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Abstract In this paper we propose a thermodynam-
ically consistent model for elasto-plastic material with
structural inhomogeneities such as dislocations, sub-
jected to large deformations, in isothermal processes.
The plastic measure of deformation is represented by
a pair of plastic distortion, and plastic connection with
non-zero torsion (in order to have the non-zero Burg-
ers vector). The developments are focused on the bal-
ance equations (for material forces and for physical
force system), derived from an appropriate principle
of the virtual power formulated within the constitutive
framework of finite elasto-plasticity and on constitu-
tive restrictions imposed by the free energy imbalance.
The presence of the material forces (microforce and
microstress momentum) is a key point in the exposure,
and viscoplastic (generally rate dependent) constitutive
representation are derived.
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1 Introduction

The aim of the paper is to propose a thermodynami-
cally consistent model for material with structural inho-
mogeneities such as dislocations, subjected to large
deformations, in isothermal processes. Continuously
distributed dislocations are modeled in Teodosiu
(1970), Steinmann (2002, 1997), Cleja-Tigoiu (2002a),
Gurtin (2004), by the non-zero Burgers vector, which
is related to the non-zero curl of the plastic deforma-
tion component F”. In our model the plastic measure

®
of deformation is represented by a pair (F”, I'). F? is

an invertible second order tensor, called plastic distor-

()
tion, and T is an affine plastic connection with non-

zero torsion, represented by a third order tensor. On the
background of differential geometry concepts we intro-
duce the multiplicative decomposition of the deforma-
tion gradient into elastic and plastic distortions, and
the decomposition of the motion connection in terms
of the elastic and plastic connections. Unlike F—the
deformation gradient that is derived from the potential
X, which represents the motion function, the plastic
distortion cannot be derived from a certain potential.

The pair (F?, (IE)) defines an anholonomic configura-
tion (see Acharya 2004; Bilby 1960; Schouten 1954),
or a so called configuration with torsion IC.

In this paper a new appropriate principle of the
virtual power, that can be applicable to the consti-
tutive framework of finite elasto-plasticity, has been
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formulated. No Cosserat type kinematics is assumed
in the model, and non-symmetric Cauchy stress T and
the stresses momentum p (described by a third order
tensorial field) are involved in the internal power P;,;.
The pair (T, p) is power conjugated to the appropriate
rate of the elastic deformation measure.

The principle of virtual power allows to formulate
the macroscopic balance laws of macromomentum and
angular momentum for (T and w), which are similar to
those derived in Fleck et al. (1994), and to derive the
micro-balance equations (i.e. the microstructural mate-
rial field equations) which are specific for the material
force system (Y%, “}[,C)’ like Gurtin (2003).

To complete the constitutive equations within the
constitutive framework of finite elasto-plasticity, the
second law for isothermal processesisformalized simi-
lar to Gurtin (2003, 2004). The second law leads to local
free energy inequality or to free energy imbalance yr —
Pins < 0, where v is the free energy density. We deter-
mine the thermodynamic restrictions imposed by the
requirement to have the free energy imbalance satisfied
in any virtual process, for a given deformation state.

The admissible virtual process is defined based on
the kinematical relationships, being consistent with
them. The time derivatives of the appropriate distor-
tions and connections put into evidence the presence
of the velocity gradient L and of its gradient V, L in
the deformed configuration, as well as of the rate of
plastic distortion L” and of its gradient Vic L, written
in the configuration with torsion, respectively.

The constitutive hypotheses concerning microforces
and micromomentum (called the material forces) are
motivated by the dissipation inequality. The material
forces are represented by a non-dissipative part ener-
getic microforces, derived from the free energy and a
dissipative part, defined in a such way that the dissi-
pation be positive. We emphasized the role played in
the theory by the micro-stress Y-, which is force con-
jugated to the rate of plastic distortion L”, and by the
micro-stress momentum u,”c, which generates work in
conjunction with VicL?.

We briefly recall different issues, involving continu-
ously distributed dislocations results, which are closely
related to the model proposed here.

A continuum theory for material with continuously
distributed dislocations has been developed by Kondo
and Yuki (1958), Bilby (1960), Kroner in (1963, 1992),
Kroner and Lagoudas in (1992) (for elastic models),
and mathematically founded by Noll (1967) and Wang
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(1967) (within the constitutive framework of simple
materials), using the differential geometry concepts.
The decomposition theorem of the connection with
metric property into a Levy-Civita connection and con-
tortion was studied in Schouten (1954), Kondo and
Yuki (1958), and applied in finite elasto-plasticity by
Steinmann (1994), Cleja-Tigoiu (2002a), see also Beju
et al. (1983), Le and Stumpf (1996¢)

A Cosserat theory for elasto-(visco)plastic single
crystals, at finite deformations and based on the crystal-
lographic slip mechanism of plastic deformation, was
elaborated in Naghdi and Srinivasa (1994), Le and
Stumpf (1996a), Steinmann (1994). In Forest et al.
(1997) the natural Cosserat strains are considered for
the development of the constitutive equations and evo-
lution laws are proposed also for lattice torsion-
curvature (second order) tensor.

Elasto-plastic model with dislocations was devel-
oped in Le and Stumpf (1996b) based on an appropri-
ate principle of virtual work, and a thermodynamically
consistent analysis of the anisotropic damage evolution
was been performed by Stumpf and Hackle in (2003).
Gurtin (2000) developed a gradient theory of single
crystal plasticity that accounts for geometrically nec-
essary dislocations.

Within the framework of finite elasto-plasticity the
evolution equations to describing the irreversible
behavior plays a fundamental role. Certain compatibil-
ity conditions concerning the evolution equation for the
measure of continuously distributed dislocation could
arrive, see for instance Acharia (2004), Cleja-Tigoiu
(2002a), Gupta et al (2006), Cleja-Tigoiu et al. (in
press). The compatibility conditions are viewed in
Cleja-Tigoiu et al. (in press), say for the given plas-
tic metric tensor, as partial differential equations for
the torsion. We also mention here a second order the-
ory, which allows for growth diffusion, developed in
Epstein and Maugin (2000), especially for the evolu-
tion equation of the second order gradients that has
been considered.

The boundary conditions (appropriate to plasticity
that account for the dislocation) are discussed for
instance by Gurtin and Needlemen (2005) and Gupta
et al. (2000).

Maugin in (1999), combining the energy and mom-
entum balance derives a so-called pseudo-momentum
equation to derive material forces. Well-known exam-
ples of the material forces are driving forces on defects
and the J-Integral in fracture mechanics.
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We mention the proposed model in our paper Cleja-
Tigoiu (2002a), where the results from Cleja-Tigoiu
(1990), Cleja-Tigoiu and Sods (1990), and Cleja-
Tigoiu (2001) have been extended to elasto-plastic
materials with continuous distributed dislocations,
based on the hypotheses listed below in an heuristic
manner: (i) The crystalline body is not homogeneous
and it has no relaxed (natural) global configuration.
(i1) The local relaxed state is characterized by non-
Euclidean and non-Riemannian metric space.
(iii)) Dynamical balance equations involve non-
symmetric Cauchy stress tensor and couple stresses.
(iv) The crystalline body behaves as an elastic mater-
ial element, which means that the stress and the stress
momentum are functions of the elastic distortion and
elastic connection. (v) The irreversible behavior of the
material is described by the evolution equations (of the
rate independent type) for plastic distortion as well as
for the gradient of plastic distortion.

In the present paper the developments are focused on
the balance equations (micro and macro), derived from
an appropriate principle of the virtual power formulated
within the constitutive framework of finite elasto-
plasticity and on the restriction on the constitutive equa-
tions imposed by the imbalanced free energy (i.e.
second law for isothermal processes). The presence
of the material forces is a key point in the exposure,
and viscoplastic (generally rate dependent) constitutive
representation are derived.

List of notations. Further the following notations
will be used:

E—the three dimensional Euclidean space, with the
vector space of translations V;

Lin—the set of the linear mappings from V to V, i.e
the set of second order tensor, Skew C Lin the set of
all skew-symmetric second order tensors;

u x v is the cross product, u ® v and u - v denote the
tensorial product and the scalar product of the vectors
uve.

A’ and A? are the symmetrical and skew-symmetrical
parts of the tensor A, here AT denotes the transpose
of A;

0A¢ (x) denotes the partial differential of the function
¢ with respect to the field A.

Curl of a second order tensor field A is defined by the
second order tensor field

(curlA)(u x v) := (VA(u))v — (VA(V))u

Yu,ve V. M

The component representation of the curl is given in a
Cartesian basis by

0A

(curl A)p; =€k a—’;.k, while the third order tensor field
X

VA is characterized by

Aiji i
VA = a—kl ® I/ ® i. Thus we have the formulae
X
0 31),‘ : :
L=—(—)ioi i
Vi axk \ 9x7 ore

Lin(V, Lin) = {N:V — Lin linear}— defines the
third order tensors and itis givenby N = N; jkii ®i/ i~
The scalar product of two third order tensors is given
by N-M = N;jiM;jy.

Three configurations will be considered: k be a fixed
reference configuration of the body B, k(B) C £ with
the vector space Vg, x(-,t) the deformed configura-
tion at time ¢, for any motion of the body B, x :
B x R — &, there exists /C, time dependent (non-
local) configuration with torsion, defined by the pair

(FP, (lp")k), F?P—plastic distortion and (llz)k—plastic con-
nection.
F— the deformation gradient is defined by
FZ,1)=V(x(.t)ok™)Z), ¥V Zek(B). ()
We recall here the integrability theorem: Let F be a
function defined on a arcwise connected domain . F
is a gradient of y, i.e. F(x) = Vx(x) for x € ¢/ if and
only if
(VFx)u)v — (VFX)v)u =0
<— (curlFx))(uxv)=0, V xel, 3)
Yu,v e V.

Dislocation means (1) non-zero curl or (2) non-zero
plastic torsion
(1) curl(F?)#£0 or

Ju,v suchthat (VF’(u))v

—(VFP(V)u # 0

(2) du,v suchthat (SPu)v = (TPu)v — (I'’v)u

# 0.
Let us introduce the following notation for a third order

field generated by a connection, say I', and by second
order tensors, for instance Fy, F»,

(T'[Fq, F2Jlu)v = (T'(Fiu)) Fov, Vu,v € V. “)

2 Second order elastic and plastic pairs
of deformations

Let us consider the body B, k the initial configuration
of the body (which will be not explicitly mentioned
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further) and y (-, ¢) the actual configuration attached to
the function xy which defines the motion of the body.
Ax.1 (the existence of the second order pair of plas-
tic deformations) For any motion x of the body B, at
any material particle X and at any time t, there exists a

(p)
pair (F?, I') with F? an invertible second order tensor,

()
called plastic distortion and I a third order field, which
represent an affine connection, called plastic connec-

(1)
tion. The pair (F”, T') is invariant with respect to a
change of frame in the actual configuration.

Definition The connection of the motion x with
respect to the reference configuration can be introduced
by

Tu=F 'VFu, VueV. 6))
Ax.2 For any pair (F, IT') of the deformation gradient
and motion connection, there exists a second order pair

of elastic deformation, where the elastic distortion is
defined by

F¢ = F(FP)~!, (6)

and the elastic connection is introduced in terms of
the motion and plastic connections, both of them being
related to the initial configuration, through the formula

©) (P
Tca=F(T—D)FE) 'a)F’)"", V ieVg.
(7N

Here Vi := FP (V).
The pull back to the reference configuration k leads
to the following relationship between connections:

(e) (e) (p) 8
T pack:= (FP)~! T xc [FP,FP] =T~ T, ®)

derived from (7).

Definition The differential of any smooth tensor field
F, defined on k(B), with respect to the configuration
with torsion K is given by
(VikF)a = (VF)(FP)"la, V eV 9)
Proposition 1

1. The multiplicative decomposition of the deforma-
tion gradient F into the elastic and plastic distor-
tions F¢, F? follows

F = F°FP. (10)
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(©) (p)
2. The connections I', T' i and T are related by

_1,9© ® .
Tu= F?) (T (FPu)F’+ T u, with
I =F"'VF (11)
Yu eV, orusing (4)

(e) P
r=®F")"" Tk [F’,F’)+ T . (12)

We put into evidence the rules of calculus for the
expressions of the differential of a smooth tensor field
F, in various configurations, k, x and /C, when we pass
from one configuration to the other one:

(VF)u = (V,F)V(x o k~hu = (V,F)Fu,
(VF)u = (Vi F)FPu,

(VyF)a = (VPFla = (Ve F)FPF o
= (VkF)(F)~'a, YueV,ieV,.
()
Ax.3 The plastic connection I' has the non-zero
Cartan torsion, defined by the skew-symmetric part
of the connection, as it follows

13)

(p) (p)
(SPviu= (T v)u — (T u)v. (14)

Ax.4 The plastic distortion and the plastic connec-
tion are compatible each other, in the sense that the
Frobenius integrability condition is satisfied

T (FP)~1V FP, (15)

2.1 Relationships between the connections attached
to the plastic and elastic distortions

When we pass from one configuration, say from the
initial configuration to another one, say K, as a conse-
quence of rule of calculus formulae (13), from (15) the
relationship between the plastic connections follows

(1) ()
[=—@F")' T [F7 F7], (16)

where the plastic connection with respect to K is intro-
duced by

(p)
T = FP(Ve(ED)D). (17)

®
Remark Consequently we defined two pairs (F”, T')

P
and ((FP)~!, T i) of the appropriate plastic distor-
(p) (p)
tions, F? and (F? )_1, and the connections I' and T g,

which are compatible.
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The appropriate torsion (14), for the plastic connec-
tion defined in (15), becomes

(S"vyu = F")~'[(VEP)v)u — (VF)uv].  (18)

Let us introduce the elastic connections associated
with respect to the specified configurations

(e) (e)

Ti=F)'VeF, T,=Fv, F). U9
From the above definitions together with (9) the fol-
lowing relationship can be put into evidence

(f")x= —F¢ (li)ic [(F)~!, F)~. (20)

On the other hand for the elastic connection, say
(e
I i, the forsion can be similarly defined as the skew-

symmetric part of the connection

. ) (e)
Sivu= (I v)u— (I wyv. 21

As a consequence of the multiplicative decomposi-
tion (10) and of the adopted definition for the connec-
tions, the relationships between appropriate elastic and
plastic connections follows.

Due to the symmetry of the motion connection intro-
duced in (5), provided by the fact that at any time ¢ F
is the gradient of an appropriate application (2),

('v)u — (Tw)v = 0. 22)

As a consequence of (11) the torsion of the plastic con-
nection with respect to the reference configuration and
the torsion of the elastic connection, with respect to the
so called configuration with torsion i, are related one
to another by

(p) (e)
S=—(F")"\(Sx [F?, F7)). 23)

On the other hand, from (16) it follows

S= @ (8 77 ¥, (24)

Thus the equality between the elastic torsion and plastic
torsion is derived

() (p)
SIC:SIC ESIC- (25)

Proposition 2 As a consequence of the axioms Ax.3,
Ax.4, of the definitions (14), (7), as well as of the rela-
tionship (22), it follows FP | ¥¢ are not the gradients of
certain mappings.

2.2 Time-derivatives of the elastic connection with
respect to relaxed configuration

When we take the time derivative of the motion con-
nection (5), the rate of the total connection is expressed
in term of the second order velocity gradient

%(1") =F! (VyL)[F, F] (26)

where the velocity gradient in the actual configuration
is characterized by
L:=V,v(x,1), L=F®F), 27)

where v is the vector field in the actual configuration.
As a consequence of the multiplicative decomposi-
tion (10) the kinematics relationships

L= Fe(Fe)—l + FeLp(Fe)—l’

. . (28)
L¢ = Fe(Fe)_l, L? = FP(FP)_l

follow. L¢, L? are the rates of elastic and plastic dis-
tortions in the deformed configuration and the config-
uration with torsion, respectively.

The rate of the plastic connection, relative to the
reference configuration, can be derived from (15) under
the form similar to (26)

57<(F)> = (FP)" (VK LP)[F?, FP]. (29)

Taking into account the relationship between the plastic
connection when we pass from one configuration to the
other one, the time derivative applied to (16) leads to

d (F) N (i_{) B
E( u =L (T x)u
d ®
—F”E(F)((F”)"ﬁ)(F”)’]
(p) (p)
— I'x (LPa) — (T ¢ )L”. 30)

When we replace (29) into the above relation the rate
of plastic connection is calculated through

d ® ® ) .
E(cm)u = LP(T )u — (VgLP)u— T ¢ (L )
P
—(T'x wWL?. (31)
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When we take the time derivative in (12) we get
d © d (®
- (To@ =F’ (E(F— F))((F”)‘lﬁ)(F”)‘l

(p)
+LPFP(T= T)(F")layF7)~!
®
—FP((T— f‘)(Fp)‘leﬁ)(F”)_l

(p)
—FP((T— T)(F")~'@)((FP)~'LP)
Voide Ve (32)

Using again (12) and the multiplicative decomposi-
tion (10) in relationship (32), the time derivative of the
appropriate connections are related by

d © © _© B ©

S (TO@—L(Tx )+ Tx @WH+(T DL
d ) (33)

=k - (@T-T) (FP)~ta)(FP) L.

Let us introduce a linear operator applied to the elastic
(e)
connection I' ic, dependent on the rate of plastic dis-

tortion L7, by

Lol P = L (Fra—17(Fre )

u:=— a— u
LPLL I dt K K (34)
© RCEN

+ I' (LPa) + (T g w)L?

for all u. The expression of the above operator (34),
introduced in the left hand side of (33), leads to the
following equivalent formula

}C ’ dt dt '

Using (26 ), (29) and the multiplicative decomposition
(10), (35) becomes

(e)
(LLr[T x]) = (F) ' (V, L)[F¢, F*] — Vi Lr. (30)

Definition Starting from the kinematic relationships

derived above, for a given deformation state

e
(i.e. F,F¢,F?, IT' i, T are considered to be given), we

characterize a virtual process by

v—the virtual velocity, L—the virtual velocity gra-
dient,

L¢ and L? the virtual rate of the elastic and plastic
distortion, compatible with the kinematical relation-
ships (27), (28), which means

L:=V,¥, and L=L¢+FLr®F) . 37
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Consequently, taking into account (34) and (36) the
virtual time-derivative of the elastic connection with
respect to the plastically deformed configuration can
be introduced by the Definition:

Virt%((li)lc)(ﬁ) = F ((V, D)[F, F)a— (VL)
~ (© (e) ~
+LP(T i w) — (T ¢ (LP))

© -
—(Cw)L?, VvV ae V. (38)

3 The macro and micro balance equations

The principle of the virtual power at any arbitrary fixed
moment of the time ¢ is built starting from the prin-
ciple of the virtual power derived from Fleck et al.
(1994) and using the result already proved by Cleja-
Tigoiu in (2002a), relative to the expressions of the
power expanded by an elasto-plastic material (without
any relation with a principle of the virtual power).

First we recall the definitions for Piola-Kirchhoff
stress tensor and the stress momentum as pulled back
to the configuration with torsion, and Mandel’s non-
symmetric stress measure, all of them being expressed
relative to KC

) = II = det (F)(F¢)~1T* (F¢) 7, detFe:'%C
e = (det F)(F)T u[(F)~T, (F)~ 7], (39)
LZ’C — (FE)TI(FE)—T’ Ce — (Fe)TFe,

PK P

associated to the non-symmetric Cauchy stress T.

The virtual power at a fixed moment of time is writ-
ten for any part P C I3 and we accept that a surface
element in the actual configuration, with unit normal n,
may transmit both force vector and couple vector. We
start from the virtual power principle, VPP-I, formu-
lated in Continuum Mechanics with couple stresses
(see Fleck et al. (1994)).

PVP-L In the deformed configuration, V. P C B
bounded by a smooth surface 0P, the virtual power at
a fixed moment of time

/pa-wdx+/ T‘dex—i—/ 2’}‘-0dx
Py Py '

+ M. VOdx = + Tn - wdo
Py APy (40)
+ Mn - 0do +/ pb s - wdx
P, Py

+/ pby, - 0dx

P
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1
holds for V virtual velocity w, and § = Ecurl w. Here

X
a is the acceleration vector and the vector field T is
the coaxial vector associated with the skew-symmetric
part of the Cauchy stress tensor T

ux’i‘ =T, Yuel,. (41

b, b, are densities of the body forces and body cou-
ples, the vector force Tn and couple vector Mn, acting
on the surface of the normal characterized by the unit
vector n, M is the couple stress tensor. T and M are
generally non-symmetric second order tensors.

Let us consider some simple properties, concerning
the second order tensor fields with non-zero associated
curl, which will be useful in defining an appropriate
form of the virtual power principle.

Proposition 3 VL. = W € Skew suchthatcur/L = 0,
then

(VLu)v — (VLv)u =0 and
1w, YveV Wu=owxu, (42)
YueV w=curly.

Proposition 4 VL = W € Skew suchthatcurlL. # 0,
then

(VL)u+ (VLw)! =0 «—
1 AelLin VLu=AuxI and 43)
curlW = det AI — AT,

Based on the two propositions derived above we pro-
pose a virtual power principle appropriate to finite elasto-
plasticity with continuously distributed dislocation.

We pass to the virtual power principle, PVP-II, that
1

can be derived from the previous one, when —curl w—

vector field replaced by {Vw}?—tensor field.
PVP-II.V P andV virtual velocity w

/ pa~wdx+/ T-dex—i—/ T . {(Vw}%dx
P P P

+/ w-Vy {(Vwlidx = pb s - wdx
P P (44)
+ Tn - wdo + un - {(Vwldo
P P
—I—/ pB,, - {Vw}dx
P
. a1 T
with  {Vw}? = E(VW —Vw'). 45)

In the above formulae B,, denotes the second order
body couple density and u is a third order field associ-
ated with a second order tensor field M as it follows

1
n-V{Vw}® = EM - Veurlw. (406)

The principle of the virtual power PVP-III follows
from PVP-II, when {Vw}“ replaced by W € Skew.

PVP-III ¥V P and V virtual fields w and W the
equality

/,oa~wdx+/ T-dex+/ T* - Wdx

+/ - VWdx = pb s - wdx
P Pi (47)

+ Tn~wdo+/ un - Wdo

Py Py
+ / oB,, - Wdx

’Pt

holds.

Finally a general form for the principle of the vir-
tual power principle, PVP-general, can be put into evi-
dence, when W € Skew in PVP-II is replaced by L,
restricted to the conditions either L = 0 or curIL # 0.

Let us introduce the micro-stress T% in the config-
uration with torsion, and the micro stress momentum
R

Ax.5 The principle of the virtual power in finite
elasto-plastic, formulated V part P C 5 bounded by a
smooth surface P

/ ,oa-VdV+/ {T-VXV+T*-Ee}dV
x(P.t) x(P.t)

+ / w-V,LedV
x(P,t)

[T Vv
Ki(P)

=/ pbs-vdV
x(P.t)

+/ oB,, -Efdv+/ oBL - LPdVi
x(P.1) Ky

+/ t(n) -vdV + / M) - L¢dA
Ax(P.t) x(P.t)
+ / M?(n) - LPd Ay, (48)
I (P)
holds for any all generalized virtual velocities and vir-
tual rates v, V, v, L?, Vi L?, for all L¢, V, L°.

Now we justify the postulated form for the prin-
ciple of the virtual power (48), using the expression
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of the mechanical internal power as it follows from
Cleja-Tigoiu (2002a).

Proposition 5

1. The density of the internal mechanical power pro-
duced by the non-symmetric Cauchy stress tensor
can be written under the form

1 1 , 1
—-T-L=-T-L°4+ —X,-L". (49)
o P PK

2. The density of the internal mechanical power pro-
duced by the couple stresses can be expressed with
the aid of the third order tensor of stress momen-
tum defined in the actual configuration by ju or in
terms of the stress momentum pulled back to the
configuration with torsion py

1 1 o s e
—i-V,L = —p - (F)'V,L[F, F]
p oK

1 (e)
= —px - (Lor[T D
PK

1
+ —pi - ViLP. (50)
oK

The last equality, that put in evidence the elastic and
plastic part of the appropriate internal power, has been
reformulated as a consequence of (36).

Remark We use Gurtin’s argument, since there are no
motivation to suppose that the terms which enter the
previous formulae (49) and (50) refer to the same stress
and the same momentum, and we replace in (49) X
by the microstress T,”C and in (50) px, which is power
conjugated with VL, by p-.

The macro-balance equation at any time ¢ can be
derived from (48) if we take L?” =0 and V;Cff’ =0.
For any V, a virtual velocity and for any second order
tensor field L¢ with curl (Ee) # 0, i.e non-reducible
to a gradient of an appropriate vector field, the macro-
balance equations are derived. The micro-balance
equation at any time ¢ can be derived from (48) if
L? and V,CEP are non-zero.

Theorem 1

1. The impulse and momentum local balance equa-
tions can be written under the form

pa=divT + pby

T =divp + pB,,, on P; 5D

with the appropriate boundary conditions on 3P,
Tn =t(n), and pun = M(). 52)
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2. The micro balance equation is expressed by
T% —div u% =pBL, inK(P,1),
;L%n =MPn on IK(P,t), (53)

micro-traction condition.

We remark that (51), (53); together with the bound-
ary conditions (52) and (53), follow directly from the
principle of the virtual power, stipulated in (48), with-
out any additional assumptions.

Finally we conclude that the theory can be based
either on the appropriate postulate of the variational
principle for physical and material space or on the pos-
tulates of the physical and material balance laws.

4 Free energy imbalance

Ax.6 There exists a free energy density function v,
invariant with respect to a change of frame in the actual
configuration

e (p)
¥ = (€, Tre, )1, T, (54)

represented in the configuration with torsion /C by a

()
function of the second order elastic pair (C¢, T i),
and dependent on the plastic measure of deformation

o, w
(FP)™", IT'k).
Ax.7 The elasto-plastic behavior of the material is
restricted to satisfy in /C the free energy imbalance

. 1
—vr + (Pinddic =0
PIC

for any virtual (isothermic) processes.

(55)

Proposition 6 In (55) the internal power in the con-
figuration with torsion can be calculated starting from
the expression

1
(P = (T T - LS4 - L7
1 (e)
+—uxc - Lor[T k]
PK

1
+— b VL, (56)
PK
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while the time derivative of the free energy is expressed
through

e = dce e - € — (FP) T dgpy -1y - L7

e (LE
+ (lg)Kl//IC' 7 Tk

d ®
+0p Vi o Tk]). (57)
I'c t

The formula (56) is derived from macro and micro bal-
ance equations, multiplied by L¢ and by L7, respec-
tively.

In order to pursuit the calculus

1. We eliminate the rate of the elastic distortion,
which enters the expression (56) via formula (28),
as well the gradient of the rate of elastic ditorsion
via the formula (36). Then only L and L.” and their
appropriate differentials, V, L and ViL?, enter
the internal power.

2. In (57) the rate of the elastic strain is replaced by

C¢ =2 (F)T{L)'F¢ — 2 {CLP)’, (58)

using the elastic strain C° expressed as a consequence
of the multiplicative decomposition under the form
€= (F)'F = ®)TCEN
where C =F'F. (59)

In order to obtain the imbalanced energy condition, we
pass to the virtual kinematic process, as it follows:

virt(C¢) = 2 (FO)T{LY'F° — 2 {C® - L?)*,
related to (58)
© _ _
virt(CLo [T ) = (F) ™1 (V, D) [Fe, F¢] — VP,
related to (36). (60)

Everywhere we replace L, and VL, by the virtual L
VL, L?, and Vi L? are replaced by L? and V,L?.

Proposition 7 The free energy imbalance is satisfied
for any virtual process, if the inequality written below

[%(Feﬂ{T + TP )T - 29ce w;c]
[FOHT{L)F — (C°- L")

1 ~ -
+—{T+T**. (L -FL/F)

P

1 B _

+ IET% + (FP) Ta(Fp)—l 1ﬁIC] -LP

1 ~ -
+—px - [(F) ™V, L)[F, F] — VicL7]

PK

1 ~
+—mny - VgL?

PIC

. d
—Ore, Yk - virt (ZI‘%) —dp VK

I'k

virt{ — (IE) 0 61
virt >
ir ; K (61)

holds £0r any~f, = VXV, in, and for arbitrarily
given L?, VicLLP.

The virtual kinematic processes are also character-
ized by the virtual variations of the fields via the for-
mulae

. d © ~ (© e - (e) ~
virt (E(F,C)) =L’ Ty - TxLP—Tk[IL"]
+ (F) " (V, L)[F, F¢] — VL?
related to (38) (62)

and related to (31)

d ® ~ ~ P -
virt{f — (L) |=L7 'y —VxLP—T L?
dt (63)

P  ~
— T [I,L7].

5 Thermodynamic restrictions

We provide the thermomechanic restrictions on the con-
stitutive description of elasto-plastic material, based
on the imbalanced free energy condition. We require
the imbalanced condition written in (61) to be satis-
fied for any virtual process, defined by the formulae
(60)—(63), when LV ¥ L are arbitrary, and for the given
L, VKEP .

I. First step: we consider a virtual process in a such
way to have L? = 0, ViL? = 0.
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Thus (61) holds for any L, V, L, if and only if the
following constitutive restrictions

(F) YT +T*P (F) ™" = 2pdce v,

T+ T*4=0 (64)

— i = Ore YK,
PIC

are satisfied.

II. Second step: we introduce the thermodynamic
restriction (64) into imbalanced free energy con-
dition (61) and we get the dissipation inequality

1 _
—Y? 4+ FP)ThH _lw,C] -LP
[PIC K &

1 ~
+ [—szc + ) 1/’16] - VkL? —dq Vi
PK [ I'e
~ (0 © - (© -~
{L? Ty — T LP— T [I,L7]} — 3<lg> VK
K

~ (O (P -
AL T — T LP— T [ILL?]} >0. (65)

Let us introduce the free energy in the reference con-
figuration

(e) (p)
Y =Y (C T, F)~' Ti)
(P

_ @ (00)
= I//(Cs rbackv FP’ r)’

taking into account the relationships (59), (8) and (16).

Proposition 8 When we pass to the free energy den-
sity in the reference configuration k, the dissipation
inequality becomes

[pirg — 2C¢(FP)acy (F)T — anE(FP)T] -L?
K

1 _
+ {—u,’; — ®") Moy yIEN)", (F")T]]
PK r

VkL? >0, V L? VgL”. (67)

In order to prove the above formulae we take into
account the relationships between the partial deriva-
tives of the free energy expressed relative to the ini-
tial configuration and to the configuration with torsion,
derived from (66) together with (59), (8) and (16), under
the form

@ Springer

dcy = FP) aceyc(FP) T
¥ = —F) 8y, Y@, FHT,
r I'c
do Vic=F"Ta,  YLENHT, FHT],
Tk T pack
dpr U (BT . LP = —2C%dceyic - LP
— (B geny-1yc - L
~ (e (e) (e) ~
+3<lg> Y- {L? T — T LP— T [ILLP]}
K

~ (O (p) -
+3p Yr-{LP Tx — T LP— T g [I,LP]} (68)
'k

The constitutive form of dp» 1 following from (68) can
be expressed through

opr iy = —2C“0ce e — )™ dn) 1Yk

() (e ® P
+ Dy (DT ]+ Dy (O[T . (69)

@) (e
Here the second order tensor denoted by Dy (T')[T']

(e)
is defined for any third order tensor field I'= & as it
follows

e e
D X i=| —Xsir — Xijp——
Yic(X)[X] I:aijk sjk ljpa)(ijs
K |. .
— Xjppk ———— . 70
tpka)(,iskjllp(gls (70)

Based on the dissipation inequality, we formulate
the constitutive hypotheses:
Ax.8 The microforces contain:

(1) adissipative part,
(2) anon-dissipative part, which are derived from the
free energy, the so-called energetic microforces,

and they are represented through

1 i, _ ~
%T% = 2C*(FP)acy (FP)T + dpp y (FP)T + v, L7

1 n ~
— k= F") T,y [(F)T, (FP)T] + ¥, ViLP.
PIC T
(71)

We remark that the non-dissipative parts of the micro-
forces were derived from the free energy through (71),
but only the last terms of the right sides of (71) are dis-
sipative, because the free energy cannot depend on the
rates.

Ax.9 The scalar constitutive functions Y,,, Y, are
defined in such a way to be compatible with the dissi-
pation inequality

Y, ViL? - ViL? + Y, L? - L? > 0. (72)



Material forces in finite elasto-plasticity with continuously distributed dislocations 77

Remark The presence of the non-dissipative part (the
first term in the right-hand side, which has the signifi-
cance of the Mandel’s type stress) in the formula (71);
couples the macroscopic and microscopic forces.

Following Gurtin (2004), we introduce the intensity
for the accumulated effect of the rate of plastic distor-
tion and of the gradient of plastic distortion, through

d? = \JLP - LP + h2ViLP - ViLP, (73)
and we define
Yy i=Y(@P), Yy i=hY@dh), (74)

with £ a length scale.
We resume the constitutive equations for macro-
stress and macrostress momentum, when T* = —{T}¢,

¢ e 1
(T} = 2pFdce ¥ (F)T, _pic Ric = Ore Y,
(75)

which can be equivalently represented as a consequence
of the relationships derived in (68) through

, . 1 B _
(T)" = 2pFocyF", —p=Flope, JIFT . F1].
(76)

The microforces and microstress momentum have been
represented under the form of viscoplastic constitutive

equations
1 _ -
T = 2C AT + e (B0
+Y(dP)LP
1 @)L a7
oo tic = @)1 YIENT, F)1]
+h2Y (dP)VLP,

with d? := /LP -LP + h>VxLP - Vi LP. Thus the

dissipation inequality (72) becomes

Y(dP)LP - LP + h*Y (dP)ViLP - VicL?

=Y (d")(dP)* = 0,

under the supposition that Y (d?) > 0.
Let us remark that the stress

Y = Yh — =% (79)

leads to the viscoplastic constitutive equations

(78)

1 — _
—Xj = opry (F)T 4+ Y (dP)LP
PIC

Ll = )T o, GIENT, F)T] (50)
pKC r

+h2Y (dP)ViLP.
The micro balance Equation (53); involves the material
forces and finally it is written under the form

Y = Zx +div uf- + 4Bh, in K(P.r). 8D

6 Screw dislocations

We recall here the definitions of the Burgers vector by
adopted in our context of finite elasto-plasticity, first in
terms of plastic distortion F?.

Definition For a given Ay surface with normal N
bounded by Cy, a closed curve in the reference con-
figuration, we introduce the definition

b = / F? dX = / curl (FP)NdA
Co Ao (82)
= / axnicdAx,
Ax
where N is the unit normal on the surface in the refer-
ence configuration and Noll’s dislocation (second
order) tensor is given in terms of the plastic distortion

curl(FP)(FP)T . (83)

o =
K det FP

The meaning of Burgers vector clearly appears from
the approximate formula, derived from (82)

bic =~ curl (FP)N area(Ayp), (84)

with the functions calculated in an appropriate point.

A similar definition for the Burgers vector by can
be also done in terms of elastic distortion F¢ and the
approximate formula can be derived under the form
bx =~ curl (F¢)~'n area (A;), with the functions cal-
culated in a fixed point inside A;—an appropriate sur-
face in the actual configuration.

The geometric dislocation tensor G, which repre-

sents the Noll’s second order dislocation tensor, G =
ax = ajc, is decomposed by Gurtin (2002) in pure
screw and edge dislocations, corresponding to differ-
ent slip system within the constitutive framework of
Crystal plasticity.
Remark As it follows from the characteristics
attributed to the edge dislocation (Hirth and Lothe
1982), the Burgers vector is defined by
b = (curl(F?)) N(area Ag) with

curl (FP) = a’(e3 ® e;)

where the unit vectors e are chosen in a such way to have

. L b
e; = N, e3 is the Burgers direction, e3 = —, e; L

b’
b.

(85)

Consequently the edge dislocation is characterized
by the curl of plastic distortion of the form

aFy,  OFL
curl (F?) = a? - 87 (e3®ep) (36)
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Let us remark that if there exists a potential for plastic
deformation

) 3 ) 3
Ffz:a—zzz, F3[;’:3_13 with u3:u3(x2,x3)
b
=u.-—, (87)
[b|

which can be associated to a certain plane motion of
dislocation, then in order to have non-zero curl it is
necessary to accept a non-simply arc wise connected
physical domain in a certain neighborhood of the given
material point.

Following again (Hirth and Lothe 1982) the screw
dislocation is characterized by a Burgers vector with
the property listed below

b = (curl (FP)) N (areaAy) for

curl (F?) =aP(b ®b), (88)
b
N= €3, €3 = m
Let us characterize the plastic curl in this case
aFy,  OF,
cul (FP) = — — —= | (e3 Q@ e3) (39)
0x2 ox!

If there exists a potential for plastic deformation, defin-
ing the only two components Fj;, Fi, of the plastic
distortion supposed to be non-zero, then

83 3
FI=" FL="" it
ax! 2 ox2 (90)
3 3,1 .2 b
w=uwx,x)=u- —,
['b|

which means that an anti-plane motion of dislocation
has been considered. Again, in order to have
non-vanishing curl, the physical space in a certain
neighborhood of the material point is locally a simply
arc wise connected domain.

6.1 Characteristics of the plastic distortion in the case
of screw dislocation

The simplest form of the plastic distortion, compatible
with the characterization given for the screw disloca-
tion can be represented by the matrix

1 0 0
FP=[0 1 0], 91)
Fl Fi 1

in the Cartesian basis denoted by {e;} (=13} where
F3‘"l F3p2 are functions of (xl, xz), and
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OF 0Py
ax2  ax!
We kept the same notation for the tensor and its matrix

representation, in a certain mentioned basis.
The plastic metric tensor C? associated to the plastic
distortion (91) is given by

#0, detFP =1. (92)

L+ n
C’'=|yn L+vin |, (93)
Y1 V2 1

with the notation  FJ; = y1, Fi, = .
Let us introduce the function y

Yy = vie; + y2e; with

94

n=n@&hLx?), p=nxx?. O
From (91) together with (94) we get

CP=14+yQ@y+y®@e+e3®y. 95)

Let us introduce a local basis (u, v, e3)

Yy
v=|y—|, for |y l=+ri+vs %6)

I € (er,ey), suchthat p-v =0.
From (91) together with (94) we get
C’ =p@upn+ AP with
AP =1+ |y Pvovt |y [ (0 @es
+e3 @) +e3 R es. o7

The second order tensor A” has the matrix representa-
tion in the basis {v, e3}

I+ 1y 1y |)
AP = . (98)
(I Val 1
We define the positive square root tensor (A?)!/? and
the symmetric and positive definite tensor U?”.
Proposition 9 (A?)!/2 is defined by
1 R

AP)/2 = (Ap +12) ,

Vit [y P 99)

A

L=vRv+e;Res

or in a matrix representation

L (2+|y|2 |y|) (100)
Vatr 1y P \7 2

The symmetric and positive definite tensor UP can be
expressed under the form

U2 =pn@p+ (AP)/2, (101

(AP)/2 =
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Finally, we prove the formula

U= =pep

1
t————Q+ |y PV
\/4Trl|}'|2
Y
—— (v Re3;+e y
2
e3Qe;3
441y |?
where v=|y—|, mw-v=0 pu-e3=0.
Y

Proof We write the Hamilton-Caley theorem for the
tensor fields (A?)1/2

AP — (AP)12(tr(AP)1/2) + /(detAP), =0 (103)
When we apply the trace operator in (103) we get
(tr(AP)1/2)2 = (trAP) 4 2/(detAP) (104)

and consequently

(A2 =

t(Ap)] . (A + J/(detA?) 12) (105)

Using the explicit expression of the trace, the formula
(99) follows at once.

Proposition 10

1. The torsion of the plastic connection, attached to
the plastic connection in the reference configura-
tion, can be expressed in term of w, by

S=wesQ@[ex ®e; —e; @ el (106)
2. The second order torsion tensor is derived under
the form
a2 Iy
N=we;®e3, with w=—">——. (107)
0x1 0x2

Proof By direct calculus we derive the expression of
the plastic connection

I? = F")"{(VF’) =e3 Q€1 ® (V1)
+e3®@er ® (Vi) (108)

A full characterization of the edge dislocation as well
as the appropriate compatibility condition can be found
in Cleja-Tigoiu et al. (2007, in press).

Concluding remarks.

In order to compare the presented here results with
the existing in the literature results in the field, we put
into evidence different internal power expressions, pro-
posed by Gurtin.

a. The additive decomposition of the displacement
vector Vu = H°® 4+ H? into elastic and plastic parts

is accepted in Gurtin (2003), within the framework
of small deformation theory. The power expended
in terms of an appropriate force system is given

under the form [ (T-H+T? -HP +S?-VH?)dx.

Here T? a seconZiD—order microstress and S a polar
(third-order) microstress that together perform
work in the evolution of the defects through this
structure, for any part P of the body.

In Gurtin (2004) the power expended within any

/(T~E"—|—T”-H”+8P-

P
curlH?)dx. Here E¢ = {H¢}S, and the micro-
scopic stress performs work in conjunction with
the rate of Burgers vector, which is characterized
by G = curl(H?)

Within the constitutive framework of Crystal plas-
ticity, based on the multiplicative decomposition
of the deformation gradient, the tensor field

G = 1/(detF?)FPcurl(F?) (i.e just Noll’s dislo-
cation density, in Noll (1967), here in terms of
the plastic distortion F?) is considered by Gurtin
(2000) to be a measure of geometrically neces-
sary dislocations. In this case the internal power

is written in the form / (T -L¢ + Z(Tr“v“ +
P

part P has the form

o
&% . gradv®))dx, where the sum is espanded to the
slip systems and for each o, 7*—internal micro-
forces and £*“—microstresses are introduced as
forces conjugated to slip and they produce work
by slip and by slip gradient respectively.

We conclude

As a peculiar aspect of the models proposed by
Gurtin in the mentioned papers, the microbalance
equation generates the viscoplastic yield condi-
tions or the viscoplastic flow rules. On the other
hand no yield criteria has been introduced, and
the irreversible behavior can develop at the very
beginning.

Let us remark that the micro balance equation
together with the viscopalstic constitutive equa-
tion for the microforces and microstress momen-
tum generate an appropriate flow rule (see also the
non-local yield condition in Gurtin (2000))

2C¢(FP)acy (FP)T + opr ¥ (FP)T + Y (dP)LP
—divm((FP)*Ta%)&[(FP)T, F"7]

+h2Y (dP)ViLP) = Bh, (109)
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withd? := \/LP - LP 4+ h2ViLP - Vi LP, for the
plastic incompressible case pxc = pg.

Following the methodology developed in Cleja-
Tigoiu (2002b), we can derive from the proposed
here model the behavior of the elasto-plastic mater-
ial, in the case of small elastic strains but large elas-
tic rotation R®. In this case C* >~ I + 2¢ with the
elastic strain | € |<< 1, and the connection is gen-
erated by the gradient of the elastic rotation as well
as the Ve. Moreover, when we restrict ourselves
to small elastic and plastic deformations, i.e. the
small rotation and small strains, model within the
constitutive framework adopted by Gurtin (2000)
follows, but the microstress momentum are still
presented.

The plasticity and the damage defects localize
over the narrow region of the material. The plas-
tic and the damage evolution process are inho-
mogeneous at the macroscale. The macroscopic
inelastic deformation are sensitive to the structural
defects within the volume element. Hence, nonlo-
cal theories are necessary to adequately take into
account mechanisms which take place in the neigh-
borhood of the considered material points (see the
comments by Briinig and Ricci (2005)). A nonlo-
cal theory of an isotropically damaged materials
can be developed based on our proposed model,
in order to characterize the damage state config-
uration (identified with a configuration with tor-
sion), independently of the current elastic defor-
mation, i.e. for C® = I. The damage produced by
the microdefects can be identified with the pres-
ence of screw and/or edge dislocations.

The proposed description of the edge and screw
dislocations (corresponding to deformation fields,
which remain incompatible due to the non-zero
curlFP) can be utilized in order to describe the
appropriate fracture mode, by plane deformation
and anti-plane deformation. The non-zero Burgers
vector can be utilized in order to describe the cracks
motion.

The quantities with the dimension of length
appears as additional material parameters, in the
expression of the free energy density, in the inten-
sity for the accumulated effect of the rate of plastic
distortion L? and of the gradient of L.”.

In the model (although at the general framework
presented here there is not necessary) we can
assume the existence of the viscoplastic (or an
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yield) function defined in the physical force system
(T, p), such that the plastic (viscoplastic) behav-
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