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Abstract A high-order extended finite element
method based on the spectral element method for the
simulation of dynamic fracture is developed. The parti-
tion of unity for the discontinuous displacement is con-
structed by employing p order spectral element. This
method shows great advantages in the simulations of
moving crack and mixed mode crack. The numerical
oscillations are effectively suppressed and the accuracy
of computed stress intensity factors and crack path are
improved markedly. Furthermore the simulation results
show that p-refinement is more effective in improving
the stress contour near the crack tip than h-refinement.
The well known form of the explicit central difference
method is used and the critical time step for this method
is investigated. We find that by using lumped mass
matrix the critical time step �tc for this high-order
extended finite element is almost independent of the
crack position.
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1 Introduction

Classical finite element strategies for dynamic crack
propagation simulation are limited because of the evo-
lution of the topology due to the crack. They require
remeshing during crack propagation, and also a pro-
jection. To adapt the standard finite element method
to fracture computation, the extended finite element
method (XFEM) has been developed by Belytschko
and Black (1999), Moës et al. (1999), which completely
avoids remeshing. The XFEM method is based on the
partition of unity pioneered by Melenk and Babuška
(1996), whereby specific functions are used to describe
the physical behavior in subdomains of the problem.
A major step in the applications of these concepts to
fracture is Moës et al. (1999) who used a Heaviside
enrichment function along the crack to describe the
discontinuous displacement. Belytschko et al. (2003)
developed a method for dynamic crack propagation
with loss of hyperbolicity as a propagation criterion.
They developed a special element with linear crack
opening at the tip. Song et al. (2006) developed a phan-
tom node method based on the Hansbo and Hansbo
(2004) formulation for crack and shear band propa-
gation. This approach has some advantages, but the
basis functions are identical to XFEM in Areias and
Belytschko (2005). This method was also extended to
shells by Song and Belytschko (2009) and 3D fracture
by Duan et al. (2009). All these studies are limited to
low-order finite elements.
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One difficulty with low-order finite elements, both
in the context of XFEM and other application to
dynamic problems, is that it sometimes does not have
the desired accuracy. It exhibits the rather marked wave
oscillations and low-order finite element method. The
numerical oscillations are strongly amplified during the
dynamic crack propagation. Recent work on the time-
dependent tip enrichment (Menouillard et al. 2010;
Réthoré et al. 2005), with a smooth release of the crack
tip element (Menouillard and Belytschko 2009) and on
the enrichment with mesh-free method (Menouillard
et al. 2010) showed some improvement in the accu-
racy of the stress intensity factors. However, Areias
and Belytschko (2005), Réthoré et al. (2005) and Song
et al. (2006) noted that, for low-order elements the
increase in accuracy that accrues to including partially
cracked elements in the formulation and implementa-
tion is quite marginal.

The spectral elements, originally proposed by
Patera for fluid dynamics (Patera 1984), have become
popular for wave propagation (Capdeville et al. 2003;
Komatitsch and Tromp 1999; Komatitsch and Vilotte
1998; Seriani and Oliveira 2007) because they are able
to deliver significantly better accuracy as compared to
standard finite element methods (Padovani et al. 1994).

This high-order numerical technique combines the
high accuracy of spectral methods with the flexibility
of finite elements. Furthermore, p-refinement of spec-
tral elements is very easy to implement. The spectral
element method for elastic wave propagation is well
known for quadrilateral element meshes with shape
functions based on Chebyshev or Legendre orthogonal
polynomials (Komatitsch and Tromp 1999), as well as
for triangular grids (Mercerat et al. 2006). Recently,
Legay et al. (2005) applied XFEM to spectral elements
to model the static discontinuities, e.g. the inclusion
problems, and static cracks.

In this work we develop a high-order extended finite
element method using spectral elements. The objec-
tive is to increase accuracy and decrease the numerical
oscillations in the modeling of dynamic fracture. This
method shows many advantages in the simulation of
moving crack. The computed crack paths and stress
intensity factors converge more rapidly. The numerical
oscillations are effectively suppressed during the crack
propagation.

This paper is organized as follows. Section 2
describes the approximation of the continuous and
discontinuous displacement fields in spectral element.

Section 3 introduces and develops the space dis-
cretization. Section 4 presents the time discretization
corresponding to the central difference method and
its stability. The fracture mechanics is developed in
Sect. 5. Section 6 deals with different numerical appli-
cations and the improvements in this method are dem-
onstrated. Section 7 discusses this approach and gives
some conclusions.

2 Methodology

2.1 Enriched displacement fields

Consider a body �0 with its boundary �0 and a crack on
a surface �0

c (a line in two dimensions) in the reference
configuration as shown in Fig. 1. The material coor-
dinates are denoted by X and the motion is described
by x = �(X, t) where x are the spatial coordinates
and t the time. In the current configuration, the image
of �0 is �. We define the location of the discontinu-
ity �c (i.e. the crack) implicitly by a level set; in par-
ticular, we choose the signed distance function f so
that f (x) = 0 gives the discontinuity (crack) surface.
For the case where the discontinuity ends within the
domain, we define the location of the end of the dis-
continuity by constructing another function g(x, t)such
that g(x, t) > 0 in the subdomain cut by �c as shown
in Fig. 2. The location of the discontinuity is then given
by

�c = {x ∈ �0| f (x) = 0 and g(x, t) > 0} (1)

The construction of the approximation uh for the
displacement field u(x, t) is based on an additive

Fig. 1 A two-dimensional body with a discontinuity and its rep-
resentation in the initial and the current domains
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Fig. 2 A two-dimensional
discontinuity representation
by two implicit functions
f (x) and g(x, t)

decomposition of the function into its continuous and
discontinuous parts (Moës et al. 1999):

uh(x, t) = ucont(x, t) + ucut(x, t) + utip(x, t) (2)

where ucont is the continuous part of the displacement,
ucut the discontinuous part along the crack and utip

the enriched displacement near the crack tip. We now
approximate the continuous part of uh by standard
spectral shape functions and the discontinuous part by
the local partition of unity, respectively:

ucont(x, t) =
∑

I∈N

N p
I (x)uI (t) (3)

where N is the total number of nodes in the model,
N p

I (x) is the spectral shape function of order p, uI are
the nodal values.

The discontinuity along the crack surface, i.e. the
second term in Eq. (2), is modeled by

ucut(x, t) =
∑

I∈N cut

N p
I (x)H( f (x))aI (t) (4)

where aI are additional degrees of freedom, often
known as enriched degrees of freedom and H(·) is the
Heaviside step function given by:

H(S) =
{

1 S ≥ 0
−1 S < 0

(5)

and N cut is the set of enriched nodes associated with the
discontinuity. It includes the nodes of elements which
are cut by the crack �c. An example of the enrichment
scheme is shown in Fig. 3, the set of nodes N cut is
represented by blue squares.

The tip enrichment, the third term in Eq. (2), is of
the form

utip(x, t) =
∑

I∈N tip

N p
I (x)�(x)bI (t) (6)

where bI are the parameters associated with the tip
enrichment and N tip is the set of nodes in the crack-
tip influence domain which is centered at crack tip as

Fig. 3 Definition of the node sets N cut and N tip. The nodes in
N cut are represented by blue squares and the nodes in N tip are
represented by red circles

Fig. 4 Cartesian and polar coordinates used near crack tip

shown in Fig. 3. The nodes in N tip are denoted by red
circles in Fig. 3.

The following tip enrichment function �(x) is used
in our study:

�(x) = √
r sin

(
θ

2

)
(7)

where r and θ define the crack-tip based local polar
coordinates as shown in Fig. 4. This enrichment is the
standard singular crack-tip field for linear elasticity and
it works well in enriching the crack-tip nodes (Menouil-
lard et al. 2010). Other functions can be used to improve
the enrichment around the crack tip (Fleming et al.
1997; Moës et al. 1999).

Now the displacement can be expressed as:

u(x) =
∑

I∈N

N p
I (x)uI +

∑

J∈N cut

N p
J (x)H( f (x))aJ (t)

+
∑

K∈N tip

N p
K (x)�(x)bK (t) (8)

123



186 Z. L. Liu et al.

In our implementation, the distance function f (x) can
be approximated as:

f (x) =
∑

I∈N cut

N p
I (x) f I (xI ) (9)

The interpolation is only constructed in the influence
domain given by N cut.

2.2 Spectral approximation

We use the spectral elements (SE) of Patera (1984)
with a formulation based on Karniadakis and Sher-
win (1999). The element employs spaced nodes cor-
responding to the zeros of the Chebyshev or Legendre
polynomials, called in this work a Chebyshev-Gauss
point repartition. Thepth order Chebyshev polynomial
is

Tp(x) = cos(pθ) with θ = arccos x

and x ∈ [−1, 1] (10)

Nodal coordinates in the element are chosen such that
the derivative T ′

p of Tp at xI is zero:

T ′
p(xI ) = 0, I = 1, 2, . . . , p − 1

and x0 = 1, xP = 1 (11)

One can then show that

xI = − cos
Iπ

p
, for I ∈ {0, 1, 2, . . . , p} (12)

Note that this repartition of nodes allows us to write
the shape function in terms of Chebyshev polynomials
(Patera 1984)

N 1D
I (x) = (−1)I+p(x2 − 1)T ′

P (x)

cI p2(x − xI )

= 2

p

p∑

J=0

1

cI cJ
TJ (xI )TJ (x) (13)

where cI = 2 if I is 0 or p, cI = 1 otherwise. In
two dimensions, the same nodal distribution is taken in
each direction. The following notation is used for node
I, J :

xI,J = (xI , yJ ) =
(

− cos
Iπ

p
,− cos

Jπ

p

)
(14)

where I and J vary from 0 to p. The shape functions
are obtained by a tensor product of the one-dimensional
shape functions N 1D

I (x)

NI J (x) = NI J (x, y) = N 1D
I (x)N 1D

J (y) (15)

Figure 5 shows the second and third order spectral ele-
ment and their nodes.

Fig. 5 Second and third order spectral elements and node repar-
tition

3 Space discretization

3.1 Governing equation

We consider a two-dimensional small deformation
dynamic problem. The strong form of the linear
momentum equation is

∇ · σ + ρb − ρü = 0 in � (16)

where σ is Cauchy stress tensor, ρ is the initial mass
density, b is the body force vector.

The boundary conditions are

u = ū on �u (17)

σ · n = t̄ on �t (18)

σ · n = 0 on �c (19)

where n is the normal to the indicated boundary, ū is the
applied displacement on the Dirichlet boundary �u, t̄0

is the applied traction on the Neumann boundary �t

and the crack surface �c is assumed traction free; �u ∪
�t ∪ �c = �, �u ∩ �t = ∅. Figure 1 presents the
different domains and boundaries.

3.2 Finite element formulation

The discrete equations are constructed by the standard
Galerkin procedures. The admissible space for the dis-
placement fields is defined as follows:

u =
{

u(x, t) ∈ C0|u(x, t) = ū(t) on �u,

u discontinuous on crack surface
}

(20)

u0 =
{
δu(x, t) ∈ C0|δu(x, t) = 0 on �u,

δu discontinuous on crack surface
}

(21)
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The weak form for the momentum equation is:
∫

�

δu · ρüd� =
∫

�

δu · ρbd�

+
∫

�t

δu · t̄d� −
∫

�

∂δu
∂x

: σd� (22)

Then substituting the displacement field (8) into the
weak form Eq. (22) gives (see reference Belytschko
et al. 2000 for details):

MI J üh
J = fext

I − f int
I (23)

and the remaining terms are defined below

üh
I =

⎧
⎨

⎩

üI

äI

b̈I

⎫
⎬

⎭, f int
I =

⎧
⎪⎨

⎪⎩

fu,int
I

fa,int
I

fb,int
I

⎫
⎪⎬

⎪⎭
,

fext
I =

⎧
⎨

⎩

fu,ext
I

fa,ext
I

fb,ext
I

⎫
⎬

⎭ (24)

where

fu,int
I =

∫

�

BT
uI σd�, fa,int

I

=
∫

�H

BT
aI σd�H , fb,int

I =
∫

�S

BT
bI σd�S (25)

where

BuI =
⎡

⎢⎣
N p

I,x 0
0 N p

I,y
N p

I,y N p
I,x

⎤

⎥⎦ ,

BaI =
⎡

⎢⎣
N p

I,x H( f (x)) 0
0 N p

I,y H( f (x))

N p
I,y H( f (x)) N p

I,x H( f (x))

⎤

⎥⎦ (26)

BbI =
⎡

⎢⎣
N p

I �,x + N p
I,x� 0

0 N p
I �,y + N p

I,y�

N p
I �,y + N p

I,y� N p
I �,x + N p

I,x�

⎤

⎥⎦ (27)

The strain can be expressed by strain-displacement
relation:

ε(u(x)) = ε
(

ucont + ucut + utip
)

= BuI uI + BaI aI + BbI bI (28)

Then Cauchy stress σ in Eq. (25) is given by Hooke’s
law:

σ = C : ε (29)

The mass matrix is given by:

Muu
I J =

∫

�

ρNI NJ d�,

Maa
I J =

∫

�

ρNI NJ H2( f (x))d� (30)

Mua
I J =

∫

�

ρNI NJ H( f (x))d�,

Mbb
I J =

∫

�

ρNI NJ �2(x)d� (31)

Mub
I J =

∫

�

ρNI NJ �(x)d�,

Mab
I J =

∫

�

ρNI NJ H( f (x))�(x)d� (32)

In the simulations, only the current crack tip is
enriched with enrichment function. When the crack tip
reaches a new element, the enrichment type of some
nodes of this element changes, from � to H , and
the degrees of freedoms corresponding to Heaviside
function have to be initiated (Menouillard et al. 2010;
Réthoré et al. 2005). The continuity of the displacement
and velocity is chosen for the condition to be verified
to initialize the new discontinuous degrees of freedom.
With this strategy, the initial value of the new discontin-
uous enrichment (i.e., corresponding to the H degrees
of freedom) will not be taken as zero.

3.3 Integration scheme

For elements containing the crack, the integrals in
Eq. (25) cannot be evaluated by standard quadrature
methods since the integrand is discontinuous. For this
purpose, the element cut by the crack is subdivided into
subdomains �e+ and �e− where

�e+ = �e ∩ ( f (x) > 0)

�e− = �e ∩ ( f (x) < 0)
(33)

The subdomains �e+ and �e− are approximated
by simple patterns of triangles (Chessa et al. 2003;
Moës et al. 1999) or trapezoids (Fish and Belytschko
1990), then standard quadrature is used over these sub-
domains. It should be noted that in the subdomain inte-
gration for triangular elements, we need to map the
quadrature points of the high-order quadrilateral spec-
tral elements to the triangles, see Reference Legay et al.
(2005) for details.
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4 Time integration and stable time step

The well known form of the explicit central difference
method is used (see Reference Belytschko et al. 2000
for a description). The stability condition for the central
difference method restricts the time step to be smaller
than a critical time step �tc:

�t ≤ �tc = min
e

(
�te

c

)
(34)

where �te
c is the critical time step of element e, which

is calculated by:

�te
c = 2

ωe
max

(35)

where ωe
max denotes the maximum frequency of ele-

ment e obtained from the eigenvalue problem:

det
(
K

e − ω2
M

e
)

= 0 (36)

We first consider a 1D cracked element of section A,
length L , Young’s modulus E and mass density ρ as an
example to decide the stable time step in this high-order
XFEM method. For a standard 1D two-nodes element
(without discontinuity), the critical time step for the

lumped mass matrix is L
c

(
c =

√
E
ρ

is wave velocity
)
.

This time step is chosen as the reference critical time
step �t0

c in the following.
The critical time steps for both lumped mass and

consistent mass are investigated. In our implementa-
tion, the mass matrix corresponding to the standard
degrees of freedom uI are lumped by a row-sum
procedure. The mass matrix linked to the enrichment
parameters aI and bI is diagonalized as described in
References Elguedj et al. (2009), Menouillard et al.
(2006), Menouillard et al. (2008):

for aI : mdiag = m

nnodes

1

mes(�el)

∫

�el

H2(x)d�

(37)

for bI : mdiag = 1∑
K �2(xK )

∫

�el

ρ�2(x)d�

(38)

where �el is the element being considered, m its mass,
mes(�el) its length (in 1D), area (in 2D), or volume
(in 3D), nnodes the number of nodes of �el, and H is
Heaviside step function and � the tip enrichment func-
tion.

For the explicit time integration in high-order
XFEM, the lumped mass matrix has several advanta-
ges compared to the consistent mass matrix. It should

Table 1 Critical time steps in a 1D spectral element without
discontinuity

Spectral element order Critical time step (normalized by �t0
c )

Lumped mass Consistent mass

1 1 0.577

2 0.408 0.258

3 0.196 0.153

4 0.117 0.102

be noted that a diagonal mass matrix is usually used in
explicit schemes. The advantage is to speed up the com-
putation, and use less memory by storing only vectors
instead of matrices. This can be seen in the following
comparisons.

First we calculate the critical time step for 1D
spectral element without containing discontinuity. The
results for both lumped mass and consistent mass are
given in Table 1. The critical time step �tc is normal-
ized by the reference critical time step �t0

c .
Now let us estimate the critical time step for 1D

spectral element containing a discontinuity. As shown
in Fig. 6, the discontinuity at location S is described by
a generalized Heaviside function centered in S:

H(x − S) =
{

1 x ≥ S
−1 x < S

(39)

For both lumped mass and consistent mass, the crit-
ical time steps for the element as the location S of the
discontinuity are given in Fig. 6 for different spectral
element orders. The lumped mass matrix is obtained by
the scheme described above. As shown in Fig. 6, for the
higher order spectral elements with lumped mass, �tc
does not change much with S, even when the disconti-
nuity approaches either end of the element. But for the
consistent mass, the critical time step �tc for higher
order spectral elements decreases to zero as the dis-
continuity approaches one end of the element, so the
stability of the explicit central difference scheme for
the mesh can not be guaranteed. According to Fig. 6,
�tc = 10 ∼ 20%�t0

c is chosen in the simulations
below.

Note that for element with linear shape function,
e.g. constant strain element such as 3-node linear ele-
ment (Belytschko et al. 2003), 4-node element with
one quadrature point and hourglass control (Song et al.
2006), the critical time step for the cracked element is
the same as that of the continuum element.
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Fig. 6 Critical time steps as a function of the location of the
discontinuity in a 1D spectral element

5 Fracture mechanics

5.1 Stress intensity factors

The dynamic stress intensity factors K I and K I I are
defined by asymptotic behavior of the stress near crack
tip (see Reference Freund 1990 for details and refer-
ences therein):

K I = lim
√

2πrσyy
r→0

(40)

K I I = lim
√

2πrσxy
r→0

(41)

The relation between the energy release rate and the
stress intensity factor is given by:

G = 1 − ν2

E

[
β1(ȧ)K 2

I + β2(ȧ)K 2
I I

]
(42)

where E denotes the Young’s modulus, ν the Poisson’s
ratio, ȧ the crack velocity. βi (i = 1, 2) are the univer-
sal functions defined by:

βi (ȧ) = ȧ2αi

(1 − ȧ)c2
2 D

(43)

αi =
√

1 − ȧ2

c2
i

(44)

D(ȧ) = 4 α1α2 −
(

1 + α2
2

)2
(45)

where c1 and c2 are, respectively dilatational and shear
wave speed, and are given as a function of Lamé coef-
ficients and the density as:

c1 =
√

λ + 2μ

ρ
, c2 =

√
μ

ρ
(46)

The computations of K I and K I I are based on the
auxiliary fields near crack tip, the J-integral (Rice 1968)
and the interaction integral. Details of the interaction
integral can be found in References Freund (1990),
Krysl and Belytschko (1999).

The stress intensity factors K I and K I I are evaluated
using a domain independent integral Iint and a virtual
crack extension q by (see References Attigui and Petit
1997; Réthoré et al. 2005 for details):

Iint = −
∫

�

(
σ aux : ∇u − ρu̇u̇aux) div (q)d�

+
∫

�

σ aux : (∇u∇q) + σ : (∇uaux∇q
)

d�

+
∫

�

div
(
σ aux)∇u(q) + ρü∇uauxd�

+
∫

�

ρu̇aux∇u̇(q) + ρu̇∇u̇aux(q)d� (47)

where σ aux and uaux are auxiliary stress and displace-
ment fields. The norm of vector q, parallel to the crack,
is defined by

q =
⎧
⎨

⎩

0 outside the surface S1 ∪ S2

‖q‖ = 1 inside the surface S1

‖q‖ linear inside the surface S2

(48)

where S1 and S2 are surface defined near the crack tip.
Figure 7 shows the surfaces S1 and S2, and presents the
direction and norm of the virtual extension field q near
the crack tip.

Then this integral is

Iint = 2
(
1 − ν2

)

E

[
β1(ȧ)K I K aux

I

+β2(ȧ)K I I K aux
I I

]
(49)

The different stress intensity factors are estimated
through an appropriate choice of uaux: i.e. K aux

I = 1
and K aux

I I = 0 for the determination of K I , and K aux
I =

0 and K aux
I I = 1 for the determination of K I I .
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Fig. 7 Direction and norm of virtual extension field q

5.2 Crack velocity law

From the knowledge of dynamic stress intensity fac-
tors, the equivalent dynamic stress intensity factor Kθθ

is defined by:

Kθθ = cos3
(

θc

2

)
K I − 3

2
cos

(
θc

2

)
sin θc K I I (50)

where θc is the direction of the crack driven by the
maximum hoop stress criterion as:

θc = 2 arctan

⎡

⎣1

4

(
K I

K I I
− sign(K I I )

×
√

8 +
(

K I

K I I

)2
⎞

⎠

⎤

⎦ (51)

Freund (1990) developed a relation between the dynam-
ics energy release rate and the crack velocity. Freund
and Douglas (1982) and Rosakis and Freund (1982)
have linked experimentally the crack velocity to the
stress intensity factors through the relation explained
by Freund (1990):

ȧ =
⎧
⎨

⎩

0 if Kθθ < K I C ,

cr

(
1 −

(
K I C
Kθθ

)2
)

otherwise.
(52)

So a crack increment in the explicit algorithm is defined
by �a = ȧ�t , where �t is the time step size.

6 Numerical results

In this section, we present several numerical examples
of stationary cracks under dynamic load and dynamic
crack growth under the assumption of plain strain two-
dimensional elasticity.

6.1 Stationary and moving mode I crack

The example considered in this section is an infinite
plate with a semi infinite crack loaded by a tensile stress
perpendicular to the crack surface.

A schematic of this problem is shown in Fig. 8. A
uniform traction σ0(t) is applied to the top edge. The
plate dimensions are: the length L = 10 m, the initial
crack length is a = 5 m, and the vertical position of the
crack is h = 2 m. A mesh of 61×120 spectral elements
is used to define the model. Since the specimen is finite,
we stop the simulation when the reflected wave from
the edge reaches the crack tip, i.e. t ≤ 3tc = 3h/c1 (c1

is the dilatation wave speed).
The material properties are: Young’s modulus E =

210 GPa, Poisson’s ratio ν = 0.3 and the density ρ =
8, 000 kg/m3 and plane strain conditions are used.

The loading σ0(t) is defined by

σ0(t) = σ ∗ fn(t) (53)

where σ ∗ = 5 × 105 Pa and the laws fn(t) are defined
by:

f0(t) =
{

0 if t ≤ 0
1 otherwise

(54)

f1(t) =
⎧
⎨

⎩

0 if t ≤ 0
t
T if 0 ≤ t ≤ T
1 otherwise

(55)

f2(t) =
⎧
⎨

⎩

0 if t ≤ 0
1
2

(
1 − cos

(
π t
T

))
if 0 ≤ t ≤ T

1 otherwise
(56)

where f1(t) and f2(t) are used to make the loading
smoothly achieve the steady value σ ∗ to decrease the
numerical oscillations in the step loading f0(t). T =
0.2tc is chosen in the following. Here we are inter-
ested in the dynamic stress intensity factors denoted by
K I for the different loadings. Thus K n

I denotes the

Fig. 8 Geometry and loading of the semi-infinite plate example
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Fig. 9 Normalized mode 1 stress intensity factor as a function of time: analytical and numerical results for a loading n = 0 b loading
n = 1 c loading n = 2 d relative error during 1.5tc < t < 3tc for loading f2(t)

dynamic stress intensity factor for the loading n (n =
0, 1, 2).

Two different simulations are reported here: the first
one with a stationary crack and the second one with
a moving crack driven by an imposed velocity of the
crack tip. The stress intensity factor depends on time t
and crack speed ȧ.

The theoretical dynamic stress intensity factor of
this problem for step loading n = 0 is given by Freund
(1990)

K 0
I (ȧ, t) = K 0

I (0, t)k(ȧ) (57)

where K 0
I (0, t) is the stress intensity factor for ȧ = 0.

As the tensile wave reaches the crack at time tc it can
be written as:

K 0
I (0, t) =

{
0 t < tc
2σ ∗
1−ν

√
c1(t−tc)(1−2ν)

π
t ≥ tc

(58)

The function k(ȧ) can be written as:

k(ȧ) = 1 − ȧ
cr√

1 − ȧ
c1

(59)

where the Rayleigy wave speed cr = 2, 947 m/s, dila-
tational wave speed c1 = 5, 944 m/s.

The analytical dynamic stress intensity factor
K n

I (0, t) for other loadings can be obtained with the
convolution theory as:

K n
I (0, t) =

∞∫

−∞
σ0(t − τ)g(τ )dτ (60)

where g is the stress intensity factor correspond to an
impulse load, andσ0(t) = σ ∗ fn(t). From this equation,
all the different results can be explicitly developed as
a function of the loading, crack speed and time. The
details for the calculations are given in the appendix.
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The dynamic stress intensity factor K n
I (0, t) also

can be calculated using Ravi Chandar theory (Ravi-
Chandar 2004) as

K n
I (0, t) =

t∫

0

K 0
I (0, t − τ) ḟn(τ )dτ (61)

where the stress intensity factor K 0
I corresponds to the

step loading n = 0. ḟn denotes the derivative of fn with
time.

6.1.1 Stationary crack

Figure 9a, b, c present the normalized stress inten-
sity factors as a function of time under three different
loadings. The stress intensity factors are normalized
by σ ∗√h and compared for element SE1, SE2 and
SE3. For the step loading f0(t) in Fig. 9a, one can
notice that apparent numerical oscillations appear in
the stress intensity factor for element SE1. This was
also observed in the same simulations carried out by
the other researchers using low-order element (Elguedj
et al. 2009; Menouillard et al. 2006, 2010). However,
for element SE2 and SE3, the stress intensity factors
vary smoothly when the tensile wave and the reflected
wave approach the crack tip, and the results are quite
similar to the analytical results. The error near t = tc
is due to the tensile wave entering the contour for the
stress intensity factor computation. For smooth loading

f1(t) and f2(t), the error near t = tc is decreased as
shown in Fig. 9b and c. Especially for element SE1, the
oscillations markedly decrease when the tensile wave
arrives at the crack tip as shown in Fig. 9b and c. The
relative errors during 1.5tc < t < 3tc for loading f2(t)
are given in Fig. 9d.

Increasing mesh density is another method to
improve the finite element results. Next the effects
of refining mesh and increasing element order on the
results are compared to further explore the character of
this spectral XFEM method. A coarse mesh of 39 × 78
is used in this investigation. The contours of stress Syy

near crack tip at t = 3tc for different element types and
mesh densities are given in Fig. 10. It is p-refinement
from left to right and h-refinement from top to bottom.

We can find that for low-order element SE1, refining
mesh cannot apparently decrease the stress oscillations
below the crack surface, see the diagrams in the first
column of Fig. 10. For element SE3, the stress oscilla-
tions near the crack tip are effectively suppressed both
for the coarse and fine meshes. It seems p-refinement is
more effective on improving the numerical noise near
the crack tip than h-refinement.

6.1.2 Moving crack

Next we study the effect of moving crack on the accu-
racy of the computed stress intensity factor and verify
the performance of spectral element in the simulation of

Fig. 10 Comparison of
stress contour near crack tip
at t = 3tc for element SE1
and SE3 with different mesh
densities

SE1 SE3 

Coarse 

mesh 

(39×78) 

Fine 

mesh 

(61×120) 
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Fig. 11 Normalized mode 1 stress intensity factors as a function of time: analytical and numerical results for a loading n = 0
b loading n = 1 c loading n = 2 d relative error during 1.5tc < t < 3tc for loading n = 2

dynamic crack propagation. A smoothed crack velocity
is imposed after 1.5tc as given below

ȧ =

⎧
⎪⎨

⎪⎩

0 t < 1.5tc

V0 sin
[

(t−1.5tc)π
1.4tc

]
1.5tc ≤ t ≤ 2.2tc

V0 t > 2.2tc

(62)

where V0 = 1, 500 m/s.
Figure 11a, b, c present the normalized stress inten-

sity factors as a function of time under three different
loadings. The stress intensity factors are normalized
by σ ∗√h and compared for element SE1, SE2 and
SE3. As shown in Fig. 11, the numerical oscilla-
tions during the crack propagation are strongly ampli-
fied in element SE1 for the three loadings. However,
the stress wave due to releasing tip element is effec-
tively decreased in element SE2 and SE3. Figure 11d

presents the relative error on the stress intensity fac-
tor corresponding to the result shown in Fig. 11c. It
underlines the spectral element markedly improve the
results. The small oscillations in element SE2 and SE3
correspond to the crack tip passing from one element to
the next. This error was also apparent in the time-depen-
dent tip enrichment technique in References Elguedj
et al. (2009), Menouillard et al. (2010), Réthoré et al.
(2005).

The stress contour at t = 3tc for element SE1 and
SE3 are given in Fig. 12, respectively. The crack-tip
stress field distribution in element SE1 is strongly dis-
ordered by wave oscillations during the crack propaga-
tion as shown in Fig. 12. That is why large oscillations
appear in the stress intensity factor of element SE1,
see Fig. 11. This example evidently demonstrates the
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Fig. 12 Stress contour at
t = 3tc for loading n = 0:
the upper for element SE1
and the bottom for element
SE3

improvement of spectral element in the simulation of
dynamic crack propagation.

6.2 Mixed mode crack

In this section we consider the problem analyzed by Lee
and Freund (1990) in which a semi infinite plate with
an edge notch is subjected to an impact velocity V0. The
problem is mixed mode due to the traction free nature
on the crack faces. The mode I stress intensity factor
becomes negative when the lower part of the specimen
comes in contact with the upper part.

The geometry of the finite plate is shown in Fig. 13.
The dimensions are the following: H = 6 m, L =
4 m, the crack length a = 1 m. A mesh of 60 × 119
spectral elements is used to define the model. The pre-
scribed velocity on the boundary is V0 = 16.5 m/s.
Since the analytical solution is for an infinite plate, it
is only valid for a finite plate until the reflected wave
arrived at the crack tip. Therefore in our numerical solu-
tion we limit the simulation time to t ≤ 3tc = 3a/c1,
where c1 is dilatational wave speed. The material prop-
erties of the linear elastic media are: Young’s modulus
E = 200 GPa, Poisson’s ratio ν = 0.25 and the density
ρ = 7833 kg/m3. The stress intensity factors are nor-

malized by the factor −EV0
√

a/π

2c1(1−ν2)
. The analytical solu-

tion for both stress intensity factors as a function of time
is available for this problem (Lee and Freund 1990).

Fig. 13 Semi-infinite plate with a stationary edge crack under
mixed-mode loading

Figure 14 presents the normalized stress intensity
factors K I and K I I as a function of time for element
SE1 and SE3. We can find that the element SE3 per-
forms well during the whole loading history. In con-
trast, the results for element SE1 strongly deviate from
the analytical results especially, at the late stages of the
simulation. The high-order spectral element is more
accurate than the low-order element for this mixed
mode crack problem.

6.3 Kalthoff’s experiment

This example is based on the experiment of Kalthoff
(1985) and by Böhme and Kalthoff (1982) and deals
with the crack initially in mode 2. A plate with two
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Fig. 14 Normalized stress intensity factors as a function of time:
analytical and numerical results

symmetrical edge cracks is impacted by a projectile
at speed V0. The two cracks are centered with respect
to the specimen’s geometry and their separation corre-
sponds to the diameter of the projectile. The crack prop-
agates with an overall angle from 60◦ to 70◦. We chose
V0 = 16.5 m/s as a typical velocity for brittle fracture.
A schematic description of the problem and the geome-
try is given by Fig. 15. The dimension of the specimen
are: L = 100 mm, l = 50 mm, a = 50 mm and the
thickness is 16.5 mm. The material properties of the lin-
ear elastic media are: Young’s modulus E = 190 GPa,
Poisson’s ratio ν = 0.3, the density ρ = 8, 000 kg/m3

and fracture toughness K I C = 68 MPa
√

m. This prob-
lem is widely used to validate numerical methods in
dynamic crack propagation.

Regular meshes (38 × 38, 78 × 78) were employed
in the simulations. The crack velocity is driven by
Eq. (52).

Figure 16 shows the result for the fine mesh 78×78.
It can be seen that crack paths for element SE2 and SE3

Fig. 15 Geometry of the Kalthoff’s experiment

are almost identical, thus that path can be considered
as a converged solution. The angle is close to 70◦.

The results for the coarse mesh 38 × 38 are given in
Fig. 17a. The crack path of high-order element SE3 still
closely follows a 70◦ angle, though not as smoothly as
that of fine mesh. The crack paths for different element
meshes and element orders are compared in Fig. 17b
together. We can find that the crack path of element
SE3 in the coarse mesh is even more accurate than that
of element SE1 in the fine mesh.

7 Conclusion

A high-order extended finite element (XFEM) method
based on spectral elements (SE) has been developed
to improve the accuracy in the simulation of dynam-
ics fractures. The partitions of unity for the discontinu-
ous displacement are constructed by employing p order
spectral element. The well known form of the explicit
central difference scheme is used and the critical time
step for this method is investigated. We find that by

Fig. 16 a Crack paths and
b Crack lengths of the
Kalthoff test for element
mesh 78 × 78
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Fig. 17 a Crack paths and
for element mesh 38 × 38. b
Comparison of crack paths
for different element
meshes and element orders

using lumped mass matrix the critical time step �tc
for this high-order extended finite element is almost
independent of the crack position. This method shows
great advantages in the simulations of moving crack
and mixed mode crack. The numerical oscillations are
effectively suppressed and the accuracy of computed
stress intensity factors and crack path are improved
markedly. Furthermore the simulation results show that
p-refinement is more effective in improving the stress
contour near the crack tip than h-refinement. The meth-
odology is promising for a wide variety of applications
involving dynamic fracture problems.
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Appendix

For a moving crack, the dynamics stress intensity factor
K n

I (t, ȧ) is related to the one corresponding to the sta-
tionary crack K 0

I (t, 0)modified by a function k depend-
ing on the crack speed ȧ as follows:

K n
I (ȧ, t) = K n

I (0, t)k(ȧ) = K n
I (t)

1 − ȧ
cr√

1 − ȧ
c1

(A1)

where cr denotes the Rayleigy wave speed, c1 denotes
dilatational wave speed.

The dynamic stress intensity factor can be obtained
with the convolution theory as:

K n
I (0, t) =

∞∫

−∞
σ0(t − τ)g(τ )dτ (A2)

where σ0(t) = σ ∗ fn(t), and g is the stress intensity
factor corresponding to an impulse load:

g(t) = α

2
√

t

√
c1 (A3)

where α = 2
1−ν

√
1−2ν

π
.

By substituting loading function fn into Eq. (A2),
the analytical dynamic stress intensity factor K n

I (t) for
different loadings can be explicitly developed as a func-
tion of the loading, crack speed and time.

(i) Ramp loading: n = 1

K̃ 1
I (0, t) = K 1

I (0, t)

ασ ∗√h

= 2

3

√
T

tc

{( t
T

)3/2 0 ≤ t < T( t
T

)3/2 − ( t
T − 1

)3/2 otherwise

(A4)

(ii) Cosinus loading n = 2
For t ≤ T :

K̃ 2
I (0, t) = K 2

I (0, t)

ασ ∗√h

= 1

2

√
t

tc
− 1

4

√
2T

tc

(
cos

(
π t

T

)
Fc

(√
2t

T

)

+ sin

(
π t

T

)
Fc

(√
2t

T

))
(A5)
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and for t > T

K̃ 2
I (0, t) = 1

2

√
t − T

tc
+ 1

2

√
t

tc

−1

4

√
2T

tc
cos

(
π t

T

)[
Fc

(√
2t

T

)

−Fc

(√
2(t − T )

T

)]

−1

4

√
2T

tc
sin

(
π t

T

)[
Fs

(√
2t

T

)

−Fs

(√
2(t − T )

T

)]
(A6)

where the Fresnel functions are defined by:

Fc(x) =
∫ x

0
cos

(
π t2

2

)
dt (A7)

Fs(x) =
∫ x

0
sin

(
π t2

2

)
dt (A8)
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