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Abstract Phase-field models of brittle fracture can
be regarded as gradient damage models including an
intrinsic internal length. This length determines the sta-
bility threshold of solutionswith homogeneous damage
and thus the strength of the material, and is often tuned
to retrieve the experimental strength in uniaxial ten-
sile tests. In this paper, we focus on multiaxial stress
states and show that the available energy decomposi-
tions, introduced to avoid crack interpenetration and to
allow for unsymmetric fracture behavior in tension and
compression, lead tomultiaxial strength surfaces of dif-
ferent but fixed shapes. Thus, once the length scale is
tailored to recover the experimental tensile strength, it
is not possible to match the experimental compressive
or shear strength. We propose a new energy decom-
position that enables the straightforward calibration
of a multi-axial failure surface of the Drucker-Prager
type. The new decomposition, which hinges upon the
theory of structured deformations, encompasses the
volumetric-deviatoric and the no-tension models as
special cases. Preserving the variational structure of
the model, it includes an additional free parameter that
can be calibrated based on the experimental ratio of
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the compressive to the tensile strength (or, if possi-
ble, of the shear to the tensile strength), as successfully
demonstrated on two data sets taken from the literature.
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1 Introduction

The variational phase-field approach to fracture, pio-
neered by Bourdin et al. (2000a) and first proposed
as the regularization of Francfort and Marigo’s vari-
ational fracture formulation (Francfort and Marigo
1998; Francfort et al. 2008), has recently established
itself as a game changer in the field of computa-
tional fracture mechanics. The computational frame-
work stemming from the variational phase-field for-
mulation is able to handle crack topologies of arbi-
trary complexity in two and three dimensions, with
no need for complicated crack tracking procedures nor
for additional criteria to guide the occurrence of crack
branching or merging phenomena. Thus, the approach
enables fracture computations of unprecedented flexi-
bility, which is probably the key reason for its success.

Another desirable feature of the associated compu-
tational framework is the capability to automatically
handle both nucleation and propagation. However, the
understanding of the underlying nucleation criteria and
the discussion of their physical pertinence is subtle.
This point is currently the subject of an open debate
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in the community. The present paper intends to be a
contribution in this context, focusing on the discussion
of the nucleation criteria under multiaxial loading.

Variational phase-field models can be interpreted as
a special class of gradient-damage models including
a length-scale parameter. Gamma-Convergence results
show that when this parameter tends to zero, the global
minimizers of the damage energy functional approach
the global minimizers of the energy of the sharp inter-
face Griffith model. For rate-independent processes,
this notion of convergence applies also to quasi-static
evolutions, passing through a time-discretisation (Gia-
comini 2005). However, the convergence of evolu-
tions of phase-field towards sharp-interface models is
retrieved only in terms of global minimizers, i.e. by
requiring that the current state achieves the smallest
possible energy level among all admissible competi-
tors at a given time step. Global minimization is at the
basis of the variational approach proposed by Francfort
and Marigo (1998). It is of fundamental utility from
the mathematical point of view, allowing for the appli-
cation of the direct methods of the calculus of vari-
ation. However, the global minimality requirement is
neither consistent with experimental evidence nor it
corresponds to the numerical practice. From the numer-
ical standpoint, global minimization is not feasible in
large-scale computations and all the available numer-
ical approaches attempt to retrieve at best local mini-
mizers of the energy. From the physical point of view,
local minimization, ormeta-stability, appears as amore
appropriate criterion to select experimentally observ-
able states. These issues were anticipated already in
(Bourdin et al. 2000a; Francfort and Marigo 1998) and
are discussed in detail in (Francfort et al. 2008) and by
several other authors (see e.g. Larsen n.d.; Negri 2010).
Thismotivates us andmany other authors to define evo-
lutions in terms of local minimizers of the total energy
functional. We discuss the nucleation criterion accord-
ingly, in the footsteps of Tanné et al. (2018).

Nucleation of a crack within the variational phase-
field framework is identified with the localization of
the phase-field variable. When considering local mini-
mization as a criterion to select the stable states during
a quasi-static evolution, localization events are asso-
ciated to the loss of the stability of the solution with
an almost uniform damage level. The corresponding
nucleation loading is the one at which the current solu-
tion branch ceases to be a local minimum of the energy.
This load can be unrelated to the critical load obtained

within an evolution law based on the global minimiza-
tion as a stability criterion. The critical load with local
minimization depends on the internal length scale of the
phase-fied model, whilst it converges to a value inde-
pendent of this regularization length when considering
globalminimization. Several authors embraced the idea
of local minimization as a stability criterion and set this
length scale to such a value as to achieve nucleation at a
desired level of stress in uniaxial conditions (i.e. at the
level of the known uniaxial tensile strength of a given
material). This approach leads to the interpretation of
the length scale as a material parameter, a concept that
was adopted in several studies, see (Amor et al. 2009;
Borden et al. 2012; Mesgarnejad et al. 2015; Nguyen
et al. 2016; Pham et al. 2011b, c, 2017; Tanné et al.
2018; Wu et al. 2017) among others. The effect of this
length scale is tantamount to the effect of the size of
the process zone in cohesive fracture models.

The study by Tanné et al. (2018) is the most compre-
hensive investigation conducted to date on crack nucle-
ation undermode-I loadingwith variational phase-field
models of brittle fracture. The authors concluded that,
with the above interpretation of the length scale and
adopting a stability condition in terms of local mini-
mizers, variational phase-field models are capable of
quantitatively predicting crack nucleation in mode-I
conditions in a wide range of geometries with various
types of notches and for several brittle materials.

However, it is well-known that the available varia-
tional phase-field models are not able to faithfully pre-
dict the nucleation threshold under multi-axial load-
ing. In standard isotropic phase-field models (Bourdin
et al. 2000b), the nucleation threshold is symmetric in
tension and compression. More complex models have
been developed to avoid crack interpenetration in com-
pression and to obtain an unsymmetric behavior in ten-
sion and compression. The most widely used of these
models (Amor et al. 2009; Freddi and Royer-Carfagni
2010; Miehe et al. 2010) are variational and include
the decomposition (also denoted as split) of the strain
energy density into positive and negative (or active and
inactive, or tensile and compressive) parts (Amor et al.
2009; Freddi and Royer-Carfagni 2010; Miehe et al.
2010). Even when using these models it is not possible
to independently set tension and compression nucle-
ation thresholds to match the experimental data (see
e.g. Amor et al. 2009, Sect. 4.4). Moreover, the avail-
able literature discussed especially the influence of the
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energy split on crack propagation,whereas its influence
on crack nucleation remained largely unexplored.

The above limitation motivated several authors to
propose non-variational models to retrieve the exper-
imental strength surfaces under multi-axial loading,
as done in more classical damage models (Comi
and Perego 2001). In non-variational approaches, the
damage criterion does not come as consequence of
an energy minimization principle. In this framework,
Lorentz (2017) proposed a damage model with gradi-
ent damage regularization featuring the correct strength
surface of plain concrete under multi-axial tension, by
introducing a residual elastic energy in compressive
states. Kumar et al. (2020) advocates the use of non-
variational models, claiming explicitly that the strength
cannot be solely a result of energy minimization, crit-
icizing the approach proposed in (Amor et al. 2009;
Pham et al. 2011b, c; Tanné et al. 2018). In short their
arguments are the following: (i) when using the stan-
dard isotropic variational phase-field model of Bourdin
et al. (2000b) (i.e. the model with no decomposition
of the elastic strain energy), tension and compression
nucleation thresholds cannot be set independently (ii)
in the incompressible limit the strength under isotropic
stress loading is infinite. Hence, they proposed a non-
variational model supplementing the equation which
governs the evolution of the phase field with an addi-
tional driving force,which is not associated to an elastic
energy release rate.With their non-variational approach
they were able to recover a multiaxial failure surface
of the Drucker-Prager type, which they opposed to the
elliptical failure surface obtained in two dimensions
(2D)with the isotropicmodel of Bourdin et al. (2000b).

In variational approaches, both the equilibrium
equations and the damage criterion are expressed as
optimality conditions on a total energy functional. As
a result, the damage criterion is expressed as a thresh-
old on the elastic energy release rate. Non-variational
approaches give a great flexibility for straightforwardly
defining arbitrary strength surfaces, independently of
the elastic energy release rate. However, this flexibil-
ity comes with a price. First, the symmetry property of
the global tangent stiffness is not guaranteed in gen-
eral. This implies fundamental difficulties in the math-
ematical and numerical analysis, as it happens, for
example, in contact mechanics (Ballard 2013). Non-
variational approaches do not allow for the application
of the directmethods of the calculus of variations to dis-
cuss the existence of solutions or to derive asymptotic

Gamma-convergence results, nor the use of the meth-
ods of optimization theory to devise numerical solution
schemes for the coupled damage-elasticity problem.
Marigo (1989) relates the Drucker-Ilyushin postulate
to the variational structure of the model, showing that
the strain work in a closed cycle in the strain space is
non-negative only if the damage criterion comes from
a variational model, where the strain work is a state
function (see also Pham and Marigo 2010b). Although
this does not imply that non-variational models violate
the second principle of thermodynamics, it provides
a strong fundamental theoretical argument in favor of
variational formulations for nonlinear material models.
Hence, even though non-variational approaches should
not be banned, we believe that variational approaches
are preferable from the theoretical and practical point
of view and therefore should be aimed for whenever
possible.

The objective of this paper is twofold. First, we carry
out an in-depth analysis and comparison of the strength
surfaces of themost widely used variational phase-field
models. Then, we propose a novel variational model
featuring a generalized energy density decomposition
which leads to a strength surface of the Drucker-Prager
type, where the ratio between the shear and the tensile
strengths (or the compressive and the tensile strengths)
can be freely tuned to match the experimental data.
The identification procedure and the capability of the
model to match the experimental multiaxial strength
surface are illustrated on the same examples used in
Kumar et al. (2020). The new decomposition encom-
passes those proposed in Amor et al. (2009) and (in
two dimensions) Freddi and Royer-Carfagni (2010) as
special cases. The specific form of the strain energy
density is obtained by extending the ideas of Freddi and
Royer-Carfagni (2010) of using the theory of structured
deformations (Del Piero and Owen 1993) to define
the residual elastic energy in the fully damaged state.
Altough the theory of structured deformations has been
originally formulated only in the sharp-interface con-
text, herewe simply use it as an effective tool to define a
damage model featuring a strength surface of Drucker-
Prager type. We refrain from giving any specific theo-
retical or physical justification to this approach. Provid-
ing a variational model where tension and compression
nucleation thresholds can indeed be set independently,
we challenge one of the main claims of Kumar et al.
(2020) on the variational approach to fracture not being
able to correctly retrieve crack nucleation.
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This paper is organized as follows: in Sect. 2, we
briefly summarize the main ingredients of the varia-
tional phase-field approach to brittle fracture. In Sect. 3,
we recall the most widely used approaches for the
decomposition of the elastic strain energy density in
variational phase-field models, and we determine and
compare their respective crack nucleation criteria. In
Sect. 4, we propose a new generalized energy decom-
position able to enhance the flexibility of the available
decompositions in terms of multiaxial failure criteria
and recovering two of them as special cases. We finally
draw the main conclusions in Sect. 5.

As follows,we report a brief overviewof the notation
and some useful relations. Vectors and second-order
tensors will be both denoted by boldface fonts, e.g. u
and ε for the displacement vector and strain tensor. For
the standard orthogonal decomposition of second-order
tensors in spherical and deviatoric parts we will use the
following notation (exemplified on ε)

ε = εsph + εdev, εsph = tr (ε)

n
I,

εdev = ε − tr (ε)

n
I, εsph · εdev = 0.

where I is the second-order identity tensor and n is the
number of space dimensions. For n = 3, denoting with
(ε1, ε2, ε3) the eigenvalues of the symmetric tensor ε,
we have the following relations:

εdev = 1

3

⎡
⎣
2 ε1 − ε2 − ε3 0 0

0 2 ε2 − ε1 − ε3 0
0 0 2 ε3 − ε1 − ε2

⎤
⎦

with ‖εdev‖2= 2
3

(
ε21+ε22 + ε23 − ε1ε2 − ε2ε3 − ε1ε3

)
.

For an isotropic linearly elastic material with Young’s
modulus E and Poisson’s ratio ν, we denote by
(λ, μ, κ) the Lamé and the bulk moduli given by

λ = E ν

(1 + ν)[1 − (n − 1)ν] , μ = E

2(1 + ν)
,

κ = λ + 2μ

n
= E

n[1 − (n − 1)ν] .

Given a scalar valued function f : x → f (x) ∈ R, we
define its positive and negative parts as

f +(x) = f (x)

2
+ | f (x)|

2
, f −(x) = f (x)

2
− | f (x)|

2
.

(1)

2 Basic variational phase-field models of brittle
fracture

Variational phase-field models of brittle fracture can be
obtained in two alternative ways: (i) from the regular-
ization of the variational approach to fracture (Franc-
fort et al. 2008), or (ii) as a special class of gradient
damage models, see e.g. (Pham et al. 2011a; Pham and
Marigo 2010a, b).As follows,we briefly recall themain
ingredients of the formulation taking the latter point of
view, following the presentation given in Marigo et al.
(2016).

2.1 General formulation

Let us consider a body � ⊂ R
n made of a damage-

able rate-independent material whose current state is
characterized by the vector-valued displacement field
u : x ∈ R

n → u(x) ∈ R
n , and the irreversible scalar

damage field α : x ∈ R
n → α(x) ∈ [0, 1]. Assum-

ing a geometrically linear model, the strain measure
is the infinitesimal strain tensor ε (u) = ∇su, with
∇s (•) = 1

2

[∇ (•) + ∇T (•)
]
as the symmetric gradi-

ent operator. The strain energy density of the material
is assumed to be a differentiable function of the strain,
the damage, and the gradient of the damage in the form:

W�(ε, α,∇α) := ϕ(ε, α) + w1

(
w(α) + �2|∇α|2

)
,

(2)

where ϕ is the elastic energy density of the material,
which is assumed to be a monotonically decreasing
function ofα,ϕ0(ε) := ϕ(ε, 0) being the elastic energy
of the pristine material and ϕ1(ε) := ϕ(ε, 1) the elastic
energy of the fully damaged material. We assume that
the elastic energy density is a convex function of the
strain at each fixed α, and that it is positively homoge-
neous of degree 2, i.e. thatϕ(s ε, α) = s2ϕ(ε, α),∀s ≥
0. The dissipated energy is composed of an homoge-
neous part, represented by the monotonically increas-
ing function w(α) with w(0) = 0 and w(1) = 1, and a
term depending on the gradient of the damage introduc-
ing an internal length �. The constant w1 is the specific
energy dissipation, representing the energy dissipated
per unit volume to reach the fully damaged state from
the pristine material during a homogeneous process.
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The body� is subjected to a time-dependent bound-
ary displacement ūt on the Dirichlet portion ∂D� of
the boundary, to a traction ft on the remaining (Neu-
mann) portion ∂N � and to a body force bt in �. In
the time-discrete version of the variational approach to
gradient damage models, given the damage field αp at
the previous time-step tp and a (small) time increment
�t > 0, the quasi-static equilibrium displacement u
and the damage field α at the new time step t = tp +�t
are given by the solution of the energy minimization
problem

(u, α) = arg locmin
(û,α̂) ∈Ct ×D(αp)

Et (û, α̂), (3)

where

Et (u, α) =
∫

�

W�(ε (u) , α,∇α) dΩ

−
∫

�

bt · u dΩ −
∫

∂N �

ft · u dS (4)

is the total energy functional including the work of the
external forces and

Ct := {u ∈ H1(�;Rn) : u = ūt on ∂D�},
D(αp) := {α ∈ H1(�;R) : αp ≤ α(x) ≤ 1})

are the spaces of the admissible displacement and dam-
age fields at time t from the previous state with damage
αp. Here H1(�;Rn) denotes the usual Sobolev space
of functions with square integrable first derivatives tak-
ing values in R

n . In the energy minimization princi-
ple (3), locmin stands for local unilateralminimization,
meaning that the solution (u, α) ∈ Ct × D(αp) should
be such that

∀(û, α̂) ∈ Ct × D(αp), ∃h̄ > 0 : ∀h ∈ [0, h̄]
Et (u+h(û − u), α + h(α̂ − α)) − Et (u, α)≥0. (5)

Retaining only the first-order series expansion of the
energy increment in (5) gives the following variational
inequality as a necessary condition for optimality:

E ′
t (u, α)(û − u, α̂ − α) ≥ 0, ∀(û, α̂) ∈ Ct × D(αp),

(6)

where

E ′
t (u, α)(v, β) := d

dh
Et (u + hv, α + hβ)

∣∣∣∣
h=0

denotes the directional derivative of the functional
Et (u, α) in the direction (v, β).

By suitably selecting the variations v, β and apply-
ing standard localization arguments, one can show that,
for smooth solutions, the first-order optimality condi-
tion (6) is equivalent to the following equilibrium equa-
tion and equilibrium boundary condition

divσ (ε, α) + bt = 0 on �, σ (ε, α)n = ft on ∂N �

and to the damage criterion

α−αp≥0,−Y (ε, α) − 2�2w1�α ≥ 0,

(Y (ε, α)−2�2w1�α)(α−αp) = 0 on �, (7a)

α−αp ≥ 0,∇α · n≥0, (∇α · n)(α − αp) = 0 on ∂�,

(7b)

where n is the outer unit normal to the boundary, �α

denotes the Laplacian of the damage field, and

σ (ε, α) := ∂W�(ε, α,∇α)

∂ε
= ∂ϕ(ε, α)

∂ε
,

(8a)

Y (ε, α) := −∂W�(ε, α,∇α)

∂α
=

−∂ϕ(ε, α)

∂α
− w1 w′(α) (8b)

are the stress tensor and the damage energy release rate,
respectively. Equivalent conditions are obtained in a
time-continuous setting as a consequence of an evolu-
tion principle based on irreversibility, energy balance,
and stability. We refer the reader to (Pham and Marigo
2010b, a; Marigo et al. 2016) for further details.

For homogeneous states for which �α = 0, the
damage criterion implies that damage can evolve only
if the stress and the strain are on the boundary of the
following elastic domains:

R(α) :=
{
ε ∈ Sym : −∂ϕ(ε, α)

∂α
≤ w1 w′(α)

}
,

(9a)

R∗(α) :=
{
σ ∈ Sym : ∂ϕ∗(σ , α)

∂α
≤ w1 w′(α)

}
,

(9b)

where we introduced the complementary elastic energy
density defined as the conjugate function of ϕ:

ϕ∗(σ , α) := sup
ε̂∈Sym

σ · ε̂ − ϕ(ε̂, α).
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The positive homogeneity of degree 2 of the elas-
tic energy density implies the positive homogeneity of
degree 1 of the stress-strain relationship in (8) and that

ϕ (ε, α) =
∫ 1

0

∂ϕ (ε, α)

∂ε

∣∣∣∣
sε

· ε ds

= σ (ε, α) · ε

2
= ϕ∗(σ (ε, α), α), (10a)

ϕ∗(σ , α) = ϕ(ε(σ , α), α) = σ · ε(σ , α)

2
, (10b)

where, here and henceforth, ε(σ , α) denotes the inverse
of the stress-strain relationship in (8), which is well
defined because of the assumed convexity of ϕ with
respect to ε.

Adamage law is defined as stress-softeningor stress-
hardening if the domain of the admissible stresses
R∗(α) is a decreasing or an increasing function of α,
respectively; analogous definitions of strain-softening
or strain-hardening apply to the domain of the admis-
sible strains R(α). Damage models used for a phase-
fieldmodel of fracture should include a stress-softening
phase, at least for sufficiently high damage levels.

2.2 Basic gradient damage model used for phase-field
fracture

Basic phase-field fracture models assume isotropic lin-
ear elasticity and an elastic energy density in the form

ϕ(ε, α) = a(α)ϕ0(ε) ⇒ ϕ∗(σ , α) = s(α)ϕ∗
0 (σ ), s(α) := 1

a(α)

(11)

with

ϕ0(ε) = κ

2
tr(ε)2 + μ ‖εdev‖2,

ϕ∗
0 (σ ) = tr2(σ )

2 n2 κ
+ ‖σ dev‖2

4μ

(12a)

for which the elastic domains read as

R(α) :=
{
ε ∈ Sym : κ

2
tr2(ε)

+ μ‖εdev‖2 ≤ −w1 w′(α)

a′(α)

}
, (13a)

R∗(α) :=
{
σ ∈ Sym : 1

2 n2 κ
tr2(σ )

+ 1

4μ
‖σ dev‖2 ≤ w1 w′(α)

s′(α)

}
. (13b)

In a uniaxial stress state σ = σe1 ⊗ e1, the inequalities
in (13) give:

|σ | ≤ σe(α) :=
√
2Ew1w′(α)

s′(α)
,

|ε| ≤ εe(α) :=
√

−2w1w′(α)

E a′(α)
.

In-depth analytical solutions of the one-dimensional
tension test, including stability and bifurcation anal-
ysis (Pham et al. 2011b, c), show that when loading
an initially undamaged bar of length L � � with an
imposed end displacement, at a critical stress σc the
homogeneous solution becomes unstable and the dam-
age localizes in a band assimilable to a crack. The
localized solution has a well-defined dissipated energy
density, that can be identified with the fracture tough-
ness Gc. The critical stress σc can be interpreted as
the strength of the material. It coincides with the elas-
tic limit σe(0) when the material is stress-softening for
any α, while it corresponds to the transition from the
stress-hardening (σ ′

e(α) > 0) to the stress-softening
(σ ′

e(α) < 0) regimes when the material has an initial
stress-hardening phase, i.e.:

σc = σe(αc), εc = εe(αc), with

αc = arg supα∈[0,1] σe(α), (14)

where εc is the corresponding critical strain andαc is the
critical damage for entering the stress-softening phase.
The critical stress and the equivalent fracture toughness
obtained for two popular choices of the damage consti-
tutive functions, which exemplify these two behaviors,
are

AT1 :
{

a(α) = (1 − α)2

w(a) = α
⇒ σe(α) =

√
Ew1(1 − α)3,

αc = 0, σc = √E w1, Gc = 8w1�

3
, (15a)

AT2 :
{

a(α) = (1 − α)2

w(a) = α2
⇒ σe(α) =

√
2Ew1α(1 − α)3,

αc = 1

4
, σc = 3

8

√
3w1E

2
, Gc = 2w1�. (15b)

The first model has an initial purely elastic phase fol-
lowed by stress-softening, whereas the second model
has an initial stress-hardening phase followed by stress-
softening.The critical stress corresponds to the instabil-
ity of the homogeneous solution, that is regarded as the
basic mechanism explaining crack nucleation in gra-
dient damage models (Amor et al. 2009; Pham et al.
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2011c). According to this interpretation, one can use
(15) to select the material parameters w1 and � of the
gradient damage model using the values of the fracture
toughness Gc and the strength σc of brittle materials
provided by material databases. Recently, it has been
shown that with this choice it is possible to correctly
reproduce the nucleation phenomena and size effect
undermode-I loadingwith several types of pre-existing
notches (Tanné et al. 2018), and explain the morpho-
genesis of complex tensile crack patterns (Sicsic et al.
2014).

Under multi-axial loading, for sufficiently large
structures, homogeneous states can loose their sta-
bility only when the stress and the strain are on the
boundary of the elastic domain and the material is in
the stress-softening phase (Pham and Marigo 2013).
Hence, recalling the definition in (14) of αc as the crit-
ical value of the damage for the transition to the stress-
softening phase, we define the strength surfaces under
multi-axial loading as follows

S :=
{
ε ∈ Sym : ∂ϕ(ε, αc)

∂α
= −w1 w′(αc)

}
,

S∗ :=
{
σ ∈ Sym : ∂ϕ∗(σ , αc)

∂α
= w1 w′(αc)

}
,

They give respectively the maximum allowable strain
and stress for homogeneous states. We assimilate these
surfaces to the nucleation threshold, even though it can
be rigorously proved that being on the strength surface
is only a necessary condition for crack nucleation.

Since the strength surfaces coincide with the bound-
ary of the elastic domains for α = αc, i.e. S =
∂R(αc), S∗ = ∂R∗(αc), in the following we will
derive R (α) and R∗ (α) for the various considered
models, fromwhich the strength surfaces can be imme-
diately obtained. In this paper, the strength surfaceswill
be plotted for αc = 0 assuming an AT1-type model.

3 The available energy decompositions and their
influence on the strength surface under
multi-axial loading

A fundamental limitation of the basic phase-field frac-
ture model is to have a symmetric behavior in tension
and in compression. This has two direct negative con-
sequences, which are clearly unphysical: (i) the pos-
sible crack interpenetration under compressive load-
ing, (ii) the critical stress for nucleating a crack under

uniaxial compression is the same required for uniaxial
tension. For this reason, several modifications of the
basic model (11) have been proposed in the literature.
A possible strategy to avoid unphysical interpenetra-
tion of the crack lips is to introduce a decomposition of
the elastic energy density into a compressive (or inac-
tive, or negative) and a tensile (or active, or positive)
part, and let the damage affect only the latter part. The
most pertinent way to perform this decomposition is
still an open issue in the literature and a subject of
ongoing debate, see (Li 2016) for an overview of the
main drawbacks of the different approaches. In this sec-
tion, we recall the most widely used decompositions
proposed in the literature and derive and compare their
strength surfaces.While the decomposition affects both
the nucleation and the propagation phases, in this work
we only discuss its implications on crack nucleation, a
point which, to the best of our knowledge, has not been
clearly addressed in the literature yet.

3.1 Energy decompositions and the corresponding
elastic domains

The decompositions of the elastic energy density (2)
proposed in the literature are in the form:

ϕ(ε, α) = a(α)ϕD(ε) + ϕR(ε),

with ϕD(ε) + ϕR(ε) = ϕ0(ε). (16)

where only the portion ϕD of the elastic strain energy
is affected by the damage, while ϕR is a residual elas-
tic energy, independent of the damage variable. In the
following, we will focus on the case of materials which
are isotropic in the undamaged states, i.e. with ϕ0 in the
form (12a). However, the elastic energy ϕ(ε, α) can be
anisotropic for α > 0.

The decomposition of the elastic energy induces an
analogue decomposition for the stress tensor and the
damage energy release rate appearing in the equilib-
rium equation and the damage criterion (8):

σ (ε, α) = a(α) σ D(ε) + σ R(ε),

with σ D(ε) := ∂ϕD(ε)

∂ε
σ R(ε) := ∂ϕR(ε)

∂ε
, (17a)

Y (ε, α) = −a′(α)ϕD(ε) − w1 w′(α). (17b)

The main idea is to associate ϕD to tension-like states
and ϕR to compression-like states, in order to obtain a
residual stiffness in compression for completely dam-
aged states. Because of the associate nature of the dam-
age model, this kind of decomposition affects directly
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the damage criteria (7) and the domains of admissible
strains and stresses (9). Indeed, only ϕD contributes
to the energy release rate Y , providing a driving force
for the nucleation and evolution of damage. The elastic
domain in the strain space is directly given by (9)

R(α) :=
{
ε ∈ Sym : ϕD(ε) ≤ −w1 w′(α)

a′(α)

}
. (18)

Obtaining the elastic domain in the stress space requires
to compute ε(σ , α) as the inverse of the constitutive
equation in (17) and substitute it back in the strain
domain (18) as follows:

R∗(α) :=
{
σ ∈ Sym : ϕD(ε(σ , α)) ≤ −w1 w′(α)

a′(α)

}

(19)

Assuming the decomposition in the form (16) ensures
that, for varying α,R(α) is transformed with a simple
homothety centered in the origin. This is not true in
general for R∗(α). The stress domain R∗(α) enjoys
the same property if ε(σ , α) can be decomposed in the
form s(α) εD(σ ) + εR(σ ).

3.2 The volumetric-deviatoric strain energy
decomposition

The decompositions proposed by Lancioni and Royer-
Carfagni (2009) and by Amor et al. (2009) are both
based on the orthogonal decomposition of the infinites-
imal strain tensor in spherical and deviatoric com-
ponents. The model by Lancioni and Royer-Carfagni
(2009) allows only for shear fracture by taking:

ϕD (ε) = μεdev · εdev ϕR (ε) = 1

2
κ tr2 (ε) . (20)

The model by Amor et al. (2009) combines the above
model with the basic fracture model (11), allowing for
total fracture if the volumetric part of the deformation is
positive and only shear fracture if the volumetric part of
the deformation is negative. This is obtained by setting:

ϕD (ε) = 1

2
κ
[
tr+ (ε)

]2 + μεdev · εdev,

ϕR (ε) = 1

2
κ
[
tr− (ε)

]2
,

(21)

where tr+ and tr− respectively denote the positive and
negative parts of the trace, see (1).

The stress-strain relationship is given by Equa-
tion (17)a with

σ D(ε) = κ tr+(ε)I + 2μ εdev σ R(ε) = κ tr−(ε)I.

from which tr+(ε) = tr+(σ )/(n κ a(α)), tr−(ε) =
tr−(σ )/(n κ), and εdev = σ dev/(2μ a(α)). Hence, one
can compute the elastic strain and stress domains to
obtain:

R(α) :=
{
ε ∈ Sym : κ

2
[tr+(ε)]2

+ μ‖εdev‖2 ≤ −w1 w′(α)

a′(α)

}
, (22a)

R∗(α) :=
{
σ ∈ Sym : 1

2 n2 κ
[tr+(σ )]2

+ 1

4μ
‖σ dev‖2 ≤ w1 w′(α)

s′(α)

}
. (22b)

In this case, both domains transform with α as homo-
theties centered in the origin.

3.3 The spectral strain energy decomposition

This model, proposed by Miehe et al. (2010), is based
on the following expressions

ϕD(ε) = 1

2
λ
[
tr+ (ε)

]2 + με+ · ε+

ϕR(ε) = 1

2
λ
[
tr− (ε)

]2 + με− · ε−

with ε+ = ∑
i ε+

i ei ⊗ ei and ε− = ∑
i ε−

i ei ⊗ ei ,
εi being the eigenvalues of the strain tensor and ei the
corresponding eigenvectors.

For this model, the stress domain does not trans-
form with α as an homothety centered in the origin,
thus the hardening or softening character of the model
is more complex to evaluate. We can compute the elas-
tic domainsR (α) andR∗ (α), but obtaining from them
the strength surfaces requires additional considerations
and is not further pursued here. The drawbacks of this
decomposition and its induced stress-strain behavior
under uniaxial stress states have been analyzed in Li
(2016), where it is also shown that this model (unlike
the others considered in this paper) does not fit in the
variational framework of structured deformations that
will be outlined in Sects. 3.4 and 4. For completeness,
we report the elastic domains R (α) and R∗ (α) in
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Appendix A and include ∂R(0), ∂R∗(0) in the plots to
follow, so that they can be compared with the strength
surfaces of the other decompositions.

3.4 The no-tension model

In (Freddi and Royer-Carfagni 2010), the authors
applied the theory of structured deformations (Del
Piero and Owen 1993) to the formulation of damage
models. In this framework, they proposed an energy
decomposition in the form (16) in order to reproduce
at the fully damaged state the behavior of the so-called
no-tension materials, i.e. materials that cannot with-
stand tensile stresses.

They assume that, because of micro-cracking, the
elastic energy density of the pristine material, ϕ0(ε),
is reduced by the presence of inelastic deformations η,
which are called structured deformations. The struc-
tured deformations are characterized by being con-
strained in a convex setKε, which specifies the “struc-
ture” of the admissible micro-cracks. Given ϕ0 andKε,
the elastic energy of the fully cracked body is computed
by solving the following minimization problem:

η̄(ε) := argminη∈Kε
ϕ0(ε − η),

ϕR (ε) := min
η∈Kε

ϕ0(ε − η) = ϕ0 (ε − η̄(ε)) .
(23)

No-tension materials are defined by choosingKε =
Sym+, the convex cone of symmetric positive semi-
definite second-order tensors. As shown later, the opti-
mality conditions of (23) imply that the corresponding
stress tensor must be in the convex cone of symmet-
ric negative semi-definite second-order tensors Sym−,
i.e. that the material cannot sustain tension. For their
application to the modeling of masonry structures, no-
tension materials have been the object of many inter-
esting works within the Italian community of theo-
retical solid mechanics (Sacco 1990; Angelillo 1993;
Giaquinta and Giusti 1985; Lucchesi et al. 1996;
Cuomo and Ventura 2000; Del Piero 1989). The solu-
tion of the problem (23)withKε = Sym+ for the three-
dimensional case is given in (Sacco 1990). Assuming
without loss of generality to order the eigenvalues of ε

such that ε1 ≥ ε2 ≥ ε3, this solution reads as follows

– if ε3 ≥ 0, then η̄ = ε,
– else if ε2 + νε3 ≥ 0, then η̄1 = ε1 + νε3, η̄2 =

ε2 + νε3 and η̄3 = 0,

– else if ε1 + ν
1−ν

(ε2 + ε3) ≥ 0 , then η̄1 = ε1 +
ν

1−ν
(ε2 + ε3) and η̄2 = η̄3 = 0,

– else, η̄ = 0.

Freddi and Royer-Carfagni (2010) proposed to
define the elastic energy density for a partial damage
level α by linearly modulating the optimal inelastic
deformation η̄ with α. They obtained in this way an
energy in the form (16) with a(α) = (1 − α)2. This
idea can be easily generalized to an arbitrary a(α) by
setting

ϕ (ε, α) = ϕ0

(
ε −

(
1 −√a(α)

)
η̄(ε)

)
. (24)

Wewill discuss this point and themainproperties of this
approach in the following section,wherewewill extend
it to propose a new model obtained with a different
choice of Kε.

Substituting η̄ (ε) in (24), the boundary of the elastic
domain R (α) is obtained as the set of ε ∈ Sym such
that

– if ε3 ≥ 0, 1
2κ [tr (ε)]2 + μεdev · εdev ≤ −w1w

′(α)
a′(α)

,

– else if ε2 + νε3 ≥ 0, λ2

2(λ+μ)
ε23 +

λ
2 ε3 (ε1 + ε2) + λ

2 (ε1 + ε2)
2 + μ

(
ε21 + ε22

) ≤
−w1w

′(α)
a′(α)

,

– else if ε1+ ν
1−ν

(ε2 + ε3) ≥ 0, 1
2(λ+μ)

[(λ + 2μ) ε1+
λ (ε2 + ε3)]2 ≤ −w1w

′(α)
a′(α)

.

The boundary of the elastic domain in terms of stresses
is found by computing σ (ε, α) from (8) and (24),
inverting it to obtain ε (σ , α), and substituting it back
in the strain domain. The resulting R∗ (α) is obtained
as the set of σ ∈ Sym such that

– if σ3−ν (σ1 + σ2) ≥ 0, 1
18κ [tr (σ )]2+ 1

4μ ‖σ dev‖2
≤ w1w

′(α)
s′(α)

,

– else ifσ2− ν
1−ν

σ1 ≥ 0, 1
8μ(λ+μ)

[
λ (σ1 − σ2)

2 + 2μ

× (σ 2
1 + σ 2

2

)] ≤ w1w
′(α)

s′(α)
,

– else if σ1 ≥ 0, 1
2(λ+2μ)

σ 2
1 ≤ w1w

′(α)
s′(α)

.

Freddi and Royer-Carfagni (2010) also demon-
strated that with the above approach the energy decom-
positions in the previous sections, except for the spec-
tral one, can be recovered by different choices of the
convex cone Kε. In particular, the formulation with no
energy decomposition is obtained withKε = Sym (the
space of all symmetric second-order tensors), whereas
the split in (20) is recovered for Kε = Symdev (the
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Fig. 1 Normalized strength
surfaces in the principal
stress space (ν = 0.25) for
the models with a no energy
decomposition and
b volumetric-deviatoric,
c spectral, and d no-tension
energy decompositions

space of symmetric second-order tensorswith no spher-
ical component) and the one in (21) results from taking
Kε = {Sym if tr (ε) ≥ 0, Symdev if tr (ε) < 0}.
More details on the above approach can be found in
the original paper and some are recalled in Sect. 4, as
the proposed generalized energy decomposition fits in
this framework as well.

3.5 Strength surfaces

The key results of this section are summarized in Figs. 1
and 2, which report the strength surfaces for the consid-
ered models in the general three-dimensional case and
in plane stress (σ3 = 0), respectively. From these sur-
faceswe can also compute the uniaxial tensile and com-
pressive strengths σtens and σcompr (the latter taken as
absolute value), which are obtained from the conditions

σ2 = σ3 = 0 with σ1 > 0 and σ1 < 0, respectively,
and the shear strength in plane stress σshear (again
in absolute value), which follows from the conditions
σ2 = −σ1 and σ3 = 0. Their expressions are reported
in Table 1 and in Appendix B.

For all the considered models, the calibration pro-
cedure alluded to in the introduction is carried out as
follows: for given (experimentally known) values of
the elastic properties (E and ν) of the material, the ten-
sile strength given in Table 1 is equated to the exper-
imentally known tensile strength, which delivers the
value of w1. From this, for a given (experimentally
known) value of the fracture toughness Gc, the value
of the length scale is set using (15a) or (15b) (or the
appropriate relationships if other models are used).
It is clear that, after this calibration, the compressive
and the shear strengths of the material automatically
result from the expressions in Table 1 and typically do
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Fig. 2 Normalized strength surfaces of the existing models in the principal stress space in plane stress for Poisson’s ratios ν = − 0.25
(left), ν = 0.25 (center), and ν = 0.45 (right)

Table 1 Tensile strength and ratio of the compressive and shear strengths to the tensile strength according to the existing variational
phase-field models considered in this paper

Decomposition σtens = σc σcompr /σtens σshear /σtens

None
√

2Ew1w′(αc)
s′(αc)

1
√

1
2(1+ν)

Volumetric-deviatoric
√

2Ew1w′(αc)
s′(αc)

√
3

2(1+ν)

√
1

2(1+ν)

Spectral
√

2E(1+ν)

1+ν−2ν2
w1w′(αc)

s′(αc)

√
(1+2ν)(1−ν)

2ν2

√
(1+2ν)(1−ν)

(1+ν)2

No-tension
√

2E(1−ν)

1−ν−2ν2
w1w′(αc)

s′(αc)
∞ 1

not match the experimental values for common brit-
tle materials. For example, the ratio of compressive to
tensile strengths delivered by the volumetric-deviatoric
energy decomposition is only slightly larger than the
unity, whereas the one predicted by the no-tension
model is infinite. This lack of flexibility has already
been recognized, see e.g. Sect. 4.4 in (Amor et al. 2009),
(Li 2016), (Lorentz 2017), and, more recently, (Kumar
et al. 2020). It limits the possibility of currently avail-
able phase-field models to quantitatively predict nucle-
ation under states of stress that are far from pure ten-
sion.As a side note, we can remark also that the spectral
energy decomposition proposed in Miehe et al. (2010)
can lead to non-convex strength surfaces for extreme
values of the Poisson’s ratio, as shown in Fig. 2 for
ν = −0.25.

4 A novel energy decomposition giving
a parametric strength surface à la
Drucker–Prager.

Asmentioned earlier, Freddi andRoyer-Carfagni (2010)
showed that some of the available energy density
decompositions can be obtained as special cases of
a general formulation involving the variational prob-
lem (23). The roots of this formulation are in the the-
ory of structured deformations of Del Piero and Owen
(1993) - which was developed within a framework with
sharp discontinuities, and not within a regularized set-
ting - as well as in a plethora of works on the behavior
of no-tension materials, with masonry as envisioned
application (Sacco 1990; Lucchesi et al. 1996; Cuomo
and Ventura 2000; Del Piero 1989). The formulation is
based on the following steps:

1. The definition of the strain density of the pristine
material ϕ0(ε);
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2. The definition of the set of admissible deformations
Kε which determines the residual strain energy of
the fully damaged material, ϕR(ε), as the solution
of the minimization problem (23);

3. The definition of the energy of the partially dam-
aged material by modulating the amplitude of the
structured deformation with the damage variable,
as in (24).

As follows, we exploit this approach to formulate a
novel energy decomposition featuring a strength sur-
face à la Drucker–Prager, in which the ratio between
the strengths in tension and in compression can bemod-
ulated by suitably setting an additional material param-
eter. Before presenting the new model, we illustrate
some general properties of the optimal solution of the
structured deformation problem (23) and of the corre-
sponding elastic energy density (24).

4.1 Optimality conditions for the structured
deformation η

In the theory of structured deformations, the elastic
energy density is defined by solving the minimization
problem (23), where ϕ0 is the convex elastic energy
density of the pristine material. We recall below the
basic notions of convex optimization theory needed
to solve this problem, focusing on the case in which
Kε is a convex cone, which means that ∀η1, η2 ∈ Kε,
∀c1, c2 ≥ 0, c1η1 + c2η2 ∈ Kε.

The convexity of the strain energy function and of
the cone Kε implies the uniqueness of the solution of
the minimization problem for any given ε. Let us call
this solution η̄(ε). By definition of minimality, it must
verify the following condition:

η̄(ε) ∈ Kε : ϕ0(ε − η) − ϕ0(ε − η̄)

= −σ̄ (ε) · (η − η̄(ε)) + o(‖η − η̄(ε)‖) ≥ 0,

∀η ∈ Kε (25)

where we introduced the following definitions:

σ 0(ε − η) := ∂ϕ0(ε − η)

∂η
, σ̄ (ε) := σ 0(ε − η̄(ε)).

(26)

The optimal inelastic deformation η̄(ε) and the opti-
mal stress-strain relationship σ̄ (ε) are characterized by
the following proposition, which is a classical result of
convex optimization (Boyd and Vandenberghe 2004):

Proposition 1 For a given ε, the solution of the convex
optimization problem (23) defined on the convex cone
Kε is unique and must verify the following conditions:

η̄(ε) ∈ Kε, σ̄ (ε) ∈ Kσ , σ̄ (ε) · η̄(ε) = 0, (27)

where

Kσ ≡ −K∗
ε := {σ ∈ Sym : σ · η ≤ 0, ∀η ∈ Kε}

is the negative dual cone (or polar cone) of Kε. More-
over, if η̄(ε) ∈ K̊ε (the interior of Kε), then σ̄ (ε) = 0,
if σ̄ (ε) ∈ K̊σ (the interior of Kσ ), then η̄(ε) = 0.

Proof Neglecting higher order terms, (25) gives the
following variational inequality:

η̄(ε) ∈ Kε : σ̄ (ε) · (η − η̄(ε)) ≤ 0, ∀η ∈ Kε (28)

Taking once η = 0 and once η = 2 η̄(ε) to test (28)
gives the following orthogonality condition for the
solution:

σ̄ (ε) · η̄(ε) = 0. (29)

Hence, the inequality (28) implies that σ̄ (ε) ∈ Kσ .
Moreover, if η̄(ε) ∈ K̊ε, then for each η̂ ∈ Kε,

for h sufficiently small, η = η̄(ε) ± hη̂ ∈ Kε can be
used to test (28). This implies that if η̄(ε) ∈ K̊ε, then
σ̄ (ε) = 0. Vice versa, if σ̄ (ε) ∈ K̊σ , the inequality in
the definition of Kσ must be strict, i.e. σ̄ (ε) · η < 0,
∀η ∈ Kε \ 0. Hence, if σ̄ (ε) ∈ K̊σ , the orthogonality
condition implies that η̄(ε) = 0. ��

The following proposition uses the optimality con-
dition above to characterize the energy of the damaged
material defined in (24).
Proposition 2 The definition (24) for the energy of the
damaged material, with η̄(ε) solution of the structured
deformation problem (23) and ϕ0(ε) a positively homo-
geneous function of degree 2, gives

ϕ (ε, α) = ϕR(ε) + a(α) ϕD(ε) (30)

with

ϕR(ε) = 1

2
σ̄ (ε) · (ε − η̄(ε)),

ϕD(ε) = 1

2
σ 0(η̄(ε)) · η̄(ε),

(31)

σ 0 and σ̄ being defined in (26).
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Proof Being ϕ0 2-homogeneous, one can use (10) and
the 1-homogeneity of the stress to obtain

ϕ (ε, α) = ϕ0

(
ε −

(
1 −√a(α)

)
η̄(ε)

)

= 1

2
σ 0

(
ε −

(
1 −√a(α)

)
η̄(ε)

)

·
(
ε −

(
1 −√a(α)

)
η̄(ε)

)

= 1

2
σ̄ (ε) · (ε − η̄(ε))

+ 1

2
a(α)σ 0(η̄(ε))·η̄(ε)+√a(α)�����

σ̄ (ε)·η̄(ε),

(32)

where the last term vanishes because of the orthogo-
nality condition in (27). ��

4.2 The choice of the admissible structured
deformations Kε

For masonry materials, Kε is the convex cone of pos-
itive semi-definite symmetric tensors and Kσ is the
convex cone of negative semi-definite symmetric ten-
sors. Hence, the structured deformation η has only
non-negative eigenvalues (opening strains, also called
“cracking strains” in the original papers, see e.g. Sacco
(1990)) and the eigenvalues of the stress tensor σ (ε)

are all non-positive (compressive), which mirrors the
expected behavior of a no-tension material.

Our aim is to generalize this behavior to a Drucker-
Prager-like criterion for the admissible strain and stress.
The Drucker-Prager failure model is inspired by the
Coulomb friction law and is widely used tomodel com-
pressive failure of a large class of cohesive-frictional
materials, like rocks or concrete. It constraints the
admissible shear stress τ and the admissible normal
stress σ by an inequality of the type τ ≤ −σ tan(φ)+c,
where φ is called friction angle and c cohesion.

As follows, we formulate a damage model leading
to a similar behavior, with vanishing cohesion (c = 0).
To this end, we assume that the energy of the fully
damaged material is the result of the structured defor-
mation problem (23) where we define the convex cone
of admissible structured deformations as follows:

Kε = {η ∈ Sym : tr(η) ≥ γ ‖ηdev‖)
}

with γ ≥ 0.

(33)

This choice is justified by the following proposition,
which gives the negative dual cone of sustainable
stresses for the fully damaged material:

Proposition 3 Kε is a convex cone. Its negative dual
cone is

− K∗
ε := {σ ∈ Sym : σ · η ≤ 0, ∀η ∈ Kε}

≡
{
σ ∈ Sym : ‖σ dev‖ ≤ −γ

n
tr(σ )

}
. (34)

Proof To show that Kε is a convex cone, we can use
the triangle inequality for any c1, c2 ≥ 0

γ ‖c1 η1dev + c2 η2dev‖ ≤ c1γ ‖η1dev‖ + c2γ ‖η2dev‖
≤ c1 tr(η1) + c2tr(η2)

= tr(c1 η1 + c2η2)

Moreover, expanding the tensor scalar product using
the volumetric-deviatoric decomposition, knowing that
the scalar product cannot exceed the product of the
norms and using the definition (33) gives

σ · η = tr(σ ) tr(η)

n
+ σ dev · ηdev ≤ tr(σ ) tr(η)

n

+‖σ dev‖ ‖ηdev‖ ≤
(
tr(σ )

n
+ ‖σ dev‖

γ

)
tr(η),

where the inequalities are satisfied as equalities taking

ηdev = tr(η)

γ

σ dev

‖σ dev‖ . Hence, we get

sup
η∈Kε

σ · η =
(
tr(σ )

n
+ ‖σ dev‖

γ

)
tr(η),

which gives (34). ��

4.3 The solution of the structured deformation
problem

Assuming that the pristine material is linearly elastic
and isotropic, the structured deformation problem reads
as

η̄(ε) = argminη

{κ

2
tr(ε − η)2 + μ ‖εdev − ηdev‖2,

η ∈ Sym : tr(η) ≥ γ ‖ηdev‖)
}
. (35)

The following Lemma allows us to express the
structured deformation in terms of only two scalar
unknowns, the trace of the inelastic deformation tr(η)

and the norm of its deviatoric part ‖ηdev‖, by eliminat-
ing the dependence on the orientation of ηdev.
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Lemma 1 Let ε̂dev = εdev/‖εdev‖ be the direc-
tor of εdev. The solution of the problem (35) is in
the form η̄dev(ε) = ‖η̄dev(ε)‖ ε̂dev and σ̄ dev(ε) =
‖σ̄ dev(ε)‖ ε̂dev. Hence, ‖εdev − η̄dev(ε)‖2 = (‖εdev
‖ − ‖η̄dev(ε)‖)2 and‖σ̄ dev‖ = 2μ(‖εdev‖−‖η̄dev(ε)‖).
Proof The orientation of the tensor εdev appears in
the minimization problem only in the last term of the
energy, for which we have

‖εdev − ηdev‖2 = ‖εdev‖2 + ‖ηdev‖2 − 2 εdev · ηdev

≥ ‖εdev‖2 + ‖ηdev‖2 − 2‖εdev‖‖ηdev‖,
where the last inequality is satisfied as an equality if
and only if ηdev is collinear to εdev, and such an η is
admissible for any ε ∈ Sym. Hence, η cannot be a
minimizer if it does not verify this condition. Because
of its definition (8) and the isotropy of the energy den-
sity, σ̄ dev(ε) = 2μ(εdev − η̄dev(ε)), which implies
that ‖σ̄ dev (ε)‖ = 2μ

(‖εdev‖ − ∥∥η̄dev (ε)
∥∥), where∥∥η̄dev (ε)

∥∥ ≤ ‖εdev‖. The proof of the remaining part
of the statement follows immediately. ��

The remaining optimal parameters of the inelas-
tic deformation (‖η̄dev‖, tr(η̄)) and the stress (‖σ̄ dev‖,
tr(σ̄ )) can be determined by applying the results of
Proposition 1, which can be summarized saying that
either the inelastic deformation and the stress are on
the boundary of the respective cones, or the respec-
tive dual variables vanish. With the cone of admissible
deformations (33) and the corresponding negative dual
cone of admissible stresses (34) we obtain:

‖η̄dev‖ ≤ tr(η̄)

γ
, ‖σ̄ dev‖ ≤ −γ

n
tr(σ̄ ),

with the following constitutive relations:

tr(σ̄ ) = n κ (tr(ε) − tr(η̄)),

‖σ̄ dev‖ = 2μ (‖εdev‖ − ‖η̄dev‖). (36)

Because of the Proposition 1, if one of the two inequal-
ities is verified strictly, the corresponding dual variable
vanishes. Hence, we have three cases:

1. γ ‖η̄dev‖ < tr(η̄), hence σ̄ = 0 and η̄ = ε, which
is admissible for ‖εdev‖ < tr(ε)/γ .

2. ‖σ̄ dev‖ < −γ tr(σ̄ )/n, hence η̄ = 0, tr(σ̄ ) =
n κ tr(ε), and ‖σ̄ dev‖ = 2μ ‖εdev‖, which is admis-
sible for ‖εdev‖ < − γ κ

2μ
tr(ε).

3. ‖η̄dev‖ = tr(η̄)/γ and ‖σ̄ dev‖ = −γ tr(σ̄ )/n.
These relations and the constitutive equations (36)
form a linear system that can be solved to obtain

‖η̄dev‖ =
tr(ε) + 2μ

kγ
‖εdev‖

γ + 2μ
kγ

, tr(η̄) = γ ‖η̄dev‖,

‖σ̄ dev‖ = 2μ(γ ‖εdev‖ − tr(ε))

γ + 2μ
kγ

,

tr(σ̄ ) = − n

γ
‖σ̄ dev‖.

This solution is admissible if and only if the
expressions for the norm are non-negative, i.e. for
‖εdev‖ ≥ − γ κ

2μ
tr(ε) and ‖εdev‖ ≥ tr(ε)/γ .

In conclusion, we have that the optimal inelastic
deformation is

η̄(ε) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε for ‖εdev‖ < tr(ε)/γ,

0 for ‖εdev‖ < − γ κ
2μ

tr(ε),

tr(ε)+2μ

kγ
‖εdev‖

γ+ 2μ
kγ

( γ
n I + ε̂dev

)
for ‖εdev‖ ≥ tr(ε)/γ & ‖εdev‖ ≥ − γ κ

2μ
tr(ε)

(37)

and the stress-strain relationship for the fully damaged
material is

σ̄ (ε) =

⎧⎪⎪⎨
⎪⎪⎩

0 for ‖εdev‖ < tr(ε)/γ,

κ tr(ε) + 2μ εdev for ‖εdev‖ < − γ κ
2μ

tr(ε),

2μ
γ+ 2μ

κγ

(
tr(ε)
γ

− ‖εdev‖
) (

I − γ εdev‖εdev‖
)

for ‖εdev‖ ≥ tr(ε)/γ & ‖εdev‖ ≥ − γ κ
2μ

tr(ε).

(38)
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4.4 The proposed damage model and its elastic
domains

The energy of the proposed damage model is readily
obtained replacing (37) and (38) in the general expres-
sion (31). From this we obtain:

ϕR (ε) =

⎧⎪⎪⎨
⎪⎪⎩

0 for ‖εdev‖ < tr(ε)/γ,
κ
2 tr(ε)2 + μ εdev · εdev for ‖εdev‖ < − γ κ

2μ
tr(ε),

κμ

κγ 2+2μ

[
tr (ε) − γ ‖εdev‖

]2 for ‖εdev‖ ≥ tr(ε)/γ & ‖εdev‖ ≥ − γ κ
2μ

tr(ε).

(39)

ϕD (ε) =

⎧⎪⎪⎨
⎪⎪⎩

κ
2 tr(ε)2 + μ εdev · εdev for ‖εdev‖ < tr(ε)/γ,

0 for ‖εdev‖ < − γ κ
2μ

tr(ε),

1
2(κγ 2+2μ)

[
κγ tr (ε) + 2μ ‖εdev‖

]2 for ‖εdev‖ ≥ tr(ε)/γ & ‖εdev‖ ≥ − γ κ
2μ

tr(ε).

(40)

Thus, R (α) is obtained as the set of ε ∈ Sym such
that

– if tr (ε) − γ ‖εdev‖ > 0, κ
2 tr

2 (ε) + μ ‖εdev‖2
≤ −w1w

′(α)
a′(α)

,

– else if tr (ε) + 2μ
γκ

‖εdev‖ ≥ 0, 1
2(κγ 2+2μ)

[
κγ tr

(
ε
)

+ 2μ
∥∥εdev

∥∥]2 ≤ −w1w
′(α)

a′
(
α
) .

R∗ (α) is obtained as the set of σ ∈ Sym such that

– if tr (σ )− nγ κ
2μ ‖σ dev‖ > 0, 1

2n2κ
tr2 (σ )+ 1

4μ ‖σ dev‖2
≤ w1w

′(α)
s′(α)

,

– else if tr (σ ) + n
γ

‖σ dev‖ ≥ 0, 1
2n2(κγ 2+2μ)

[
γ tr
(
σ
)

+ n
∥∥σ dev

∥∥]2 ≤ w1w
′(α)

s′
(
α
) .

Now recall that the strength surfaces coincide with
the boundaries of the elastic domains for α = αc.
A comparison with (13) shows immediately that, as
the volumetric-deviatoric and the no-tension energy
decompositions, also the proposed generalized model
shares part of its strength surface (the part for which
tr (σ ) − nγ κ

2μ ‖σ dev‖ > 0) with the model without
energy decomposition, whereas the remaining part will
be shown in Sect. 4.5 to be of Drucker-Prager type.

4.4.1 Limit cases

Recalling Sect. 3.4, it is straightforward to show that
the proposed generalized formulation admits themodel
by Amor et al. (2009) as limit case for γ = 0.
In fact, for γ = 0 the convex cone reduces to

Kε = {η ∈ Sym : tr (η) ≥ 0} which can be shown to
be equivalent to (21). For n = 2 it can also be shown
that the special case γ = √

2 delivers Kε = Sym+
which corresponds to the model by (Freddi and Royer-
Carfagni 2010).

4.5 Nucleation domains and discussion

The nucleation domains, i.e. the strength surfaces, are
illustrated for different values of γ in Figs. 3 and 4
in the general three-dimensional case and in plane
stress (σ3 = 0), respectively. The generalized model
enhances the flexibility of the available models on the
nucleation under multiaxial stress states, by introduc-
ing the possibility to taylor the slope of the surfaces
(or, under plane stress or plane strain conditions, the
lines) delimiting the nucleation domains in order to
conveniently match experimental results. Hence, one
can control the ratio of the compressive to the ten-
sile strength in uniaxial conditions, or alternatively the
ratio of the shear strength in plane stress to the uniaxial
tensile strength. These ratios are given in Table 2 and
depend on the free parameter γ , so that one of them
can be matched to the experimentally known value by
setting γ appropriately (and the other one will result
automatically).

Once γ is calibrated to match one of these ratios,
the specific fracture energy w1 can be set to match
the tensile strength to the experimental value. Finally,
the internal length � will determine the experimental
fracture toughness Gc for the dissipated energy in the
localized solution. The analysis of the localized solu-
tion is out of the scope of the present work. For the sake
of simplicity, and without any formal justification, we
apply here the relation in (15a) for the identification
of the internal length � from the values of Gc and w1.
An in-depth analysis of this point will be the subject of
future work.
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Table 2 Tensile strength and ratio of the compressive and shear strengths to the tensile strength according to the proposed generalized
phase-field model

γ -parameter σtens = σc σshear /σtens σcompr /σtens

γ <
√
6 γ >

√
6

γ <

√
3
2
1−2ν
1+ν

√
2Ew1w′(αc)

s′(αc)

√
γ 2

6(1−2ν)
+ 1

2(1+ν)
3√
6−γ

√
γ 2

3(1−2ν)
+ 1

1+ν
+∞

γ ≥
√

3
2
1−2ν
1+ν

3√
6+γ

√
2Ew1w′(αc)

s′(αc)

√
γ 2

3(1−2ν)
+ 1

1+ν

√
6+γ

3
√
2

√
6+γ√
6−γ

+∞

The table containing the expressions of σtens , σcompr

and σshear is reported in AppendixB. Note that, for

0 ≤ γ ≤
√

3
2
1−2ν
1+ν

, the conditions for the uniaxial

tensile strength satisfy tr (σ ) − nγ κ
2μ ‖σ dev‖ > 0, thus

the corresponding point belongs to the strength surface
of the phase-field model without energy decomposi-

tion. Instead, for γ ≥
√

3
2
1−2ν
1+ν

, the uniaxial tensile
strength conditions fall within the new strength sur-
face. The point corresponding to the uniaxial com-
pressive strength conditions always satisfies tr (σ ) −
nγ κ
2μ ‖σ dev‖ < 0 regardless of the value of γ , hence,
it never falls within the strength surface of the model
without energy decomposition. On the other hand, sim-
ple calculations show that for γ >

√
6 it is always

tr (σ ) + n
γ

‖σ dev‖ < 0, so that no damage ever devel-

ops under uniaxial compression. For 0 ≤ γ <
√
6, the

uniaxial compressive strength is attained on the new
strength surface. Finally, the point corresponding to the
shear strength in plane stress is always attained on the
new strength surface, regardless of the value of γ .

As follows, we show with simple calculations that

for
√

3
2
1−2ν
1+ν

≤ γ ≤ √
6 (assuming ν ≥ −1/4), i.e.

within the range of γ for which the points correspond-
ing to the uniaxial tensile strength and the uniaxial
compressive strength both fall within the new strength
surface, part of the strength surface of the generalized
model (i.e. the new strength surface) is of Drucker-
Prager type, i.e. it corresponds to

√
J2 + 1√

3

σcompr − σtens

σcompr + σtens
I1− 2σcompr σtens√

3
(
σcompr + σtens

) = 0,

(41)

with I1 and J2 as the first invariant of σ and the sec-
ond invariant of σ dev, respectively. As commented at
the end of Sect. 4.4, the strength surface of the gen-
eralized model coincides with the strength surface of

the model with no energy decomposition for tr (σ ) −
nγ κ
2μ ‖σ dev‖ > 0. Instead, for tr (σ ) − nγ κ

2μ ‖σ dev‖ ≤ 0
and tr (σ ) + n

γ
‖σ dev‖ ≥ 0, it reads

√
J2 + γ

3
√
2

I1 −
√
(
κγ 2 + 2μ

) w1w′ (αc)

s′ (αc)
= 0, (42)

wherewehave accounted for the relationships‖σ dev‖ =√
2J2, tr (σ ) = I1 and we have considered the three-

dimensional case n = 3. Now note that for this range

of γ it is σcompr
σtens

=
√
6+γ√
6−γ

(see Table 1), which can be

rewritten as

γ = √
6
σcompr − σtens

σcompr + σtens
(43)

so that we easily obtain

γ

3
√
2

= 1√
3

σcompr − σtens

σcompr + σtens
.

Moreover, the uniaxial compressive strength is given

by σcomp =
√

18(κγ 2+2μ)(√
6−γ

)2 w1w′(αc)
s′(αc)

(see Appendix B),

so that it is also√
(
κγ 2 + 2μ

) w1w′ (αc)

s′ (αc)
= 2√

3

σcompσtens

σcompr + σtens

which reduces (42) to (41).
The comparison between the strength surface of the

generalizedmodel and theDrucker-Prager strength sur-

face in the stress space for
√

3
2
1−2ν
1+ν

≤ γ ≤ √
6

is shown in Fig. 3c (for ν = 0.25). The difference
between the two surfaces is limited to the region close
to the vertex of the Drucker-Prager cone, where the sur-
face of the generalized model features a rounded termi-
nation which corresponds to the stress range where the
model with no energy decomposition applies. From the
same figure it can be easily inferred that this deviation
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Fig. 3 Normalized strength
surface of the generalized
model in the principal stress
space (ν = 0.25) for
a γ = 0.05 , b γ = 0.3,
c γ = 1, d γ = 2.5. For
both a and b it is
γ <

√
3
2
1−2ν
1+ν

; these models
are close to the one with
volumetric-deviatoric
decomposition (attained
exactly for γ = 0); for the
model in (c) it is√

3
2
1−2ν
1+ν

< γ <
√
6, hence

part of the strength surface
is exactly of the
Drucker-Prager type (the
Drucker-Prager surface is
plotted in light grey for
comparison); the model in
(d) has γ >

√
6 which gives

unlimited strength in
uniaxial compression. The
ratio of compressive to
tensile strength,
σcompr /σtens , is equal to
1.12, 1.29, 2.38 and ∞ for
(a), (b), (c) and (d),
respectively

is no longer visible in plane stress conditions, e.g. for
σ3 = 0, as the corresponding cross-sections of both
surfaces are identical.

We finally exemplify calibration of the new model
for the experimental results in Fig. 5, which are the
same shown in Kumar et al. (2020), corresponding to
titania (Ely 1972) and graphite (Sato et al. 1987). The
materials have experimentally known values of elastic
constants and strengths that are reported in Table 3.
We decide to use the AT1 model, thus αc = 0 and
w1w

′(0)
s′(0) = w1

2 .
For titania, based on the experimental ratio of the

compressive to the tensile strength and using (43), we
calibrate γ = 2.08. This value is then verified to fall

within the range
√

3
2
1−2ν
1+ν

≤ γ ≤ √
6, which is the

condition for the validity of (43). Then, based on the
expression of the tensile strength in Table 1 and on

the experimental tensile strength in Table 3, we cal-
ibrate w1 = 0.0217 MPa, which can eventually be
used to compute � = 0.62 mm when assuming the
expression in (15a) for Gc. The exact same proce-
dure can be repeated for graphite finding γ = 1.18,
w1 = 0.0725 MPa, and � = 0.47 mm. The strength
surfaces in plane stress are reported for both materials
in Fig. 5, where they can be noticed to fit very well the
experimental results. As noted above, these are exactly
Drucker-Prager strength surfaces.

5 Conclusions

We derived and proposed a generalized energy den-
sity decomposition for variational phase-fieldmodeling
of brittle fracture, which encompasses those by Amor
et al. (2009) and Freddi and Royer-Carfagni (2010)
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Fig. 4 Normalized strength surfaces of the generalized model
in the principal stress space in plane stress for Poisson’s ratios
ν = − 0.25 (left), ν = 0.25 (center), and ν = 0.49 (right) and
various values of the parameter γ . For ν = −0.25, the ratio of
compressive to tensile strength, σcompr /σtens , is equal to 1.44,

1.62, 2.58 and ∞ for γ equal to 0.05, 0.3, 1.0 and 2.5, respec-
tively. For ν = 0.25, σcompr /σtens is equal to 1.12, 1.29, 2.38
and ∞ for γ equal to 0.05, 0.3, 1.0 and 2.5, respectively. For
ν = 0.49, σcompr /σtens is equal to 1.04, 1.28, 2.38 and ∞ for γ

equal to 0.05, 0.3, 1.0 and 2.5, respectively

Fig. 5 Comparison
between the calibrated
strength surfaces of the
generalized model in plane
stress with experimental
results for a titania (Ely
1972) and b graphite (Sato
et al. 1987). These strength
surfaces exactly coincide
with the Drucker-Prager
strength surfaces
corresponding to the
compressive and tensile
strengths of the materials,
see Eq. (41)

(a) (b)

as special cases. The newly proposed decomposition
hinges upon the application of the theory of structured
deformations and no-tension materials to the formula-
tion of variational damage models proposed by Freddi
and Royer-Carfagni (2010). In comparison to the pre-
viously available decompositions, the proposed one
introduces a generalization whose flexibility enables
the straightforward calibration of a multiaxial failure
surface of the Drucker-Prager type. We thus demon-
strate that a fully variational phase-field formulation
is indeed able to correctly reproduce the multi-axial
nucleation threshold of real materials characterized by
a strength surface à la Drucker-Prager, provided that it

is endowed with a sufficiently general strain energy
decomposition. This finding is in contrast with the
claim of Kumar et al. (2020), which advocates the
necessity of a non-energetic model to recover a sim-
ilar behavior.

The presented investigation paves the way for many
further developments. We only explored the con-
sequences of the generalized decomposition on the
strength surfaces, and ignored the following behav-
ior featuring localization and crack propagation. Future
research will focus on this subsequent phase, with the
aim of relieving or possibly suppressing the known
drawbacks of the available strain energy decomposi-

123



Nucleation under multi-axial loading in variational phase-field... 79

Table 3 Material constants for titania (Ely 1972; Iuga et al. 2007) and graphite (Sato et al. 1987; Goggin and Reynolds 1967) as
reported by (Kumar et al. 2020) and corresponding parameters of the proposed generalized model

Titania Graphite

Experimental data E [GPa] 250 9.8

ν 0.29 0.13

σtens [MPa] 100 27

σcompr [MPa] 1232 77

Gc [N/m] 36 91

Model parameters μ [GPa] 97 4.3

κ [GPa] 198 4.4

w1 [MPa] 0.0217 0.0725

γ 2.08 1.18

� [mm] 0.62 0.47

The specific fracture energy w1 and the parameter γ are calculated using the relations in Table 1 for the tensile and shear strengths.
The internal length is estimated from the value of Gc assuming that the relation between Gc and � in (15a) for the isotropic model still
holds for the proposed model

tions. It goes without saying that numerical and exper-
imental investigations would be mandatory to comple-
ment and support the present analytical study. They are
currently in progress and will be reported in forthcom-
ing publications. Moreover, more complex and flexi-
ble multiaxial failure surfaces can be envisioned along
the lines of the proposed formulation, by appropri-
ately choosing the convex space where the minimiza-
tion problem leading to the structured strain in fully
damaged conditions is carried out. Finally, future work
should aim at addressing the other fundamental issue
pointed out by Kumar et al. (2020) about the nucleation
threshold under isotropic loading in the incompressible
limit within a variational approach.

A The spectral strain energy decomposition

The stress-strain relationship is again given byEq.(17a)
with

σ D = λtr+ (ε) I + 2με+ σ R = λtr− (ε) I + 2με−

which can be inverted most easily in component form.
Thus, whereas the strain domain is directly obtained as

R (α) =
{
ε ∈ Sym : 1

2
λ
[
tr+ (ε)

]2

+ με+ · ε+ ≤ −w1w
′ (α)

a′ (α)

}

the stress domain must be found componentwise by
distinguishing several cases. Assuming, without loss
of generality, ε1 ≥ ε2 ≥ ε3, R∗ (α) is obtained as the
set of σ ∈ Sym such that

– if σ3 − ν (σ1 + σ2) ≥ 0

1

18κ
tr2 (σ ) + 1

4μ
‖σ dev‖2 ≤ w1w

′ (α)

s′ (α)

– else if [(1 + a (α)) λ + 2μ] σ2−λσ1−a (α) λσ3 ≥
0 and σ1 + σ2 + a (α) σ3 ≥ 0

1

4a2 (α) μ [(2 + a (α)) λ + 2μ]2

·
{
4μ2

(
σ 2
1 + σ 2

2

)
+ 2λμ

[
(3 + 2a (α)) σ 2

1

−2σ1σ2 + (3 + 2a (α)) σ 2
2 + a2 (α) σ 2

3

]

+λ2
[(

2 + 2a (α) + a2 (α)
) (

σ 2
1 + σ 2

2

)

−2a2 (α) σ2σ3 + 2a2 (α) σ 2
3

−2σ1
(
2σ2 + 2a (α) σ2 + a2 (α) σ3

)]}

≤ −w1w
′ (α)

a′ (α)

– else if [(1 + a (α)) λ + 2a (α) μ] σ2 − λσ1 − a (α)

λσ3 ≥ 0 and σ1 + σ2 + a (α) σ3 ≤ 0

1

4a2 (α) μ [(2 + a (α)) λ + 2a (α)μ]2

·
{
[(λ + a (α) λ + 2a (α)μ) σ1 − λσ2 − a (α) λσ3]

2
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<
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√
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√
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γ
2
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μ
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( √
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γ
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1
w

′ (α
c
)

s′
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)

γ
≥

√ 6
∞

+ [(λ+a (α) λ+2a (α) μ) σ2−λσ1−a (α) λσ3]
2
}

≤ −w1w
′ (α)

a′ (α)

– else if 2μσ1 + a (α) λ (2σ1 − σ2 − σ3) ≥ 0 and
σ1 + a (α) (σ2 + σ3) ≥ 0

1

4a2 (α) μ [(1 + 2a (α)) λ + 2μ]2

·
{[

(8a (α) + 2) λμ + 4μ2
]
σ 2
1

+ a2 (α) λ
[
2μ (σ2+σ3)

2+λ (−2σ1+σ2+σ3)
2
]}

≤ −w1w
′ (α)

a′ (α)

– else if 2 (λ + μ) σ1 − λ (σ2 + σ3) ≥ 0 and σ1 +
a (α) (σ2 + σ3) ≤ 0

1

4μ [(1 + 2a (α)) λ + 2a (α) μ]2

· [2 (λ + μ) σ1 − λ (σ2 + σ3)]
2 ≤ −w1w

′ (α)

a′ (α)

B Tensile, compressive and shear strengths
according to all models considered in this paper,
including the newly proposed generalized one.
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