack arrest, only the relevant

results for RT-PMMA100 at impact velocities lower

than the critical impact velocity (defined as the impact

velocity at crack arrest, viz. 40 m/s) are presented here

while details of results for higher velocities can be

found in Mat Jali and Longère (2020a, b).

Figure 1 evidences the presence of a main (or

primary) crack initiated from the notch tip and

oriented with an angle close to - 72� with respect to

the notch plane and a secondary crack initiated from

the main crack tip and oriented with an average angle

close to -90� with respect to the notch plane. The

experimental main crack kink angle (* - 72�) is

slightly underestimated by the maximum hoop stress

theory (- 70.56�) and largely overestimated by the

minimum strain energy density theory (-83.62) when

applied to pure Mode II shear loading, see subsection

2.1. The secondary crack path is tortuous and quasi

orthogonal to the notch plane. The extension of the

main crack is plotted against impact velocity in Fig. 2.

Assuming coarsely a linear correlation, the extrapo-

lated line intersects the abscissa at 16 m/s, which

represents an estimate of the threshold impact velocity

VT causing crack initiation.

2.2.2 Thermomechanical characterization

The true stress-true platic strain curves obtained from

tension and compression loading at various low and

high strain rates at room temperature are plotted in

Fig. 3. According to the latter, the curve shows a peak

followed by a strain softening and then a slight strain

hardening. In addition, as for most glassy polymers,

see e.g. Chou et al. (1973), Arruda et al. (1995) and

Nasraoui et al. (2012), the material exhibits

Fig. 1 Experimental results for impact tests on RT-PMMA 100.

Crack path in post-mortem specimens as a function of the impact

velocity. Evidence of two cracks: a main (or primary) crack

initiated from the notch tip and a secondary crack initiated from

the main crack tip. Length and orientation of the main crack are

indicated on the pictures
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tension/compression asymmetry, strain-rate depen-

dence and self-heating induced thermal softening at

moderate to high strain rate. These effects must be

accounted for in the numerical simulation.

3 Numerical procedure

The KW impact test initial and boundary value

problem is set and solved employing the three-

dimensional commercial computation code LS-

DYNA R11.0 package using the explicit time inte-

gration scheme.

3.1 Spatial discretization

The three-dimensional KW impact configuration

considered herein, see Fig. 4, includes the doubly-

notched plate made of RT-PMMA100, the sub-

calibrated projectile made of hard steel and the

projectile guide (sabot) made of low density foam.

Due to the plate/projectile mechanical impedance

mismatch, the plate is actually submitted to a multi-

step loading of decreasing magnitude. Reproducing as

correctly as possible this multi-step loading requires

modelling the projectile and its sabot. In order to save

computional time, the spatial discretization takes

advantage of the symmetry of the different parts

forming the KW impact set-up by modelling only the

upper half. Symmetric boundary conditions are

accordingly imposed. The doubly-notched plate and

the projectile are modelled using particles (according

to smooth particle hydrodynamics method, SPH)

whereas the sabot is meshed using finite element

(according to finite element method, FEM).

The minimum spacing between particles is dictated

by the notch gap (the gap between the notch lips), for

any lower spacing would fill up the gap in question. To

keep a reasonable computation time, avoid unrealistic

wave rebound at the interface between zones with

potentially different particle densities and get a

critical-maximum-principal-stress-to-static-yield-

stress-ratio within the [2;3] range—as widely encoun-

tered in literature, see e.g. Batra and Gummalla,

(2000), Batra and Ravinsankar, (2000), Li et al.,

(2002), and in Sects. 4 and 5 below, the particles are

uniformly spaced at 300 lm, except for the two rows

forming the gap lips which need a slightly larger

spacing to account for the particle volume and ensure

the correct notch gap value. The plate was discretised

into 20 equal layers along its thickness. The plate and

the projectile three-dimensional models are discre-

tised using 356,400 and 144,312 particles, respec-

tively, see Fig. 4.

3.2 Material description

We introduce the 2nd and 3rd invariants of the

deviator s of the Cauchy stress tensor r, namely J2 and

J3, as

Fig. 2 Experimental results for impact tests on RT-PMMA 100.

Main crack length plotted against impact velocity. The dots

correspond to the experimental data (see Fig. 1) and the straight

line to a linear approximation. The threshold impact velocity

VTis estimated at about 16 m/s by extrapolating the straight line

at 0 crack length

Fig. 3 Experimental stress–strain curves of RT-PMMA 100.

Strain rate effect. Room temperature
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J2 ¼
1

2
s : s ; J3 ¼ det s ; s ¼ r�

Trr

3
I ð17Þ

where det stands for determinant and Tr for trace. The

equivalent stress req and Lode parameter L may

accordingly be written as

req ¼
ffiffiffiffiffiffiffi

3J2
p

; L ¼ cos 3hLð Þ ¼ 27J3
2r3eq

ð18Þ

where hL is the Lode angle. It is noteworthy that L ¼
�1 in compression, L ¼ þ1 in tension and L ¼ 0 in

shear.

According to the J2 viscoplastic flow theory, the

yield function reads

f r; ry
	 


¼ f J2 r
	 


; ry
	 


¼ req J2 r
	 
	 


� ry T; epeq; :::
	 


¼ rv T; epeq; _e
p
eq; :::

	 


� 0 ð19Þ

where ry and rv are respectively the rate independent

and viscous stresses, T the temperature, epeq and _epeq the

equivalent (or cumulated) plastic, strain and strain

rate. … inside the brackets means that other variables

can be accounted for (damage f.ex.). Equation (19)

yields

req J2 r
	 
	 


¼ ry T; epeq; _e
p
eq; :::

	 


; ry T ; epeq; _e
p
eq; :::

	 


¼ ry T; epeq; :::
	 


þ rv T; epeq; _e
p
eq; :::

	 


ð20Þ

with ry the rate dependent yield stress. A way of

accounting for the 3rd invariant J3 to reproduce e.g.

strength asymmetry may be to write the yield function

in the form

f̂ r; ry
	 


¼ f̂ J2 r
	 


; J3 r
	 


; ry
	 


¼ r̂eq J2 r
	 


; J3 r
	 
	 


� ry T ; epeq

	 


¼ rv T; epeq; _e
p
eq

	 


� 0 ð21Þ

where r̂eq is a transformed equivalent stress. Equa-

tion (21) yields

r̂eq J2 r
	 


; J3 r
	 
	 


¼ ry T ; epeq; _e
p
eq

	 


; ry T ; epeq; _e
p
eq

	 


¼ ry T ; epeq

	 


þ rv T ; epeq; _e
p
eq

	 


ð22Þ

In the sequel, two plasticity models will be used.

• J2 plastic flow theory-related model with plastic

strain dependence,

• J3-dependent (so-called-in-LS-DYNA) general-

ized yield stress (GYS) model with plastic strain,

plastic strain rate and temperature dependence.

High strength steels are generally only weakly rate

dependent. In addition, if the plastic strain remains

small, self-heating can be neglected and then account-

ing for temperature is not necessary. According to the

J2 plastic flow theory with plastic strain dependence,

the yield function in (19) and the equivalent stress in

(20) reduce to

Fig. 4 Experimental configuration and numerical model of KW impact test. In the model, the plate and the projectile are modelled with

particles (SPH) and the sabot with meshes (FEM)
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f r; ry
	 


¼ f J2 r
	 


; ry
	 


¼ req J2 r
	 
	 


� ry epeq

	 


¼ 0 ; req J2 r
	 
	 


¼ ry epeq

	 


ð23Þ

Even in absence of initial material symmetry, most

glassy polymers exhibit tension/compression asym-

metry. This strength asymmetry in polymers is often

accounted for in constitutive models via a I1-depen-

dence, where I1 is the 1st invariant of the stress tensor

(related to the opposite of the pressure), see e.g. Aruda

and Boyce (1995) for PMMA. It can also be accounted

for via a J3-dependence, as does the GYS model

implemented in LS-DYNA, that allows precisely for

reproducing strength asymmetry in tension, compres-

sion and shear of isotropic materials. According to the

GYS model, the transformed equivalent stress takes

the form

r̂eq J2 r
	 


; J3 r
	 
	 


¼ req J2 r
	 
	 


x

c1 þ c2L J2 r
	 


; J3 r
	 
	 


þ c3L
2 J2 r

	 


; J3 r
	 
	 
	 


ð24Þ

Knowing the yield stress in tension rT , in com-

pression rC and in shear
ffiffiffi

3
p

rS, the rate dependent

yield stress ry and coefficients c1, c2 and c3 in (24) are
determined by

Coefficients c1, c2 and c3 are thus potentially plastic

strain, plastic strain rate and temperature dependent. If

now rC ¼ rT and rS ¼ rT
ffiffi

3
p then c1 ¼ 1, c2 ¼ c3 ¼ 0,

yielding r̂eq J2 r
	 


; J3 r
	 
	 


¼ req J2 r
	 
	 


, and the

J2 flow theory is retrieved.

Inelastic dissipation induced temperature rise under

adiabatic condition is estimated according to

T � TR ¼ b
qCp

Z

ryde
p
eq ð26Þ

where TR is the initial (room) temperature, q and Cp

the mass density and specific heat, and b the inelastic

heat fraction (proportion of inelastic work rate

converted into heat) also know as Taylor-Quinney

coefficient. The inelastic heat fraction b has been seen

to notably depend on strain, see e.g. Rittel (1999) for

polycarbonate. Yet, a reliable expression for b is still

missing and an arbitrary constant value is generally

assumed, see e.g. Pan et al. (2016) for epoxy resin or

Bjerke et al. (2002) for polycarbonate.

Physical and elastic properties of the three parts

forming the KW-impact test set-up are reported in

Table 1.

For KW doubly-notched plates made of initially

isotropic RT-PMMA, the strain-, rate-, temperature-

and loading sign-dependence of the material beha-

viour was reproduced using the GYS model available

in LS-DYNA (MAT_224_GYS), see Eqs.(21, 22),

(24–25). Tensile rT and compressive rC yield stresses

in Eq. (25) were provided in the form of tabulated

stress–strain curves at various strain rates and tem-

peratures, see Fig. 5—while shear rS yield stress was

assumed to satisfy J2-flow theory – allowing the

determination of the rate dependent yield stress ry and
coefficients c1, c2 and c3 in Eq. (25). The stress–strain

curves in question include the experimental ones, see

Fig. 3, completed by extrapolated responses for high

strain rate loading, in particular in tension for which no

high strain rate experimental results were available,

and high temperature. In absence of further informa-

tion for the RT-PMMA under consideration, self-

heating at high strain rate is estimated considering that

100% of the plastic work rate are converted into heat

ry T ; epeq; _e
p
eq

	 


¼ rT T ; epeq; _e
p
eq

	 


; c1 T ; epeq; _e
p
eq

	 


¼
rT T; epeq; _e

p
eq

	 


ffiffiffi

3
p

rS T; epeq; _e
p
eqð Þ

;

c2 T ; epeq; _e
p
eq

	 


¼ 1

2
1�

rT T ; epeq; _e
p
eq

	 


rC T ; epeq; _e
p
eqð Þ

0

@

1

A ; c3 T ; epeq; _e
p
eq

	 


¼ 1� c1 T ; epeq; _e
p
eq

	 


þ c2 T; epeq; _e
p
eq

	 
	 


ð25Þ
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[inelastic heat fraction b = 1 in Eq. (26)], as implic-

itly done in Estevez and Basu (2008) for plain PMMA.

Though the Young’s modulus of the projectile is

much higher than the plate’s one, see Table 1, the

projectile was not modelled by a rigid body but by an

elasto-plastic material with piecewise linear plasticity

(MAT_024 in LS-DYNA) using the tabulated stress-

curve in Fig. 6a in order to reproduce the physical

stress wave propagation and interaction. In a same

way, to preserve the real mass and further kinetic

energy involved at the impact instant, the sabot was

also included in the model as low density foam

(MAT_057 in LS-DYNA) with a tabulated stress–

strain curve, see Fig. 6b.

3.3 SPH formulation and contact conditions

Though setting up the SPH simulation model is rather

straightforward, there are two crucial aspects to be

taken care of in order to successfully produce a robust

Table 1 Physical and

elastic properties for the

model

Plate specimen

(RT-PMMA 100)

Projectile

(High strength steel)

Sabot

(Foam)

Density q (kg/m3) 1170 7850 335

Young’s modulus E (MPa) 1525 2.05 9 105 250

Poisson’s ratio m 0.38 0.28 –

Specific heat Cp (J/kg/K) 1466 420 1215

Thermal conductivity k (W/m K) 0.2 50.2 0.1

Fig. 5 Input data in terms of stress–strain curves: a tensile stress at various strain rates; b compressive stress at various strain rates;

c tensile stress at various temperatures
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model, namely the SPH theory approximation and the

contact condition.

3.3.1 SPH formulation

Numerous SPH theory approximations are available in

LS-DYNA. Formulations based on Lagrangian or

Eulerian kernel are recommended to alleviate the

wellknown SPH pathological issue related to tensile

instability, see e.g. Yreux (2018). Lagrangian formu-

lation is limited to moderate deformation whereas

Eulerian formulation can be used for very large

deformation while being very time consuming. In

the present application, viz. fracture of RT-PMMA

under impact loading, the material undergoes small to

moderate deformation before failure. The total

Lagrangian formulation with renormalization

(FORM#8 in LS-DYNA) is accordingly adopted.

3.3.2 Contact conditions

Preventing penetration is of utmost importance

regarding the transferred momentum and resulting

degradation. In the present case, the main issue

regarding penetration is twofold, as illustrated in

Fig. 7: between the projectile and the plate on the one

hand, and between the notches lips on the other hand.

In LS-DYNA, for SPH particles approximated using

the total Lagrangian formulation the neighbouring

lists are only updated at the beginning of the simula-

tion. Consequently, the one suitable contact interac-

tion method is the node-to-node penalty based contact.

This implies that inter-part interaction be not per-

formed using particle approximation but through a

SPH-to-SPH coupling. On the other hand, the pene-

tration was found to be decreasing with decreasing

time step. For example, a time scale factor of 0.2 is

Fig. 6 Stress–strain curves used to described the behaviour of the steel (projectile) and the polyethylene foam (sabot)

Fig. 7 Consequences of improper contact definitions: a penetration between the projectile and the plate, and b penetration between the

plate notch lips
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seen to be sufficient to minimize the penetration and

attenuate numerical instability for moderate impact

velocity (lower than 50 m/s in the present case),

whereas a time scale factor of 0.1 and lower is needed

for high impact velocity (greater than 50 m/s in the

present case).

Yet, the above settings happened to be insufficient

to fully prevent penetration. Indeed, the notches lips

were seen to keep on severely penetrating each other,

as shown in Fig. 7b. The approach adopted here to

alleviate this issue was to define a single layer of each

notch lip individually and then define the required

contact between these two parts through SPH-to-SPH

coupling as well. This is depicted in Fig. 8. The

settings are similar to the one defined for the plate and

the projectile.

3.4 Continuity of the velocity

at the projectile/plate interface

The verification of the interface velocity is crucial to

be sure that the predetermined impact load is effec-

tively transferred from the projectile to the plate edge

so that the predetermined loading condition is exerted

as expected. Significant penetrations would indeed

reduce the effectiveness of the load transmission.

According to a coarse approximation based on one-

dimensional elastic wave propagation theory, one can

estimate the material velocity at the projectile/plate

interface VS as a function of the initial impact velocity

VI as follows

VS

VI
¼ 1

1þ ZP
ZS

ð27Þ

with

ZS ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

qEð ÞS
q pD2

4

ZP ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

qEð ÞP
q

wh

8

>

<

>

:

ð28Þ

where ZS and ZP represent the mechanical impedances

of the projectile (striker) and the plate, w and h the

thickness and height of the impacted part of the plate

andD the projectile diameter. After injecting into (27–

28) the dimensions of the plate and projectile given in

subsection 2.2.1 and the elastic properties in Table 1,

the ratio VS=VI is close to 98.6%. Similarly, the time

period of the wave train related to the projectile,

TS ¼ 2LS=CS, with LS and CS the projectile length and

wave speed, is close to 10 ls.
The average numerical material velocity over the

760 particles on the contact surface between the plate

and the projectile is depicted in Fig. 9. It can be seen

that the particles on the contact surface achieved about

98% of initial impact velocity, as expected. In

addition, a perfect projectile/plate impedance match

would induce a velocity drop at 10 ls, whereas a

projectile/plate impedance mismatch induces a multi-

step loading with a decreasing magnitude at the

projectile time period of 10 ls, as visible in the

velocity history in Fig. 9.

4 Preliminary numerical analysis

In this section, after conducting a numerical stress

analysis near the notch tip, we examine the ability of

some failure criteria to reproduce qualitatively the

experimental results summarised in subsection 2.2.1.

According to the linear approximation considered in

subsection 2.2.1, see Fig. 2, the threshold impact

velocity VT, or impact velocity at crack initiation, is

close to 16 m/s. A pertinent failure criterion is

Fig. 8 Approach adopted to

neutralise the penetration

between the notch lips
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accordingly expected to lead to crack formation only

for impact velocities greater than this value.

4.1 Numerical stress analysis

To obtain some insights on how stress levels at the

notch tip evolve along the impact loading, a prelim-

inary numerical stress analysis was first conducted

without imposing any failure criteria. The region of

interest is the upper corner of the notch tip, where the

crack typically initiated in the experimental tests, see

Fig. 10a. Figure 10b depicts the selected two rows of

the particles across the thickness of the plate, viz. row

1 and row 2. Since the loading is symmetric with

respect to the midplane along the thickness of the

plate, only the stress and strain analysis of the front

half plate will be considered.

Time histories of the maximum principal stress

(MPS) for impact at VI = 16 m/s for the particles in

rows 1 and 2 are plotted in Fig. 11a and b, respec-

tively. The stress level is generally slightly higher in

row 1 than in row 2. On the other hand, when moving

across the thickness of the plate, from the plate center

towards the plate free surface, MPS magnitude is seen

to slightly decrease. If the failure criterion is expressed

in terms of critical MPS (CMPS), that means that the

failure will first initiate in particles located near the

plate center in either row 1 or row 2. Among the

curves, there are three curves of dashed-line type that

are visibly lower than the others and corresponding to

the three outermost particles on each side of the free

surface of the plate along the thickness of the plate.

Since the particles with highest stress level will reach

the failure criteria and spark the failure first, the three

outer particles were excluded in the subsequent

analysis, and focus will be on particles at the

intersection between rows 1–2 and layers L1-L7.

Special attention will be given to the layers that

experience the maximum stress level as the latter

dictates whether the crack will initiate, which gener-

ally is in the mid-layer, or L1.

Simulations were also conducted for VI = 18 and

20 m/s and the MPS were found to follow similar

evolution while reaching higher stress level, as

expected. From the MPS time histories of VI-

= 16 m/s, the maximum value of MPS achieved is

Fig. 9 Evolution of the normalised impact velocity on the

contact surface of the plate edge

Fig. 10 Definition of the groups of particles. a Side view of

layer L10; b inclined view. Each layer covers all the particles

located inside a plane parallel to the plate side and layers are

numbered from the plate center (L1) towards the plate (free) side

(L10). A row is a line of particles crossing the thickness of the

plate and containing 2 particles (one on each end) located on the

plate (free) side

123

114 K. S. Tan et al.



104 MPa. Thus the reasonable prediction for the

critical MPS (CMPS) shall be slightly lower so that

when such failure criteria is applied, the crack will be

initiated at VI = 16 m/s. In addition, according to (7),

the critical stress intensity factor KIc reads

KIc ¼
ffiffiffiffiffiffi

pa
p

rc ð19Þ

By coarsely associating the CMPS with the critical

stress rc, and accounting for the notch length, this

would lead to KIc ¼ 26MPa:
ffiffiffiffi

m
p

at crack initiation for

the RT-PMMA under consideration, viz. RT-

PMMA100. It is noteworthy that this value would be

more than 10 times values of quasi-static KIc

KIc 	 2MPa:
ffiffiffiffi

m
p

ð Þ and 6 times values of dynamic

KIc KIc 	 4MPa:
ffiffiffiffi

m
p

ð Þ available in literature for

unmodified PMMA, see e.g. Lalande et al. (2006)

and Weerasooriya et al. (2006). This numerical value

for KIc at crack initiation is clearly widely overesti-

mated. This will be confirmed in the following

section. However, this value of 104 MPa as potential

critical MPS equals 2.6 times the static yield stress of

40 MPa (average value over the 3 quasi static curves

in Fig. 5a), and is then within the [2;3] range as

expected.

4.2 Identification of failure criteria

When dealing with brittle fracture, the failure criterion

is generally expressed in terms of critical stress (which

is related to the critical stress intensity factor), see, for

example, Raymond et al. (2014), whereas for ductile

failure it is generally expressed in terms of critical

strain (to account for the material ductility), see, for

example, Zhou et al. (1996b). In the present case, the

brittle nature of the PMMAmatrix would lead to adopt

a critical stress-controlled failure criterion, but the

rubber nanoparticles inside the PMMA matrix have

been seen to induce a form of ductility which would

accordingly lead to adopt a critical strain-controlled

failure criterion.

Considering that the RT-PMMA exhibits a semi-

brittle/semi-ductile behaviour, it was thus decided to

investigate both stress- and strain-controlled failure

criteria, first individually and then in a combined way.

For that purpose, numerical parametric studies were

performed to reproduce the fracture conditions at

various impact velocities as observed during the

experimental tests. For each impact configuration,

the numerical maximum principal stress and plastic

strain distribution in the specimen and their evolution

at the critical point of the crack tip, i.e. the particles

along rows 1 and 2, were analysed.

4.2.1 Critical maximum principal stress (CMPS)

as failure criterion

Based on the initial estimation of the CMPS in

subsection 4.1, simulations were performed with a

CMPS of 103 MPa. The outcomes are presented in

Fig. 12 for several increasing impact velocities start-

ing from the threshold impact velocity VT. In addition,

the influence of impact velocity in terms of MPS

evolution is shown in Fig. 13.

According to Fig. 12, the crack initiates at the notch

tip as expected. However, it unexpectedly does not

arrest inside the specimen but propagates throughout

Fig. 11 Numerical simulation considering an impact at 16 m/s. No failure criterion. Evolution of maximum principal stress (MPS) at

the notch tip for particles belonging to a row 1; b row 2, see also Fig. 10
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the whole specimen even at the threshold impact

velocity VT. At 25 and 30 m/s, the crack is seen to be

branching and at 40 m/s another crack initiates from

the notch tip and propagates towards the rear edge of

the specimen. On the other hand, the main crack kink

angle absolute value is greater than 72� (which is the

value experimentally measured). This suggests that

the used failure criterion and/or the value of the critical

MPS, see Fig. 13, are inappropriate.

In view of investigating the influence of the CMPS

on the failure conditions, several simulations were

performed at a given impact velocity with different

values of CMPS around the threshold impact velocity

value determined previously. CMPS values were 70,

80, 90, 110 and 120 MPa, and the impact velocity was

20 m/s. MPS isocontours in the specimen under

impact loading are visible in Fig. 14, and MPS

evolutions are plotted in Fig. 15. According to

Fig. 14, whatever the CMPS, and even for the highest

values, all the simulations fail to reproduce the crack

arrest, and the crack propagated throughout the whole

plate. Similarly, the main crack kink angle absolute

value was seen to generally increase with increasing

CMPS. Multi-fragmentation occurred at 70 MPa, i.e.

for the lowest CMPS value. From the plot of stress

time history in Fig. 15, it can be seen that the fracture

occurs later in the elastoplastic regime for highest

MPS values. This confirms that the previous estimate

of KIc at crack initiation is not pertinent.

One can conclude that the sole CMPS-controlled

failure criterion is not able to reproduce the crack

arrest.

4.2.2 Critical equivalent plastic strain (CEPS)

as failure criterion

We now investigate the ability of a plastic failure

strain (CEPS)-controlled failure criterion to reproduce

Fig. 12 Numerical simulation for the CMPS of 103 MPa. MPS isocontours for a vi = 16 m/s; b 20 m/s; c 25 m/s; d 30 m/s; e 40 m/s

Fig. 13 Numerical MPS time history in particle 1 of row 2 for

various impact velocities. Critical MPS of 103 MPa
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the fracture conditions experimentally observed. An

approach similar as the one followed previously in

subsection 4.1 is adopted. Indeed, from the numerical

simulation conducted for impact velocity of 16 m/s

and without any failure criteria, the equivalent plastic

strain at the notch tip was extracted at the particles

belonging to rows 1 and 2 in Fig. 10b and plotted in

Fig. 16.

According to Fig. 16, the strain at the notch tip

increases from the mid-layer towards the free surface

of the plate, except for a few intermediate layers which

showed the lowest strain levels. The highest equiva-

lent plastic strain achieved throughout the impact is

seen to be 2.99 9 10–2. Consequently, a slightly lower

value, for example 2.9 9 10–2, can be used as a first

estimate of CEPS value producing a minimum yet

observable crack initiation at the notch tip.

Numerical simulations were conducted using a

CEPS of 2.9 9 10–2 with VI = 16, 20, 25, 30 and

Fig. 14 Numerical simulation for impact velocity of 20 ms-1 with different CMPS levels: 70 MPa, b 80 MPa, c 90 MPa, d 110 MPa,

e 120 MPa

Fig. 15 Numerical MPS time history in particle 1 of row 2 for

various CMPS values. Impact velocity of 20 m/s
Fig. 16 Numerical simulation considering an impact at 16 m/s.

No failure criterion. Evolution of plastic strain at the notch tip

for particles belonging to row 1 (lower curves) and row 2 (upper

curves), see also Fig. 9
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40 m/s. Corresponding results are presented in Fig. 17

in terms of isocontours and in Fig. 18 in terms of MPS

evolution in a particle located at the notch tip. The

CEPS-controlled failure criterion clearly managed to

reproduce the crack arrest. Yet, the main crack kink

angle absolute value seems to decrease with increasing

impact velocity, starting at about 90� at 20 m/s and

reaching about 60� at 40 m/s. On the other hand,

another crack is seen to initiate from the notch tip and

propagate downwards, which is not the case in the

experiments.

Extra numerical simulations were also perfomed

for CEPS values around 2.9 9 10–2 at the impact

velocity of 20 m/s, see Fig. 19. Corresponding MPS

time histories are plotted in Fig. 20. As expected the

crack length is decreasing with increasing CEPS. It is

noteworthy that the higher the CEPS the higher the

kink angle absolute value.

One can thus conclude that the sole CEPS-con-

trolled failure criterion is able to reproduce the crack

arrest but reproduces the unintended propagation of

another crack from the notch tip.

4.2.3 Towards combined failure criteria

The above analysis demonstrated that none of the

CMPS- and CEPS-dependent failure criteria is indi-

vidually able to reproduce the crack initiation, arrest

and pattern observed experimentally. In particular,

based upon linear fracture mechanics theory the

CMPS criterion is unable to reproduce the crack

arrest, and if the CEPS criterion is sufficently able to

reproduce crack arrest it leads to the unrealistic

formation of another crack. Preventing the latter

seems to be the solution for reproducing the real

picture. For this reason, we examine the ability of a

combination of both CMPS and CEPS failure criteria

Fig. 17 Numerical simulation for the CEPS of 0.029. MPS isocontours for VI of a 16, b 20, c 25, d 30, and e 40 m/s

Fig. 18 Numerical MPS time history in particle 1 of row 2 for

various impact velocities. CEPS of 2.9 9 10–2
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to reproduce the conditions for crack initiation and

development. The values of the CMPS and CEPS are

tentatively those determined previously, viz. 103 MPa

and 2.9 9 10–2 respectively. The failure is accord-

ingly assumed to occur as soon as both CMPS and

CEPS are reached. The numerical results are presented

in Fig. 21. The latter shows that most of the require-

ments are met in terms of crack initiation and pattern.

Some improvements still need to be brought to

reproduce the correct crack advance as a function of

the impact velocity, which is the purpose of the next

section.

5 Application to RT-PMMA100

It has been experimentally seen that the addition of

rubber nanoparticles (in a sufficient concentration)

inside a PMMA matrix increases significantly the

impact toughness of the resulting material, viz. RT-

PMMA100. From the numerical simulation perspec-

tive, this gain in ductility implies associating a CEPS-

controlled failure criterion to the usual CMPS-con-

trolled failure criterion in order to slow down the crack

propagation and accordingly increase the crack resis-

tance. In the following, a design of experiment is

conducted to determine the best set of CMPS and

CEPS values regarding the experimental results.

5.1 Design of experiment (DOE)

To investigate in a systematic way the combined

effects of CMPS and CEPS failure criteria on the

Fig. 19 Numerical simulation for impact velocity of 20 ms-1 with different CEPS levels: a 0.5 9 10–2, b 10–2, c 2 9 10–2,

d 2.9 9 10–2, e 4 9 10–2, and f 5 9 10–2

Fig. 20 Numerical MPS time history in particle 1 of row 2 for

various CEPS values. Impact velocity of 20 m/s
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fracture of the KW-type doubly-notched plate under

impact loading, a factorial design was employed. The

factors considered were the material properties of

interest, viz. the CMPS and CEPS values, and also an

external parameter, viz. the impact velocity. The

chosen response variables were the crack advance and

propagation angle. Based on the preliminary numer-

ical analysis, it was shown that combining high CEPS

with low CMPS or low CEPS with sufficiently high

CMPS leads to a finite crack advance. This suggested

that the interaction between the two factors would be

able to provide an empirical model capable of

predicting a suitable combination from the curvature

in the response function. Therefore, to be able to

investigate such quadratic modelling curvature, cen-

tral composite design (CCD), see e.g. Montgomery

(2013), was employed for the parametric study.

The first step consists of defining a reasonable range

for the factors under consideration. The factor bounds

are fixed based on the observations of the preliminary

numerical analysis as above discussed. Some addi-

tional trials are also run in order to check that at the

lower limit of the experimental range in terms of

impact velocity, the loading does not involve any

fracture while at the upper no fragmentation occurs.

Factor levels are reported in Table 2 and the design

matrix in Table 3. There are accordingly 20 runs to be

performed. Yet, since repeated numerical simulations

will always yield identical results, only one simulation

is required for the run orders 15 to 20.

Fig. 21 Numerical simulation for CMPS = 103 MPa and CEPS = 2.9 9 10–2 for impact velocity of a 16, b 20, c 25, d 30, and e 40 m/

s

Table 2 Factorial design

for identification of failure

criteria of RT-PMMA 100

Factor Notation Factor level

Low (-) High ( ?)

Critical maximum principal stress CMPS (MPa) M 90 110

Critical equivalent plastic strain CEPS F 0.016 0.044

Impact velocity VI (ms-1) V 19 31
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5.2 Results and discussion

5.2.1 Overall crack pattern

The numerical simulations with the factors in Table 3

are presented in Fig. 22a–o, corresponding to the run

orders 1–15, while their related main crack extensions

and propagation angles are reported in Table 4. The

lowest crack advance is observed for the run orders

three and four, Fig. 22c, d. According to the cases of

run orders one vs. two, three vs. four, five vs. six, seven

vs. eight, and nine vs ten, it can be seen that by varying

the CMPS levels while maintaining the same CEPS

value, the induced crack extension and corresponding

propagation angle are generally the same for each pair.

On the other hand, they all exhibit crack arrest. This

suggests that the crack arrest is not controlled by the

CMPS criterion. The predominance of the CEPS level

in controlling the crack arrest can be seen in the cases

(k) vs. (l), where the CMPS for both cases were

100 MPa but the CEPS levels differ by about 10 times.

The effect of impact velocity on the crack propagation

is also demonstrated.

Time histories of theMPS in the particles belonging

to rows 1 and 2 at the notch tip are plotted in Fig. 23.

According to Fig. 23, depending on the factors set,

the failure occurs suddenly during the MPS rising, on

the MPS plateau or not at all. The former is partic-

ularly seen for the cases three and four which

correspond to the CEPS of 4.4 9 10–2, as compared

to cases nine and ten which were assigned with CEPS

of 3 9 10–2. For cases one and two, with CEPS of

1.6 9 10–2, such a sudden jump is even more

insignificant.

5.2.2 Analysis of central composite design (CCD)

The effect of the failure criteria and impact velocity on

the crack extension is depicted in Fig. 24. As

expected, the factor M, i.e. CMPS, has no significance

effect on the crack extension before crack arrest. In

contrast, decreasing the CEPS level will allow for

increasing the crack extension while increasing the

crack propagation angle. The crack advance increases

rather linearly with the impact velocity while tending

to reduce the crack propagation angle.

In Fig. 25, the curves show the interactions

between M-F and M-V for both crack extension and

propagation angle. The curves are obviously parallel

to each other, suggesting that the interaction effects

are not significant. The interaction with significant

effect is demonstrated in F-V where the curves are not

parallel to each other. It can be seen that at high level

of V, increasing the CEPS has no effect but at low

level of V, increasing the CEPS significantly reduces

the crack extension.

5.3 Optimised values for the CMPS and CEPS

The contour plots illustrating how the average crack

extension and crack propagation angle vary with the

failure criteria and impact velocity are presented in

Figs. 26, 27, respectively. Based on the contour plots,

the region where the experimental results fall are

highlighted with red circle, which is 6 mm of crack

extension and 72� of propagation angle. From the

contour plot of the average crack extension, an

estimation of the CMPS and CEPS values are

110–115 MPa and 4 9 10–2-5 9 10–2, respectively.

On the other hand, contour plots of average propaga-

tion angle suggest a range of values for the corre-

sponding CMPS and CEPS as 110–115 MPa and

3 9 10–2-5 9 10–2, respectively.

Table 3 Factor level settings of the DOE CCD matrix

Factor Run order factor level

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15–20

M 90 110 90 110 90 110 90 110 83.182 116.82 100 100 100 100 100

F 0.016 0.016 0.044 0.044 0.016 0.016 0.044 0.044 0.030 0.030 0.0065 0.0535 0.030 0.030 0.030

V 19 19 19 19 31 31 31 31 25 25 25 25 14.91 35.09 25
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Fig. 22 Numerical simulation of the KW impact loading according to the design of experiment
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Thus, a reasonable estimate for the failure criteria

that satisfy both the crack extension and propagation

angle are about 115 MPa for critical MPa (corre-

sponding to numerical ant not physical dynamic

KIc ¼ 29MPa:
ffiffiffiffi

m
p

) and 5 9 10–2 for CEPS. It was

found that contour plots of other impact velocities as

holding value (not shown here) also demonstrated the

same trend. It is noteworthy that this value of 115 MPa

as critical MPS equals 2.9 times the average static

yield stress of 40 MPa, and then remains within the

expected [2;3] range.

The comparison of the experimental and numerical

results for this set of CMPS and CEPS is depicted in

Fig. 28. It can be seen that the conditions for crack

initiation, the finite crack advance and the crack

propagation are fairly reproduced. In particles located

near the notches tips, the strain rate is of the order of

2 9 103 s-1 for 16 m/s and 5 9 103 s-1 for 40 m/s.

At 25 m/s the magnitude of the early shear loading

at the notch tip is not sufficient to initiate the crack

formation, and the latter probably results from a

predominant Mode I or mixed mode induced by late

waves’ interaction. For this case, the kink angle is not

well reproduced (* -90� numerically against *
- 71� experimentally) but the crack advance is fairly

reproduced.

In the present case, knowing that the wave celerity

CRT-PMMA in the RT-PMMA is close to 1140 m/s, the

time the compression wave takes to go from the notch

tip to the rear side of the specimen and returns to the

notch tip as a release wave is close to 35 ls. This
more or less corresponds to the time at the beginning

of the plateau in Fig. 11. So, from 35 ls, the notch or
crack tip is under mixed Mode II-Mode I loading with

one mode being predominant with respect to the other.

The analysis of the interaction between the waves

coming from the specimen, impacted side (the

impedance mismatch involves a long time loading),

rear side and upper/lower sides is very complex. One

can however propose the following scenarios.

(1) If the crack initiates within the first 35 ls, it is
expected to do it as main crack under pure Mode

Table 4 Numerical results

in terms of main crack

extension and propagation

angle according to the

matrix of the design of

experiment

Factors Responses

No M F V Crack extension (mm) Propagation angle (�)

1 90 0.0160 19.00 16.0 90

2 110 0.0160 19.00 16.0 90

3 90 0.0440 19.00 1.0 90

4 110 0.0440 19.00 0.5 90

5 90 0.0160 31.00 20.5 65

6 110 0.0160 31.00 20.5 65

7 90 0.0440 31.00 17.0 70

8 110 0.0440 31.00 16.5 69

9 83 0.0300 25.00 15.5 74

10 117 0.0300 25.00 12.5 73

11 100 0.0065 25.00 30.5 69

12 100 0.0535 25.00 11.0 90

13 100 0.0300 14.91 0.0 *

14 100 0.0300 35.09 31.0 66

15 100 0.0300 25.00 14.5 75

Fig. 23 Design of experiment. Time histories of the MPS in

particle 1 of row 2
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Fig. 24 Design of

experiment. Effect of each

factor on the crack extension

Fig. 25 Design of experiment. Interaction effects of the factors on crack extension

Fig. 26 Contour plot of average crack extension in terms of a F-M; b V-M; c V-F
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II shear loading, propagates under Mode II

loading as long as the latter is predominant with

respect to Mode I, and then propagates as

secondary crack under Mode I loading when

Mode I becomes predominant.

(2) Now, if the crack does not initiate within the first

35 ls, it is expected to do it as ‘secondary’ crack
under Mode I opening loading and propagates

under Mode I loading.

5.4 Verification of the numerical model

The last step consists in verifying the numerical model

by considering a configuration that has not been

previously used for the calibration procedure. A

numerical simulation has accordingly been conducted

at the impact velocity of 50 m/s which is above the

threshold impact velocity VT. Experimental and

numerical, averaged crack tip speeds are reported in

Table 5. According to the latter, the numerical model

slightly overestimeates the crack tip speed with an

acceptable error of 4.7%.

6 Concluding remarks

The present study aimed to numerically reproduce the

crack arrest in impact loaded KW-type doubly-

Fig. 27 Contour plot of average crack propagation angle in terms of a F-M; b V-M; c V-F

Fig. 28 Numerical simulations considering the optimised CMPS of 115 MPa and CEPS of 5 9 10–2

Table 5 Comparison of averaged measured [after Mat Jali and

Longère (2020)] and predicted crack tip speeds for impact

velocity of 50 m/s

Averaged crack tip speed (m/s)

Experimental value 320

Numerical value 335
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notched specimens made of shock resistant RT-

PMMA100 using SPH method. The ability of critical

maximum principal stress- and critical plastic strain-

controlled failure criteria, first individually and then

combined to reproduce the crack arrest was evaluated

by comparison with experimental results. In spite of

the overall brittle nature of the PMMA matrix, it was

shown that the most pertinent criterion for RT-PMMA

is the one expressed in terms of critical plastic strain,

as a consequence of the gain in ductility brought by the

embedded rubber particles. In practice, the real crack

pattern can be reproduced only if the two criteria are

used together: the strain-based one to reproduce the

crack arrest and propagation angle and the stress-

based one to avoid another crack to initiate from the

notch tip. Following a design of experiment, an

optimised set of values for the critical maximum

principal stress and plastic failure strain were found. A

good agreement in terms of finite crack advance and

arrest (as a function of the impact velocity) and

propagation angle is seen between the experimental

and numerical results.

In future works, this approach could be applied to

higher rubber nanoparticle concentrations (lower

concentrations exhibiting no crack arrest within the

impact velocity range) in order to potentially relate the

latter values to the critical maximum principal stress

and critical plastic strain values entering the combined

failure criteria. Considering different failure criteria

for crack initiation and crack propagation could also

constitute an improvement of the methodology.
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