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Abstract In brittle composite materials, failure
mechanisms like debonding of the matrix-fiber inter-
face or fiber breakage can result in crack deflection
and hence in the improvement of the damage toler-
ance. More generally it is known that high values of

M. Prechtel (B) · G. Leugering · M. Stingl
Chair of Applied Mathematics II (AM2),
Friedrich-Alexander-University Erlangen-Nuremberg,
Martensstr. 3, 91058 Erlangen, Germany
e-mail: marina.prechtel@am.uni-erlangen.de

G. Leugering
e-mail: leugering@am.uni-erlangen.de

M. Stingl
e-mail: stingl@am.uni-erlangen.de

P. L. Ronda
General Material Properties (WW1),
Friedrich-Alexander-University Erlangen-Nuremberg,
Martensstr. 5, 91058 Erlangen, Germany
e-mail: Pavel.Leiva-Ronda@ww.uni-erlangen.de

R. Janisch · A. Hartmaier
Interdisciplinary Centre for Advanced Materials
Simulation (ICAMS), Ruhr-University Bochum,
Stiepeler Str. 129, 44801 Bochum, Germany
e-mail: rebecca.janisch@rub.de

A. Hartmaier
e-mail: alexander.hartmaier@rub.de

P. Steinmann
Chair of Applied Mechanics (LTM),
Friedrich-Alexander-University Erlangen-Nuremberg,
Egerlandstr. 5, 91058 Erlangen, Germany
e-mail: steinmann@ltm.uni-erlangen.de

fracture energy dissipation lead to toughening of the
material. Our aim is to investigate the influence of mate-
rial parameters and geometrical aspects of fibers on the
fracture energy as well as the crack growth for given
load scenarios. Concerning simulations of crack growth
the cohesive element method in combination with the
Discontinuous Galerkin method provides a framework
to model the fracture considering strength, stiffness
and failure energy in an integrated manner. Cohesive
parameters are directly determined by DFT supercell
calculations. We perform studies with prescribed crack
paths as well as free crack path simulations. In both
cases computational results reveal that fracture energy
depends on both the material parameters but also the
geometry of the fibers. In particular it is shown that
the dissipated energy can be increased by appropriate
choices of cohesive parameters of the interface and geo-
metrical aspects of the fiber. In conclusion, our results
can help to guide the manufacturing process of materi-
als with a high fracture toughness.

Keywords Crack growth · Fracture energy ·
Cohesive zone modeling · Ceramic matrix composites ·
Fiber reinforced material

1 Introduction

Deriving information about material properties from
the numerical solution of crack problems in fracture
mechanics has become a routine tool used by research-
ers for many decades. One common aim is to quantify

123



16 M. Prechtel et al.

and predict the behavior of cracked structures under
service conditions and possibly to enhance the material
properties. Theoretical foundations of the classical the-
ory of brittle fracture in solids are outlined in the works
by Griffith (1921), Irwin (1958), and Barenblatt (1962).
Later studies which consider the evolution problem of
brittle fracture based on material forces acting at the
crack tip singularities (e.g. Stumpf and Le 1990; Mau-
gin and Trimarco 1992) also refer to Eshelby (1956)
and Rice (1968). Early finite element studies as in Rice
and Sorensen (1978) have extensively used the nodal
release procedure to simulate crack growth. The lack
of a material length scale using this method leads to
a strong dependence of the finite element results on
the size of the elements near the crack tip. One draw-
back of other numerical methods like the element-free
Galerkin method in Fleming et al. (1997), the X-FEM
method in Belytschko and Black (1999) and the con-
tinuum damage theory in Curran et al. (1993) is the
difficulty to relate the parameters of the methods to
experimental data like the fracture energy. Methods
including a cohesive zone model (CZM) (Needle-
man 1987) overcome several of the disadvantages of
other numerical methods. CZM, originally proposed in
Needleman (1987) in order to simulate the process of
inclusion debonding from a metal matrix is based on the
cohesive zone concepts introduced in Barenblatt (1962)
and Dugdale (1960). Dugdale (1960) assumed a con-
stant variation of traction along the plastic strip zone
and Barenblatt (1962) used a typical cohesive law for
the atomic debonding. In subsequent investigations dif-
ferent shaped cohesive laws have been routinely used.
In Chandra et al. (2002) an overview over different pos-
sibilities of modeling cohesive effects and a materials
science based overview on different cohesive processes
can be found. The cohesive laws have been embedded
into finite element analysis as mixed boundary condi-
tions like for example in Needleman (1987) and Tver-
gaard and Hutchinson (1993) or have been modeled
by cohesive finite elements like in Camacho and Ortiz
(1996), Xu and Needleman (1994), and Ortiz and Pan-
dolfi (1999). Cohesive elements model a crack to be
a pair of surfaces with no volume in between and its
action replaced by an equivalent traction on the sur-
faces. The cracking behavior is determined by the soft-
ening constitutive law of the cohesive zone material. In
Camacho and Ortiz (1996) two-dimensional fragmen-
tation simulations, both plane strain and axisymmet-
ric, have been established with the feasibility of using

cohesive elements to account explicitly for individual
cracks as they nucleate, propagate, branch and possibly
link up to form fragments. Clearly, it is incumbent upon
the mesh to provide a rich enough set of possible frac-
ture paths, an issue which may also be addressed within
the framework of adaptive meshing. In order to inves-
tigate the possibility of influencing crack propagation
in composite materials, we apply a simulation method
which uses the concept of cohesive elements as intro-
duced in Needleman (1987) and developed further in
Walter et al. (1997). The cohesive zone model in com-
bination with a dislocation dynamics model of plas-
ticity has been employed to study fracture in layered
structures (Broedling et al. 2008). While in Needleman
(1987) and Walter et al. (1997) crack paths in a fixed
domain of a specimen supplied with defined material
properties are considered, we aim at the simulation of
cracks inside different materials of a composite speci-
men paying attention to various possibilities of crack-
ing processes like fiber debonding and fiber breakage.
Nitsche (1971) proposed a method to enforce Dirichlet
boundary conditions in a weak sense. Subsequently,
different versions of so called Discontinuous Galer-
kin (DG) methods have been based on that idea. We
take advantage of the use of a DG method as described
in Mergheim et al. (2004). Thereby continuity of the
stresses at cohesive elements is enforced without the
necessity of questionable determination of penaliza-
tion parameters for that issue. Following Mergheim
et al. (2004) penalization is only used for stabiliza-
tion of the method and for avoiding interpenetration
of opposite crack sides. By applying a combination of
the FEM with cohesive elements and the DG method,
crack paths do not have to be prescribed at the begin-
ning of simulations as done in Walter et al. (1997)
but rely on a stress criterion. In Noels and Radovitzky
(2008) an explicit DG method is proposed for non-lin-
ear solid dynamics. It is pointed out that the suggested
method can be extended to deal with crack problems.
Similar as in our method the DG method is used for
stabilization and consistency of the variational formu-
lation. In contrast to our paper time-dependent prob-
lems are considered for the solution of which a time
integration algorithm accounting for the influence of
the DG discretization stability is used. Moreover the
method proposed in Noels and Radovitzky (2008) is
able to deal with plasticity and large deformations and
a parallel implementation allows for 3D simulations.
Other possibilities how a crack may be grown along an
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Simulation of fracture in heterogeneous elastic materials 17

arbitrary path governed by the imposed failure crite-
rion are given in Yang and Ravi-Chandar (1998). Here
an iterative single-domain dual-boundary-element for-
mulation has been introduced for incorporation of the
cohesive zone model for elastostatic cracks. By using
a cracking criterion varying cohesive material parame-
ters and geometrical data of composites may cause dif-
ferent crack paths, thereby effecting various amounts of
energy dissipation. Our objective to influence the frac-
ture energy and the crack paths for a given load scenario
by adjusting cohesive material parameters and geomet-
rical aspects is motivated by studies demonstrating that
energy dissipation processes in brittle matrix compos-
ites provide toughening of the material.

2 Theory and approach

We consider a bounded domain � ⊂ R
2 consisting of

matrix material with fiber inclusions. The domain �

is fixed at a Dirichlet part �D ⊂ ∂� of the boundary
and an external traction f is applied to a Neumann part
�N ⊂ ∂�. We will use the Einstein summation conven-
tion for summation over repeated indices in the follow-
ing. We further assume linear elastic material behavior
throughout the whole domain � characterized by the
elasticity tensor ci jkl ∈ L∞, i, j, k, l = 1, 2, which is
symmetric in the sense ci jkl = c jikl = ckli j and satis-
fies the usual ellipticity and boundedness conditions

c0ξi jξi j ≤ ci jklξklξi j ≤ C0ξi jξi j a.e. in �,

for given 0 < c0 ≤ C0 and arbitrary symmetric matri-
ces ξi j . A crack �C is assumed to exist in �. There are
no volume forces considered. Furthermore we intro-
duce the displacement field u = (u1, u2), the linear-
ized strain tensor ekl = 1

2 (uk,l + ul,k), k, l = 1, 2 and
the stress tensor σi j , i, j = 1, 2. Stresses are related to
strains by Hooke’s law σi j = ci jklekl , i, j, k, l = 1, 2.
We denote the domain without crack by �0 = �\�C ,
the outer unit normal vector to ∂� by n� and the unit
normal vector to �C by n = n− = −n+. By τ we
denote the unit vector tangential to �C and by [·] =
(·)|�+

C
− (·)|�−

C
the jump along �C .

2.1 Cohesive element approach

In this section we first describe which kind of cohe-
sive laws we use and how we embed the laws in the

FEM simulation using cohesive elements. Afterwards
we explain the method we have applied to determine
the cohesive parameters inside of the cohesive laws that
we use for our numerical simulations.

2.1.1 Cohesive laws

Processes in the so called cohesive zone around a crack
tip play a decisive role for energy dissipation. In our
studies we account for the cohesive effects at small
crack openings by establishing so called cohesive trac-
tions t ∈ R

2 according to cohesive laws. These laws are
characterized by the scalar values of critical stress σc,
which corresponds to the maximal value of the cohe-
sive traction achieved, and the critical energy release
rate Gc, which corresponds to the maximal amount of
fracture energy per unit area of crack surface. As from
our point of view the value of Gc is much more impor-
tant than the specific shape of the curve (see Chandra
et al. 2002 for different possibilities), we confine our
considerations to so called UBER laws (universal bind-
ing energy relation, see Rose et al. 1983). In our studies
we pay attention to tractions introduced by normal as
well as by tangential crack opening. Therefore we split
the vector valued crack opening δ := [u] ∈ R

2 into
its normal part δn and its tangential part δτ by δi =
δnni + δτ τi , i = 1, 2. According to suitable laws with
UBER shape the cohesive tractions t∗n (δn) and t∗τ (δτ )

for normal and tangential crack opening can be calcu-
lated. We consider two different types of UBER laws,
initially elastic laws and initially rigid laws. For initially
elastic UBER laws the specific functions are given by

t∗n (δn) = σcn
δn

δcn
exp

(
1 − δn

δcn

)
, δn ≥ 0 (1)

and

t∗τ (δτ ) =

⎧⎪⎨
⎪⎩

−σcτ
|δτ |
δcτ

exp
(

1 − |δτ |
δcτ

)
for δτ < 0

σcτ
|δτ |
δcτ

exp
(

1 − |δτ |
δcτ

)
for δτ ≥ 0

(2)

For initially rigid UBER laws the specific functions
are given by

t∗n (δn) = σcn
δn + δcn

δcn
exp

(
− δn

δcn

)
, δn ≥ 0 (3)

and

t∗τ (δτ ) =

⎧⎪⎨
⎪⎩

−σcτ
|δτ |+δcτ

δcτ
exp

(
−|δτ |

δcτ

)
for δτ < 0

σcτ
|δτ |+δcτ

δcτ
exp

(
−|δτ |

δcτ

)
for δτ ≥ 0

(4)
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18 M. Prechtel et al.

Fig. 1 a Shape of an initially elastic cohesive law: normal crack
opening δn depicted on the horizontal axis, associated normal
part of cohesive traction t∗n depicted on the vertical axis, with
σcn critical stress and Gcn critical energy release rate for nor-

mal crack opening, b shape of an initially rigid cohesive law, c
scheme of a cohesive element placed between two continuous
elements

Here δcn and δτn denote the critical crack openings
in normal and tangential direction, respectively. Recall
that the condition δn ≥ 0 is always satisfied due to non-
penetration of opposite crack faces. Figure 1a, b depict
the shape of t∗n for an initially elastic UBER law and
an initially rigid UBER law, respectively. On the hor-
izontal axis the normal crack opening δn is depicted
and on the vertical axis the value of t∗n . The value of the
normal critical stress σcn is marked on the vertical axis.
The area embedded between the curve and the horizon-
tal axis accords approximately to the value of the criti-
cal energy release rate Gcn for normal crack openings.
Following Ruiz and Pandolfi (2000) the vector valued
cohesive traction for a certain point on the crack is
obtained as combination of the tangential and normal
part according to ti = ts

δs

(
β2δτ τi + δnni

)
, i = 1, 2

with ts =
√

β−2t∗τ 2 + t∗n 2 and δs = √
β2δ2

τ + δ2
n . As

in Ruiz and Pandolfi (2000) we choose β = K I I c/K I c,
where K I c and K I I c are the critical stress intensity fac-
tors for mode I and II cracking, respectively.

For the simulation of cohesive tractions in combina-
tion with FEM we apply the widely used approach of
cohesive elements. A good overview to the numerical
properties of cohesive elements and to discretization
issues can be found in Geissler and Kaliske (2010).
Here we just explain some correlations necessary to
understand the variational formulation given in the
following section. At the beginning of the simulation
process we place cohesive elements between all contin-
uous elements in the whole computational domain. For
the sake of simplicity, we confine the following consid-
erations to one single cohesive element. This element is
placed somewhere in the domain � between two con-
tinuous elements, and a crack may propagate through

this element along the element boundary �e (compare
Fig. 1c). Accordingly, now [·] = (·)|�+

e
−(·)|�−

e
denotes

the jump along the cohesive element face �e. For a
cohesive element two cases may appear. It may stay
closed, because a certain criterion for opening is not
fulfilled, and therefore no crack path is supposed in
that element. In that case it is necessary to enforce con-
tinuity of the displacement field, so that

[u]i = 0, i = 1, 2.

If, in the other case, crack propagation through a
cohesive element is supposed and the element is there-
fore opened, the displacement field becomes discon-
tinuous along �e and the stresses in normal direction
along �e take the values of the cohesive tractions t ([u]),
so that

−σi j |�+
e

n+
j = σi j |�−

e
n−

j = t ([u])i , i, j = 1, 2.

Cohesive tractions along �+
e are opposite in direc-

tion to cohesive tractions along �−
e . The values of

t ([u])i , i = 1, 2 are given in a way that cohesive trac-
tions have an element closing effect.

2.1.2 Determination of the parameters
for the cohesive zone model

It is a well known issue that the choice of cohesive
parameters is a controversial point in the framework of
CZM. Actually the magnitude of the cohesive param-
eters may vary widely ranging from MPa to GPa for
the critical stress, from J to KJ for the critical energy
release rate and from nanometers to micrometers for
the critical crack opening (Chandra et al. 2002). In the
present work we assume that the energy release rate
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Simulation of fracture in heterogeneous elastic materials 19

for normal crack opening Gcn includes only the sur-
face energy and therefore can be predicted by ab ini-
tio density functional theory (DFT) (Hohenberg and
Kohn 1964; Kohn and Sham 1965). DFT is an elec-
tronic structure approach that allows to solve atomistic,
quantum mechanical many-body equations by replac-
ing the coordinates of the individual electrons in the
system by an electron density. For a complete intro-
duction see Martin (2004). With this parameter-free
method the cohesive energy and elastic properties of
crystals can be calculated accurately, and defect ener-
gies (e.g. a surface energy) can be determined quan-
titatively. In this sense, Gcn is defined by the energy
difference between the sum of the two fractured sur-
faces energies (EF S1 and EF S2 ) of the crystals and the
total energy of the corresponding bulk supercell (EBS),
normalized by the total fractured surface area A:

Gcn = (EF S1 + EF S2 − EBS)/A (5)

Total energies have been calculated employing the
generalized-gradient approximation (GGA) to DFT in
the formulation of Perdew et al. (1996). In compari-
son to the local density approximation (LDA) to DFT,
which assumes a rather homogeneous electron gas,
GGA incorporates density gradients into the calcula-
tion of the exchange correlation energy. This can be
an improvement in systems with strongly varying elec-
tron density—e.g. at a crystal surface. The calculation
of Gcn was performed with the help of the open source
program ABINIT based on plane waves and pseudopo-
tentials (Gonze et al. 2009). The electron wave func-
tion was expanded in a plane wave basis set (energy
cut-off of 35 Hartree) and the core-valence interaction
was modeled by Goedecker, Teter and Hutter (GTH)
norm-conserving pseudopotentials (Krack 2005). Brill-
ouin-zone integrations were performed using Monk-
horst-Pack k-point meshes (Monkhorst and Pack 1976)
with a density corresponding to 6×6×2 k-points for the
bulk unit cell and accordingly less in larger supercells.

The corresponding values of Gcn for Ti3AlC2 (fiber)
and TiAl3 (matrix) are listed in Table 1. These values
are representative of the cleavage for different planes
in these structures and are in a reasonable agreement
with the literature data in Yoo and Yoshimi (2000) and
Zhang and Wang (2007). Since our objective is to repro-
duce trends on the composite fracture, this first approx-
imation does not consider the expected anisotropy of
Gcn for these crystal structures. A better agreement

Table 1 Elastic and cohesive parameters for matrix (m) and fiber
(f) used in Sect. 3.1, E Young’s modulus, ν Poisson ratio, σc crit-
ical stress, δc critical crack opening, Gc critical energy release
rate

E (GPa) ν σc ( MPa) δc (nm) Gc (J/m2)

m 156 0.20 140 7 2.6

f 297 0.24 410 5 5.7

with experimental findings may be achievable by fur-
ther improvement of the calculation of Gcn .

According to the selected cohesive laws (see
Eqs. 1–4) one can find an equation which links the cor-
responding cohesive parameters by integration of the
cohesive law over the complete crack opening. In case
of initially elastic UBER cohesive laws these equations
are given by:

Gcn = eσcnδcn (6)

Gcτ = (e/2)1/2 σcτ δcτ , (7)

where e = exp(1). Note from these last equations
that the CZM cohesive laws are characterized by four
independent parameters. We focus the selection on the
parameters Gcn, Gcτ , σcn and σcτ .

Following the linear fracture mechanics approach, in
case of plane strain problems and homogenous mate-
rials the energy release rate corresponds to an intrinsic
intensity factor K I c as follows (Irwin 1957):

K I c =
(
(EGcn) /

(
1 − ν2

))1/2
(8)

where E is the Young’s modulus and ν the Poisson
ratio. According to Lung and Gao (1985) the relation-
ship between K I I c and K I c calculated by linear elastic
fracture mechanics should be 0.724. This assumption
leads to a way to obtain a link between Gcn and Gcτ :

Gcτ /Gcn = (0.724)2. (9)

Up to now we have obtained the energy release rate for
normal crack opening through DFT supercells calcu-
lations. Using Eq. 9 we can get the energy release rate
for tangential crack opening, too. The only unknown
parameter which remains to be determined in Eqs. 6
and 7 is δcn (assuming that δcn = δcτ ). For a valid sim-
ulation, it is necessary that for given load scenarios and
material properties, several cohesive elements span the
cohesive zone. The length of a cohesive element has
to be smaller than the characteristic lengths (δcn, δcτ ).
The parameters used here are δcn = 6.9 nm for the
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20 M. Prechtel et al.

matrix and δcn = 5.1 nm for the fiber. The finite ele-
ment meshes employed for the numerical simulations
presented in Chap. 3 are fine enough to fulfill these
requirements. Inserting the values of Gcn and δcn in
Eq. 6 results in σcn = 140 MPa for the matrix material
andσcn =410 MPa for the fiber material. We can repeat
the same procedure for the Eq. 7 to find the tangential
cohesive parameters. Similar procedures are applied to
derive the cohesive parameters for initially rigid UBER
laws.

2.2 Discontinuous Galerkin method

As outlined in Sect. 2.1.1 cohesive elements are placed
between all continuous elements in the computational
domain. Obviously these cohesive elements have to
stay closed during the simulation in the pre-failure
regime, while they have to be opened and cohesive trac-
tions have to be introduced in the post-failure regime.
As proposed in Mergheim et al. (2004), this can be
achieved by application of a combination of a DG type
method with an interface approach. The equilibrium
equations for our problem for the pre-failure regime
are given by

−σi j, j (u) = 0 in �0

u = 0 on �D

σi j (u)n j = fi on �N[
σi j (u)

]
n j = 0 on �C

[u]i ni = 0 on �C ,

(10)

while the equilibrium equations for the post failure
regime are given by

−σi j, j (u) = 0 in �0

u = 0 on �D

σi j (u)n j = fi on �N[
σi j (u)

]
n j = 0 on �C

−σ+
i j n+

j = ti on �C

σ−
i j n−

j = ti on �C ,

(11)

where we have used the notation (·)+ := (·)|�+
C
, (·)−

:= (·)|�−
C

. First we just consider the pre-failure regime.
To obtain the weak formulation for

u ∈ K0 =
{

u ∈
[

H1(�0)
]2 : u = 0 on �D

}

we multiply the strong form Eq. 10 with a test function
v ∈ K0 and integrate by parts, so that we obtain∫
�0

ci jklekl(u)ei j (v) dx −
∫

�+
C

σ+
i j (u)n+

j v+
i da

−
∫

�−
C

σ−
i j (u)n−

j v−
i da =

∫
�N

fivi da

With the definition n := n− = −n+ we obtain∫
�0

ci jklekl(u)ei j (v) dx +
∫
�C

[viσi j (u)]n j da

=
∫

�N

fivi da

With the continuity of the stresses along �C accord-
ing to the forth line of Eq. 10 and the notation {·} :=
1
2

(
(·)+ + (·)−)

we obtain∫
�0

ci jklekl(u)ei j (v) dx +
∫
�C

{σi j (u)}[v]i n j da

=
∫

�N

fivi da.

For symmetrization of that equation we add the
term

∫
�C

{σi j (v)}n j [u]i da following Mergheim et al.
(2004). Furthermore, weak enforcement of continuity
at the interface is achieved by making use of Nitsche’s
method as proposed in Nitsche (1971). Therefore, the
penalization term

∫
�C

θ [u]i [v]i da with penalty param-
eter θ ∈ R

+ is added to the equation. Thereby coerciv-
ity of the variational formulation and stabilization of
the method for sufficiently large θ is guaranteed. See
Fritz et al. (2004) for detailed proofs of these state-
ments. References for the choice of θ can be found in
Mergheim et al. (2004). In conclusion the variational
formulation for the pre-failure regime takes the form∫
�0

ci jklekl(u)ei j (v) dx

+
∫
�C

{σi j (u)}n j [v]i da +
∫
�C

{σi j (v)}n j [u]i da

+
∫
�C

θ [u]i [v]i da =
∫

�N

fivi da.

For the post-failure regime we obtain according to
Eq. 11 the variational formulation∫
�0

ci jklekl(u)ei j (v) dx +
∫
�C

t ([u])i [v]i da

=
∫

�N

fivi da.
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Simulation of fracture in heterogeneous elastic materials 21

In order to receive a complete variational formula-
tion including all explained terms for the pre-failure
and the post-failure regime, we introduce a parameter
α which takes the value 1 for a cohesive element, if a
crack should propagate through this element and 0, if
the element should stay closed. A further penalization
term with penalty parameter ε ∈ R

+ is included in the
variational formulation so that penetration of opposite
crack sides is avoided and

[u]i ni ≥ 0 on �C

is approximately fulfilled for sufficiently large ε. Thus,
the elasticity problem considered in our studies con-
sists in finding u ∈ K0 so that the following variational
formulation is fulfilled ∀v ∈ K0:∫
�0

ci jklekl(u)ei j (v) dx

+
∫
�C

(1 − α)
({σi j (u)}n j [v]i + {σi j (v)}n j [u]i

)
da

+
∫
�C

((1 − α)θ [u]i + αt ([u])i ) [v]i da

− ε

∫
�C

max(0,−[u]i ni )[v]i ni da

=
∫

�N

fivi da, (12)

During simulations the parameter α will be set to
0 or 1 for each cohesive element separately according
to the stresses at that element. Thereby the tangential
component στe = ∣∣{σ }i j n jτi

∣∣ and the normal compo-
nent σne = {σ }i j n j ni of the stresses in normal direc-
tion will be taken into account. Comparing the value
σcri t = √

β−2σ 2
τe + σ 2

ne with a scalar value σcomp cal-
culated from the critical stresses σcn and σcτ of the
cohesive laws offers a stress criterion for checking if
opening of a cohesive element is indicated.

2.3 Prescribed versus free crack path simulation

The simulation method described in the previous sec-
tions allows to work with prescribed as well as free
crack paths. In the former case cohesive elements are
solely placed along the prescribed path. When study-
ing prescribed crack paths, it has to be kept in mind that
the supposed scenario for several considered cohesive

parameters may just be an approximation to realistic
scenarios. The stresses inside realistic materials pos-
sibly make the crack propagate in a different man-
ner than supposed by the prescribed crack paths. This
issue is taken into account if free crack paths instead of
prescribed ones are simulated. Therefore cohesive ele-
ments are placed possibly between all continuous ele-
ments in the computational domain so that various pos-
siblecrackpathsareavailable.Theapplicationof theDG
method in combination with the stress criterion as out-
lined in Sect. 2.2 then allows to identify the crack path
(compare results in Sects. 3.2 and 3.3).

3 Results and discussion

This chapter is devoted to the presentation and discus-
sion of results received with our numerical simulation
technique explained in Chap. 2. Section 3.1 is con-
cerned with the possibilities of increasing the value of
the effective fracture energy Ed by varying different
cohesive material parameters. We confine ourselves for
these first studies to deal with prescribed crack paths. In
Sect. 3.2 we explain how we benefit from the applica-
tion of the cracking criterion in combination with the
Discontinuous Galerkin method outlined in Sect. 2.2.
The cracking criterion allows for free crack path simu-
lations, i.e. no crack paths have to be prescribed. Finally
Sect. 3.3examines the influenceofdifferentfiber shapes
on the resulting crack paths. Parameters in this sec-
tion with superscript (·)m refer to the matrix material,
those with superscript (·) f refer to the fiber material
and those with superscript (·)int refer to the matrix fiber
interface. For simulation results presented in Sect. 3.1
we have used the initially elastic UBER law accord-
ing to Eq. 1 and Fig. 1a. The influence of tangential
crack openings is neglected in Sect. 3.1. For simula-
tion results presented in Sect. 3.2 and Sect. 3.3 we use
initially rigid cohesive laws according to Eqs. 3 and 4
(compare Fig. 1b). In these sections we pay attention to
tangential cohesive tractions. All cohesive values given
below refer to normal crack openings. The respective
values for tangential crack openings can be received by
the formulas explained in Sect. 2.1.2.

3.1 Influence on the fracture energy for prescribed
crack paths

In the following section we study the possibilities to
increase the amount of energy dissipated by a crack,
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Fig. 2 Load cases and prescribed crack paths used for simu-
lations: b width of the fiber, l length of the fiber, y imposed
displacement, f external traction, yellow matrix material, blue
fiber material, red crack path. a Load case and prescribed crack

path modeling fiber debonding; b load case and prescribed crack
path modeling fiber breakage; c load case and given incipient
crack for free crack path simulation

Table 2 Fracture energy Ed for varying critical energy release
rate Gint

c and constant critical stress σ int
c

Gint
c (J/m2) 2 4 6 10

Ed (J/m2) 2.75 3.56 5.50 6.47

i.e. the so called fracture energy Ed , for a given load
scenario. Stresses inside the material inducing crack
opening are due to external loads by imposed displace-
ments y in our studies. In order to compare the influ-
ence of different cohesive material parameters on the
fracture energy for fiber debonding and fiber breakage
we consider separately two prescribed crack paths as
depicted in the models in Fig. 2a, b. The matrix material
is printed in yellow, the fiber material in blue and the
crack path in red. The imposed displacement y at the
upper boundary is increased during the simulation up
to a value so that at each point on the crack an opening
δmax is reached at which the cohesive tractions are con-
sidered to be zero. The fracture energy Ed is calculated
at the end of the simulation.

There exist various possibilities to influence the
value of Ed . On the one hand the increase of Ed can
be achieved by adjusting values of the cohesive laws.
On the other hand also varying the crack path by the
geometry of the fiber inside the matrix material takes
influence on the value of Ed . In the studies presented
in this section the cohesive parameters for both bulk
matrix and fiber have been obtained as explained in
Sect. 2.1.2. The elastic and cohesive parameters for the
fiber and matrix material are given by the values in
Table 1.
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Fig. 3 Different curves of fracture energy Ed for increased crit-
ical stress values σ int

c , imposed displacement y depicted on the
horizontal axis, Ed depicted on the vertical axis

Table 3 Fracture energy Ed for different length/ width ratio l/b
of the fiber

l/b 12/1 3/1 4/3 3/4 1/3

E I F
d (J/m2) 3.38 3.24 3.29 3.18 3.48

ET F
d (J/m2) 5.00 3.83 3.44 3.25 3.05

At first we consider the fiber debonding process
(compare Fig. 2a). The influence of varying the critical
energy release rate Gint

c of the interface while keeping
the critical stress σ int

c constant, on the fracture energy
Ed is visible in Table 2. Obviously, in the case of fiber
debonding, increasing the value of Gint

c also increases
the value of Ed . Examination of the influence of vary-
ing σ int

c for constant Gint
c results in the diagram given
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Fig. 4 von Mises stress (blue low stress, red maximum stress)
and resulting crack paths for simulation example with one
fiber and different cohesive parameter for the fiber material.
a stress distribution for incipient crack; b resulting crack path for

σ
f

c = 410 MPa, G f
c = 5.7 J/m2, blue fiber material, red matrix

material c resulting crack path for σ
f

c = 118 MPa, G f
c = 3.4

J/m2, blue fiber material, red matrix material

Fig. 5 Domain with three fibers and incipient crack at the begin-
ning of the simulation, blue fiber material, red matrix material

in Fig. 3, where on the horizontal axis the imposed dis-
placement y is depicted and on the vertical axis the frac-
ture energy Ed . Higher values of σ int

c yield also higher
fracture energy for constant Gint

c as long as δmax is not
yet reached at all points of the crack along the inter-
face. But at the end of the simulation almost the same
fracture energy is obviously reached for different val-
ues of σ int

c . For the fiber parameters mentioned above
and the values Gint

c = 3.5 J/m2, σ int
c = 230 MPa for

the interface, a crack inside the fiber (Fig. 2b) causes
higher fracture energy than a crack of the same length
along the interface (Fig. 2a). In general, increasing the
crack length, of course, also influences the value of
Ed . In Table 3 the values of the fracture energy for
fiber debonding E I F

d and fiber breakage ET F
d for dif-

ferent length/width ratios are given. It can be seen that a
higher fracture energy is attainable for fiber debonding
than for fiber breakage for l/b = 1/3.

We have shown that it is possible to increase the
fracture energy by increasing the value of the critical
energy release rate of the interface in the case of fiber
debonding. As we expect corresponding results, if the
amount of the critical energy release rate is increased
for the matrix material or the fiber material in the case
of fiber breakage, we conclude that for prescribed crack
paths high values of critical energy release rates should
be aspired if one aims at high values of fracture energy
for a given load scenario. The values of critical stress
are in this case considered as constant. Ways to realize
different values of Gc, e.g. by changing the chemical
composition of the system, can be explored by further
ab-initio calculations. If in the other case the value of
critical stress is changed for constant critical energy
release rate then the influence on the fracture energy is
completely different. Only as long as the maximal crack
opening is not yet reached at all crack points there are
differences in the amount of Ed visible. But as soon as
all cohesive tractions have disappeared the same frac-
ture energy is released for different values of critical
stress. We, therefore, conclude that regarding the choice
of cohesive parameters for scenarios with prescribed
crack paths mainly the value of critical energy release
rate is crucial for the amount of fracture energy and not
so much the value of the critical stress.

Apart from studying the influence of cohesive
parameters we have also examined the influence of the
geometry of the fiber on the fracture energy by varying
the aspect ratio of the fiber. Here the most interesting
result is that although the amount of critical energy
release rate for the interface has been chosen much
lower than for the fiber, it has been possible to achieve
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Fig. 6 Different states of
crack advance and
associated stress distribution
for material parameters with
weak interface, blue low
stress, red maximum stress

higher values of fracture energy for fiber debonding
than for fiber breakage for a certain aspect ratio. Here
the influence of the crack length itself, which changes
for the fiber debonding model with the aspect ratio of
the fiber, overweighs the effect of the cohesive values
on the amount of Ed . This indicates that for the aim of
increasing the value of Ed always both topics, cohesive
parameters as well as geometrical aspects influencing
the crack length, have to be taken into account.

3.2 Simulations with free crack paths

In this section we first outline which cracking scenarios
are resolvable with the simulation method of free crack
paths and therefore which effects would be neglected
if one prescribes the crack paths. The crack paths
described in the following have been obtained stepwise
according to the cracking criterion. Pictures represent-
ing the stress field display the von Mises stress. Blue
color indicates low stress values and red high stress
values.

3.2.1 Simulation example with one fiber

As a first example of free crack path simulation we con-
sider a load scenario as shown in Fig. 2c with an exter-
nal traction f , which is applied normal to the left part of
the upper boundary. At the beginning of the simulation

Table 4 Elastic and cohesive parameters A for matrix, fiber and
interface used in Sect. 3.3, E Young’s modulus, ν Poisson ratio,
σc critical stress, Gc critical energy release rate

E (GPa) ν σc ( MPa) Gc (J/m2)

Matrix 156 0.20 140 2.6

Fiber 297 0.24 410 5.7

Interface 14 0.26

there is an incipient crack given, which is supposed to
end right in front of the fiber. The stress distribution and
starting displacement field introduced by that scenario
can be seen in Fig. 4a. The resulting crack path with
the cohesive values Gm

c = 4.9 J/m2, σm
c = 118 MPa ,

G f
c = 5.7 J/m2, σ

f
c = 410 MPa, Gint

c = 0.5 J/m2 and
σ int

c = 20 MPa can be seen in Fig. 4b. Another example
with the same loading conditions and values for matrix
and interface, but with G f

c = 3.4 J/m2, σ f
c = 118 MPa

is depicted in Fig. 4c. Obviously different crack paths
are obtained for different cohesive parameters of the
fiber material.

3.2.2 Simulation example with three fibers

The power of the simulation method for free crack
paths becomes even more obvious when we consider
the different states of crack advance for another exam-
ple where we have placed three fibers inside the matrix
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Table 5 Elastic and cohesive parameters B for matrix, fiber and
interface used in Sect. 3.3, E Young’s modulus, ν Poisson ratio,
σc critical stress, Gc critical energy release rate

E (GPa) ν σc ( MPa) Gc (J/m2)

Matrix 297 0.24 410 5.7

Fiber 156 0.20 140 2.6

Interface 14 0.26

material as depicted in Fig. 5. We have chosen the shape
of the fibers in an arbitrary way just to make the sce-
nario more challenging. For this example, the interface
has been designed to be very weak, by choosing the val-
ues of the critical stress and critical energy release rate
for the matrix material about ten times higher than that
for the interface, and still higher for the fiber mate-
rial. Thus, fiber debonding is more likely to appear
than fiber breakage. The load case is according to
Fig. 2a with an incipient crack given as shown in Fig. 5.
Figure 6a shows the stress distribution and displace-
ment field at the beginning of the simulation. As can
be seen in Fig. 6b the crack first starts to advance inside
the matrix material. But, as visible in Fig. 6c, fiber deb-
onding starts as soon as the stresses along some inter-
face parts are high enough. After debonding of all lower
parts of the fibers has occurred (Fig. 6d), the advanced
incipient crack propagates a bit further inside the matrix
material (depicted in Fig. 6e). Afterwards also the upper
part of the some fibers is debonded (depicted in Fig. 6f).

The results of Sect. 3.2 indicate that simulation of
free crack paths can resolve the influence of varying
cohesive parameters on the crack paths. This effect has
been neglected for prescribed crack paths. It has been
shown, that it is possible to resolve different crack-
ing processes like fiber debonding by the element wise
determination of the crack paths. It has also been pos-
sible to observe crack initiation in different parts of the
material. Some crack parts have propagated indepen-
dently from each other according to the given stresses
at their tips and some cracks have been linked later on
during the simulation. In this way, the full complexity
of crack propagation, including crack branching and
bridging can be captured.

3.3 Influence of different fiber shapes on free crack
paths

For designing a real material, it is interesting to inves-
tigate for which kind of material parameters it is possi-
ble to obtain fiber debonding instead of fiber breakage.
Additionally, the crack path may also change according
to different fiber shapes. For that issue we consider now
an example with just one fiber inside the matrix mate-
rial and examine the influence of geometrical aspects
and material parameters on the crack path itself. In par-
ticular, we aim at studying the influence of the shape of
the fiber boundary facing the crack tip. The elastic and
cohesive parameters used in this section are given in

Fig. 7 Stress distribution
and displacement for
different fiber shapes at the
beginning of the simulation,
blue low stress, red
maximum stress, left
straight edge, middle
convex edge, right concave
edge. a Stress distribution
and displacement for
material parameters A (fiber
stiffer than the matrix);
b stress distribution and
displacement for material
parameters B (matrix stiffer
than fiber)
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Fig. 8 Different states of
crack advance for concave
and straight fiber boundary,
for different material
parameters, blue fiber
material, red matrix
material. a concave fiber
boundary, material
parameter A (fiber stiffer
than the matrix); b Concave
fiber boundary, material
parameter B (matrix stiffer
than fiber); c straight fiber
boundary, material
parameter A (fiber stiffer
than the matrix); d straight
fiber boundary, material
parameter B (matrix stiffer
than fiber)

Tables 4 and 5. Figure 7a shows the stress distributions
for the load case of Fig. 2a for different fiber shapes and
material parameters according to Table 4, referred to
as material parameter A in the following. The material
parameters B are obtained from the material param-
eters A by swapping the values for the fiber and the
matrix (see Table 5). That means that the matrix is now
stiffer than the fiber. This explains why in Fig. 7b, the
high stress values inside the matrix material are spread
over wider parts of the matrix domain than for material
parameters A. As visible in Fig. 8a, if the fiber bound-

ary facing the crack tip is concave and we use material
parameters A, the crack advances first straight into the
fiber, then straight through the fiber and takes a curved
path through the rest of the matrix material after leaving
the fiber. As can be seen in Fig. 8b the same is true for
material parameters B. The situation is different for a
straight fiber boundary at the respective side of the fiber.
As visible in Fig. 8c for material parameters A now a
complete different crack pattern is achieved. After the
crack has propagated a bit inside the matrix material,
first the upper side of the fiber is debonded (middle
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Fig. 9 Different states of
crack advance for convex
fiber boundary, for different
material parameters, blue
fiber material, red matrix
material. a Convex fiber
boundary, material
parameter A (fiber stiffer
than the matrix); b convex
fiber boundary, material
parameter B (matrix stiffer
than fiber)

picture) and afterwards the two crack parts are con-
nected by debonding the upper part of the left side of
the fiber. Then the crack deviates from the upper right
corner of the fiber and propagates on a curved path
through the matrix material. As can be seen in Fig. 8d,
for material parameters B the crack takes a similar path
as for the concave fiber boundary but with a small part
of the fiber debonded and the curved path already start-
ing inside of the fiber. As can be seen in Fig. 9a, b
similar results as for the straight fiber boundary have
been received for a fiber shape where the boundary fac-
ing the crack tip is convex.

Concluding the results of Sect. 3.3 a concave fiber
shape leads to fiber breakage in both our examples,
while a straight fiber matrix interface leads to fiber deb-
onding if the fiber is stiffer than the matrix and the cohe-
sive parameters are given as in Table 4. If the matrix
is stiffer than the fiber and the cohesive parameters are
given as in Table 5 then the crack paths through the
fiber is straight if the respective fiber boundary is con-
vex and curved if the boundary is straight or concave.
Obviously, it is indeed possible to influence the crack
paths by varying the fiber shape. But it has also been
clarified which fiber shapes lead to fiber debonding and
which to fiber breakage always depends on both the
geometrical aspects and the different material param-
eters used. Keeping in mind the results of Sect. 3.1 an
influence of fiber shapes on the fracture energy is of
course also expected.

4 Conclusion

We have considered the influence of different cohesive
material parameters on the fracture energy and on the
crack paths for given load scenarios. Regarding pre-
scribed crack paths it has been demonstrated that for
the fiber debonding process the dissipated energy can
be increased by adjusting the cohesive parameters of
the interface. It has also been shown that higher val-
ues of fracture energy for fiber debonding than for
fiber breakage can be attained by adjusting geomet-
rical aspects of the fiber. Additional to the studies for
prescribed crack paths, results have been shown for free
crack path simulations based on a stress criterion. The
simulation reveals complex cracking phenomena such
as crack branching, bridging and initiation. It has been
clarified that different material parameters also influ-
ence the crack patterns. Therefore, similar studies as
already done here for the prescribed crack paths might
be of interest also for free crack paths. Additionally,
free crack path simulations allow the consideration of
the influence of different fiber shapes on the resulting
crack patterns. First hints which fiber shapes lead pref-
erably to fiber breakage and which to fiber debonding
for specific material parameters have been derived. The
connection between the crack paths and the amount of
fracture energy examined in Sect. 3.1 makes it possible
to give the statement that the change of fiber shape
also influences the fracture energy itself. Therefore,
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controlling the crack path by adjusting fiber shapes will
be studied in a forthcoming paper by the authors. Pos-
sible directions for the control of crack growth can be
found in Khludnev and Leugering (2009).
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