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Abstract. The microstructure of chain-mail (CM) armor consists of a network of small
links that are connected together to form a sheet. A network-type model, amenable to
straightforward numerical simulation, is formulated, where the links are modeled as sup-
porting only axial (tensile) loading, and where the interconnections are idealized as three-
dimensional frictionless pin-joints. Because of its use as a ballistic shield, the strain-rate
dependent thermo-mechanical (viscoplastic) response is important, due to thermal soft-
ening. The philosophy behind the proposed direct modeling approach is to harness the
dramatic increases in readily available scientific computing to simulate realistic responses
of structural CM, by starting directly at the microscale, where relatively simple description
of the material is possible. By employing enough of these simple structural elements, one
can build an entire macroscale sheet of CM. The deformation of the CM is dictated by solv-
ing a (“link-coupled”) system of differential equations for the motion of the interconnected
masses. Large-scale simulations, illustrating the thermomechanical response of chain-mail
material armor, undergoing impact with a rigid indenter, are presented to illustrate the
potential of the approach in delivering realistic responses, involving dynamic rupture and
penetration of structural CM.

1 Introduction. We consider materials with microstructures known as “chain-mail” (CM)
armor that is made from chain or chain links, woven together to form a flexible “metal fab-
ric”. Since chain-mail is intended to protect against concentrated impact by redistributing
the load in the contact zone, we concentrate on blunt impactors. There are many types of
CM, all of which have a basic common underlying structure, namely, chain links that are
connected together to form networks of chains and, ultimately, sheets. These patterns can
be quite elaborate, however, in this paper we will concentrate on the most basic rectan-
gular grid-like structure (Figure 1). The structure can be idealized as a network of small
pinned-end links that take purely axial tensile loading, and nothing in compression (since
the links slide relative to one another in compression). A key aspect of our approach is
that if the properties of the links are known, the structural scale (sheet-level) properties
can be constructed, without resorting to phenomenological parameters. For most types of
structural CM, the overall rupture of a single link is gradual, as opposed to abrupt, due to
plastification within the links. An important feature of the direct modeling approach is the
ability to directly incorporate the plastification and rupture of each metallic link into the
structural scale response of the CM.

A reduced-order model is constructed by combining a link-network representation with
dynamic discrete/lumped masses. The deformation of the CM is dictated by solving a
coupled system of differential equations for the motion of the lumped masses, which are
coupled through the links. Quantitative numerical simulations are provided for the entire,

@ Springer



184 G. N. Mseis, T. I. Zohdi

Idealized Pattern Chain Mail Pattern
Figure 1: A network representation linked segments, joined together by pin-joints to form a network,
and the mass of the material are lumped at the connection points.

assembled, larger-scale, coupled system, based on a computationally-efficient time-stepping
algorithm. The model is relatively easy to implement and provides analysts with a straight-
forward tool to study such systems. This type of modeling extends previous works on
ballistic fabric shields, found in Zohdi [1] and Zohdi and Powell [2]. For a general introduc-
tion to fabric modeling, the reader is referred to Shim et al [3], Cheeseman and Bogetti [4],
Duan et al [5, 6, 7], Tan et al [8] and a review article by Tabiei and Nilakantan [9].

2 Modeling of links. Due to the fact that the links represent chain-links, we assume
that the compressive response of the CM is insignificant, in particular, since the CM will be
carrying overall tensile loading as a shield. Explicitly, we enforce a zero stress state for any
compressive strains; a so-called “relaxed model”. The analysis of relaxed models dates back
to Buchholdt et al [10], with an extensive analysis found in Atai and Steigmann [11, 12].
Relaxed formulations have served as a foundation for more elaborate models describing
rupture of ballistic fabric shielding in Zohdi [1, 13] and Zohdi and Powell [2], and are the
basis for the present approach. The following simplifying assumptions are made: (1) the
links are quite thin, therefore one may assume a uniaxial-stress type condition (the forces
only act along the length of the link and remain straight, undergoing a homogeneous stress
state), (2) the link-segments are pin-joined at the nodes, producing no moments, (3) the
link buckling is ignored and (4) the masses of the links are represented by discrete lumped
masses whose locations coincide with those of the pin-joints. With these assumptions, the
response can be described by a simple constitutive model such that the stored energy in a
single link is W = %E(E — E,)?, where E is Young’s modulus and E is the total Green-
Lagrange strain and ), is the plastic strain. The corresponding Second Piola-Kirchhoff
stress is S = E(E — E,). Recalling that the Cauchy stress can be related to the second
Piola-Kirchhoff stress by ¢ = %F SF = FS, we now define the plastic flow rule in one-

dimension as, (a) E, = 0, if 0 < 0y and (b) E, = a <Jiy - 1) if o > 0,. Where oy is
the Cauchy yield stress. The constant, a, is the flow rule modulus and it is a user defined
parameter. We also assume that the yield stress has a temperature dependence defined as,
Oy =0y +d (1 — %). Where oy is the initial yield stress, 6y is the initial temperature of
the CM sheet and 0 is the current temperature. The parameter, d, is also a user defined
constant that determines the degree of dependency the yield stress has on the temperature.
We note from the balance of linear momentum we have mi; = ¥ + 24}:1 P,;1, where ¢;;

are the internal forces in the links, ¥§* can be any external loading, such as contact forces

(2
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and m is the lumped mass. A more detailed description of the mechanical lumping is found
in Zohdi [1] and Zohdi and Powell [2].

2.1 Thermodynamic lumping. The thermodynamic model extends the use of the lumped
mass assumption utilized in Zohdi [1] and Zohdi and Powell [2]. To derive this response,
we start by considering the local form of the 1st law of thermodynamics in the reference
configuration which is stated as

pow = SE — Vx - Q (1)

where pg is the reference density, SE is the stress power, Q is heat flux in the reference
configuration and w is the internal power. In addition Vx - () is the divergence operator
with respect to reference coordinates X. We start by assuming a form on the internal power
as

pot = S(E — E) + poch (2)
with ¢ being the specific heat capacity. It is more natural to consider the definition of the
heat flux on the current configuration as q = —kV«6, where k is the thermal conductivity

and V() is the gradient operator with respect to current coordinates x. Note the relation-
ship between the current and reference configuration fluxes is, [, q-nda = fQO Q- NdA,
where n and N are the normals to the surface on the current and reference configu-
rations respectively. We now consider Eqn. 1 and integrate over a region )y defined
by containing one lumped mass surrounded by intersecting links as shown in Figure 2.
The resulting form after replacing ppw with the assumed form in Eqn. 2 into Eqn. 1

is, fQO pocédV = fQO (SE'p —Vx - Q) dV. Applying the divergence theorem we obtain

and using the relation between the reference and current configuration fluxes we have,
fQO pochdV = fQO SE,dV — [.q-nda.

Lumped mass
Region that

contributes to thermal
effects

Figure 2: Schematic showing a set of lumped masses. The encircled region indicates that half the
plastic work is used for the center mass and the other half for the other masses.

Since we are assuming a lumped mass model, we can integrate the terms explicitly to
obtain the form, mcf = Ez}zl ol Where 99" is a sum of the flux and the plastic work
(SEp) contributions of the Ith link to the ith mass. Since the plastic work is a volume
integral over the entire link, to conserve energy, we delegate half the total plastic work to
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each mass point it is connected to. Therefore, we have wf?t = 0.5SIEI,IVO + kVy0r.nrAy,

where Ay is the current cross sectional area of the link, Vj is the reference volume of the link

+_ —
and the normal along which the heat flux acts is defined as n;y = ﬁ with r] defined
I

as the endpoint of the link that is not in contact with the mass while r; is the endpoint
in contact with the mass. We note that the plastic work term is what generates heat. For
high plastic strain rates this term will be the dominant contribution to !¢. Unless the
conductivity constant, k, is very large, the flux term will be small for large plastic strain
rates.

2.2 Link Damage. To include link damage we consider a model that causes abrupt fracture
of the link when a certain value of plastic strain is exceeded. This is simply identified when
E, > E7 and then the corresponding link is ruptured and we set E = 0. Note that Ej is a
user defined limit on the plastic strains. This can be easily included and does not require
modifying any of the previously derived equations.

3 Numerical Examples of CM under impact. The coupled system of equations for
the mechanical response, the thermodynamic response and the contact are solved using a
staggering scheme of which details can be found in Park and Felippa [14], Zienkiewicz [15],
Zohdi and Wriggers [16]. A brief overview is presented. The contact algorithm is a simple
predictor-corrector method in which the impactor is a rigid body. The algorithm detects if
the projectile penetrates the CM sheet and then projects the respective lumped masses onto
the closest projectile surface and calculates the amount of force required to achieve this. In
turn these contact forces act on the projectile and affect its position, this iterative process
is repeated until convergence is achieved, a similar approach to this contact algorithm can
be found in Zohdi [17]. The coupling between the mechanical response and the thermo-
dynamic response is achieved, as mentioned, through a staggering scheme, in which the
mechanical response is solved while the thermodynamic fields are held constant. The new
position vectors and stresses are then input into the thermodynamic equations to update
the temperature field, which in turn affects the mechanical response. This interaction is an
iterative process and continues until both the thermal and mechanical fields are converged.
The discretized equations are stated in an implicit form and solved using a midpoint rule.

With this in mind, we show some numerical results for a CM under impact. The
thermomechanical properties of the links are summarized in Table 1 and correspond to
Aluminum. We assume a square sheet of dimension 0.076m x 0.076m and a distribution of
link per square meter of y = 13782/m?. The sheet of CM is assumed to be 0.5mm thick
and therefore the lumped mass is m = 7.0748 x 10~7 kg. Given the link per square meter
value, we can calculate the number of nodes or lumped masses in the sheet. In this case we
have N = \/yl? + 1 = 105 nodes, where the length, [, is the dimension of one side of the
sheet. The links are assumed to fail when a plastic strain of £} = 3.0% is reached.

For the ensuing analysis we consider two types of boundary conditions (1) fixed positions
along the CM edges and (2) fixed positions on the corners of the CM as shown in Figure 3.
A spherical projectile of radius r, = 0.00335m and mass m, = 0.0044kg is used for the
analysis. Three different initial projectile velocities are used for the simulations, the set are
v, = (400, 500,600) m/s with the remaining components set to zero.
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Table 1: Chain Mail Link Properties

p (kg/ur’) | E (GPa) | o, (MPa) | a [ d (Pa) | ¢ (3/(keK)) | k (W/(mK)

2700 70 400 100 | 1x10° 900 250
Nodes in OO
region fixed '

O :
\- OlSISGIGIGIGISIG1S
Ed

Corner Fixed ge Fixed

ol

Figure 3: Schematic showing the two types of boundary conditions used. The image on the left
shows the corner fixed boundary condition, the image on the right shows the edge fixed case.

3.1 Results: CM with fixed corners. We start with the corner fixed case. Specifically,
the corners are fixed with a radius of r = 0.0027m. Hence, the displacement of nodes
lying in this region are zero. The observed behavior shows that as the CM is stretched
the links at the free edges are brought inward and the CM sheet starts expanding out of
plane. The temperature contours in the CM prior to failure and the projectile velocity
profile is shown in Figure 4. We notice the rise in temperature, hence plastification, is
concentrated around the boundary conditions (corners). This is where the chain-mail links
fail, and it corresponds to where the greatest temperature increase occurs. We note because
of plastification, the trend in the drop of projectile velocity varies depending on the initial
projectile velocity. Specifically, the rate in the velocity drop is higher for larger initial
velocities. Although, the CM fails for an initial projectile velocity of v, = 400m/s, the
projectile in fact is stopped and starts moving with a small negative velocity. In Figure 5
we show the average temperature in the entire sheet and the average temperature in the
region of contact for the three different initial projectile velocities. We notice the average
temperature in the contact region is higher than that of the entire sheet. This is because
although failure occurs at the corners a significant amount of deformation and plastification
occurs in the contact region. Additionally, as the projectile speed is increased, the average
temperature in the CM increases. We note the temperatures in the CM at the corners with
increasing velocity are 0,4, = [543.79,559.6,567.9] K.

3.2 Results: CM with fixed edges. We now consider the case of fixed edges. In this case
we only fix the line of nodes that lie exactly on the edge. Under these boundary conditions,
in contrast to the corner fixed case, the CM fails in the region of contact. As the projectile
contacts the CM, the sheet of CM balloons outwards until penetration occurs. The results
from the simulations are summarized in Figure 6-7 . The average temperature rise in both
the contact area and the entire CM are shown in Figure 7. We notice that there is a greater
rise in temperature in the contact area then in the overall CM, this is expected since this
is where the CM sheet fails. This fact is clearly illustrated in the temperature contour plot
in Figure 6. The velocity profile of the projectile for each case is shown in Figure 6. We
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Temperature Variation in Fabric
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Figure 4: Temperature distribution in corner fixed CM prior to failure for projectile velocity of
600m/s is shown on the left. On the right the various projectile velocity profiles are shown.
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Figure 5: Fixed corner boundary conditions showing the average temperature in the region of
contact which is the left plot and the average temperature in the entire CM is the right plot.

again notice that trend in the drop of velocity depends on the initial projectile velocity.
This is can be attributed to different amounts of plastification in the CM sheet for the
different impact velocities. After penetration the projectile velocity remains constant and
does not interact with the CM. Similar to the corner fixed boundary conditions we notice
a proportional correlation between the initial projectile velocity and the rise in the average
temperature, as shown in Figure 7. We note that under these boundary conditions, the
average temperature in the CM keeps rising even after projectile has penetrated the CM
sheet. This can be attributed to momentum, where the lumped masses with enough velocity
can maintain an increase in plastic strain and thus a maintained rise in temperature. We
also note that maximum temperature in the CM sheet with increasing velocity is Oper =

[606.84,627.43, 662.05] K.
Summary and Conclusions. In this study we have derived a simplified set of equations
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Temperature Variation in Fabric 600< . .
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Figure 6: Temperature distribution in edge fixed CM prior to failure for projectile velocity of
600m/s is shown on the left. On the right the various projectile velocity profiles are shown.
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Figure 7: Fixed edge boundary conditions showing the average temperature in the region of contact
which is the left plot and the average temperature in the entire CM is the right plot.

defining the thermodynamic response of a CM sheet utilizing a lumped mass model. The
general thermodynamic equations were specialized to take advantage of the assumptions
made on the CM links. Specifically, that the links are one-dimensional. To allow for the
coupling between the thermodynamics and the mechanics, we included viscoplastic effects
and assumed a specific form for the plastic flow. The resulting coupled equations are simple
and were solved using a staggering scheme. A set of numerical experiments were conducted
with various initial projectile velocities. The CM was assumed to fail once a certain value of
plastic strain was reached. The two sets of boundary condition used showed that the average
temperature of the CM increased with increasing projectile velocity. However, the region
of contact was not necessarily the region in which the greatest increase in temperature
occurred. In addition, the region of maximum temperature coincides with the region of
failure. This is expected since the maximum amount of plastic strain takes place in these
regions.
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