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Abstract Modeling the water flow in cohesive frac-
ture is a fundamental issue in the crack growth simu-
lation of cracked concrete gravity dams and hydraulic
fracture problems. In this paper, a mathematical model
is presented for the analysis of fracture propagation
in the semi-saturated porous media. The solid behav-
ior incorporates a discrete cohesive fracture model,
coupled with the flow in porous media through the
fracture network. The double-nodded zero-thickness
cohesive interface element is employed for the mixed
mode fracture behavior in tension and contact behav-
ior in compression. The modified crack permeability
is applied in fracture propagation based on the data
obtained from experimental results to implement the
roughness of fracture walls.

Keywords Fracture propagation · Porous media ·
Partially saturated · Cohesive fracture ·
Fracture permeability

1 Introduction

Modeling the water flow in cohesive fracture propaga-
tionplays themainrole in thecrackgrowthsimulationof
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porous saturated media. The hydraulic fracture problem
andcrackedconcretegravitydamsnormallyhavecracks
in practical service due to previous earthquakes, con-
struction conditions, or temperature effects. For a con-
crete dam subjected to its probable maximum flood, it
is speculated that the hydrostatic pressure acting inside
thecrackinducesadditionalmaterialdamageandhence,
reduce the resistance against further cracking which can
lead to the weakness of structure and the penetration of
water that exerts uplift pressure (Rescher 1990; Zhu and
Pekau 2007). The study of crack propagation in con-
crete dams can be performed based on the development
of interface models in poroelastic material.

Modeling of discontinuities between two bodies
in contact has been performed by contact elements
in computational solid mechanics. The idea has been
used to model the cohesive forces via the cohesive
elements in numerical fracture mechanics (Ortiz and
Suresh 1993; Xu and Needleman 1994). The double-
nodded zero-thickness interface element was used by
Ng and Small (1997) in flow problems. Segura and
Carol (2004) proposed the influence of transversal con-
ductivity with the aim of applying these elements in the
hydro-mechanical problems. Simoni and Secchi (2003)
implemented the double-nodded interface elements in
quasi-static fracture propagation of saturated porous
media. The technique was proposed by Schrefler et al.
(2006) and Secchi et al. (2007) based on an adap-
tive mesh refinement in porous materials. The cohesive
crack growth was performed by Khoei et al. (2009)
using the adaptive FE strategy in the framework of
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cohesive interface elements. A new formulation was
developed for double-nodded interface elements by
Khoei et al. (2010) in the dynamic fracture propagation
of saturated porous media, in which a new transversal
conductivity relation was introduced.

As the fracture mechanics–based analysis is being
increasing accepted as an analytical and numerical tool
for cracked massive concrete structures, the fracture
properties must be defined appropriately according to
experimentaldata.BrühwilerandSaoma(1995a,b)con-
ducted a series of experimental studies to determine
that the static pressure inside a crack is a function of
crack opening and that, along the fracture process zone,
this pressure reduces from full reservoir pressure to
zero. Reinhardt et al. (1998) investigated the flow in
concrete cracks and concluded that the permeability of
cracks having an opening more than about 0.04 mm is
higher than the undamaged concrete. For smaller crack
widths the penetration behavior is similar to that of un-
cracked concrete. Slowik and Saouma (2000) devel-
opedanexperimentalandnumerical investigationonthe
influence of water pressure on crack propagation in con-
crete. From the experimental results they pointed out
that the crack opening rate significantly influences the
water pressure distribution. On the basis of experimen-
tal results theyproposedaninterfacemodel,considering
the fluid permeability as a function of crack opening dis-
placements. However they did not consider the com-
pressibility of solid and fluid and also the roughness
of fracture walls as a key parameter of fracture perme-
ability. That is a general assumption for the concrete
material that a properly cured concrete or an underwater
concrete is fully saturatedbywater.Persson (1997) indi-
cated that the relative humidities inside concrete sam-
ples are lower than 100% even though the samples were
stored under water indicating unsaturated states of con-
crete. It was shown that the relative humidity could be
about 0.77 even after 450 days under water curing.

In the present paper, a finite element algorithm
was presented for the numerical modeling of cohe-
sive fracture in a partially saturated porous media. The
double-nodded zero-thickness cohesive interface ele-
ments were employed to capture the mixed mode frac-
ture behavior in tension and compression. In order to
describe the behavior of fractured media, two equilib-
rium equations were applied similar to those employed
for the mixture of solid–fluid phase in semi-saturated
media, including: the momentum balance of fractured
media, and the balance of fluid mass within the fracture.

Based on the experimental data performed by Slowik
and Saouma (2000), a modified crack permeability is
introduced to model the roughness of fracture walls.

2 FE formulation of semi-saturated porous media

The mathematical formulation governing the behavior
of dynamic saturated porous medium was first intro-
duced by Biot (1941). The first numerical solution for
these equations was made by Ghaboussi and Wilson
(1973) . A simple extension of two phase formulation to
semi-saturated problems was proposed by Zienkiewicz
et al. (1990) based on the assumption of the air or gas
present in the pores remaining at atmospheric pres-
sure. They employed their extended formulation for the
dynamic analysis of a semi-saturated dam under earth-
quake loading. The coupled formulations that involve
the air and water phases in a porous medium have been
presented by Alonso et al. (1990) and Gawin and Schre-
fler (1996). However, because of great complexity of
three-phase models, an extensive and special designed
testing is required to determine the properties of the
matrix–air–water mixture.

In the theory of porous media, the effective stress
is an essential concept for the deformation of solid
skeleton. The effective stress σ ′

i j can be defined by
σ ′

i j = σi j − αδi j Sw pw, in which δi j denotes the
Kronecker delta and σi j and pw are the total stress
and water pressure, respectively, with positive value
in compression. In this relation, α is the Biot coeffi-
cient which depends on the material type and defined
as α = 1 − KT /Ks , with KT and Ks denoting the bulk
modulus of porous medium and solid particles, respec-
tively. Sw is the water saturation, defined as a function
of the water pressure, i.e. Sw = Sw(pw). Note that
for the saturated porous media, the water pressure is
assumed to be positive and the effective stress is less
than the total stress, while for the partially saturated
porous medium when the gas pressure is close to zero,
the water pressure is negative and the effective stress is
more than the total stress.

The linear momentum balance for the mixture of
solid–fluid phase can be written as

σi j, j + ρüi − ρbi = 0 (1)

where bi is the body force per unit mass and ρ indicates
the density of total mixture defined by ρ = nSwρw +
(1 − n)ρs , with ρw denoting the water density, ρs the
density of solid particles, and n the porosity.
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Modeling of cohesive crack growth 17

Incorporating the Darcy law, the mass balance for
the fluid phase can be written as

(
krmki j (pw, j+ρwü j−ρwb j )

)
,i +αSwε̇i i+ ṗw

Q∗ = 0

(2)

where εi i is the total volumetric strain, ki j the perme-
ability tensor of the medium, krm the relative perme-
ability of the matrix which is a function of the water
pressure, i.e. krm = krm(pw), and Q∗ is defined as

1

Q∗ = Cs + n
Sw

Kw

+ (α − n)
Sw

Ks

(
Sw + Cs

n
pw

)
(3)

where Kw denoting the bulk modulus for liquid
phase and Cs the specific moisture content defined as
nd Sw/dpw (Zienkiewicz et al. 1999).

The governing Eqs. (1) and (2) can be discretized
for quasi-static problems in the absence of accelera-
tion terms by using two sets of shape functions Nu and
Np for two variables ui and pw, defined as u = Nu ū
and pw = Np p̄w, based on the standard Galerkin tech-
nique to transform these equations into a set of alge-
braic equations as (Khoei et al. 2004)

Kū − Q p̄w = f (1) (4)

Q ˙̄u + H p̄w + G ˙̄pw = f (2) (5)

where the stiffness matrix K, the coupling matrix Q, the
permeability matrix H, and the compressibility matrix
G are defined as

K =
∫

�

BT DB d�

Q =
∫

�

BT SwαmNp d� (6)

H =
∫

�

∇NT
p kkrm∇Np d�

G =
∫

�

NT
p

1

Q∗ Np d�

and

f (1) =
∫

�

NT
u ρb d� +

∫

�t

NT
u t̄d� (7)

f (2) = −
∫

�

NT
p ∇T (kkrmρwb) d� +

∫

�q

NT
p

qw

ρw

d�

where B is the matrix relating the increments of strain
and displacements, D is the material property matrix

of solid skeleton, and m is defined as m = [1, 1, 0]T

(Khoei et al. 2006). In above relations, � is the domain
of fluid and solid fields, �t is the external boundary for
traction, �q is the external boundary for influx, and qw

is the imposed flux on �q . The permeability matrix k
is defined as

k =
[

kx kxy

kyx ky

]
(8)

where kx and ky are the permeability coefficients in
x and y directions, respectively, and kxy and kyx are
generally set to zero.

Based upon the pore network model, a relationship
between the capillary pressure and the water saturation
is proposed by van Genuchten (1980) as

Sw(pw) =
[

1 +
(

pw

pr

)1/(1−m)
]−m

(9)

in which the reference pressure pr and the coefficient
m are defined based on the experimental data obtained
by Baroghel-Bouny et al. (1999) as pr = 18.6237 MPa
and m = 0.4396, respectively. The relative permeabil-
ity is defined for soils by van Genuchten (1980) as

krm(Sw) = √
Sw[1 − (1 − S1/m

w )m]2 (10)

The applicability of above relation in modeling of
moisture transport in unsaturated concrete is shown by
Savage and Janssen (1997).

3 Mechanical behavior of fractured media

A convenient model to describe the mechanical behav-
ior of fracture in quasi-brittle materials is based on
the cohesive fracture model, originally introduced by
Dugdale (1960) and Barenblatt (1962) and has since
been used by many researchers to describe the near–
tip nonlinear zone for cracks. Generally, the fracture
process zone (FPZ) is a nonlinear zone characterized
by progressive softening, where the traction across
the forming crack surface decreases as separation
increases. It was shown that the fracture process of con-
crete can be characterized by the strain softening and
fracture toughening due to the formation and branch-
ing of micro-cracks (Shum and Hutchinson 1990; Jenq
and Shah 1991). During the fracture process, the high-
stress state near the crack tip causes micro-cracking
at flaw sites, such as pores and air voids. This micro-
cracking phenomenon consumes a part of the external
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energy introduced by the applied load, and the resulting
micro-cracks can be produced with respect to the main
crack plane. Furthermore, the density of micro-cracks
generally decreases with increasing the distance from
the face of main crack, however, some micro-cracks
may be arrested by the aggregates and air voids.

The crack branching may occur as a higher level
of load is applied. When the load reaches the critical
level, the macro-crack starts initiating and propagating,
and finally breaks the concrete. The fracture toughen-
ing can be happened due to micro-cracks. The crack
deflection occurs when a relatively stronger particle is
located in the pathway of main crack. The grain bridg-
ing occurs when the crack has advanced beyond an
aggregate that continues to transmit stresses across the
cracks until it ruptures or is pulled out. The crack may
propagate into several branches due to heterogeneity of
concrete, and more energy must be consumed to form
new crack branches. Generally, the crack surface is a
tortuous path due to toughening mechanism, in which
the crack generally branch around aggregates, causing
random propagation in concrete. During the opening of
a tortuous crack there may be some frictional sliding
between the cracked faces that causes energy dissipa-
tion. The crack bridging and crack blunting may occur
due to aggregates and air voids in the pathway of the
main crack (Bazant and Planas 1998). The width and
micro-cracking density distribution at the fracture front
may vary depending on the structure size, shape, and
type of loading. Owing to the stiffer matrix compared
to fractures, most deformation in process zone occurs
in the fractures, in the form of normal and shear dis-
placement. As a result, the existing fractures may open,
grow, or even induce new ones.

The first implementation of cohesive fracture model
in the finite element algorithm was performed by
Hilleborg et al. (1976). They extended the concept of
cohesive crack for concrete by proposing that the cohe-
sive crack may be assumed to develop anywhere, even if
no pre-existing macro-crack is actually present, called
as the fictitious crack model. Ortiz and Suresh (1993)
and Xu and Needleman (1994) proposed the cohesive
model to evaluate the cohesive forces in numerical
fracture mechanics. A fracture criterion was proposed
by Camacho and Ortiz (1996) for the mixed mode
fracture and widely used in literature. The cohesive
fracture model has been widely used in fracture
mechanics problems, including: the quasi-static crack
propagation of saturated porous media by Simoni and

Secchi (2003), Schrefler et al. (2006) and Secchi et al.
(2007), the cohesive crack growth of brittle materials
by Song et al. (2006), Birgisson et al. (2008) and Khoei
et al. (2009), and the dynamic fracture propagation of
saturated porous media by Khoei et al. (2010).

3.1 Formulation of cohesive fracture zone

The fracturing material in the zone of fractured media
undergoes the mixed mode crack opening, in which the
crack moves along an interface separating two solid
components. The mixed cohesive model involves the
simultaneous activation of normal and tangential dis-
placement discontinuity with respect to the crack and
corresponding tractions. In this model, the effective
traction te is resolved into the normal and tangential
components, i.e. tn and ts , in which te = √

t2
n + t2

s . In
similar manner, the effective displacement is defined
by δe = √

δ2
n + δ2

s , where δn and δs are the normal dis-
placement and shear sliding of fracture surfaces. The
non-dimensional effective displacement can be defined
as λe = √

(δn/δc)2 + (δs/δc)2, in which δc denotes the
critical displacement where complete separation, i.e.
zero traction, occurs. In Fig. 1, the bilinear cohesive law
is shown in terms of the normalized effective traction
and normalized effective displacement. The pre-peak
region represents the elastic part of the intrinsic cohe-
sive law whereas the softening portion after the peak
load accounts for the damage occurring in the fracture
process zone. The parameter λcr is a non-dimensional
displacement, which is defined to adjust the pre-peak
slope of the cohesive law, and is set to a small value to
obtain more exact results. The normal and shear trac-
tions are defined as (Song et al. 2006)

tn = σc

λcr

(
δn

δc

)
if λe < λcr

tn = σc

λe

1 − λe

1 − λcr

(
δn

δc

)
if λe > λcr (loading)

tn = σc

λe1

1 − λe1

1 − λcr

(
δn

δc

)
if λe > λcr (unloading)

(11)

and

ts = σc
λcr

(
δs
δc

)
if λe < λcr

ts = σc
λe

1−λe
1−λcr

(
δs
δc

)
if λe > λcr (loading)

ts = σc
λe1

1−λe1
1−λcr

(
δs
δc

)
if λe > λcr (unloading)

(12)

where σc is the material strength and λe1 is the non-
dimensional displacement just before unloading.
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Fig. 1 A bilinear cohesive law in terms of normalized effective
displacement and normalized effective traction

In order to derive the components of cohesive mate-
rial matrix C f for the fractured zone, it needs to differ-
entiate tractions with respect to the normal and shear
displacements (Khoei et al. 2010). Hence, the compo-
nents of cohesive material matrix C f can be defined
as

C f =
[

Css Csn

Cns Cnn

]
=

[
∂ts
∂δs

∂ts
∂δn

∂tn
∂δs

∂tn
∂δn

]

(13)

Substituting relations (11) and (12) into (13), the
cohesive material matrix can be obtained as

C f =
⎡

⎢
⎣

σc

λcr δc
0

0
σc

λcr δc

⎤

⎥
⎦ if λe < λcr

C f =

⎡

⎢⎢⎢
⎢
⎣

− δcσc

1 − λcr

(
δs

λeδ2
c

)2

+(1 − λe)
δcσc

1 − λcr

(
1

λeδ2
c
− 1

λ3
e

δ2
s

δ4
c

)
− δcσc

1−λcr

1

λ3
e

(
δs

δ2
c

) (
δn

δ2
c

)

− δcσc

1−λcr

1

λ3
e

(
δs

δ2
c

) (
δn

δ2
c

)
− δcσc

1−λcr

(
δn

λeδ2
c

)2

+(1−λe)
δcσc

1 − λcr

(
1

λeδ2
c
− 1

λ3
e

δ2
n

δ4
c

)

⎤

⎥⎥⎥
⎥
⎦

if λe > λcr (loading)

C f =

⎡

⎢⎢
⎣

σc

δc

(
1 − λe1

1 − λcr

)
1

λe1
0

0
σc

δc

(
1 − λe1

1 − λcr

)
1

λe1

⎤

⎥⎥
⎦ if λe > λcr (unloading) (14)

If the normal component of traction is in compres-
sion, i.e. tn < 0 and δn = 0, the cohesive shear traction
tsC can be defined according to relations (12) as

tsC = σc
λcr

(
δs
δc

)
if λe < λcr

tsC = σc
λe

1−λe
1−λcr

(
δs
δc

)
if λe > λcr (loading)

tsC = σc
λe1

1−λe1
1−λcr

(
δs
δc

)
if λe > λcr (unloading)

(15)

and the non-dimensional effective displacement is
defined as λe = |δs/δc|. In this case, the shear trac-
tion can be computed by |ts | = |tsC | + μ |tn|, with μ

denoting the friction coefficient.

4 FE formulation of fractured media

In order to perform the finite element model of frac-
tured media, two equilibrium equations are imple-
mented similar to those presented in Sect. 2 for the
mixture of solid–fluid phase. The first equation deals
with the mechanical behavior of fracture, while the sec-
ond equation describes the balance of fluid mass within
the fracture. The momentum balance of fractured media
can be written according to cohesive fracture behavior
similar to Eq. (1) as

σi j, j + ρ f üi − ρ f bi = 0 (16)

The balance of fluid mass within the fracture zone
can be rewritten according to Eq. (2) for the fractured
media as
(
kr f (k f )i j (pw, j+ρwü j − ρwb j )

)
,i +Sw

ẇ

w
+ ṗw

Q∗
f
=0

(17)
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where ẇ is the rate of fracture aperture, Q∗
f is defined

as 1/Q∗
f = nSw/Kw, ρ f = nSwρw, kr f is the rela-

tive permeability of fracture, and (k f )i j is the fracture
permeability tensor.

Applying the standard finite element Galerkin dis-
cretization process to the weak form of Eqs. (16) and
(17), the FE formulation of fractured media for quasi-
static condition in the absence of acceleration terms can
be written similar to Eqs. (4) and (5) as

K f ū − Q f p̄w = f (1)
f (18)

Q f ū + H f p̄w + G f ˙̄pw = f (2)
f (19)

where the cohesive stiffness matrix K f , the coupling
matrix Q f , the permeability matrix H f , and the com-
pressibility matrix G f for the fractured zone are defined
similar to the semi-saturated porous media as

K f =
∫

�

BT
f D f B f d�

Q f =
∫

�

BT
f Swm f N f d�

H f =
∫

�

∇NT
f k f kr f ∇N f d�

G f =
∫

�

NT
f

1

Q∗
f

N f d�

(20)

and

f (1)
f =

∫

�

NT
f ρ f b d�

f (2)
f = −

∫

�

NT
f ∇T (k f kr f ρwb) d� (21)

where D f = wC f , with w denoting the fracture width
and the cohesive material matrix C f is defined in rela-
tions (14).

The stiffness matrix of cohesive fracture elements
can be obtained based on the standard contact elements
extensively used in literature (Khoei 2005). The rela-
tive displacements at any points along the fracture ele-
ment, as shown in Fig. 2, are given by δ = utop −
ubot, in which δ = 〈δs, δn〉T and u = 〈us, un〉T with
(us)top and (un)top denoting the displacements in the
local s and n directions of the top side of element,
and (us)bot and (un)bot the displacements in the local s
and n directions of the bottom side of element, respec-
tively. The relative displacements at any point of the
element can be related to the nodal values by δ = N f ū,

Fig. 2 Schematic drawing of zero thickness double-noded inter-
face element

with N f = 〈−(N f )bot, (N f )top
〉

and ū = 〈
ūbot, ūtop

〉T .
In this relation, N f is the shape functions of cohesive
fracture element defined by (N f )bot = 〈

N f 1, N f 2
〉
and

(N f )top = 〈
N f 3, N f 4

〉
. The shear and normal strains,

i.e. ε = {γ, εn}, can be obtained from the relative dis-
placements as γ = 1

w
δs and εn = 1

w
δn . Hence, the

strain vector can be defined as ε = B f ū, where the B f

matrix is equal to 1
w

N f .
In relations (20) and (21), m f = [1, 0]T and ∇N f

is defined as

∇N f =
⎡

⎢
⎣

∂ N f 1

∂s

∂ N f 2

∂s

∂ N f 3

∂s

∂ N f 4

∂s

− N f 1

w
− N f 2

w

N f 3

w

N f 4

w

⎤

⎥
⎦ (22)

and k f is the fracture permeability matrix defined as

k f =
[

kl 0
0 kn

]
(23)

where kl is the longitudinal permeability coefficient, kn

is the transverse permeability coefficient, and the rela-
tive permeability of fracture is assumed to be kr f = 1
(Meschke and Grasberger 2003).

4.1 Fracture permeability coefficient

In order to model the fluid flow through the discontinu-
ity, the zero-thickness elements have been widely used
in literature, which can be classified into the single,
double and triple-nodded elements. The single-nodded
elements are the simplest one, which are superimposed
onto the standard continuum mesh. The triple-nodded
elements are used to model the influence of a trans-
versal conductivity through the discontinuity appropri-
ately (Guiducci et al. 2002 ). In these elements, the two
nodes of adjacent continuum elements represent the
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potentials in the pore system on each side of the inter-
face, and the third node in the middle represents the
average potential of fluid in the channel represented by
the discontinuity. However, the double-nodded inter-
face elements have the advantage of making it possi-
ble to use similar FE mesh for both mechanical and
fluid flow analyses (Segura and Carol 2004). In the
case that the influence of a transversal conductivity is
not considered, these elements are similar to the single
nodded type although they are geometrically double-
nodded, and when the time comes to solve the system,
the two nodes must have the same potential. This lim-
itation may, however, be avoided by assuming that the
potential in the channel is the average of two sides of the
interface. Based on this simple assumption, an alterna-
tive flow interface model has been recently developed
by Khoei et al. (2010), which preserves both longitu-
dinal and transversal conductivities.

The existence of fracture besides the longitudinal
conductivity may also represent an obstacle for fluid
flow in the transversal direction because of the potential
drop due to the transition from a pore system into an
open channel and back into a pore system. Thus, defin-
ing the flow potential � equal to p + ρw(ü − b)z, with
z denoting the distance from a datum, a jump is admit-
ted in the total flow potential field across the fracture
related to transverse fluid flux qt travelling normal to
the discontinuity. Considering a discrete version of the
Darcy law, in which the total flow potential drop plays
the role of total flow potential gradient, the transverse
fluid flux is linked to the difference of hydraulic poten-
tials between the two surfaces defining the discontinu-
ity by qt = kt (�

− − �+), where kt is a transverse
hydraulic permeability coefficient and the superscripts
− and + stand for each side of the discontinuity (Segura
and Carol 2004). In fact, it can be concluded that the
single-nodded interfaces are equivalent to the double-
nodded and triple-nodded elements with kt = ∞, i.e.
the infinite transversal conductivity.

It is desirable to implement the inactive cohesive
interfaceelements inbothmechanicalandfluidflowme-
dia before the critical stress is reached. In fact, an infi-
nite initial stiffness provides a rigid inactive element for
mechanical part before the maximum tensile stress is
reached. Also, assuming an infinite transversal conduc-
tivity and zero longitudinal conductivity lead to inactive
elements for flow part before stress reaches the tensile
strength of media. Comparing the transverse permeabil-
ity coefficient kn with the permeability coefficient kt

cδ

real crack tip cohesive zone

fictitious crack tip

Fig. 3 Schematic description of a cohesive zone model

introduced by Segura and Carol (2004) , it can be con-
cluded that kt = kn/w, which leads to inactive cohesive
elements for fluid flow before stress reaches the tensile
strength of material at that point. However, in order to
avoid the numerical difficulty, when aperture is zero an
initial large value of kt is assumed instead of kn/w.

In order to model the longitudinal permeability, the
fractured zone is decomposed into two portions; one is
related to the cohesive area and the other is related to
the real cracked zone where the cohesive forces are zero
(Fig. 3), in which the permeability of real cracked zone
is identical to the natural fracture. One of the simplest
techniques to model the flow through a natural fracture
is based on the parallel plate model. This is the only frac-
ture model for which an exact calculation of the hydrau-
lic conductivity is possible; this calculation yields the
well-known ‘cubic law’ (Witherspoon et al. 1980). The
derivation of the cubic law begins by assuming that the
fracture walls can be represented by two smooth, par-
allel plates with infinite dimensions, separated by an
aperture w. However, the real fractures have finite sizes,
rough walls and variable apertures. It was shown that the
parallel plate model is inadequate to describe the flow in
natural fractures (Sisavath et al. 2003).

For a natural fracture, the aperture can generally
be defined as mechanical (geometrically measured), or
hydraulic (measured by analysis of the fluid flow). The
mechanical joint aperture w is defined as the average
point-to-point distance between two points of surfaces,
perpendicular to the selected plane. The hydraulic aper-
ture e can be determined from laboratory fluid-flow
experiments. An important distinction has to be made
between the theoretical smooth wall hydraulic aperture
e and the real mechanical aperture w (geometrically
measured) between two irregular joint walls. Owing
to the wall friction and the tortuosity, w is generally
larger than e. An empirical model was proposed by
Barton et al. (1985) relating the hydraulic aperture e
to the real mechanical aperture w and the joint rough-
ness J RC . This relationship was defined based on the
experimental data as
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e = w2

J RC2.5
(24)

where e and w are expressed in micro-metres. It must
be noted that this equation is only valid for w ≥ e. The
roughness of the crack surface depends on the tough-
ness and size of aggregates and the properties of matrix
and interface. It is assumed that the hydraulic aperture
for cohesive zone is a function of w which is zero at the
fictitious crack tip and equal to δ2

c /J RC2.5 at real crack
tip. This function can be defined via the experimental
data. Based on the hydraulic aperture in the fractured
zone, the longitudinal permeability coefficient kl can
be expressed as e2/12 μ, with μ denoting the dynamic
viscosity.

5 Numerical simulation results

In order to demonstrate a part of the wide range of
problems that can be solved by the present approach,
we have illustrated the performance of proposed com-
putational algorithm in modeling of fracture propa-
gation in partially saturated porous media. The finite
element model is applied in partially saturated porous
media and the cohesive interface elements are
employed in the fractured zone where the cohesive trac-
tions develop. The implementation of cohesive fracture

elements is illustrated due to fluid flow inside the crack
and the values of crack mouth opening are obtained as
the crack proceeds. The first two examples are selected
to illustrate the robustness and accuracy of computa-
tional algorithm for two benchmark problems. The first
example deals with the drainage of water from a verti-
cal column of sand to present the accuracy of proposed
computational algorithm against the experimental re-
sults conducted by Liakopoulos (1965). The second
example illustrates the performance of cohesive frac-
ture elements for the simulation of hydraulically driven
fracture propagation in poroelastic media against an
analytical solution by Spence and Sharp (1985) and its
numerical evaluation by Boone and Ingraffea (1990).
Finally, the last example is chosen to demonstrate
the capability of proposed model for the wedge split-
ting test performed by Slowik and Saouma (2000) at
different rates of crack mouth opening.

5.1 Water drainage from a column of sand

The first example is chosen to evaluate the accu-
racy of computational modeling for the drainage of
water from a vertical column of sand with those
experimentally obtained by Liakopoulos (1965) and
numerically reported by Lewis and Schrefler (1998).
The problem was considered by various researchers

Fig. 4 The drainage of
water from a vertical
column of sand; The
geometry, boundary
conditions and material
properties
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Fig. 5 Comparison of the numerical simulation results obtained
by the present study and those reported by Lewis and Schrefler
(1998) for water drainage from a vertical column of sand; vari-

ations of the water pressure (Pa), water saturation, and vertical
displacement (m) versus column height

to verify their numerical analysis, and referred as
a representative of wide range of problems involv-
ing gravity-governed partially saturated porous me-
dia since no external loads are applied. A perspex
column of 1 m high is packed with sand and instru-
mented with tension-meters to measure the moisture
tension at various points within the column. In order
to apply the initial boundary conditions of labora-
tory test, water is added continuously from the top of
column and is allowed to drain freely at the bottom
through a filter, as shown in Fig. 4. The flow is care-
fully regulated until the tension-meters read zero pore
pressure. At this stage, the inflow of water from the top

is stopped and the upper boundary is made imperme-
able to water as an initial boundary condition. From
then the tension-meter readings are recorded. The
assumed material properties of sand together with the
geometry and boundary conditions of the problem are
shown in Fig. 4. In Fig. 5, the numerical results of
partially saturated model for the water pressure, water
saturation, and vertical displacement distribution ver-
sus the column height are presented for different times
of 5, 10, 20, 30, 60 and 120 min. Clearly, it can be seen
that the numerical results are in complete agreement
with those reported by Lewis and Schrefler (1998). Fig-
ure 6 presents the time history of outflow rate at the
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Fig. 6 The outflow rate at
the bottom of column
compared to the
experimental data given by
Liakopoulos (1965)

Fig. 7 The hydraulic
fracture problem; The
geometry and boundary
conditions
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Fig. 8 The variations with time of the crack length, crack mouth
opening (CMOD), and pressure distribution along crack mouth
with those reported by Spence and Sharp (1985)

base of column. Obviously, the outflow rate gradually
decreases to zero with time after stopping the inflow
of water from the top at time t = 0. The curve shows
a good agreement between the numerical results and
experimental data given by Liakopoulos (1965).

5.2 Hydraulic fracturing

The second example illustrates the performance of
cohesive fracture elements for the simulation of hydrau-

lically driven fracture propagation in poroelastic
media. This example is chosen here since the leakage
flux into the surrounding porous media across the frac-
ture border is important in hydraulic fracture modeling.
An analytical solution was obtained for this example by
Spence and Sharp (1985) and the numerical simulation
by Boone and Ingraffea (1990), in which a finite element
methodwasapplied for themechanicalproblemandafi-
nite difference method for the flow analysis through the
fracture. In Fig. 7, the geometry, boundary conditions
and finite element mesh of the problem are presented
together with the material properties. An initial crack
is assumed at the borehole where the crack propagates,
and a constant flow rate of 0.0001 m3/s is applied at the
crack mouth. The crack propagates when the principle
effective stress at crack tip reaches the ultimate tensile
strength of the material assumed to be 0.5 MPa.

The length of cohesive elements is chosen so that
the fracture process zone is discretized with adequate
resolution and the need for numerical convergence is
satisfied. The length of process zone Rc can be approxi-
mated by Rc = ηE ′G f / f ′

t
2 (Bazant and Planas 1998),

where G f is the specific fracture energy, f ′
t the ten-

sile strength, η a constant equal to π/8 according to
Barenblatt cohesive theory, and E ′ the effective elastic
modulus defined as E for plane stress and E/(1 − υ2)

for plane strain problems. The limiting values for the
size of a fully developed fracture process zone range
from 0.3 to 2 m for concrete and similar quasi-brittle
materials. For a brittle material, it is generally argued
that 2–5 elements are necessary to resolve the cohesive
zone (Zhou et al. 2005). By evaluating the process zone
length and determining the cohesive elements length,
a uniform mesh is generated in the area surrounding
the crack. The mesh uniformity is ascertained by local
remeshing in this area. In addition, a rosette configu-
ration with uniform elements around crack tip is con-
structed by adding new boundaries around the crack tip.
The random orientation of elements is gained by using
a Delaunay based unstructured grid generator (Khoei
et al. 2008). It is assumed that the crack propagation
takes place according to Dugdale (1960) and Barenblatt
(1962) cohesive models, in which the traction principle
effective stress at crack tip reaches the ultimate tensile
strength of the material.

Figure 8 presents the variations with time of the crack
length, crack mouth opening (CMOD), and pressure
distribution along crack mouth. The results of numer-
ical simulations are compared with those reported by
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Fig. 9 The distribution of
maximum principal
effective stress contours at
various time steps
t = 2.0, 4.0, 6.0 and 9 s
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100100 100

100
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Fig. 10 The specimen geometry and boundary conditions (all
dimensions in mm)

Spence and Sharp (1985). A good agreement can be ob-
served between two different simulations. In Fig. 9, the
distribution of maximum principal effective stress con-
tours are presented at t = 2.0, 4.0, 6.0 and 9 s.

5.3 The wedge splitting test

The last example demonstrates the capability of pro-
posed computational model for the wedge splitting

test performed experimentally by Slowik and Saouma
(2000). The geometry and boundary conditions of spec-
imen are shown in Fig. 10. The water input pressure is
applied only at notch section while zero pressure is
assumed at the rest of boundary. Two different rates
are used for the crack mouth opening displacement
(CMOD), including the slow crack opening with the
rate of 2 µm/s and the fast crack opening with the rate
of 200 µm/s. It is well known that the higher velocity of
crack mouth opening may develop extra micro-cracks
within the crack tip zone since they have no time to
unload each other. As a result, due to fast growth of
the main crack, several micro-cracks may be formed
at the main crack tip zone that dissipates more energy.
Although the multi-microcracking process in the fast
crack growth may result in the increase of local stress,
this stress increase is less important compared to the
increase of fracture energy. It was assumed by Bazant
and Li (1997a,b) that the normalized effective stress—
displacement (σc − δc) curve expands outwards when
the cohesive opening rate increases. It was also shown
by Zhou and Molinari (2004) that the failure strength
of ceramic increases by 10–15% when the strain rate
increases 125 times. Hence, it can be concluded that
both σc and δc increase with the increase of crack
velocity.
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Table 1 The material
parameters for concrete

Material properties Fast loading Slow loading

Elasticity modulus ( MPa) 25,000 25,000

Poisson ratio 0.17 0.17

Density of solid particles (kg/m3) 2,720 2,720

Water density (kg/m3) 1,000 1,000

Tensile strength ( MPa) 1.32 1.25

Critical displacement δc( mm) 0.25 0.2

Permeability (m2/Pa s) 10−15 10−15

Prosity 0.1 0.1

Bulk modulus of solid ( MPa) 36,000 36,000

Bulk modulus of fluid ( MPa) 3,000 3,000

Fluid viscosity ( MPa s) 10−9 10−9

Fig. 11 The load versus CMOD for the slow and fast loading;
A comparison between the numerical results and experimental
data

The material properties employed for experimen-
tal tests in the case of fast and slow loading rates are
given in Table 1. It has been observed from numeri-
cal simulations that the increase of micro-cracks due

to fast loading rate increases the permeability of frac-
ture process zone. It is obtained that in the slow load-
ing rate, the Barton model with J RC equal to 20 sat-
isfactorily predicts the hydraulic aperture for the en-
tire of fracture, however—using this relation for the
fast loading rate leads to the lower pressure through
the fracture path in comparison with the experimental
data. It is also observed that a linear function between
the hydraulic and mechanical apertures improves the
results effectively in the fracture process zone although
the quadratic function was proposed by Barton et al.
(1985).

In Fig. 11, the variations of applied force with
crack mouth opening displacement (CMOD) are plot-
ted for both experimental and numerical results of
the wedge splitting test in the case of slow and fast
loading rates at the water input pressure of 0.21 MPa.
Figure 12 presents the experimentally and numeri-
cally variations of pressure distributions along the

Fig. 12 A comparison
between numerical and
experimental results of
water pressure variations for
slow loading at various time
steps using the input
pressure of 0.21 MPa
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Fig. 13 A comparison
between numerical and
experimental results of
water pressure variations for
fast loading at various time
steps using the input
pressure of 0.21 MPa

Fig. 14 A comparison
between numerical and
experimental results of
water pressure variations for
fast loading at various time
steps using the input
pressure of 0.62 MPa

crack path for different time steps in the case of
slow loading rate at the water input pressure of
0.21 MPa. Also plotted in Fig. 13 are the variations
of pressure distributions along the crack path for the
fast loading rate. In Fig. 14, the experimental and
numerical results of pressure distributions are de-
picted for various time steps in the case of fast load-
ing rate at the water input pressure of 0.62 MPa.
Obviously, good agreements can be seen between
the experimental and numerical results. The results
indicate that the proposed permeability properly predict
the fluid flow through the fracture zone. In Fig. 15, the
distribution of effective stress σ ′

x contours are shown
at time steps t = 0.2, 0.86, 2.24 and 3.24 s for the fast
loading rate at the water input pressure of 0.21 MPa.
Finally, the variations of normal cohesive traction
along the fracture length are plotted in Fig. 16 at
the water input pressure of 0.21 MPa. This exam-
ple clearly presents the effect of crack mouth open-

ing rates in the wedge splitting test using a modi-
fied permeability to consider the roughness of fracture
walls.

It is worth mentioning that when the crack propa-
gates in an opening mode, the water flows in the crack
front region provided by the tensile strain due to exter-
nal loading applied to the specimen. This region may
be impermeable for water phase at the initial stage
of loading because of narrow channels to flow. How-
ever, by increasing the tensile strain the channel is wide
enough for water to flow in it. Due to high compress-
ibility of gas, small volume of gas, and connectivity
of pore network, it is a reasonable assumption to set
the gas pressure equal to zero. The numerical results of
above example confirm this assumption and show that
the fracture permeability can be modeled appropriately
considering fracture wall roughness. However, it could
be important to consider the gas pressure in the crack
front region for the fracture closing mode.
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Fig. 15 The distribution of
effective stress σ ′

x contours
at various time steps for fast
loading using the input
pressure of 0.21 MPa (all
dimensions in Pa),
Compression assumed to be
positive

0.20 st = 0.86 st =
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Fig. 16 The variations of normal cohesive traction along the
fracture length at various time steps for the input pressure of
0.21 MPa

6 Conclusion

In the present paper, a finite element model was
presented for the numerical simulation of cohesive frac-

ture in partially saturated porous media. The double-
nodded zero-thickness cohesive interface element was
employed to represent the mixed mode fracture behav-
ior in tension and compression. In order to describe
the behavior of fractured media, two equilibrium equa-
tions were applied similar to those employed for the
mixture of solid–fluid phase in partially saturated me-
dia, including: the momentum balance of fractured me-
dia, and the balance of fluid mass within the fracture.
Finally, three numerical simulations were performed
to demonstrate a part of the wide range of problems
that can be solved by the present computational algo-
rithm. The first two examples, i.e. the water drainage
from a vertical column of sand and the hydraulically
driven fracture propagation in poro-elastic media, were
chosen to illustrate the robustness and accuracy of com-
putational algorithm for two benchmark problems. The
third example was selected to present the effect of crack
mouth opening rates in the wedge splitting test. Based
on the experimental data, a modified fracture perme-
ability was proposed for the fracture zone to consider
the roughness of fracture walls. It has been shown that
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for the slow loading rate the Barton model properly
predict the pressure distribution along the crack path.
However, a modified relation is necessary for the fast
loading rate due to extra micro-cracks in the fracture
process zone.
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