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Abstract

Multivariate uncertain calculus is a branch of mathematics that deals with differen-
tiation and integration of uncertain fields based on uncertainty theory. This paper
defines partial derivatives of uncertain fields for the first time by putting forward the
concept of Liu field. Then the fundamental theorem, chain rule and integration by
parts of multivariate uncertain calculus are derived. Finally, this paper presents an
uncertain partial differential equation, and gives its integral form.

Keywords Uncertainty theory - Uncertain calculus - Uncertain process - Uncertain
field - Partial derivative

1 Introduction

Uncertain calculus is a branch of mathematics that deals with differentiation
and integration of uncertain processes based on uncertainty theory founded by
Liu (2007) and perfected by Liu (2009). As the basics of uncertain calculus, Liu
(2009) proposed Liu process which is a type of stationary independent increment
process whose increments are normal uncertain variables. Following that, the
arithmetic and geometric Liu processes were presented. In order to study the inte-
gral of uncertain processes with respect to Liu process, Liu integral was invented
by Liu (2009). Then some properties of Liu integral, such as linearity, additivity
with respect to integration region and integrability of sample-continuous uncer-
tain processes, were proved by Liu (2009). In order to research the differential of
uncertain processes, Chen and Ralescu (2013) presented a general Liu process,
and defined the differential of the general Liu process. Later, the concept of gen-
eral Liu process was revised by Ye (2021) via requiring its drift and diffusion
to be sample-continuous. Furthermore, Ye (2021) proved that almost all sample
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paths of general Liu process are locally Lipschitz continuous. In order to facili-
tate the calculation of differential of uncertain processes, Liu (2009) proposed the
fundamental theorem of uncertain calculus which was rigorously proved by Ye
(2021). On this basis, Liu (2009) investigated the chain rule, the change of vari-
ables and the integration by parts. These work laid a theoretical foundation for
uncertain differential equations.

Uncertain differential equation is a type of differential equation involving
uncertain processes. In order to apply uncertain differential equations in practice,
Liu and Liu (2022) proposed the method of moments to estimate the unknown
parameters in an uncertain differential equation based on the concept of residual,
and Ye and Liu (2023) used uncertain hypothesis test to judge whether the uncer-
tain differential equation fits the observed data. Up to now, uncertain differen-
tial equations have many applications such as chemical reaction (Tang and Yang,
2021), electric circuit (Liu, 2021), pharmacokinetics (Liu and Yang, 2021), epi-
demic spread (Lio and Liu, 2021), software reliability (Liu et al., 2022), finance
(Liu and Liu, 2022; Yang and Ke, 2023; Ye and Liu, 2023), birth rate (Ye and
Zheng, 2023), and gas futures price (Mehrdoust et al., 2023).

Uncertain partial differential equation is a type of partial differential equa-
tion involving uncertain fields. Yang and Yao (2017) proposed the concept of
uncertain partial differential equation for the first time when they studied the
one-dimensional uncertain heat equation. Following that, the three-dimensional
uncertain heat equation (Ye and Yang, 2022) and its application (Ye, 2023) were
further studied. In addition, Gao and Ralescu (2019) investigated the uncertain
wave equation which is a second-order partial differential equation describing the
wave propagation. Furthermore, Yang et al. (2022) deduced the uncertain seepage
equation to describe the phenomenon of liquid seepage in fissured porous media.
Recently, Yang and Liu (2023) studied the solution method and parameter estima-
tion of uncertain partial differential equation.

This paper aims to study some fundamental theoretical problems of multivari-
ate uncertain calculus, including the concept of partial derivative of uncertain
fields, the fundamental theorem, and the integral form of uncertain partial dif-
ferential equations. The remainder of the paper is organized as follows. Section 2
introduces some basic concepts and theorems of uncertain processes and uncer-
tain fields. Section 3 proposes the concept of Liu field to show the partial deriva-
tive and the differential of Liu fields. Section 4 deduces the fundamental theorem
of multivariate uncertain calculus from which the techniques of chain rule and
integration by parts are derived in Sects. 5 and 6, respectively. On these bases,
Sect. 7 presents the uncertain partial differential equation whose integral form is
also given. Finally, some conclusions are made in Sect. 8.

2 Preliminaries

In this section, we introduce some basic concepts and theorems about uncertain
processes and uncertain fields.
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Definition 1 (Liu, 2008) Let (I", £, .#) be an uncertainty space and let 7 be a totally
ordered set. An uncertain process is a function X,(y) from T X (I', £, .#) to the set
of real numbers such that {X, € B} is an event for any Borel set B of real numbers at
each time 7.

We call an uncertain process X, independent increment process if
X, . X, —X,.X, —X,,,X, —X,  areindependent uncertain variables where z,,
t,, -, 1, are any times with 7, <, < -+ <1,. An uncertain process X, is said to
have stationary increments if, for any given ¢t > 0, the increments X,  — X, are
identically distributed uncertain variables for all s > 0.

Definition 2 (Liu, 2009) An uncertain process C, is said to be a Liu process if

(i) Cy = 0and almost all sample paths are Lipschitz continuous,
(i1) C, has stationary and independent increments,
(iii) every increment C,, — Cis a normal uncertain variable with expected value
0 and variance #2.

The uncertainty distribution of C, is

D,(x)={1+exp —%
t

and inverse uncertainty distribution is

th‘l(a)—ﬁl *

Theorem 1 (Liu, 2015) Let C, be a Liu process. Then for each time t > 0, the ratio
C,/t is a normal uncertain variable with expected value 0 and variabce 1. That is,

C
7’ ~ MO, 1)
foranyt > 0.

Definition 3 (Liu, 2009) Let X, be an uncertain process and let C, be a Liu process.
For any partition of closed interval [a, b] witha =1, <1, < --- <1, = b, the mesh
is written as

A = max |t L
]<z<k|l+] |

Then Liu integral of X, with respect to C, is defined as
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b k
‘/a XtdCt = 1‘11}(1) ;Xt,- ’ (Cti+1 - Cli)

provided that the limit exists almost surely and is finite. In this case, the uncertain
process X, is said to be integrable.

Definition 4 (Chen and Ralescu, 2013; Ye, 2021) Let C, be a Liu process, and let Z,
be an uncertain process. If there exist two sample-continuous uncertain processes g,

and o, such that
t t
Z,=2, +/ ,usds+/ o,dC,
0 0

for any t > 0, then Z, is called a general Liu process with drift u, and diffusion o,.
Furthermore, Z, has an uncertain differential

dZ, = p,dt + 0,dC,.

Theorem 2 (Liu, 2009) Let C, be a Liu process, and let h(t, c) be a continuously dif-
ferentiable function. Then Z, = h(t, C,) has an uncertain differential

oh oh
dz, = E([, C)dr + %(t, C)dC,.

Definition 5 (Liu, 2008) Suppose f and g are continuous functions, and C, is a Liu
process. Then

dX, = f(z, X,)dt + g(t, C))dC, ey

is called an uncertain differential equation. A solution is an uncertain process X, that
satisfies (1) identically in 7.

Definition 6 (Liu, 2014) Let (I", L, .#) be an uncertainty space and let T be a par-
tially ordered set. An uncertain field is a function X,(y) from T x (I', L, .#) to the set
of real numbers such that {X, € B} is an event for any Borel set B of real numbers at
each z.

3 Partial derivatives

Definition 7 Let C, and D, be Liu processes indexed by temporal variable ¢ and spa-
tial variable x respectively, and let Z(#, x) be an uncertain field. If there exist some
sample-continuous uncertain fields (¢, x), o, (¢, x), t, (¢, x) and o, (¢, x) such that
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t t
Z(t,x):Z(tO,x0)+/ ﬂl(s,xo)ds+/ 0,(8,x5)dC,
1, 1
x ’ . ’ )
+ / Hy(t, y)dy + / o,(t, y)dD,
Xo X0

for any temporal variable ¢ > 0 and any spatial variable x > 0, then Z(z, x) is called
a Liu field with drifts p,(t,x), u,(t,x) and diffusions o(, x), o,(¢, x). Furthermore,
Z(t, x) has an uncertain differential

dZ(t,x) = p,(t,x)dt + 0,(t,x)dC, + u,(t,x)dx + o,(¢,x)dD,, 3)
and uncertain partial derivatives

0z . 0z .
E(t’ x) = py(t,x) + 0,(t,x)C,, a(t, X) = pp(,x) + 0,(t, X)D, 4)

where C, is the formal derivative dC,/dt, and D, is the formal derivative dD, /dx.
The uncertain differential (3) can be written as

dZ(t,x) = %(t, x)dr + %(t, x)dx.
ot ox

Remark 1 Based on the defined partial derivatives (4), we can write the Liu field
Z(t, x) in (2) as

t X

0z 0z
Z(t,x) = Z(t,, — (s, x,)d —(t, y)dy.
(t,x) (0x0)+/1 0t(sx0) s+/x dx( y)dy

0 0

Example 1 1t follows from

t X
C,+Dx=/dCs+/ db,
0 0

that Z(¢,x) = C, + D, is a Liu field, and has an uncertain differential
dZ(t,x) = dC, +dD,
and uncertain partial derivatives
0Z : 0Z .
—@x)=C,, —(@tx)=D..
o V=G 560 =D,

Example 2 1t follows from

t t X
1C,+ D> = / C,ds + / sdC, + / 2D,dD,
0 0 0 ’

that Z(¢, x) = tC, + D)zc is a Liu field, and has an uncertain differential

dZ(t,x) = C,dt + tdC, + 2D dD,
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and uncertain partial derivatives

0z : 0Z .
E(l‘, x)=C,+1C, a(r, x)=2D.D,.

4 Fundamental theorem of multivariate uncertain calculus
Theorem 3 Let C, and D, be Liu processes indexed by temporal variable t and spa-
tial variable x respectively, and let h(t, x, ¢, d) be a continuously differentiable func-
tion. Then Z(t,x) = h(t,x, C,, D,) has uncertain partial derivatives
0z oh oh :
E(I’ .X') = E(tv X, Cn Dx) + &([7 X, Ct? Dx)cfa
0Z oh oh :
—(t,x)=—(tx,C,D)+ —(t,x,C,,D,)D
22(x) = (%, € D) + 526, C. DD,
and an uncertain differential

dZ(t,x) = %(t, x)dr + g(t, x)dx.
ot ox

Proof By using Theorem 2, we obtain

Z(t,x) = Z(ty, xg) + Z(t, x) — Z(ty, Xy) + Z(t, x) — Z(2, x;)

t t
oh oh
= Z(ty, xy) + —(5,x9, Cy, D, )ds + — (s, %y, Cy, D, )dC,
( 0 'xO) A ds (S X05 G xo) S A oc (S Xo> Cs XU) S
+/X%(t C.,D)d +/X@(t C.,D )dD
B A

Thus, it follows from Definition 7 that the theorem is proved immediately. O

Remark 2 Let C,,D,,D, ,---,D, be Liu processes, and let h(t,x,-,x,,c,d,,
d,)be a contlnuously dlfferentlable function. Then it can be proved that

21,31, %) = (%), .5, C. Dy -+ . Dy )

has uncertain partial derivatives

(Z—f(r,xl, LX) = %(I,xl, %, CD, -+, D, )

+ 3—?(1‘,)(1, X, Ct’Dxl’ ’Dxn)C[’
g—fi(t,xl,...’xn)= g_z(”xl"",me D, ..D,)

+ %(l,xl, Xy G Dy o ’DX,,)Dx,.

i

fori =1,2,---,n and an uncertain differential
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n
oz oz
AZ(1 1, %) = Sy, o )i+ ; a_x,.(t’xl’ oo, x,)dx;.

Remark 3 Let Z,(t,x, -+ ,x,), Zo(t, Xy, *++ , X,,), =+ » Z,, (£, X, -+ , X,,) be Liu fields, and
let h(z,, -+ , z,,) be a continuously differentiable function. Then it can be proved that

Z(tax]7 ot 7xn) = h(Zla o 7Zn)

has uncertain partial derivatives

4 S 9Z;
_(t7x17 ot 7xn) = Z a_Zl(Zla o ,Zn) : E(taxd? o »xn)

oZ oh 9Z;
_x(t7x17 e, X ) = Z E(Zla o 7Zn) : _(t5x17 o 7xn)

i i=1 i i

fori =1,2,---,n and an uncertain differential

dZ(ty-x]3 o 3-xn) = Z %

i=1 %

(t9 Z]7 e 9Zn)dZi(tsx]3 o 9-xn)'

Example 3 Let us calculate uncertain partial derivatives of xC, +tD,. In this case,
we have h(t, x, ¢, d) = xc + td whose partial derivatives are

(Z—il(t, x,c,d)=d, %(r,x, c,d) =c, %ﬁ(t,x, c,d) = x, %(I,x, c,d)=1.
It follows from the fundamental theorem that
0 . 0 .
—&C,+tD,)=D,+xC,, —xC,+1tD,)=C,+1D,.
ot ox

Example 4 Let us calculate uncertain partial derivatives of txC, 4+ txD,. In this case,
we have h(t, x, ¢, d) = txc + txd whose partial derivatives are

%(I, x,c,d) =xc+xd, %(t, x,c,d)=tc+1d,
ot ox
g—ﬁ(t, x,c,d) = tx, Z—Z(I, x,c,d) = tx.
It follows from the fundamental theorem that
(%(tht +txD,) = x(C, + D,) + txC,, ;—x(tht +txD,) = t(C, + D,) + txD,.
Example 5 Let us calculate uncertain partial derivatives of

A(t,x) = at + bx + uC, + oD,. In this case, we have h(t,x, c,d) = at + bx + uc + od
whose partial derivatives are
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Daxed=a Sened=b Sexed=p Sxed=o
It follows from the fundamental theorem that
0A : 0A .
E(t,x) =a+ uC, a(r,x) =b+oD,.
Example 6 Let us calculate uncertain partial derivatives of
G(t,x) = explat + bx + uC, + oD,). In this case, we have
h(t,x, c,d) = exp(at + bx + puc + od) whose partial derivatives are
k1 x,cod) = ah(t,x,e.d), 221, x,c.d) = bh(t,x, ¢, ),
ot ox
a—h(t, x,¢,d) = ph(t, x, c,d), a—h(t, x,¢,d) = oh(t, x, c,d).
oc od

It follows from the fundamental theorem that

%(l, x) = aG(t,x) + uG(t, x)C',, (;—G(t, x) = bG(t,x) + oG(t, x)Dx.
X

5 Chainrule

Theorem 4 Let fic, d) be a continuously differentiable function. Then
Z(t,x) = f(C,, D,) has uncertain partial derivatives

0Z of ., 0Z of :
—(t,x)=—(C,,D,)C,, —(t,x)=—=—(C,,D)D.,.
at( x) aC( »Dy) ax( x) ad( » DD,

Proof 1t follows from Theorem 3 immediately. O

Example 7 Let us calculate uncertain partial derivatives of sin(C, + D,). In this case,
we have f(c,d) = sin(c + d) whose partial derivatives are

g(& d) = cos(c + d), %(e, d) = cos(c + d).

It follows from the chain rule that

0sin(C, + D,)
ot

dsin(C, + D,)

= cos(C, + D,)C,, ™

= cos(C, + D,)D,.
Example 8 Let us calculate uncertain partial derivatives of sin(C,D,). In this case,

we have f(c,d) = sin(cd) whose partial derivatives are

g(c, d) = d cos(cd), %(c, d) = ccos(cd).

It follows from the chain rule that
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dsin(C,D,)
ot

dsin(C,D,)

= D, cos(C,D,)C,, Ew

= C,cos(C,D,)D,.

Example 9 Let us calculate uncertain partial derivatives of (C, + D,)*. In this case,
we have f(c,d) = (c + d)* whose partial derivatives are

g@@=%ﬁﬁl %m@:xmd)

It follows from the chain rule that

o(C, + Dx)2
ox

a(C, + D)

Py =2(C,+D,C,,

=2(C,+D,)D..

6 Integration by parts

Theorem 5 Suppose Z,(t,x) and Z,(t, x) are Liu fields. Then we have
d(2122) = szZI + ZleZ’
and

oZ,Z 0z 07
M(x, x) =2, a—tz(r, x) + Zza—tl(t, ),

0(Z,Z,) 0Z, 0Z,
——(t,x)=Z,—(t,x) + Z,—(t, x).
ox ox

Proof Since h(z;,z,) = 7,2, is a continuously differentiable function, and

oh oh
— @)= @)=z,
o) (21,22) =25 azz( 1222) =2
the theorem follows from Remark 3 immediately. O

Example 10 1t follows from the integration by parts that
d(C,D,)=D.dC,+ C,dD,
and

a(C,D,) . aCD) .
—_— = =C.D,.
at Xt ax Ct X

Example 11 The integration by parts may calculate the uncertain differential and
uncertain partial derivatives of

Z(t,x) = txC,D,.

In this case, we define
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208 T.Ye

Z,(t,x) =tC,, Z,(t,x) =xD,.
Then
dZ,(t,x) = C,dt +dC,, dZ,(t,x) =D, dx+xdD,.
It follows from the integration by parts that

dZ(t,x) = xD,(C,dt + tdC,) + tC,(D,dx + xdD,,)
=xC,D,dt + txD,dC, + tC,D dx + txC,dD,

and
%—f(r, x) = xC,D, + txD.C,, g—f(r, x) = tC,D, + txC,D,.

Example 12 The integration by parts may calculate the uncertain differential and
uncertain partial derivatives of

Z(t,x) = < / stS> : < / ) exp(D_‘,)dDy>.
0 0

In this case, we define

t X
Z,(t,x) = / sdC;, Z,(t,x) = / exp(Dy)dDy.
0 0 :

Then
dzZ,(t,x) =tdC,, dZ,(t,x) = exp(D,)dD,.

It follows from the integration by parts that

dZ(t,x) = t( / eXp(Dy)dDy>dCl+exp(Dx)< / st‘Y>dDX
0 0

Y4 ! :
E(I’x) =t</0 exp(Dy)dDy>C,,

9Z 1 %) :exp<Dx)< / sdcs>Dx-
ox 0

Example 13 Letf, g, h and v be continuously differentiable functions. It is clear that

Z(t,x) = f(D)g(CHh(x)v(D,)

and

is an uncertain field. In order to calculate the uncertain differential and uncertain
partial derivatives of Z(t, x), we define
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Z,(t,x) = f(08(C)),  Zy(t,x) = h(x)v(D,).
Then
dZ,(t.x) =f'(Ng(Cdt + f()g'(C)dC,,
dZ,(t,x) = (x)v(D,)dx + h(x)V'(D,)dD.,.
It follows from the integration by parts that
dZ(t, x) = h(DYIf' ()8(CHdr + f(1)g (C)dC,]
+f(OZ(CHLN ()v(D)dx + h(x)v'(D,)dD, ]

= f'(8(CHh((D,)dt + f(1)g' (CHh(x)v(D,)dC,
+f(8(CHN ()v(D,)dx + £ (1)g(C)h(x)V'(D,)dD,

and
%—f(t, x) =f'(0g(CHhW(D,) + f(1)g' (CHh)V(D,)C,,

%a, X) =F(O(COR (D) + F(D(C IRV (DD,

7 Uncertain partial differential equation

Definition 8 Suppose f, f,, g, and g, are continuous functions, and C, and D, are
Liu processes indexed by temporal variable ¢ and spatial variable x, respectively.
Then

0Z 0Z : :
E =f](t7x7 Z)a +f2(ts-x’ Z) + 81(t»x» Z)Ct + g2(ta X, Z)Dx (5)

is called an uncertain partial differential equation, where C, is the formal derivative
dC,/dt, and D, is the formal derivative dD, /dx.

The solution of (5) is an uncertain field Z(z, x) satisfying the following uncertain
integral

Z(t,x) = Z(ty, xo) + / [f1 (s, X0, Z) pu(s, X)) + fo(8, X, Z)]ds

X gz(t’ y’ Z) (6)

t X
+ g,(s,xy,2)dC +/ u(t, y)dy — T ooy
/to 1085 X s W h6y.2)

where (¢, x) is a sample-continuous uncertain field, and f, is supposed to be never
0.

Example 14 Consider the uncertain partial differential equation
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0z 0z . .
— =k— +aC, +bD
o o Tk i (N
where k, a and b are real numbers with k # O.
First, we deduce a format solution of (7) by the method of characteristics. Indeed,
the characteristic equation of (7) is

e _
dr —

whose solution is x = —kt + r where r is a constant. Write x(¢f) = x = —kt + r and
z(t) = Z(t, x(t)). Then r = x(¢) + kt, and

dz _0Z  JZdx
dr ~ ot ox dt

_oz_ 0z
ot 0x
=aC, + bD,.

Thus we have

2(t)=m+aC, — l—]D

X

where m is a constant. Then

b
Z(O) =m-— sz(O)’

Suppose m = ¢(x(0)) = ¢(r) where ¢ is an arbitrarily continuously differential func-
tion. Thus

Z(t,x(1)) = z(t) = ¢(r) + aC, — %Dx = ¢(x(t) + ki) + aC, — %Dx'
Substituting x(f) with x obtains
Z(t,x) = p(x + kt) + aC, — %DX. (8)

Second, we will verify that (8) is the solution of the uncertain partial differential Eq.
(7). Write u(t,x) = ¢'(x + kt). Since

¢(0) + / k' (ks)ds + / adC, + /X &0+ kydy — /x édDy
0 0 0 o k
= $(0) + (kt) — $(0) + aC, + P(x + kt) — Pp(kt) — % D,

=@+ kt) +aC, — %DX
=Z(t,x),
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it follows from (6) that

Z(t,%) = p(x + ki) + aC, — %Dx
is indeed the solution of (7).

In addition, we also can use the method of computing partial derivatives to verify
that (8) is the solution of the uncertain partial differential Eq. (7). It follows from the
fundamental theorem that the uncertain partial derivatives of

Z(t,x) = ¢(x + kt) + aC, — %Dx

are
0Z . 0Z b.
2 ke kt c, ==¢ kt) — =D._.
> ¢ (x+ kt) +aC, pm ¢ (x + kt) 7 D
Thus
0z 0z : .
E—[kamqﬁuw}c]

= k' (x + kt) + aC, — [k(d)’(x +kt) — %Dx> +aC, + be]
=0
which means the uncertain partial differential Eq. (7) i.e.,

oz oz .. .
92 _ k% 4 aC +bD
or Koy TAt T oL

holds. Thus the solution of the uncertain partial differential Eq. (7) is
Z(t,%) = x + kt) + aC, — %Dx

where ¢ is an arbitrarily continuously differential function. For example, when
k=a=b=1and ¢(x) = ¥, the solution of the uncertain partial differential Eq. (7)
becomes

Z(t,x)=(x+0*+C,—D,.
Example 15 Consider the uncertain partial differential equation

0Z_ 22

7= g D
” ™ +f(t,x)+aC, + bD, )

where f{t, x) is a a continuously differential function, and k, a and b are real numbers

with k # 0.
The characteristic equation of (9) is
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dx _
dr —

whose solution is x = —kt + r where r is a constant. Write x(f) = x = —kt + r and
z(t) = Z(t, x(¢)). Then r = x(¢) + kt and

de _ 07  0Zdx
dr — or  oxdr
_9Z_,0z

ot ox
=f(@t,x)+aC, + bD,.

Thus we have

() =m+ / F(s,x(s))ds + aC, — %Dx
0

where m is a constant. Then
! b
2(0) =m + / (s, x(s))ds — sz(O)'
0

Suppose m = ¢(x(0)) = ¢(r) where ¢ is an arbitrarily continuously differential func-
tion. Thus,

Z(t,x(1) = z() = z(0) + /Otf(s, x(s))ds + aC, — %Dx
= $() + /0 ' f(s, ks + r)ds + aC, — %Dx
= Bx(t) + k) + /0 s, —ks + 2(0) + ki)ds + aC, — ®p,
= G0 + k1) + /O Fs (0 + (= $))ds + aC, — bp,
Substituting x(1) with x obtains

Z(t,x) = ¢Pp(x + kt) + / S, x4+ k(t —s5))ds +aC, — %Dx. (10)
0

Second, we will verify that (10) is the solution of the uncertain partial differential
equation (9). Write

u(t,x) = ¢’ (x +kt) + / %(s,x + k(1 — s))ds
0 ox
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where df /0x is the partial derivative of the function f{¢, x) with respect to the second
variable x. Since

@ (0) + / [kd)’(ks) +k /‘Y %(T, k(s — 7))dr + f(O0, s)] ds + / adC;
0 0 Ox 0

+/X [¢'(y+kt)+/ g(s,y+k(t—s))ds dy—/xl—)dD
0 0 Ox o k7

P(kr) + / J(s,k(t — 5))ds — $(0)| +aC, — %Dx
0

= ¢(0) +

+ |p(x + kt) + / f(s,x + k(t — s))ds — ¢p(kt) — / f(s, k(t — s))ds]
0 0

=¢(x+kt)+ / S(s,x+ k(t — 5))ds + aC, — %Dx
0
= Z(t,x),

it follows from (6) that
! b
Z(t,x) = p(x + kt) + / S, x+ k(t —s))ds +aC, — ;DX
0

is indeed the solution of (7).

In addition, we also can use the method of computing partial derivatives to verify
that (10) is the solution of the uncertain partial differential equation (9). It follows
from the fundamental theorem that the uncertain partial derivatives of

Z(t,x) = p(x + ki) + / F(s,x + k(t = $))ds + aC, — %Dx
0

are
t
J .
9z _ k' (x + kt) + k/ l(s,x + k(¢ — ))ds + f(t,x) + aC,,
ot 0 ox
t
3] .
9z _ @' (x + k) + / l(s,x + k(t — 5))ds — [sz.
ox 0 Ox k
Thus
0Z [,0Z . :
=- [ka +f(t.3) + aC, +be]

P
= k¢pRav Wa(x + kf) + k / g—f(s,x + k(t — 8))ds + £(t, x) + aC,
0 X

t
_ k<¢"23vA\\v’3(x + kt) + / Z—i(s,x + k(t — s))ds — %DX> —f(t,x)— aC, - be
0

=0
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which means the uncertain partial differential equation (9), i.e.,

‘35 _k— +£(t,%) + aC, + bD,

holds. Thus the solution of the uncertain partial differential equation (9) is
' b
Z(t,x) = Pp(x + kt) + / S, x+ k(t — s))ds + aC, — %Dx
0

where ¢ is an arbitrarily continuously differential function. For example, when
k=a=b=1, f(t,x) = t + x and ¢(x) = x%, the solution of the uncertain partial dif-
ferential equation (9) becomes

t
Z(t,x) = (x+ )% + / (x+16)ds+C, - D,
0

=x*+3xt+2+C,-D,.
Example 16 Consider the uncertain partial differential equation

0Z _0Z

—==+t+x+Z+C +D,.

or ox an
Step 1. We decompose solving uncertain partial differential equation (11) into solv-

ing the following two uncertain partial differential equations

aZ1—()1+t+ +Z,+C, 12
ot ox A 12)
and
08 _ 9% +Z,+D,. 13
at  ox 2 (3)

Then it follows from the fundamental theorem that
0Z _0Zy 0Z, 9z _9Z, 9%
ot ot ot ox ox  oOx
Thus the solution of (11) is
Z=27,+2,

since
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0Z 0Z : :
E— a+l+x+Z+C,+Dx]
=%+%—[% %+t+x+Zl+Z2+C+D]
ot ot ox X P
=[%—<%+t+x+zl+é’>]+[%—<%+z +D>]
ot 0x ! ot ox P
=0.

Step 2. It follows from the method of characteristics provided by Examples 14
and 15 that the solution of (12) is

Z,(t,x) = x+ D)+ x+0) —1)+ / e*dC,;
0

and the solution of (13) is
Zy(t,x) = e h(x+ 1) — / ey_)‘dDy
0

where ¢, and ¢, are arbitrarily continuously differential functions. Thus we have
Z(t,x) = Z,(t,x) + Z,(t,x)
=P, (x+1)+e Py (x + D+ (x + 1) - 1)+/t e"“dCS—/x e™dD,.
0 0
In addition, since ¢, and ¢, are arbitrarily continuously differential functions and
P (x+ 1)+ e hy(x + 1) = €[ (x + 1) + ey (x + 1],
we can write
e +1) = dy(x+ 1)+ ey (x +1),

and the solution of the uncertain partial differential Eq. (11) is
t X
Zt,x)=e'px++x+0 - 1)+ / edC, — / e ™dD,,
0 0

where ¢ is an arbitrarily continuously differential function. For example, when
¢(x) = x, the solution becomes

t X
Z(t,x) = (x +1)(2e' — 1) + / e'dC, - / €7dD,.
0 0

@ Springer



216 T.Ye

8 Conclusion

Partial derivative is an important concept and cornerstone in multivariable calculus,
as well as in multivariate uncertain calculus. For that matter, this paper first defined
the partial derivative of uncertain fields by putting forward the concept of Liu field.
In order to calculate the partial derivative of uncertain fields, the fundamental the-
orem, chain rule and integration by parts of multivariate uncertain calculus were
derived. On these bases, this paper proposed a type of uncertain partial differential
equation, and gave its integral form. Finally, some examples were documented to
illustrate how to solve uncertain partial differential equations.
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