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Abstract Mixed mode crack initiation in PMMA
specimens containing square holes is investigated
experimentally by uniaxial tensile tests. The crack
deflection with respect to the V-notch bisector and the
failure load both increase for decreasing hole sizes,
to which correspond higher mode mixities. In order
to catch this behavior from a theoretical point of
view, Finite Fracture Mechanics (FFM) approach is
employed numerically through a full finite element
analysis. The FFM implementation requires only two
material parameters, namely the strength and the frac-
ture toughness. They are identified through the compar-
ison between failure load predictions and experimental
measurements on circular holes with different diam-
eters. The resulting FFM blind predictions on square
holes are in good agreementwith recordeddata. Finally,
FFM is implemented through an asymptotic matching
expansion procedure and an excellent matching with
the previous simulations is found.
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1 Introduction

Mixed mode failure in brittle materials can be assessed
employing classical tools from linear elastic fracture
mechanics (LEFM) only in presence of sufficiently
large cracks, when the stress intensity factors (SIFs)
govern the singular stress field in the neighborhood of
the crack tip. In the case of short cracks, notches or
holes, it is necessary to implement more powerful theo-
ries, such as Finite Fracture Mechanics (FFM) (Hashin
1996; Nairn 2000) which is based on the assumption
of a finite crack increment, at least at the first step. In
this framework, Leguillon firstly introduced the Cou-
pled Criterion (CC) (Leguillon 2002), which allows the
prediction of crack initiation by combining both stress
and energy requirements. Following his idea, Priel et al.
(2007, 2008) and Yosibash et al. (2006) and, later on,
Cornetti et al. (2013) and Sapora et al. (2013) modeled
mixedmode crack initiation occurring fromV-notches.

TheCCcanbe employed throughdifferent approaches.
The finite element (FE) implementations of the CC
have been recently recalled and gathered in a tool for
AbaqusTM (Doitrand et al. 2020). The first approach,
initially proposed by Leguillon (2002), relies on a
matched asymptotic (MA)expansionprocedure (Leguil-
lon and Sanchez-Palencia 1987). It consists in comput-
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ing the stress and the energy conditions in a domain
surrounding the initiation crack location without con-
sidering the whole geometry. The boundary conditions
imposed to this domain are the asymptotic displace-
ments or stress fields corresponding to the singular
point or the stress raiser. They depend on the general-
ized stress intensity factors (GSIFs) related to opening
and in-plane shear modes: the procedure reveals to be
convenient to compute the stress and the energy criteria
for a given mode mixity. This approach was tradition-
ally and successfully employed to predict mixed mode
failure initiation (Doitrand and Leguillon 2018b; Priel
et al. 2008; Yosibash et al. 2006) for instance at V-
notches (Priel et al. 2007; Sapora et al. 2013; Yosibash
et al. 2006). Furthermore, Felger et al. (2019) predicted
mixed mode crack initiation at bi-material junctions
under four point bending based on the MA approach,
taking into account two possible failure mechanisms,
namely the bending failure or the notch induced fail-
ure. An asymptotic approach was also employed by
Cornetti et al. (2013) to predict crack initiation of spec-
imens containing square holes under either uniaxial or
bi-axial loading, which leads to mixed mode crack ini-
tiation from the hole corners, the mode mixity depend-
ing on the notch size. Failure stress and crack deflec-
tion were computed semi-analytically for several self-
similar specimens, highlighting the ability of the CC to
catch size effects.

The second CC approach consists in performing full
finite element (FFE) simulations (Carrère et al. 2015;
Doitrand et al. 2017, 2019; Doitrand and Leguillon
2018a; Martin et al. 2008). This method requires to
model the whole structure under investigation, and it
reveals to be necessary when the defect/notch size or
the crack length are not small enough with respect to
the other geometrical dimensions, i.e.when the solution
is not governed by the GSIFs. It is important to remind
that both MA and FFE approaches require not only
the failure load and the initiation crack length to be
determined, but also the crack initiation angle. This
is usually achieved by computing the failure load for
several angles and by determining the one minimizing
the failure stress.
Mixed mode crack initiation from notches was stud-
ied experimentally by several authors. Seweryn and
Lukaszewicz (2002) performed Arcan tests on dou-
ble V-notch specimens with several opening angles
and thus different mode mixities, and computed crit-
ical loads and crack orientations using several fracture

criteria. Three and four point bending tests on V-notch
specimens were performed respectively by Yosibash
et al. (2006) and Priel et al. (2007). In both cases, the
modemixitywasobtainedbyvarying thepositionof the
loading point and of the supports. Another way to gen-
erate mixed mode loading under three point bending
of V-notch specimens was employed by Gómez et al.
(2009) who manufactured specimens with a slanted V-
notch. Ayatollahi and Aliha (2009) designed the so-
called diagonally loaded square plate test that allows
providing pure mode I or mode II loading conditions as
well as any mixed mode conditions in between, show-
ing a good agreement with classical mixed mode frac-
ture criteria. Brazilian Disk tests on specimens with
a central square hole were performed by Ayatollahi
et al. (2016). Using stress-based criteria, they showed
the necessity of employing an additional parameter (a
critical distance in their work) to the material strength
in order to correctly predict the crack initiation loca-
tion. The proposed approach did not allow the initiation
crack extension to be predicted, and no informationwas
given about the experimental identification of the crit-
ical distance.

The present work deals with the experimental and
theoretical characterization of size effects in structures
containing square holes. Experimental tests on PMMA
samples are described in Sect. 2, whilst the coupled
criterion theory and its FFE implementation are intro-
duced in Sect. 3. Finally, in Sect. 4, thematerial fracture
parameters are identified, and numerical predictions on
the failure load and crack deflection—as a function of
the hole size—are successfully compared with experi-
mental data.

2 Experimental campaign

The material under investigation is a commercial
extruded polymethyl methacrylate (PMMA) supplied
by NUDEC. The related Young’s modulus (E =
2.7± 0.1GPa) and Poisson’s ratio (ν = 0.39± 0.005)
were measured by testing plain specimens and using
both extensometers and digital image correlation tech-
niques.

Two types of notches were laser cut on rectangu-
lar samples having thickness t = 5.76 ± 0.05mm
and length L = 150 ± 0.2mm. The first one refers
to circular holes with diameter d. This kind of geom-
etry was considered in order to identify the material
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Fig. 1 Geometry of square
hole specimens and
experimental setup

Fig. 2 Specimens with circular hole sizes varying between a 4.28 mm and e 0.66 mm before failure

Fig. 3 Specimens with circular hole sizes varying between a 4.28 mm and e 0.66 mm after failure

strengthσc and the fracture toughnessGc, necessary for
the FFM implementation. The second one is related to
square holes with side c parallel to the specimen sidew

(cf. Fig. 1). Such a configuration was chosen because it
results in mixedmode crack initiation, themodemixity
ψ depending on the hole size as described in Cornetti
et al. (2013).

Different geometrical dimensions were considered
for both notches, and three specimens for each con-
figuration were tested using a 20kN Zwick machine
(cf. experimental set-up, Fig. 1). The force and dis-
placement were acquired every 0.1 s. . The prescribed
displacement rate was 0.5mm/min, which was small
enough to ensure an overall quasi-static loading state.
The tests were optically recorded at 1Hz frequency

with 1 s exposure timeusing a29MPixelsAlliedVision
Prosilica GX camera. Further details are given below.

2.1 Uniaxial tests on circular hole specimens

Five different circular hole geometries were machined
and tested, with a width to diameter ratio w/d varying
between 7.3 (for the smallest hole) and 9.3 (for the
largest hole). The specimen dimensions are reported in
Table 1. Under tensile loading, mode I cracking occurs
in circular hole specimens: the crack initiating from
the hole that acts as a stress raiser and the specimen
breaks into two parts. A photograph of one circular
hole specimen for each configuration is shown before
(Fig. 2) and after (Fig. 3) failure.

123



36 A. Doitrand et al.

Table 1 Experimental results on circular holes: geometrical dimensions and recorded failure loads

Circular hole diameter d (mm) 0.66±0.12 1.22±0.27 2.31±0.22 3.37±0.26 4.28±0.28
Specimen width w (±0.2 mm) 4.80 9.80 19.80 29.80 39.80
Failure Load (N) 585±41 1050±101 1633±46 2442 +245 3298±390

Load–displacement curves are shown in Fig. 4 and
the corresponding failure loads are reported in Table 1.
They reveal decreasing failure stresses (where the stress
is defined as the ratio between the failure load and the
specimen section w × t) for increasing hole diameters.
Indeed, for sufficiently large hole size, the failure stress
tends towards the asymptotic value σc/3. As antici-
pated before, experimental data obtained from circular
hole specimens will be exploited in Sect. 4.1 to deter-
mine the material strength σc and fracture toughness
Gc. These values will be used, in turn, for blind pre-
dictions on crack initiation from square holes.

2.2 Uniaxial tests on square hole specimens

A total of 10 square hole configurations were con-
sidered. Three specimens were tested for each con-
figuration by varying the hole side from 1.36 ± 0.27
to 15.3 ± 0.28mm. The geometrical dimensions are
reported in Table 2. Under tensile loading, mixed mode
cracking occurs in square hole specimens, the cracks
initiating from the square hole V-notches that act as
stress raisers. A photograph of one square hole spec-
imen for each configuration is shown before (Fig. 5)
and after (Fig. 6) fracture. Note that the influence of the
notch radius will be disregarded in the present study,
since relatively small compared to the hole size. The
failure loads for the different samples and hole sizes
are reported in Table 2.

Two propagation cracks were observed for all the
tested configurations. These cracks initiate and instan-
taneously propagate so that they break the specimen
into two parts. They are located either both at the top
or bottomcorners (Fig. 6a–c, e, h) or at opposite corners
(Fig. 6d, f, g, j). They correspond to a decreasing fail-
ure stresswith increasinghole size. Similarly to circular
hole specimens, the specimen behaves like if there was
no defect when the hole size tends towards 0, so that the
failure stress tends towards the material strength. The
crack deflections with respect to the square hole V-
notch bisectors for the different hole sizes are reported
in Table 2. These deflections were measured through

Fig. 4 Load–displacement curves corresponding to the speci-
mens containing circular holes

microscope observations on the square hole corners
after failure in an area around 0.5mm from the V-notch
edge for which the crack path is straight (Fig. 7).

The scattering in the measured deflections may be
due to the fact that one of the two corner cracks ini-
tiates slightly before the other one, thus changing the
mode mixity at the second initiation corner (Doitrand
et al. 2020). Despite a large scattering in the measured
angles, it can be observed that the smaller the hole,
the larger the crack deflection with respect to the notch
bisector. Indeed, no deflection with respect to the V-
notch bisector would be expected in the case of a pure
opening mode. Therefore, it can be concluded that the
larger the hole size, the smaller the mode mixity ψ . A
more detailed analysis will be carried out in Sect. 4.2,
where the MA approach will be implemented and the
GSIFs will be evaluated numerically.

3 Finite fracture mechanics implementation

3.1 The coupled criterion

The CC states that two conditions must be simulta-
neously fulfilled in order to ensure the nucleation of
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Table 2 Experimental results on circular hole specimens: failure loads and critical deflection angles

Square hole side c (mm) 1.36±0.27 1.75±0.3 2.38±0.2 2.8±0.2 3.53±0.14
Specimen width w (±0.2 mm) 9.80 14.80 19.80 24.80 29.80
Failure load (N) 1223±92 1401±121 1765±167 2053±145 2214±104
Crack deflection (deg.) 43±5.3 38.4±14.1 42.9±3.0 37.2±4.3 36.1±1.4
Square hole side c (mm) 5.04±0.08 6.36±0.41 9.39±0.27 12.34±0.18 15.34±0.28
Specimen width w (±0.2 mm) 29.80 29.80 49.80 49.80 49.80
Failure load (N) 1863±121 1702±84 2357±146 2206±220 2093±204
Crack deflection (deg.) 33.4±7.4 31.1±9.3 31.4±11 24.0±10.7 22.7±5.09

Fig. 5 Specimens with a square hole size varying between a 15.34mm and i 1.36mm before failure

Fig. 6 Specimens with a square hole size varying between a 15.34mm and i 1.36mm after failure
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Fig. 7 Optical and microscope observation of a specimen with
9.39mm square hole highlighting the crack deflection angle with
respect to the V-notch bissector

a crack. The first condition results from a balance
between the states prior to and after crack initiation of
the potential energy (Wp), the kinetic energy (Wk) and
the crack surface energy (Gcl, Gc being the material
fracture toughness).

δWp + δWk + Gcl = 0 (1)

For a quasi-static initial state, δWk ≥ 0, which results
in a necessary condition for crack initiation:

− δWp ≥ Gcl (2)

The second condition consists in ensuring that the stress
normal to the crack plane σnn overcomes the material
strength along all the crack path (which is unknown a
priori). In the classical case of amonotonically decreas-
ing stress (for instance near a singular point such as a
V-notch tip), this condition provides an upper bound
for the initiation crack length, whereas the first con-
dition (Eq. (2)) provides a lower bound. In 2D, under
the assumption of a straight initiation crack, the crack
topology can be described by two parameters, namely
its length l and its deflectionwith respect to the V-notch
bisector θ (Fig. 8a).

Denoting the stress imposed to the specimen with
σ0, the stress and energy conditions thus write:{

Ginc(l, θ, σ0) = − δWp(l,θ,σ0)

l ≥ Gc

σnn(l, θ, σ0) ≥ σc
(3)

whereGinc is the incremental energy release rate. It can
be noted that an average stress condition over the pre-
supposed crack path Γ can also be employed (Carpin-
teri et al. 2008; Cornetti et al. 2013; Sapora et al. 2013,
which consists in replacing the stress criterion given in
Eq. (3) by the following condition:

1

l

∫
Γ

σnn(l, θ, σ0)dl ≥ σc (4)

For the sake of simplicity, the CC formulation is pre-
sented employing the stress criterion in the sequel, but
the same reasoning holds true if its average form is

adopted. The choice of employing either the stress cri-
terion or its average form will be discussed in the fol-
lowing sections.

According to the CC, the crack initiates for the
smallest loading according to which both energy and
stress conditions are fulfilled. Therefore, the failure
stress σ f can be determined by solving the following
problem:

σ f = min

{
σ0, ∃(l, θ),

(
Ginc(l, θ, σ0)

Gc
≥ 1

)

∧
(

σnn(l, θ, σ0)

σc
≥ 1

)}
(5)

The critical crack initiation length lc and deflection θc
thus verify:

min

(
Ginc(lc, θc, σ f )

Gc
,
σnn(lc, θc, σ f )

σc

)
= 1 (6)

3.2 Finite element implementation for circular hole

A 2D plane strain FE model of circular hole specimens
is set-up using AbaqusTM standard and Python scripts.
The geometrical symmetry allows modeling only half
the specimen, thus supposing a symmetric crack prop-
agation . Symmetry condition with respect to (Oy) axis
is imposed on the specimenmiddle edges and displace-
ment of the specimen top face (y = L

2 ) is prescribed.
Fig. 8b depicts a typical FE mesh of a circular hole
specimen, consisting of 4-node linear elements and
typically exhibiting around 20 000 nodes and elements.
Linear elastic isotropic material behavior is employed,
withYoung’smodulus E = 2.7GPaandPoisson’s ratio
ν = 0.39. Under linear elasticity and small deforma-
tions assumption, the stress normal to the crack plane
is proportional to the imposed stress whereas the incre-
mental energy release rate is proportional to the square
imposed stress. In formulae:{
Ginc(l, θ, σ0) = A(l, θ)σ 2

0 ≥ Gc

σnn(l, θ, σ0) = ξ(l, θ)σ0 ≥ σc
(7)

where ξ and A are functions that only depend on the
structure geometrical features. The studied configura-
tion leads to pure mode I crack initiation so that the
crack orientation ((Oy) axis on Fig. 8) is known a priori.
Moreover, the stress and the incremental energy release
rate are respectively strictly increasing and decreasing
functions of the crack length. Therefore Eq. (6) reverts
to the following equation:
A(lc)

ξ(lc)2
= Gc

σ 2
c

, (8)
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Fig. 8 a V-notch crack representation. FE mesh for b circular and c square hole specimens; d focus on the square hole V-notch (the
mesh has been removed, for the sake of clarity)

which can be solved employing Newton–Raphson
algorithm to determine the initiation length lc. The fail-
ure load can be determined using Eq. (7):

σ f =
√

Gc

A(lc)
= σc

ξ(lc)
(9)

The FE implementation of the CC requires the function
A(l) and ξ(l) to be computed in order to solve Eq.
(8). Only one calculation without crack is sufficient
to compute ξ along the crack path, whereas several
calculations with varying crack lengths l are required
to obtain A. For circular hole specimens, this is done
byprogressively releasing the symmetry conditionwith
respect to (Oy) axis along the crack path.

Note that an advantage of the CC is that the frac-
ture parameters Gc and σc are implemented during
the post-processing phase. Indeed, once A and ξ are
computed, the CC solution for given properties (Gc,
σc) only requires solving Eq. (8) without any addi-
tional FE calculations. This is especially convenient
for material parameter identification by a compari-
son with experimental measurements (which will be
described in Sect. 4.1), since the solution for several
material properties can be obtained through a quick
post-processing.

3.3 Finite element implementation for square holes

A 2D plane strain FE model of square hole specimens
is set-up using AbaqusTM (Fig. 8c, d). The same linear
elastic isotropic material behavior as for circular hole
case is employed. Themain difference in the CC imple-
mentation is that the crack deflection θ is not known a
priori. However, for a fixed value of θ = θ0, the same
reasoning can be employed. The equation that must be

Fig. 9 Failure stress predicted by the CC as a function of the
crack deflection angle

solved to determine lc(θ0) is:

A(l, θ0)

ξ(l, θ0)2
= Gc

σ 2
c

, (10)

It can be noted that, contrary to the circular hole spec-
imens, the crack path does not lie on a symmetry axis,
preventing the crack length to be varied by releasing
symmetry conditions. In such a case, the crack length
is varied by progressively doubling the nodes along the
crack path in order to compute A(l, θ0). The failure
stress can thus be determined from Eq. (7):

σ f (θ0) =
√

Gc

A(lc(θ0), θ0)
= σc

ξ(lc(θ0), θ0)
(11)

Finally, the failure crack deflection θc is obtained as
the one minimizing the failure stress σ f (θ). Figure 9
depicts an example of failure stress as a function of the
crack deflection, whose variation exhibits a minimum
corresponding to the failure crack deflection and stress.
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Compared to the circular hole case, solving the CC
for square hole specimens requires more FE calcula-
tions because the crack is described by two parameters
(the crack deflection and the crack length) instead of
one (the crack length). However, this approach remains
efficient even in this case. On the one hand, similarly
to circular hole case, the material strength and frac-
ture toughness are only implemented during the post-
processing step. On the other hand, several calculations
for different crack orientations can be executed simul-
taneously so that the effective calculation time does not
increase too much compared to the case for which the
crack is described by only one parameter.

4 Results and discussions

4.1 Parameter identification

Instead of characterizing thematerial strength and frac-
ture toughness separately through different fracture
tests,we choose to determine these parameters basedon
the experimental tests on circular hole specimens with
different hole diameters (Table 1). We take advantage
of the fact that:

(i) When the hole size tends towards zero, the speci-
men behaves as if it is plain, hence the failure stress
tends towards the material strength. From a the-
oretical point of view, any hole radius induces a
decrease in the failure stress. However, fixing an
engineering tolerance of 5%, it has been recently
proved that for (mode I) tensile geometries the
structure is:

– feature shape insensitive for sizes smaller than
0.53 mm (according to the present material, i.e.
extruded PMMA): in this case, the notch can be
treated as a crack of the same size (Sapora et al.
2020).

– feature shape insensitive for sizes smaller than
approximately 0.02 mm. In this case, the fail-
ure stress is not affected by the presence of a
feature, whatever this is, and which of course
can be neglected (Sapora et al. 2020).

(ii) When the hole size is big enough, crack initiation at
the circular hole almost reverts to the configuration
of a straight edge. In this case, failure is governed
by the stress criterion and since the stress concen-
tration at the hole corresponds to 3σ0, the failure

stress tends towards σ f = σc
3 when the hole size

increases (keeping small with respect to the other
geometrical dimensions).

(iii) For intermediate hole sizes, the specimen failure
does not depend only on the material strength, but
is also governed by the fracture toughness.

The proposed method for parameter identification
relies on numerical modeling of the experimental test.
The two unknownmaterial parameters can be thus esti-
mated in order to best reproduce the failure stress vari-
ation as a function of the circular hole size. A main
advantage of the coupled criterion is its ability to repro-
duce the size effects observed experimentally, employ-
ing as input parameters only thematerial Young’s mod-
ulus, Poisson’s ratio, strength and fracture toughness.
The twofirst parameters being alreadydetermined from
experimental tests on specimens without hole, the only
parameters that canbe adjusted are thematerial strength
and fracture toughness. The parameter identification
is obtained by least square minimization of the dif-
ference between measured and predicted circular hole
specimen failure forces. Employing the stress crite-
rion yields Gc = 92 J/m2 and σc = 42.9MPa. On
the other hand, if the average stress criterion is imple-
mented, the obtained parameters are slightly different:
Gc = 140 J/m2 and σc = 45MPa. The obtained order
ofmagnitude lieswithin the typical parameter range for
extruded PMMA. Figure 10 depicts the failure stress
variation as a function of the hole diameter obtained
with these parameters. Theywill be used in next section
for blind predictions of square hole specimen failure.

4.2 Blind predictions on square holes

The CC is now applied to the experimental data related
to square hole specimens (Sect. 2.2). It must be empha-
sized that the numerical results represent blind predic-
tions using the methods described in Sect. 3 and the
parameters identified in Sect. 4.1, i.e. (Gc = 92 J/m2,
σc = 42.9 MPa) using the stress criterion and (Gc =
140 J/m2, σc = 45 MPa) using its average version.
If the same parameters are implemented, it is consoli-
dated that the stress criterion involves a smaller critical
length than that related to the average stress criterion,
thus providing larger failure loads and larger propaga-
tion angles in case of mixed mode loading conditions
(Sapora et al. 2013). However, in the present study dif-
ferent parameters are implemented for the two criteria:
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Fig. 11 a Failure stress and
b crack deflection as a
function of the square hole
size: experiments (error
bars) and FFE predictions
by the stress criterion (blue
dots) or its average version
(red squares)

FFE-stress criterion

FFE-average stress criterion

FFE-stress criterion

FFE-average stress criterion

(a) (b)

Fig. 12 a Failure stress and
b crack deflection as a
function of the square hole
size: experiments (error
bars) and numerical
predictions employing the
MA (Cornetti et al. 2013,
yellow stars) or the FFE
approach with the average
stress criterion (red squares) FFE-average stress criterion

MA approach

FFE-average stress criterion

MA approach

(a) (b)

FFE-stress criterion

FFE-average stress criterion

Fig. 10 Failure stress predicted by the CC employing the stress
criterion (blue dots,σc = 42.9MPa,Gc = 92 J/m2) or its average
version (red squares,σc = 45MPa,Gc = 140 J/m2) as a function
of the circular hole diameter

the above considerations are no longer valid, provided
that the critical distance related to the stress criterion
always reveals smaller. The predicted failure stress and
crack deflection variations as a function of the hole
side are shown in Fig. 11. Using either the stress crite-
rion or its average form, the size effect is well repro-
duced, i.e. the failure stress decreases increasing the
square hole size. Indeed, both criteria slightly over-
estimate σ f (the percentage deviation being generally
lower than + 16%, with a maximum of + 20.4% for
c = 9.39mm), except for the smallest hole (the error
beingnearly−9%).On theother hand, the crackdeflec-
tion decreases for increasing square hole sizes. In this
case, the average stress criterion allows obtaining a
slight better agreement.

In Fig. 12 we have considered the average stress cri-
terion, and compared its predictions by implementing
the FFE (as in Fig. 11) and the MA approach (see, for
instance,Doitrand et al. 2020). Note that results by both
approaches are very close (cf. Fig.12): as concerns the
failure load, themaximumpercentage deviation always
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42 A. Doitrand et al.

Table 3 Square hole samples under uniaxial loading: GSIF values and related mode mixity

Hole side c (mm) 1.36 1.75 2.38 2.80 3.53 5.04 6.36 9.39 12.34 15.34

K ∗
I (MPa mm1−λI ) 0.8015 0.8962 1.032 1.111 1.236 1.460 1.631 1.943 2.211 2.453

K ∗
I I (MPa mm1−λI I ) 0.8459 0.8577 0.8826 0.8932 0.9145 0.9689 1.019 1.039 1.111 1.191

ψ (◦), Eq. (12) 31.4 28.9 26.3 24.9 23.1 21.0 19.9 17.2 16.2 15.7

K ∗
I f (MPa mm1−λI ) 15.95 16.59 17.31 17.67 18.14 18.72 19.02 19.73 19.99 20.11

The critical values of the mode I GSIFs are also reported

keeps below 2%, whereas it is generally below 3% for
the crack deflection angle. Regarding theMA approach
and following, for instance, the analysis performed in
Cornetti et al. (2013), Hills and Dini (2011), the mode
mixity ψ results from the values of the GSIFs K ∗

I and
K ∗
II through to the relationship:

ψ = arctan
K ∗
II

K ∗
I
lλII−λI
ch (12)

where lch = GcE/(σ 2
c (1 − ν2)) ≈ 0.221mm, and

λI = 0.5445, λI I = 0.9085 are the Williams’ eigen-
values.

The GSIFs K ∗
I and K ∗

I I were estimated numeri-
cally and their values are reported in Table 3. Con-
sequently, Eq. (12) tells us that the mode mixity ψ

varies between nearly 16◦ (for the largest hole) to
nearly 31◦ (for the smallest hole): as the size decreases,
the influence of mode II increases. By considering
smaller holes, the propagation angle would approach
45◦. Slightly predominant mode II fracture conditions
can be achieved for very small sizes (smaller than
approximately 0.7 mm). However, note that if the hole
disappears or can be neglected, the crack angle is effec-
tively 45◦ (with respect to the present axis system) and
the structure reverts to a tensile plain specimen, thus
under pure mode I loading conditions. In Table 3 the
critical values of themode IGSIF K ∗

I f are also reported,
for the sake of completeness.

5 Conclusions

Uniaxial tensile tests were carried out on PMMA spec-
imens containing a square hole. This kind of experi-
ments allows to get mixed mode failure: the mode mix-
ity depends on the hole size, the amount of opening
mode I increasing with increasing hole sizes. Exper-
imental measurements on the crack deflection with

respect to the V-notch bisector exhibited a large scatter,
nevertheless highlighting the trend described above.

Once evaluated the material Young’s modulus and
Poisson’s ratio, the material strength and fracture
toughness were determined by an indirect confronta-
tion of the CC predictions on experimental failure
stresses related to circular holes with different diame-
ters. This approach proves to be computationally really
efficient, since it only requires varying the material
properties during the post-processing stage.

Blind predictions on the failure stress and the crack
deflection variation as a function of the square hole side
obtained by applying the CC through a FFE approach,
both in the form proposed by Leguillon (2002) and
in that proposed by Carpinteri et al. (2008), were in
good agreement with experimental data. Finally, it was
shown that FFE results are very close to those provided
by theMA approach, which thus represents an efficient
tool for the geometry under investigation.
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