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Abstract Domain switching in the vicinity of a crack
tip is known as one of the major aspects of local non-
linear behavior of ferroelectrics, and it plays an impor-
tant role in the fracture behavior. In the present paper,
a fracture model based on a phase field continuum
and a damage variable is presented to study the frac-
ture behavior of ferroelectrics and its interaction with
the domain structures. In this model the energy of
fracture is regularized by the damage variable. When
the damage variable equals one, it represents undam-
aged material. In this case, the energy reduces to the
phase field potential with the spontaneous polariza-
tion being an order parameter, and the system of equa-
tions becomes the same as that of a conventional phase
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field continuum. When the damage variable becomes
zero, it represents a crack region, and the potential
becomes the energy density stored in the crack medium.
The evolution of the damage variable is governed by a
Ginzburg-Landau type equation. In this way, the frac-
ture model can simulate the fracture behavior such as
crack growth, kinking and formation, with no a priori
assumption on fracture criteria and predefined crack
paths. The model is implemented in a 2D Finite Ele-
ment Method in combination with implicit time inte-
gration and non-linear Newton iteration. As example,
the fracture model is used to simulate the fracture of
an edge crack in a ferroelectric single crystal under
mechanical mode-I loading. In the simulation crack
propagation, kinking and formation are observed. In
particular, the results show the interaction between the
domain structure evolution and the crack propagation.

Keywords Phase field simulation ·
Ferroelectric domain structure ·
Continuum fracture model · Crack propagation

1 Introduction

Due to their large electro-mechanical coupling effects,
high resolution and acceleration, ferroelectric ceram-
ics are widely used in the application of e.g. actuators,
sensors and transducers. It is known that in most cases
the material has to perform at relatively high electric
fields and mechanical loading, in order to achieve its
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full electro-mechanical coupling effect. For example,
the stresses induced in the ferroelectric actuators may
reach up to 50 MPa, which is almost the strength of
the material. On the other hand, the fracture toughness
of ceramics is rather low (around 1MPa

√
m). Hence,

ferroelectric ceramics are intrinsically brittle and prone
to fracture. Extensive studies on fracture of the mate-
rial have been carried out, both theoretical and exper-
imental. Recent reviews on this topic can be found
in e.g. Zhang et al. (2002), Zhang and Gao (2004),
Chen and Hasebe (2005), Schneider (2007) and the
references cited therein. As it is shown in the liter-
ature, fracture of ferroelectrics is a complicated pro-
cess, which can be influenced by a number of factors.
In particular, experiments show that domain switch-
ing around the crack tip is one of the major aspects
which induce local nonlinearity and therefore have a
significant effect on fracture behavior of the mate-
rial.

In the present paper a fracture model is developed to
study the quasi-static fracture process of ferroelectrics
and particularly its interaction with domain structures
in the vicinity of a crack tip. The model is mainly based
on two conceptions: (a) fracture via a regularized dam-
age parameter and (b) a phase field continuum model
for describing the ferroelectric domain switching. Fea-
tures of the two conceptions are explained in the fol-
lowing.

In conventional fracture mechanics a crack is defined
by its usually traction-free crack faces, and fracture is
described by growth of the crack. However, the crack
formation and growth in this work is described by a
damage variable s. In doing so, the energy of fracture
is regularized, in the way that s = 1 for the undamaged
material and s = 0 for a crack region. In other words,
the potential reduces to the potential for the undamaged
material when s = 1, whereas the potential becomes
the energy density stored in the crack medium when
s = 0. It is important that the evolution of the damage
variable is governed by a Ginzburg-Landau type equa-
tion. This damage variable theory enables the model to
recapitulate the fracture behavior such as crack prop-
agation, kinking and crack formation, with no a priori
assumption on fracture criteria and predefined crack
paths. Fundamental research on this type of continuum
fracture model can be found e.g. in Kuhn and Mueller,
Kuhn and Mueller (2008), Spatschek et al. (2006), East-
gate et al. (2002), Aranson et al. (2000), Bourdin et al.
(2000), Francfort and Marigo (1998).

Second, a continuum phase field model for ferro-
electric domain switching (Schrade et al. 2007; Mueller
et al. 2007; Xu et al. 2009) is adopted for the undam-
aged material. When the damage variable s = 1,
the potential coincides with the phase field poten-
tial proposed in Schrade et al. (2007), Mueller et al.
(2007), Xu et al. (2009), and the system of equa-
tions correspondingly reduces to that presented there.
By treating the spontaneous polarization as an order
parameter subject to a Ginzburg-Landau type evolution
equation, the phase field continuum is able to model
the polarization switching and the domain structure
under different electric/mechanical loadings and var-
ious boundary conditions. In fact, phase field meth-
ods have been used on the study of domain switch-
ing around stationary cracks in single ferroelectrics
e.g. Song et al. (2007), Wang and Zhang (2007). By
using the generalized configurational force as a fracture
parameter, the phase field continuum was also applied
to analyze the domain structure and its influence in
cracked single crystal (Xu et al. 2010; Mueller et al.
accepted).

It is noted that in the present fracture model no effort
is needed for the issue of crack face boundary condi-
tions. As it has been mentioned above, in the crack
region (s = 0) the potential becomes the energy den-
sity stored in the crack medium. It means that the energy
flowing into the crack has been taken into account in
the model, and therefore no extra crack face boundary
conditions need be considered. The material property
of the crack medium can be chosen according to the
specific working conditions, e.g. air, oil or water.

As a basic example, the fracture model implemented
in 2D Finite Element Method (FEM) is used to simu-
late the fracture process of a semi-crack in a ferroelec-
tric single crystal under mechanical mode-I loading.
Since a mono-domain structure may not be a stable
configuration for a cracked single crystal even before
the mechanical loading, the first step of the simula-
tion is to obtain the initial equilibrium configuration.
Results show that energy minimization leads to a dif-
fusion of the damage variable s and a new self-equi-
librium domain structure. Starting from this initial
equilibrium configuration, the cracked single crystal
is then prescribed with a tensile loading. During the
fracture process, results for the damage variable and
the corresponding domain structures are documented,
and crack propagation, kinking and crack formation are
numerically observed.
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2 Fracture model based on the phase field
continuum and a damage variable

2.1 The regularized energy via a damage variable

In the formulation of fracture in ferroelectrics, a dam-
age variable s ∈ [0, 1] is introduced to indicate the
crack situation. In principle, it represents the crack
region when the damage variable becomes zero, and
undamaged material when the damage variable equals
one. In this way, the energy of fracture can be regular-
ized. For the ferroelectrics a regularized energy expres-
sion is given as follows,

ψ = s2 H + (1 − s2)

(
1

2
ε : (Ccε)− 1

2
E · (AcE)

)
︸ ︷︷ ︸

Eb

+ Gc

4λc
(1 − s2)+ Gcλc ‖grads‖2

︸ ︷︷ ︸
Es

. (1)

Note that the energy is split into two parts: the
energy stored in the bulk Eb and the energy stored
in the crack surface Es . In the bulk energy, H =
H(ε,E, P, grad P) is the phase field potential for
undamaged ferroelectric solid, with ε being the strain,
E the electric field and P the spontaneous polarization.
Details on the phase field potential H can be found in
the following subsection. Further, Cc and Ac are the
stiffness tensor and the dielectric tensor of the medium
(e.g. air, water or oil) inside the crack, respectively. The
stiffness of the crack medium Cc is usually negligible,
compared with the stiffness of ceramics. It is appar-
ent that the bulk energy Eb turns to be the phase field
potential H when s = 1, whereas the bulk energy Eb

becomes the energy stored in the crack medium when
s = 0. Following the idea of phase field theories, the
surface energy Es is assumed to be dependent on the
gradient of the damage variable s and certain polyno-
mial terms. The parameters Gc and λc are the specific
energy and the width of the transition zone where s
changes from 0 to 1. Furthermore, the damage vari-
able s is assumed to follow the Ginzburg-Landau type
evolution equation

ṡ = −Mc
δψ

δs
= −Mc

(
∂Eb

∂s
− Gc

2λc
s − 2Gcλc�s

)
,

(2)

where Mc is the mobility parameter, and � is the
Laplace operator. It is noted that the present fracture

model is a generalization of the phase field fracture
models, e.g. Kuhn and Mueller, Kuhn and Mueller
(2008), Spatschek et al. (2006), Eastgate et al. (2002),
Aranson et al. (2000), Bourdin et al. (2000), Francfort
and Marigo (1998), from elastic material to ferroelec-
trics ceramics.

2.2 Phase field potential for undamaged ferroelectrics

Ferroelectric solids are known to exhibit a domain
structure (domains separated by domain walls), which
is intrinsically the results of the inhomogeneous distri-
bution of the spontaneous polarization P in the mate-
rial. According to the continuum phase field model
(Schrade et al. 2007, Mueller et al. (2007), Xu et al.
(2009)), the ferroelectric behavior can be simulated by
introducing the spontaneous polarization P as an order
parameter. The energy in a ferroelectric solid is then
given by a phase field potential, which consists of three
parts,

H = H ent + H sep + H int . (3)

In the last equation H ent is the classical electric
enthalpy, and H sep is the domain separation energy
which is mainly responsible for the formation of
domains, and H int is the interface energy which takes
into account the energy stored in the domain walls.
Their representations are given by

H ent = 1

2
(ε − ε0) : [C(ε − ε0)]

−(ε − ε0) : [bT E]
−1

2
E · (AE)− P · E, (4)

H sep = κs
G

λ

[
1 + a1

P2
0

(
P2

1 +P2
2

)
+ a2

P4
0

(
P4

1 + P4
2

)

+ a3

P4
0

P2
1 P2

2 + a4

P6
0

(
P6

1 + P6
2

)]
, (5)

H int = κi
Gλ

P2
0

‖grad P‖2 , (6)

where Eq. (5) is tailored for the 2D case. In the last equa-
tions G and λ are the specific energy and the width of a
180◦ domain wall, respectively. The coefficients κs and
κi are used to calibrate the two parameters. Based on
the investigation of a 180◦ domain wall, we take κs =
0.70 and κi = 0.17 (For details readers are referred to
Schrade et al. (2009, 2010)). In Eq. (5) P1 and P2 are
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the Cartesian components of the spontaneous polari-
zation P and ai (i = 1, . . . , 4) are parameters which
specify the energy landscape, i.e. determine the energy
for domains to switch from one variant to another. The
domain separation energy achieves local minima at the
four variants (±P0, 0) and (0,±P0). In Eq. (4) C is
the elastic stiffness tensor, b the piezoelectric tensor,
A the dielectric tensor, and ε0 the spontaneous strain.
It should be noted that the spontaneous strain ε0 and
the piezoelectric tensor b depend on the spontaneous
polarization P , see e.g. Kamlah (2001),

ε0(P) = 3

2
ε0

‖P‖
P0

(
e ⊗ e − 1

3
1
)
, (7)

bki j (P) = ‖P‖
P0

{
b‖ei e j ek + b⊥(δi j − ei e j )ek

+b=
1

2

[
(δki − ekei )e j + (δk j−eke j )ei

] }
,

(8)

where e = P/ ‖P‖ is the unit vector along P , and
ε0, b‖, b⊥, b= are material parameters. In Eq. (8) index
notation has been used for compact notation.

Different from that in the continuum phase field
model (Schrade et al. 2007; Mueller et al. 2007; Xu
et al. 2009), the evolution equation of the order param-
eter P is given by the variation of the energyψ , instead
of the phase field potential H . That is

Ṗ = −M
δψ

δP
= −s2 M

δH

δP

= −s2 M

(
∂H

∂ P
− 2κi

Gλ

P2
0

�P

)
, (9)

in which M is the mobility parameter of the domain
wall. In this way, the evolution equation involves also
the damage variable s, and then the model can reca-
pitulate the interaction of the domain structure and the
crack propagation.

2.3 Field equations

Suppose that the electro-mechanical fields evolve rela-
tively slow compared to the speed of light and sound so
that the fields can be considered as quasi-static. Thus
the stress σ fulfills the equilibrium condition, and the
electric displacement D is governed by Gauß’ law,

div σ = 0, div D = 0 . (10)

where the stress and the electric displacement are given
by the following constitutive equations

σ = ∂ψ

∂ε
= s2

[
C(ε − ε0)− bT E

]
+ (1−s2)Ccε,

(11)

D = −∂ψ
∂E

= s2
[

b(ε−ε0)+AE+P
]
+(1−s2)Ac E.

(12)

The strain ε and the electric field E are defined as
follows

ε = 1

2

(
grad u + gradT u

)
, E = −gradϕ , (13)

where u is the displacement, and ϕ the electric poten-
tial. Two types of mechanical boundary conditions are
usually considered

σ n = t∗, u = u∗, (14)

where n is the outward normal vector at the boundary,
and t∗ and u∗ are the prescribed surface tractions and
displacements, respectively. Possible electric boundary
conditions are

D · n = −Q∗, ϕ = ϕ∗, (15)

where Q∗ and ϕ∗ are the applied surface charge density
and the applied electric potential, respectively.

3 Finite element implementation

The damage model presented in the previous section is
implemented in the 2D Finite Element Method (FEM).
The discretization is done by four-node bi-linear plane
elements. For more details, the reader is referred to
standard textbooks on Finite Element Methods, e.g.
Hughes (2000). In the implementation the displace-
ment u, the electric potential ϕ, and the spontaneous
polarization P, and the damage variable s are taken as
the nodal degrees of freedom. Thus, each node has six
degrees of freedom, namely

dI = [
uI

1 uI
2 ϕ I P I

1 P I
2 s I

]T
, (16)

where the superscript I indicates the element node, and
the underbar in this paper denotes a matrix notation.
Corresponding to the strong forms Eqs. (10), (9) and
(2), the following four weak forms are formulated for
the implementation, respectively,
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−
∫
B

σ : grad ηu dV = 0 ,

−
∫
B

D · grad ηϕ dV = 0 ,

−
∫
B

[ (
1

M
Ṗ + s2 ∂H

∂P

)
· ηP

+2G λ s2grad P : grad ηP

]
dV = 0,

−
∫
B

[ (
1

Mc
ṡ + ∂ψ

∂s

)
ηs

+2Gc λc grad s · grad ηs

]
dV = 0,

(17)

where ηu, ηϕ, ηP and ηs are the test functions. Shape
functions are introduced to interpolate u, ϕ,P, s, Ṗ, ṡ
and the test functions,

u =
∑

I

N I
u uI , ϕ =

∑
I

N I
ϕ ϕ

I ,

P =
∑

I

N I
P PI , s =

∑
I

N I
s s I , (18)

η
u

=
∑

I

N I
u η I

u
, ηϕ =

∑
I

N I
ϕ η

I
ϕ ,

η
P

=
∑

I

N I
P η I

P
, ηs =

∑
I

N I
s η

I
s , (19)

Ṗ =
∑

I

N I
P Ṗ

I
, ṡ =

∑
I

N I
s ṡ I . (20)

Making use of Eq. (13), the strain and the electric
field can be expressed by the following matrix notation

ε =
∑

I

BI
u uI , E = −

∑
I

BI
ϕ ϕ

I , (21)

where

BI
u =

⎡
⎣ N I

u,x 0
0 N I

u,y
N I

u,y N I
u,x

⎤
⎦ , BI

ϕ =
[

N I
ϕ,x

N I
ϕ,y

]
. (22)

The gradient of the polarization and the damage vari-
able can also be interpolated as following

grad P =
∑

I

BI
P PI , grad s =

∑
I

BI
s s I , (23)

in which

BI
P =

⎡
⎢⎢⎢⎣

N I
P,x 0
0 N I

P,y
N I

P,y 0
0 N I

P,x

⎤
⎥⎥⎥⎦ , BI

s =
[

N I
s,x

N I
s,y

]
(24)

Inserting the FEM approximation (18)–(24) into the
weak forms (17), one obtains the element residuals
R I = (

R I
σ , RI

D, R I
P , RI

s

)T
with

R I
σ = −

∫
Be

BI
u

T
σdV,

RI
D = −

∫
Be

BI
ϕ

T
DdV ,

R I
P = −

∫
Be

[ (
1

M
Ṗ + s2 ∂H

∂P

)
N I

P

+2G λ s2BI
P

T
gradP

]
dV,

RI
s = −

∫
Be

[ (
1

Mc
ṡ + ∂ψ

∂s

)
N I

s

+2Gc λc BI
s

T
grads

]
,

(25)

in which the stress and the electric displacement are
given in the following matrix notation in use of Eq. (11)
and (12)

σ = s2
[
C(ε − ε0)− bT E

]
+ (1 − s2)Ccε, (26)

D = s2
[
b(ε − ε0)+ A E + P

]
+ (1 − s2)AcE .

(27)

Assembly of the element residuals gives the global
residual vector R, and then numerical strategies are
needed to solve R = 0. Since this assembly process
is a standard procedure in FEM, it is not explained in
detail here. It can be seen that this set of equations is
time-dependent and nonlinear. The time dependence
of the residual is treated by an implicit time integra-
tion method. The rates of the global nodal values d are
discretized in time by

ḋ ≈ dn+1 − dn

�t
, (28)

where the subscript n denotes the time step. Then the
time-dependent residual R(d, ḋ) is given as

R = R
(

dn+1,
dn+1 − dn

�t

)
= 0 . (29)

Due to the nonlinearities in R, this implicit representa-
tion sets up a nonlinear system of equations for dn+1.
A Newton iteration is used to solve the nonlinear equa-
tions. The derivatives of the residual with respect to the
degrees of freedom are given as

KI J = −∂R I

∂dJ
, DI J = −∂R I

∂ḋ
J
. (30)
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From the implicit time integration, the tangent matrix
of the Newton scheme is obtained as

SI J = KI J + 1

�t
DI J . (31)

According to the model and the numerical schemes
stated above, a new user element was developed in the
FEAP (the Finite Element Analysis Program).

4 Numerical results

As an illustrative example, quasi-static crack propaga-
tion in a ferroelectric single crystal subject to mode-I
mechanical loading is investigated under the condition
of plane strain deformation. In the simulations homo-
geneous Neumann boundary conditions are assumed
for the order parameter P and the damage variable s,
so that there is no flux of the related variables on the
boundary. The material parameters for the undamaged
region mimic piezoelectric material, and the dielectric
constant for the crack region is taken from the air. For
the numerical reasons, we assume that air also has the
stiffness constants, but they are significantly smaller
than those of ceramics. Based on the results on the
ferroelectric bulk, the phase field parameters are taken
as follows: M = 107A/(Vm), G = 1.83 × 10−2J/m2

and λ = 1.28×10−7m, while the parameters related to
the crack evolution are Mc = 1.0×106 m2/(Ns),Gc =
10.0 J/m2 andλc = 2.5×10−7m. The mobility param-
eters M and Mc are chosen such that the time scale of
the domain structure evolution is comparable to the
time scale of the crack propagation.

The setup for the numerical example is illustrated
in Fig. 1. A rectangular single crystal (1µm × 2µm)
with downward initial polarization is prescribed with
a starting crack and then with a mode-I tensile loading
σ0. The calculations consist of two steps: (1) A relaxa-
tion step is first calculated on the cracked single crystal
with initially downward polarization, under charge-free
and stress-free boundary conditions; (2) Starting from
the relaxed configuration, the cracked single crystal is

x

y

P0

σ0

Fig. 1 Numerical setup

perscribed with a tensile loading at the top and the bot-
tom, while the electrical boundary conditions remain
charge-free. The results for each step are explained in
the following subsections. In order to avoid the rigid
body movement, the bottom left corner is fixed in both
the x and y directions, and the bottom right corner is
fixed in y direction. In the simulation uniform finite
element meshes were used, with the mesh size smaller
than the length parameters λ and fine enough to take
into account the singularity at the crack tip.

4.1 Initial equilibrium state

At the first step of the calculation the initial crack is pre-
scribed by setting initial values for s: zero at the crack
position and one for the remaining part. The initial con-
figuration of the calculation is shown in Fig. 2. After
the initial crack is introduced into the single crystal,
the original mono-domain structure is not stable any
more. As a result of energy minimization, calculation
leads to a diffusion of the transition zone in the field
of the damage variable s and a new self-equilibrium
domain structure, depicted in Fig. 3 a, b, respectively.
Even though the polarization at the region in front of
the crack remains in the initial downward direction,
the mono-domain structure breaks down above and
below the crack. It is seen that the polarization along
the crack surfaces is switched by 90◦ (above/below the
crack face polarizations pointing to the right/left), due

Fig. 2 Initial configuration:
a Contour plot for the
damage variable s,
b Polarization

1.00E+00
9.33E-01
8.67E-01
8.00E-01
7.33E-01
6.67E-01
6.00E-01
5.33E-01
4.67E-01
4.00E-01
3.33E-01
2.67E-01
2.00E-01
1.33E-01
6.67E-02
0.00E+00

(a) (b)
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Fig. 3 Initial equilibrium
configuration: a Contour
plot for the damage variable
s, b Polarization

1.00E+00
9.33E-01
8.67E-01
8.00E-01
7.33E-01
6.67E-01
6.00E-01
5.33E-01
4.67E-01
4.00E-01
3.33E-01
2.67E-01
2.00E-01
1.33E-01
6.67E-02
0.00E+00

(a) (b)

to the presence of the crack surfaces. However, in the
regions on the very left of the specimen, the charge-
free boundary conditions keep the polarizations in the
initial downward direction. This gives rise to two 90◦
domain walls, one at the top left and one at the bot-
tom left, respectively. Between these 90◦ domain walls
and the intact left region, there is a transition zone
where polarizations are switched by 180◦. Therefore
another 90◦ domain wall and one 180◦ domain wall are
formed, appearing symmetrically above and below the
crack tip. Furthermore, two asymmetric sub-domains
confined by 90◦ domain walls and the crack surfaces
(above/below the crack face polarizations pointing to
the right/left) are noticeable at the crack tip.

4.2 Mode-I crack propagation

Starting from the stationary configuration shown in
Fig. 3, the cracked single crystal is subjected to a tensile
loading in the y direction at the top and the bottom. The
magnitude of the tensile loading σ0 steadily increases
with time, so that at each time step the domain structure
has enough time to reach its quasi-static equilibrium
configuration. By using the material parameters given
above, crack growth is observed when the tensile load-
ing reaches about 42.8 MPa. Figure 4 shows the snap
shots of the damage variable and the polarization at five
major situations during the cracking process. Accord-
ing to the time sequence, the five situations are cited as
Situation I-V, respectively.

Situation I, i.e. Fig. 4 (a) and (b), is the moment right
before the crack starts to propagate. In comparison with
the initial equilibrium configuration in Fig. 3, appar-
ent changes can be found in the domain structure. The
sub-domains with horizontal polarization in the initial
equilibrium configuration grow larger now. The result
indicates that before the crack actually starts to move,
the material tries first to reorient the domain structure
in order to minimize the energy. However, due to the
limit of the domain structure relaxation, the crack has

to propagates eventually, which is shown in the next
situation.

At the situation II, i.e. Fig. 4 (c) and (d), it is seen
that the prescribed crack propagates straight forward
for a certain distance. As it is shown in the contour plot
of the damage variable, new crack surfaces are created,
Simultaneously, the polarization along the new crack
surface is switched by 90◦. Even though the shape of
the domain structure remains similar to the previous
situation in Fig. 4 (b), the position of the domain walls
stretches to follow the moving crack tip. What can also
be noticed is that the symmetry of the configuration
starts to break down, which gives rise to the turning of
the crack path in the next step.

It is observed at the situation III that the crack kinks
and propagates to the left, see Fig. 4 (e). The angle
between the previous propagating direction and the new
one is around 60◦. In the domain structure Fig. 4 (f), a
domain wall is observed above the crack turning point.
This domain wall triggers further propagation of the
kinked crack.

At the situation IV it is seen that the crack continues
to turn until the crack propagation direction becomes
upward. Till this point, the direction of the propagation
is turned up to 90◦, see Fig. 4 (g). At the same time,
a crack formation is observed on the surface over the
crack tip where the domain wall ends. As it is shown at
the situation V Fig. 4 (i), the previous crack and the new
initiated crack propagate through the domain wall and
finally coalesce at a certain point. From the situation
III on, the main part of the domain structure remains
similar, except that modifications appear at the moving
crack tip and that the polarization locally switches so
that it more or less realigns parallel to the newly created
crack surface.

5 Concluding remarks

In the present paper a model is proposed for the study
of fracture in ferroelectrics and its interaction with the
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Fig. 4 Mode-I crack
propagation: Damage
variable,
a → c → e → g → i;
Polarization,
b → d → f → h → j
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domain switching in the material. The model is mainly
based on the damage variable s ∈ [0, 1] governed
by a Ginzburg-Landau type equation and the previous

continuum phase field model for ferroelectric domain
switching (Schrade et al. 2007; Mueller et al. 2007; Xu
et al. 2009).
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In the numerical example, simulation is first car-
ried out to achieve the domain structure at the initial
self-equilibrium state. After a single crystal is pre-
scribed with an initial crack (before the tensile load-
ing is applied), the original mono-domain structure
evolves into a new stationary configuration as a result
of energy minimization. The new stationary domain
structure adapts itself to the initial crack surface and
the boundary conditions.

Then domain structures are documented for differ-
ent situations during the fracture under a mode-I load-
ing. The results show that before the crack starts to
propagate, the material tries first to reorient the domain
structure in order to minimize the energy. When the
domain structure relaxation cannot satisfy the energy
release requirement, the crack starts to propagate. Dur-
ing the propagation, the domain structure evolves with
the crack propagation and adjusts itself to the new cre-
ated crack surfaces. It is also numerically observed that
the direction of the crack propagation can be altered in
the presence of a domain wall, and that crack initia-
tion can be triggered on the surface where domain wall
ends.

In the model both the damage variable s and the
order parameter P are subject to time evolution equa-
tions of the Ginzburg-Landau type, and hence two
mobility parameters are introduced: Mc for the dam-
age variable and M for the polarization. The param-
eter Mc should be related to the crack velocity, and
the parameter M is relevant for the description of the
domain structure. But in terms of exact values, both
of them are usually unknown, even for standard com-
mercial piezoelectric materials. As a test, the mobility
parameters M and Mc in the example are chosen such
that the time scale of the domain structure evolution is
comparable to the time scale of the crack propagation.
For more realistic simulations, parameter identification
based on experiments is needed.

It is noted that the fracture model does not distin-
guish the energy between the tensile and compression
cases. Therefore crack may be equally possible under
the compression state as under the tensile state. Besides
the presence of the domain wall, this may also be part of
the reason for the formation of a new crack on the top of
the specimen in the simulation. To avoid the problem in
the compression state, one can replace the stress tensor
by its deviatoric part in the fracture energy, i.e. Eq. (1).
This is not yet considered in the present work. Mean-
while, more quantitative investigations of the fracture

properties of ferroelectrics, especially the influence of
applied electric fields, will be considered in the future.
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