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Abstract. Thermal loading of fractured structures is associated with the development of differential
deformations along crack surfaces which result in the closure of the crack. Inherent non-linearities
demand application of numerical procedures to resolve this problem. In this paper, a boundary ele-
ment procedure is formulated to treat crack surface interference imposed under thermal steady-state
or transient loadings. An iterative-incremental procedure is developed to deal with the non-linearity
produced by the frictional contact of the crack surfaces. The open, adhesion and slip contact condi-
tions are modeled through the utilization of the multi-domain technique. Two approaches are followed
regarding the thermal boundary contact conditions along the crack region. In the first, crack surfaces
are assumed to be thermally insulated. This assumption simplifies the formulation significantly. In the
second, the crack surfaces are assumed to provide perfect thermal contact. Thermal stress intensity
factors are evaluated from traction nodal results that adopt singular elements in the crack tip region.
Numerical examples are illustrated, discussed and compared with analytical solutions, where possi-
ble. Fracture characteristics are predicted in terms of the involved parameters. As a general conclu-
sion, peak values of thermal stress intensity factors depend on the friction conditions existing between
crack faces.

Key words: Boundary element analysis, crack closure, frictional contact analysis, incremental proce-
dure, stress intensity factor, thermal shock.

1. Introduction

The processing of modern material components usually involves heat treatment pro-
cedures. During the operating cycles, these components undergo complex mechani-
cal and thermal conditions. The complicated geometry configurations combined with
the developed steep temperature gradients, enforce failures which reduce the reli-
ability standards and substantially increase the manufacturing or maintenance costs.
As there is a demand for better reliability standards, the development of preven-
tive design methodologies that can be applicable under extreme loading conditions
in the presence of cracks, has become more and more essential. Despite the fact that
the role of mechanical loading in fracture has been investigated, it is of fundamen-
tal importance to understand how transient or cyclic thermal conditions affect crack
growth and fatigue failure. When this kind of dynamic load is dominated, cracks
tend to open and close regularly. Because of this, a more complicated modeling is
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demanded, as the open crack assumption is violated. During the contact phenome-
non, the crack surfaces come into contact and form an interface on which contact
pressure and friction forces interact in the normal and tangential direction, respec-
tively. The interference of the deformations of the crack faces is commonly referred
in the literature as crack closure. Contact fracture mechanics typically involves partial
contact of the two faces of the crack under applied thermal load. Despite the signifi-
cance of crack closure and its effect on the crack growth rates, its characterization
under time-dependent thermal loading has not been resolved because it involves sub-
stantial computational effort.

Contact problems are non-linear because the contact surfaces are not known
a priori and due to the load-dependency of the contact conditions along the contact
area. When the contact area is located on a crack (crack closure phenomenon), then
the difficulty in approaching these problems is increased due to the presence of field
singularities near the crack tip. Under crack contact conditions, the near crack tip
displacements and stresses keep their essential singular behavior, despite the imposed
contact constraints. However, because of the non-linearity of the contact phenome-
non, an accurate analytical solution is not possible.

Among general computational techniques, which have been developed to treat
crack contact problems, it must be acknowledged that the finite element method
(FEM) has hitherto been the most successful (McClung and Sehitoglou, 1989; Kokini
and Reynolds, 1991; Anifantis, 2001). However, the requirement for dense mesh
refinement in the neighborhood of the crack arises computational deficiencies. The
boundary element method (BEM) has been successfully applied to general elastic fric-
tional contact problems (Karami, 1983; Man et al., 1993) and has also been used
as an alternative potential tool in analyzing crack contact problems involving pure
mechanical loads (Karami and Fenner, 1986; Zang and Gudmundson, 1990; Liu and
Tan, 1992). Nevertheless, there is a lack of equivalent material for steady-state and
transient thermoelastic fracture problems. The thermal shock fracture problem related
with surface cooling – causing crack opening – was solved in detail by Nied (1983)
through integral equation techniques. Nied (1987) as well as Rizk and El-Fattah
(1993) attempted to quantify the severity of surface heating induced crack closure
in a cracked plate of finite thickness. However, in this work only symmetrical cracks
under symmetrical loadings were investigated and thus the effect of friction was not
examined.

In thermal fracture mechanics analysis, the determination of the stress inten-
sity factor (SIF) is always a major consideration and it has to be evaluated. One
approach is to utilize singular elements. Among those, the quarter-point element
(QPE) has been significantly popular because of its accuracy and simplicity (Martinez
and Dominguez, 1984; Katsareas and Anifantis, 1996). Karami and Fenner (1986)
investigated crack closure problems of strips with edge or inclined central cracks by
utilizing the standard quadratic isoparametric multi-domain BEM formulation and
quarter-point crack tip elements to represent the singularity of the near-tip displace-
ment fields. Selvadurai and Au (1988) used the traction singular crack tip element
even in the case of a closed crack tip.

In this study, an iterative-incremental procedure based on the multi-domain BEM
has been developed for the analysis of two-dimensional frictional crack closure under
thermal loading. The so-called multi-domain technique permits subdivision of the
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problem domain into sub-regions. The crack surfaces are modeled as separate bound-
ary surfaces, on which appropriate constraints, involving traction-free, adhesion or
slip contact conditions, are imposed. In order to model the thermal crack closure,
two different formulations are utilized. Firstly, the crack is assumed fully adiabatic
and secondly, perfect thermal conduction is assumed between the crack faces along
the contact zone. The common isoparametric quadratic elements in conjunction with
special crack tip elements are utilized. The results that are presented here correspond
to a variety of crack orientations, friction and heating conditions.

2. BEM formulation for 2D thermoelasticity

The boundary integral equations describing two-dimensional thermoelastic problems
are well-known. In order to keep the reader aware of the method, these equations are
described briefly in the following.

2.1. Steady-state thermoelasticity

Considering a two-dimensional isotropic and homogenous solid, free of heat and
body forces, defined on domain � of boundary �, the boundary integral equations
governing the steady-state thermoelastic equilibrium can be written in the following
form (Brebbia et al., 1984; Balas et al., 1989; Raveendra and Banerjee, 1992):

c(ξ)θ(ξ)+
∫

�

θ(x)Q(x, ξ)d�(x)=
∫

�

q(x)�(x, ξ)d�(x) (1)

cij (ξ)uj (ξ)+
∫

�

uj (x)Tij (x, ξ)d�(x)=
∫

�

tj (x)Uij (x, ξ)d�(x)

+
∫

�

[θ(x)Qi(x, ξ)−q(x)�i(x, ξ)]d�(x), (2)

where the indices i, j assign the global Cartesian directions along the axis xi , xj ,
respectively, with i, j =1,2; θ , q are the temperature and the heat flux; uj , tj denote
components of the boundary displacement and traction vectors, respectively. The vec-
tors x and ξ are the source and field points; c, cij are functions of the local geom-
etry at ξ . The functions Q(x, ξ), �(x, ξ), Tij (x, ξ), Uij (x, ξ), �i(x, ξ), Qi(x, ξ) are
the fundamental solutions for two-dimensional stationary thermoelasticity. Details for
the derivation and the form of these functions may be found elsewhere (Brebbia et
al., 1984; Balas et al., 1989; Raveendra and Banerjee, 1992).

According to the BEM procedures, the boundary of the body is discretized into
a number of standard quadratic isoparametric elements. Over each element the vari-
ations of the geometry, displacements and tractions are described in terms of nodal
values, by the corresponding shape functions (Brebbia et al., 1984). Note that in the
problems considered in this work, standard isoparametric elements are used every-
where in the boundary except for the crack tips where special elements, which will
be described later on, are utilized.

After discretizing Equations (1) and (2) and assembling, two systems of equa-
tions are produced that in the usual terminology of BEM, can be expressed in the
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following form:

[Q]{θ}= [�]{q}, (3)

[T ]{u}= [U ]{t}+{B}. (4)

In last equations, matrixes [Q], [�], [T ] and [U ] contain coefficients which represent inte-
grations of Qi , �i , Tij and Uij over the elements, respectively. The singular diagonal terms
of matrixes [Q] and [T ] containing the function c(ξ) and cij (ξ), respectively, are obtained
through the well-known rigid body technique (Brebbia et al., 1984). The last term of Equa-
tion (4) is defined as:

{B}= [Q]{θ}− [�]{q}, (5)

where matrixes [Q] and [�] contain coefficients which represent integrations of Qi

and �i over the elements, respectively. Finally θ and q are the temperatures and heat
fluxes derived from Equation (3).

2.2. Quasistatic thermoelasticity

The boundary integral equations governing the two-dimensional quasistatic problem
of a thermoelastic solid, defined on domain � of boundary � in the absence of inter-
nal sources, are (Brebbia et al., 1984; Balas et al., 1989; Raveendra and Banerjee,
1992):

c(ξ)θ(ξ, tF)+
tF∫

t0

∫

�

θ(x, t)Q(x, ξ, tF, t)d�(x)dt −
∫

�

θ0(x)Q(x, ξ, tF, t0)d�(x)

=
tF∫

t0

∫

�

q(x, t)�(x, ξ, tF, t)d�(x)dt, (6)

cij (ξ)uj (ξ, tF)+
∫

�

uj (x, tF)Tij (x, ξ)d�(x)

=
∫

�

tj (x, tF)Uij (x, ξ)d�(x)+
tF∫

t0

∫

�

[θ(x, t)Qi(x, ξ, tF, t)

−q(x, t)�i(x, ξ, tF, t)] d�(x)dt, (7)

where t is the time at which the responses are calculated, whereas t0 and tF are
the initial and final time points and θ0 is the initial temperature distribution. The
functions �(x, ξ, tF, t), Q(x, ξ, tF, t), �i(x, ξ, tF, t), Qi(x, ξ, tF, t) are the fundamental
solutions for two-dimentional quasistatic thermoelasticity defined elsewhere (Brebbia
et al., 1984; Balas et al., 1989).

After discretizing the boundary � and assembling over shared nodes, Equations
(6) and (7) are transformed into the following matricial form:

[1Q]{F θ}= [1�]{F q}+
F−1∑
f =1

(
[F+1−f �]{f q}− [F+1−f Q]{f θ}) , (8)
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[T ]{F u}= [U ]{F t}+{F B}, (9)

where F is the final time instant and f θ , f q are the nodal temperatures and heat
fluxes at the time instant f =1,F , respectively. The vector {F B} is defined as

{F B}=
F∑

f =1

(
[F+1−f Q]{f θ}− [F+1−f �]{f q}) . (10)

It must be mentioned at this point that in the present work, constant time inter-
polation is adopted (i.e. �t = tf − tf −1 =const) and thus, during the analysis only the
matrixes [1Q] and [1�] need to be computed and stored in memory for each addi-
tional time step (Brebbia et al., 1984; Raveendra and Banerjee, 1992).

3. Implementation of frictional crack contact

The whole procedure will be analytically explained for the case of a steady-state load-
ing. The corresponding quasistatic problem, which virtually represents a sequence of
stationary problems, is correspondingly resolved.

3.1. Incremental form of equations

Contact problems are in general non-linear since the extent of contact is not known
in advance and because the friction phenomena at the contact area lead to the load
history dependency of the boundary conditions. Therefore, these problems have to be
formulated in an incremental and iterative fashion. In particular, the load, which in
the present analysis is represented by the nodal temperatures and heat fluxes, and
consequently by the vector {B}, must be applied into small load steps defined as:

{�B}= [Q]{�θ}− [�]{�q}. (11)

In line with the incremental theory, after m load increments, the following rela-
tionships can be considered:

um
i =um−1

i +�um
i =

m∑
k=1

�uk
i (12)

tmi = tm−1
i +�tmi =

m∑
k=1

�tki (13)

Bm =Bm−1 +�Bm =
m∑

k=1

�Bk. (14)

According to Equation (4), the incremental boundary element formulation for
two-dimensional steady-state thermoelasticity at an increment m can be written as:

[T ]{�um}= [U ]{�tm}+{�Bm}, (15)

where {�um} and {�tm} are the vectors containing the incremental nodal displace-
ments and tractions, respectively.
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Figure 1. Cracked body subjected to thermal load: (a) open crack, and (b) partially closed crack.

The same equations are suitable for quasistatic thermoelasticity with the difference
that in this case, these increments subdivide the thermal load {F B} of a specific time
point F into sub-increments {F �Bm}.

3.2. Incremental contact conditions and assembly of equations

Assume a thermally loaded two-dimensional body defined in domain �(�), which is
bounded by surface �. This body is fractured by an edge crack that forms the addi-
tional boundary surface �c = I�c + II�c. The extension of this surface ahead the crack
tip represents a fictitious interface �i , which divides the domain of the problem into
sub-domains I� and II�, such that �(�) = I�(I�) + II�(II�) (Figure 1). This is a
tight interface, in the sense that full continuity and compatibility are defined on it.
In a general case, the crack surfaces are divided into three possible contact zones,
�co, �ca, �cs, which correspond to the open, adhesion and slip state, respectively.
By dividing the crack surfaces I�c, II�c into elements and nodes whose disposition
along surfaces is identical, a number of node-pairs are created. The contact condi-
tions, expressed in an average local coordinate system (n, t), between two nodes of a
node-pair, being in one of those contact states at a load increment m are as follows:

Open state (�co) : Itmt =0; Itmn =0; Itmt =−IItmt ; Itmn =−IItmn , (16)

Adhesion state (�ca) : Ium
t =II um

t ; Ium
n = IIum

n ; Itmt =−IItmt ; Itmn =−IItmn , (17)

Slip state (�cs) : Ium
n = IIum

n ; Itmt =±µItmn ; Itmt =−IItmt ; Itmn =−IItmn . (18)

These contact conditions express the total equilibrium and compatibility
conditions. These must be always verified, but necessary for them to be rewritten
in incremental form, to agree with the loading procedure. This is accomplished by
substituting Equations (12) and (13) into equations (16)–(18). The following incre-
mental contact conditions are then produced (Man et al., 1993):

Open state (�co) : I�tmt =−Itm−1
t ; I�tmn =−Itm−1

n ;
I�tmt =−II�tmt ; I�tmn =−II�tmn , (19)
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Adhesion state (�ca) : I�um
t = II�um

t − Ium−1
t + IIum−1

t ;
I�um

n = II�um
n − Ium−1

n + IIum−1
n ;

I�tmt =−II�tmt ; I�tmn =−II�tmn , (20)

Slip state (�cs) : I�um
n = II�um

n − Ium−1
n + IIum−1

n ;
I�tmt =±µI�tmn − Itm−1

t ±µItm−1
n ;

I�tmt =−II�tmt ; I�tmn =−II�tmn . (21)

As can be seen, the above equations assume that slip occurs under Coulomb friction
conditions with a single coefficient of friction µ. Evidently, the following incremental
conditions hold on the interface �i :

Interface (�i) : I�um
t = II�um

t ; I�um
n = II�um

n ; I�tmt =−II�tmt ; I�tmn =−II�tmn . (22)

Afterwards Equation (15) is applied in both sub-domains. The two resulting equa-
tions are then assembled according to all the previous mentioned incremental condi-
tions into the following form:

[
IT 0 IT i

IT a
IT t,s

IT n,s 0 IT o 0
0 IIT IIT i

IIT a 0 IIT n,s
IIT t,s 0 IIT o

]




I�um

II�um

I�um
i

I�um
a

I�um
t,s

I�um
n,s

II�um
t,s

I�um
o

II�um
o




=
[

IU 0 IU i
IU a

IUn,s ±µ
I
U t,s

IUo 0
0 IIU −IIU i −IU a −(IIUn,s ±µ

II
U t,s) 0 IIUo

]



I�tm

II�tm

I�tm
i

I�tm
a

I�tm
n,s

−Itm−1
o

Itm−1
o




−
[

0 0
IIT a

IIT n,s

]{
Ium−1

a −II um−1
a

Ium−1
n,s −II um−1

n,s

}
+

[
IU t,s

−IIU t,s

]
{−Itm−1

t,s ±µItm−1
n,s }+{�Bm}. (23)

In the above equation, the subscripts o, a and s denote the nodes being in open,
adhesion and slip state, respectively. Matrixes with these subscripts are written in
terms of the average local coordinate system, in which the corresponding nodes are
analyzed. If vector {�Bm} is changed into {F �Bm}, then the corresponding equation
for the time-dependent thermoelastic problem, at the increment m of the time point
F , is obtained.

3.3. Incremental–iterative procedure

The computational simplicity of the incremental-iterative procedure depends strongly
on the way that thermal contact is formulated. Many researchers – in order to resolve
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the thermal crack closure phenomenon – assumed that the crack faces were insulated
(Kokini and Reynolds, 1991), while others assumed perfect thermal contact between
the crack faces when in frictionless mechanical contact (Martin-Moran et al., 1983).
In other works (Alonso and Garrido Carcia, 1995), imperfect thermal contact condi-
tions were assumed in order to solve general frictionless thermoelastic contact prob-
lems. In this approach, the thermal resistance at the contact zone of the solids was
considered to be a known decreasing function of the contact pressure. In the pres-
ent work, the first two aforementioned approaches are implemented for comparative
reasons.

3.3.1. Adiabatic crack contact
In this approach, it is assumed that the crack faces are fully adiabatic being in
mechanical contact or not. This assumption uncouples the thermal solution of the
problem from the mechanical one, in the sense that during the incremental procedure
the thermal part of the problem does not need to be resolved according to the new
contact state because thermal conditions in the contact region are not affected.

The first step of the numerical procedure, under adiabatic thermal contact condi-
tions, is the solution of the thermal parts of the describing equations. This is accom-
plished by applying Equations (3) (steady-state problem) or (8) (quasistatic problem)
in both sub-domains I� and II� of the problem. In order to obtain the solution, the
resulting equations are assembled according to the thermal interface conditions Iθ = IIθ ,
Iq =−IIq and the total thermal boundary conditions that describe the problem. After
separating the known from the unknown boundary values of temperature and heat
flux, a final solvable system of linear algebraic equations is obtained (Brebbia et al.,
1984). Hereafter, the total thermal load vector {B} becomes known (Equations (5) and
(10) for the steady-state and time-dependent problem, respectively).

The incremental procedure requires transformation of vector {B} into an equiva-
lent incremental form. Two alternatives can be followed. One method is to divide vec-
tor {B} into a large number of small equal increments {�B}. From a physical point
of view, small load steps imply that although the loads are being applied discretely,
they would be continuous in the limit. At each increment of the procedure, an iter-
ative process is followed until the extent and the nature of the contact are entirely
defined. During this process every node-pair is monitored according to the conditions
described in Table 1. The new contact condition is applied to the node-pair closest
to such a change and after that, Equation (23) is solved again. If the change is from
open state to contact state, then the adhesion state is adjusted. In this way, the deter-
mination of the sign of a future frictional traction becomes achievable because it will
act in the same direction as the previous adhesive traction. When the contact area is
converged to the correct one then we proceed to the next increment. Equation (23) is
constructed according to the contact status of the previous increment. After solution,
the same iterative procedure is introduced to seek the equilibrium state along the
contact area. The procedure is continued until the final thermal load {B} is reached.
The total quantities for the tractions and displacements are then calculated as the
sum of all increments (Equations (12) and (13)).

The division of the load can also be achieved by using the well-known scaling
method (Karami, 1983). According to this method, Equation (23), which is con-
structed by imposing the contact conditions of the previous increment, is solved for
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Table 1. Determination of contact states.

Assumption Decision

Open Contact

Open II�um
n −I �um

n <I um−1
n −II um−1

n
II�um

n −I �um
n

Ium−1
n −II um−1

n

Contact Itm−1
n +I �tm

n 0 Itm−1
n +I �tm

n <0

Adhesion Slip

Adhesion
∣∣Itm−1

t +I �tm
t

∣∣< ∣∣µ(Itm−1
n +I �tm

n )
∣∣ ∣∣Itm−1

t +I �tm
t

∣∣ ∣∣µ(Itm−1
n +I �tm

n )
∣∣

Slip (Itm−1
t +I �tm

t )(I�um
t −II �um

t )>0 (Itm−1
t +I �tm

t )(I�um
t −II �um

t )0

a test thermal load increment {�B}, which usually is chosen to be a small fraction
of {B}. After obtaining the solution, this test load increment is scaled according to
the contact conditions at every candidate node-pair. Assuming linearity of response,
the actual amount of the thermal load increment at each step has to be established
by considering the following possible changes of contact state: (1) from open to con-
tact state, (2) from adhesion state to slip state, and vice versa. Equation (23) is recon-
structed according to the new contact condition and the procedure is continued as it
was previously explained.

In the case of the quasistatic thermoelastic problem, an independent incremen-
tal procedure can be carried out for every time step F and the corresponding load
{F B} is subdivided into increments {F �B} in a similar way. It has to be noted at
this point, that problems of straight cracks are contact problems of the conforming
type since the crack faces have the same shape in the unloaded state and therefore,
the contact area is load independent. Despite this fact, the areas of adhesion and slip
can be still load-dependent and thus, these problems have to be solved incrementally.

3.3.2. Perfect thermal crack contact
When perfect thermal crack contact is assumed, the non-linearity of the problem is
increased in the sense that at each stage of the procedure, the change in the extent
of mechanical contact influences the thermal boundary conditions in the crack region
and consequently, the thermal solution of the problem. In order to proceed to the
next stage of the procedure, the size of the thermal contact zone must first converge
to the size of the mechanical contact zone. The form of the incremental-iterative pro-
cedure for a quasistatic thermoelastic problem, under perfect thermal contact con-
ditions, is schematically explained in the flow chart of Figure 2 (the algorithm for
a stationary thermoelastic problem is obtained by ignoring the time values f,F in
the flow chart). It should be noted that in this case, the solution of each time point
F cannot be carried out independently as it could be done in the case of adiabatic
crack contact assumption. The solution now must be carried out sequentially for
every time point f =1,F .

4. Thermal SIFs

The previously developed formulation aims to the evaluation of fracture characteris-
tics of partially or fully closed cracks under thermal loading. In the vicinity of the
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Figure 2. Incremental-iterative procedure for a quasistatic thermoelastic problem, under perfect
thermal contact conditions.

tip of a thermal crack, the singularity of heat flux is characterized by the flux inten-
sity factor (FIF) denoted as kT, while the singularity of stresses is characterized by
the mode-I and mode-II thermal stress intensity factors (TSIFs), denoted as kI and
kII, respectively.

When the multi-domain technique is used, the near crack tip behavior may be
included in the boundary element approach by utilizing QPEs and traction singu-
lar QPEs (TSQPEs) crack tip elements. Figure 3 illustrates the proper usage of these
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Figure 3. Configuration of crack tip elements.

elements. The QPE is described by the shape functions of a typical quadratic isopara-
metric element, having its middle node moved to the quarter of its length. The shape
functions of TSQPE are produced by multiplying the shape functions of QPEs by
the factor 2/(1 + ζ ), where ζ is the natural coordinate over the element. These ele-
ments approximate directly the crack tip behavior of temperature and displacement
fields and their gradients. Details of these derivations and the performance of the
involved singular elements may be found elsewhere (Martinez and Dominguez, 1984;
Katsareas and Anifantis, 1996).

The generalized traction formula is the most stable and accurate method for evalu-
ating fracture parameters. In the case of a slant crack, this formula may be expressed
in the form:

K =
√

2π	


0 1 0

1 0 0
0 0 1





T 0

0
0 0 1







p1

p2

q1


 , (24)

where

T =
[

cosφ sin φ

− sin φ cosφ

]
(25)

is the rotation matrix, φ is the crack orientation angle, 	 is the crack element length
and vector K ={kI kII kT}T represents the field intensification. Equation (24) repre-
sents a generalized traction formula, which permits evaluation of TSIFs and FIF. In
order to evaluate these characteristics through Equation (24), only the traction and
heat flux values at crack tip node 1 which belongs to TSQPE, are required. Due to
the position of this node as independent on the element length 	, the traction for-
mula is expected to give less sensitive results to 	.

5. Numerical results and discussion

The proposed BEM numerical procedure was developed in order to solve fric-
tional crack contact problems, assuming adiabatic or perfectly conductive crack faces,
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initially subjected to traction free conditions. At each increment of the procedure, a
boundary element analysis is performed, TSIFs are evaluated and contact conditions
are updated to confirm with contact criteria. In order to elucidate the performance
of the proposed numerical procedure, computational results are presented, concern-
ing mainly the calculation of TSIFs when frictional crack contact takes place, under
steady-state and transient heating conditions. Two representative test problems are
selected. The first example involves an edge cracked strip subjected to steady-state
heat conduction, whereas, the second example involves a rapidly heated body con-
taining a slant edge crack.

The numerical procedure could not be verified by comparisons with experimental
results due to the lack of experimental studies associated with thermoelastic frictional
crack closure problems. However, the validity accuracy of the procedure is generally
proved through comparisons with existing analytical solutions involving crack closure
induced by thermal shock (Nied, 1987).

5.1. Frictional crack contact under steady-state conditions

Figure 4 depicts the first problem of interest. An edge cracked strip of width W is
subjected to one-dimensional steady-state heat transfer. Plane strain conditions are
assumed. The upper surface is hot at a temperature Th while the lower surface is cool
at a temperature Tc, such that Th =−Tc. In order to determine a far field solution, a
segment of total length 2L = 2(2W), having its vertical sides insulated and horizon-
tally constrained, is analyzed. A relatively coarse mesh of 28 elements per sub-domain
is used. Crack surface is discretized into seven elements per sub-domain. In all cases,
QPEs and TSQPEs are used as crack tip elements along the crack faces and the inter-
face, respectively. Numerical tests have shown that if more dense mesh refinements are
utilized, then the resulting difference on TSIFs values is less than 1%. TSIFs were
extracted for a crack of depth α/W =0.8 and a crack tip element of length 	/α =0.02,
via equation (24). In all cases, a partial closure of the crack was observed. Figures 5 and
6 illustrate the variation of opening and shearing fracture modes of steady-state TSIFs,
respectively, vs. the crack orientation angle φ and several coefficients of friction. The
results correspond to the adiabatic contact assumption as well as to the perfect thermal
contact assumption. TSIFs were normalized according to the following relationships:

KI = (1−ν)kI

Eαt(Th −Tc)
√

W
; KII = (1−ν)kII

Eαt(Th −Tc)
√

W
, (26)

where E, ν, αt are the modulus of elasticity, the Poisson’s ratio and the coefficient of
thermal expansion, respectively. The magnitude of the coefficient of friction between
crack surfaces seems to have minor influence on the opening mode TSIF while it sig-
nificantly affects the shearing mode TSIF. The effect of friction on the opening TSIF
becomes more distinct for greater angles φ.

The use of perfect thermal contact conditions along the crack had no effect on
the closure lengths for the whole range of angles. For all cases, the same open crack
areas near the crack tip were observed. As it can be seen from the figures, the flow
between the crack faces along the contact zone has as – a result – a small increase in
the magnitude of TSIFs II especially for higher angles while TSIFs I was negligibly
influenced.
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Figure 4. Geometry of edge cracked strip subjected to steady-state heat transfer.

Figure 5. Effect of friction on opening fracture mode TSIF.

Figure 6. Effect of friction on shearing fracture mode TSIF.
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Figure 7. Geometry of edge cracked body subjected to transient convective heating.

5.2. Frictional crack contact under sudden heating

Figure 7 depicts a two-dimensional body of width W and total length of 2L= 2W ,
at an initial temperature T0. The body contains an edge crack of depth α and slope
φ. Plane strain conditions are once more assumed. At time t0 =0 the cracked surface
of the body is suddenly subjected to convective heating with the heat transfer coeffi-
cient given by h, and the ambient temperature maintained at Tα, such that Tα >T0.
The appropriate far field boundary conditions are imposed (Figure 7). The crack has
a depth of α/W = 0.1. A coarse mesh of 24 elements per sub-domain is used while
each crack face is discretized into seven elements. In all cases, QPEs and TSQPEs are
used as crack tip elements along the crack faces and the interface, respectively. The
time histories of mode-I and mode-II thermal shock SIFs (TSSIFs) are normalized
according to the following equations:

KI(τ )= (1−ν)kI(t)

Eαt(Tα −T0)
√

πα
; KII(τ )= (1−ν)kII(t)

Eαt

(Tα −T0)
√

πα, (27)

where τ is the normalized time τ =Dt/W 2 (Fourier number) and D is the diffusiv-
ity of the body. The numerical results that are presented in the following correspond
to different Biot numbers. Biot number is a non-dimensional quantity equal to Bi=
hW/k, where k is the thermal conductivity of the body. When the upper surface of
the body is subjected to sudden convective heating, obviously there is Bi=∞.

Firstly, it is assumed that φ=0◦ and that u1(x1 =0, x2 =0)=0, u2(x1 =0, x2 =0)=0,
u1(x1 = 0, x2 = 2L) = 0 are the constrains of the cracked body. These specific con-
straints are selected in order to permit a symmetric deformation of the body towards
the axis x2 = L. This test case is selected in order to examine the validity of the
developed numerical procedure by comparison with the analytical solutions provided
by Nied (1987). These analytical solutions correspond to the thermal fracture prob-
lem of an infinite (2L=∞) edge cracked body subjected to uniform surface heating
exactly as the thermal boundary conditions of Figure 7 imply. The heating of the
upper surface of the body produces compressive thermal stresses which cause the clo-
sure of the crack over a certain contact length c = c(t). However, the area near the
crack tip is located in the tensile stress region and thus it remains open for an initial
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Figure 8. Time history of opening fracture mode TSSIF for the test case φ =0◦.

period of time. The contact length constantly increases and finally full crack clo-
sure is observed. Figure 8 presents the computed time histories of normalized mode-I
TSSIF for three different Biot numbers. Because of the symmetry of the problem,
mode-II TSSIF does not exist. Figure 9 depicts the normalized contact length c/a vs.
normalized time, for Bi=∞. Due to the symmetry of the problem all the computed
values showed independency on the coefficient of friction. For the same reason, iden-
tical results are obtained if we assume either that the crack is insulated or that perfect
thermal contact occurs along the contact zone. It should be noted, that the problem
was additionally solved for the cases 2L=2(2W) and 2L=4(2W). It was found that
the percentage differences in mode-I TSSIF peak values which appeared at the same
time points, were less than 2% in comparison with the case 2L=2W . This indicates
that the aspect ratio 2L=2W is sufficient for the time-dependent solution to converge
to the solution of the infinite problem (2L=∞).

Secondly, it is assumed that φ = 30◦ and that u1(x1 = 0, x2 = 2L) = 0, u2(0 � x1 �
W,x2 =2L)=0 are the constraints of the cracked body (Figure 7). Figures 10 and 11
illustrate the time history of mode-I and mode-II TSSIFs in normalized form, respec-
tively. The results that are included in these two figures correspond to the adiabatic
crack contact assumption as well as the perfect thermal crack contact assumption. As
it can be seen, the peak values depend on the friction conditions imposed on crack
surfaces. Friction increases the peak values of the opening fracture mode TSSIF and
decreases those of shearing fracture mode TSSIF. When great coefficients of friction
are utilized, then the shearing mode TSSIF tends to zero while the opening mode
TSSIF gets very high values. Furthermore, it is observed that the perfect thermal
contact approach leads to slightly higher peak values of both mode-I and mode-II
TSSIFs. Figure 12 illustrates the normalized contact length c/a vs. normalized time,
for Bi =∞ and µ= 0. The contact length showed independency from the coefficient
of friction of the crack surfaces. Figures 13 and 14 illustrate the peak values KIp,
KIIp of opening and shearing fracture mode TSSIFs, respectively, with respect to Biot
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Figure 9. Variation of contact length for the test case φ =0◦.

Figure 10. Time history of opening fracture mode TSSIF.

number for various coefficients of friction. These results show that when the friction
coefficient increases, the opening fracture mode TSSIF increases while the shearing
mode TSIF decreases. Although KIp values appear earlier than the corresponding
KIIp values, the time shift between them is nearly constant and independent on the
friction coefficient. Finally, Figure 15 shows the delay of peak values of TSSIFs vs.
Biot number, for µ=0. Obviously, for high Biot numbers we have rapid appearances
of KIp, KIIp. Once more, the coefficient of friction had a negligible influence on the
values τp of both modes for a certain Biot number.
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Figure 11. Time history of shearing fracture mode TSSIF.
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6. Conclusions

A numerical procedure based on the BEM capable of solving problems that involve
frictional crack surface interference provoked by stationary and transient thermal
loading, is presented in this paper. The multi-domain formulation has been adopted
and quadratic isoparametric representation of geometries has been employed, for
the analysis of two dimensional crack problems. Crack faces have been modeled as
boundaries of independent sub-domains of the body, and field singularities have been
incorporated through the use of appropriate crack-tip elements. An iterative-incre-
mental process has been developed in order to deal with the non-linearity of the
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Figure 13. Variation of peak values of opening fracture mode TSSIF vs. Biot number.

Figure 14. Variation of peak values of shearing fracture mode TSSIF vs. Biot number.
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Figure 15. Delay of peak values of TSSIFs vs. Biot number for the case.
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crack surface interference. Along the contact areas, proper mechanical and thermal
conditions have been imposed.

Various results involving TSIFs and contact length have been presented. It has
been proven that even for coarse mesh refinement along crack faces, the method con-
verges rapidly and yields accurate results in comparison with analytical solutions. The
effect of crack closure on TSIFs has been extensively investigated under various ther-
mal boundary and contact conditions, crack orientations and coefficients of friction.
It has been confirmed that the contact of the crack faces has a great impact on the
fracture parameters and thus, its proper modeling is considered significant. It has
also been proven, for the test problems considered here, that the utilization of perfect
thermal contact conditions – instead of adiabatic contact conditions along the crack
closure zone – does not lead to significantly different estimation of TSIFs. The pro-
posed method has been proven to be a potent numerical tool in predicting frictional
fracture interference characteristics even in cases of severe thermal shocks. Having the
proposed method as a basis, the effect of the imperfect thermal contact assumption
on frictional crack closure problems could be analyzed in a future work.
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