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Abstract

In the framework of uncertainty theory, this paper investigates the pricing problem
of American swaption. By assuming that the floating interest rate obeys an uncertain
differential equation, the pricing formula of American swaption is derived. Further-
more, parameter estimation of the uncertain interest rate model is given, and the
uncertain hypothesis test shows that the uncertain interest rate model fits the Shang-
hai interbank offered rate well. Finally, as a byproduct, this paper also indicates that
stochastic differential equations cannot model real-world interest rates.

Keywords Uncertainty theory - Uncertain differential equation - Uncertain interest
rate model - American swaption

1 Introduction

An interest rate swap is a contract between two players who consent to exchange
cash flows over an expiration time. The buyer of a payer (receiver) swaption has a
right to pay fixed (floating) interest rate cash flow and receive floating (fixed) inter-
est rate cash flow. As a vital type of derivative, swaption gives its owner the right
but not the obligation to enter into an underlying interest rate swap, which allows to
price and hedge interest rate risk. According to the exercise timing right, swaption
can be divided into two classes. One is European swaption, which can be exercised
only at the expiration date. The other one is American swaption, which can be exer-
cised at any time prior to and including its maturity date.
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The traditional pricing models of swaption are mainly based on probability
theory, which assumes that the floating interest rate follows a stochastic differen-
tial equation. For example, Jagannathan et al. (2003) discussed European swaption
based on the Cox-Ingersoll-Ross model; Choi and Shin (2016) proposed European
swaption in the multifactor Gaussian term structure model; Filipovi¢ and Kitap-
bayev (2018) studied American swaption in the linear-rational term structure model.

However, Liu (2013) pointed out that stochastic differential equations may be
unsuitable for modeling financial markets and suggested uncertain differential equa-
tions (UDEs) based on uncertainty theory to model finance. Here uncertainty theory
(Liu, 2007) is a branch of mathematics established on normality, duality, subadditiv-
ity, and product axioms. Later, Liu and Liu (2022b) offered a UDE to model Alibaba
stock price; Ye and Liu (2022a) suggested a UDE to model the USD-CNY exchange
rate rather than a stochastic differential equation with the help of the uncertain
hypothesis test. Nowadays, UDE theory has become a potential mathematical tool
to model financial markets. For more details on the UDE, please refer to Yao (2016).

In the field of UDE’s parameter estimation, Yao and Liu (2020) presented the
method of moments from a difference scheme, which needs to be observed for
short enough time intervals. On the other hand, for the big time intervals between
observations, Liu and Liu (2022b) revised the method of moments based on the
concept of UDE’s residuals. Besides, Lio and Liu (2021) considered the initial
value estimation, and Liu and Liu (2022a) proposed the uncertain maximum like-
lihood estimation method. Finally, Ye and Liu (2022a) used an uncertain hypoth-
esis test to determine whether or not a UDE fits the observed data. For more
details on the uncertain hypothesis test, please refer to Ye and Liu (2022b).

In the uncertain financial market, Xiao et al. (2016) first proposed the interest
rate swap problem; Liu and Yang (2022) considered the European swaption pric-
ing problem; Liu and Yang (2021) studied the barrier swaption pricing problem,;
Lu et al. (2022) further investigated the barrier swaption in an uncertain mean-
reverting model; Yu et al. (2022) put forward the equity swaps problem.

This paper analytically prices American swaption in the framework of uncer-
tainty theory, which increases the option’s value to the holder relative to the
European one. The rest of the paper is structured as follows. Section 2 reviews
some preliminaries in uncertainty theory and proves a lemma to prepare for the
main result. Section 3 proposes the American swaption assuming that the floating
interest rate follows a UDE and derives the pricing formula. Section 4 estimates
the parameters of the uncertain interest rate model according to the Shanghai
interbank offered rate (SHIBOR) and gives a numerical example to calculate the
American swaption. Finally, Section 5 offers the conclusion.

2 Preliminaries

This section will introduce some basic definitions and theorems in uncertainty
theory and then prove a lemma.
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Definition 1 (Liu, 2009) An uncertain process C, is called Liu process if the follow-
ing three conditions are satisfied,

(i) Cy = 0 and almost all sample paths are Lipschitz continuous,

(i1) C, has stationary and independent increments,

(iii) the increment C,, — C, is a normal uncertain variable with an uncertainty

distribution
-1
F,(x)= (1 + exp (—_mc)) .
V3t

Definition 2 (Liu, 2008) Let C, be a Liu process and g(-) and A(-) be two real func-
tions. Then

dr, = g(t,r,)dr + h(t,r,)dC, 1)

is called a UDE. The uncertain process r, satisfying the above equation at time ¢ is
the solution.

Definition 3 (Yao & Chen, 2013) Let « be a number with 0 < « < 1. A UDE (1) is
said to have an a-path r{ if it solves the corresponding ordinary differential equation

dr® = g(t,r%)dt + |h (2, r*) |F~ (a)ds @

where F~!(a) is the inverse standard normal uncertainty distribution, i.e.,

F () = ﬁln L
T l—-a

Theorem 1 (Yao & Chen, 2013) Let r, and r{ be the solution and a-path of the UDE
(1), respectively. Then
M{r <r® Vt} =aq, M{rt > r;’,‘v’t} =1-a.

="y

Lemma 1 Let r, and r} be the solution and a-path of the UDE (1), respectively, and r
be a positive number. Then for any time T > 0, the supremum

N
sup <—/ rtdt+rs>
0<s<T 0

has an inverse uncertainty distribution

s
I_*";l(a)z sup <—/ rtl_”’dt+rs>,
0<s<T 0

and the infimum
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s
inf <—/ r,dt+rs>
0<s<T 0

has an inverse uncertainty distribution

—1 _ _ l-a
Fr(a) = OgyleT < /o r,” e+ rs>.
Proof For any give time 7, it is always true that
N N
{ sup <—/ rdr + rs> < sup <—/ riTde + rs> }
0<s<T 0 0<s<T 0
D {—/ rdt+rs < —/ rtl_“dt+rs,Vs S [O,T]}
0 0

O {r, 2 rtl_“,Vt}.

By monotonicity theorem of the uncertain measure and Theorem 1, we get

N N
./\/l{ sup (—/ r,dt+rs> < sup <—/ rt""’dt+rs>}
0<s<T 0 0<s<T 0 3)

> ./\/l{r, > rt'_“,Vt} =a.

Timilarly, we also obtain

N N
/\/l{ sup (—/ r,dt+rs> > sup <—/ rtl_"dt+rs>}
0<s<T 0 0<s<T 0 )

> M{r, < rtl_“,Vt} =1-a.

In addition, since

{ sup <—/ r,dt+rs> < sup <—/ rtl—adt+rs>}
0<s<T 0 0<s<T 0
N s

{ sup <—/ r,dt+rs> > sup <—/ r}‘“dt+rs>}
0<s<T 0 0<s<T 0

are opposite events, the duality axiom makes

N s
M{ sup <—/ r,dt+rs> < sup <—/ rtl‘“dt+rs>}
0<s<T 0 0<s<T 0
+/\/l{ sup (—/ r,dt+rs> > sup <—/ r}‘“dl+rs>} =1.
0<s<T 0 0<s<T 0

It follows from equations (3)-(5) that

and

&)
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./\/l{ sup <—/ r,dt+rs> < sup (—/ rtl“’dt+rs> } =a.
0<s<T 0 0<s<T 0

sup <—/ r,dt+rs>

0<s<T 0

has an inverse uncertainty distribution

F;l(a)z sup <—/ rtl_”dt+rs>.
0<s<T 0

Similarly, we can prove that the infimum

N
inf <—/ rtdt+rs>
0<s<T 0

has an inverse uncertainty distribution

—1 o _ 1-a
Fr(a)= 0%?ng< /0 r,0de + rs>.

The theorem is thus verified. O

Hence,

3 American swaption

In the framework of uncertainty theory, this section proposes the American swaption,
which can be exercised at any time prior to and including its maturity date.

3.1 Payer swaption

The buyer of a payer swaption has the right to pay fixed interest rate cash flow and
receive floating interest rate cash flow at any time prior to and including its maturity
date T.

Let r be the fixed interest rate, and r, be the floating interest rate at time ¢. Assume
that r, follows a UDE (1) with an initial value r,,, A, represents the notional principal
amount, and f, represents the price of payer swaption. Then the holder of payer swap-
tion pays f, for buying this contract at time 0, and has the following cash flow
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K K +
Ay sup [exp <—/ erT> <exp </ r,d1> — exp (rs)>]

0<s<T 0 0

s +
=A, sup [1 —exp (—/ rdt + rs)]

0<s<T 0

K +

=A, [1 - Oérslszexp <—[) rdt + rs)] .

Thus the net return of the holder at time O is

s +
1 — inf exp <—/ r,dt+rs>]
0<s<T 0

Similarly, the net return of the seller at time O is

s +
fr— Ao [1 - OéerSfTexp <—/0 rdr + rs)]

Then, the fair price of this payer swaption should make the holder and the seller
have an identical expected return, that is,

s +
-1 +4 l—oggTexp <—/0 r,dt+rs>]

s +
=f[,—AO[1—Ogslszexp <—/0 r,dt+rs>] .

Therefore, the payer swaption price is

K +
fp:E[A0<1—0gvl§fTexp <—/O r,dt+rs>> ],

and we have the following definition.

—f, +Aq

Definition 4 Let r be the fixed interest rate, T be the maturity date, and A, be the
notional principal amount. The floating interest rate r, follows an uncertain differ-
ential Eq. (1) with an initial value r,. For the payer swaption, its price is defined as

s +
5= E[A(,(l - oé?;fTeXp (—/0 rdr + rs>> ] (6)

Theorem 2 For the payer swaption, its price can be calculated as

1 s +
]2,:/0 [A0<1—0g1§frexp <—/O rf‘dt+rs>> ]da @)

where r{ is the solution of (2).
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Proof From Lemma 1, we obtain the inverse uncertainty distribution of
s
inf_exp <— / rdt + rs>
0<s<T 0
is

—1 . _ l—a
Fr(a) = Oglszexp< /o r,m0de+ rs>.
Since the function
Ayl - x)7"

is decreasing with respect to x, we have the inverse uncertainty distribution of
K +
Ay 1 — inf exp [ — rdt+rs

A1 =F' (1 —)" =: F7'(a)

is

from the operational law of uncertain variables. Then, we get

s +
—1 _ _ _ o
F () —A0<1 OgSfTexp< /0 r dt+rs>> .

Based on the expected value of the uncertain variable, we have

1
f= / F;'(a)da.
0

The theorem is thus verified.

3.2 Receiver swaption

The buyer of a receiver swaption has the right to pay floating interest rate cash flow and
receive fixed interest rate cash flow at any time prior to and including its maturity date

T.

Let f, represent the price of receiver swaption. Then the holder of reveiver swaption

pays f, for buying this contract at time 0, and has the following cash flow
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s s +
Ay sup [exp <—/ erT> <exp (rs) —exp </ erT> >]
0<s<T 0 0
K +
=A, sup [exp (—/ r.dr + rs> - 1]
0<s<T 0
s +
= AO[ sup exp <—/ r.dr + rs> - 1] .
0<s<T 0

Thus the net return of the holder at time O is

s +
sup exp <—/ r.dr + rs> - 1]
0<s<T 0

Similarly, the net return of the seller at time O is

s +
fr—Ao[sup exp <—/ erT+rs> —1] .
0<s<T 0

Then, the fair price of this receiver swaption should make the holder and the seller
have an identical expected return, that is,

s +
A0< sup exp (—/ r,dr+rs> - 1) ]
0<s<T 0
s +
=fr—E[A0< sup exp (—/ erT+rs> - 1) ]
0<s<T 0

Therefore, the receiver swaption price is

s +
I =E[AO< sup exp <—/ r,dt+rs> - 1) ],
0<s<T 0

and we have the following definition.

_fr +A0

~f,+E

Definition 5 Let r be the fixed interest rate, T be the maturity date, and A, be the
notional principal amount. The floating interest rate r, follows an uncertain differ-
ential equation (1) with an initial value r,. For the receiver swaption, its price is

defined as
s +
fr=E[A0<sup exp <—/ rldt+rs>—1> ] 8)
0<s<T 0

Theorem 3 For the receiver swaption, its price can be calculated as

1 s +
I =/ [A0< sup exp <—/ ride + rs> - 1) ]da 9)
0 0<s<T 0

where r}l is the solution of (2).
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Proof From Lemma 1, we obtain the inverse uncertainty distribution of

sup exp <—/ rdt + rs>
0<s<T 0

F;'(a) = sup exp <—/ rlTdr + rs).
0<s<T 0

is

Since the function
Ayx = DF

is increasing with respect to x, we have the inverse uncertainty distribution of
K +
A0< sup exp <—/ rdt + rs> - 1>
0<s<T 0

Ay(Fil @ - 1)" =: F;Y(a)

is

from the operational law of uncertain variables. Then, we get

K +
F;l(a) =A0< sup exp <—/ rtl_"‘dt+ rs> - 1> .
0<s<T 0

Based on the expected value of the uncertain variable, we have

1 1
f,=/ F;'(a)da:/ F;'(1 - a)da.
0 0

The theorem is thus verified. O

4 Uncertain interest rate model

This section will first give the parameter estimation of the uncertain interest rate
model based on the SHIBOR and then show an example to calculate American
swaption.

4.1 Parameter estimation of the uncertain interest rate model

Consider the overnight SHIBOR from April 1, 2021 to March 15, 2022 (see Table 1
and Fig. 1).
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Table 1 Overnight SHIBOR from April 1, 2021 to March 15, 2022 (%)
2.143 1.734 1.765 1.824 1.760 1.784 1.792 1.781 1.810 1.810
1.946 2.118 1.854 1.864 2.127 1.942 2.018 2.075 1.814 1.780
1.823 2.285 2.097 1.779 1.494 1.663 1.938 1.951 1.966 1.805
2.136 2.119 2.025 2.092 1.996 2.171 2.194 1.990 2.117 2.166
2.227 2.187 2.040 1.852 2.175 2.299 2.193 2.188 1.892 1.998
2.104 2.006 1.876 2.014 2.247 2.301 2.208 1.853 1.550 1.558
1.795 2.177 1.734 1.614 1.665 1.908 2.068 1.791 2.206 1.940
2.050 1.984 2.098 2.115 2.111 2.178 2.182 2.114 2.057 2.119
2.270 2.092 1.644 2.178 1.876 1.836 1.710 1.709 1.859 2.212
2.250 2.032 1.940 2.176 2.105 1.972 1.725 1.841 2.042 2.143
2.262 2.211 2.199 2.092 1.846 2.195 2.122 2.082 1.943 2.115
2.187 2.184 2.029 2.109 2.165 2.296 2.137 2.210 2.213 2.107
2.161 2.035 1.695 1.691 1.708 1.946 1.505 2.220 2.105 1.635
2.135 2.101 2.157 2.106 2.065 2.131 2.223 2.104 1.683 1.672
1.610 1.546 1.921 1.940 2.142 2.030 2.126 2.000 1.886 1.887
1.897 2.137 1.833 1.881 1.856 1.787 1.923 2.152 1.932 1.998
1.946 2.178 1.788 1.823 1.712 1.860 2.173 2.017 1.984 1.913
1.817 2.130 2.151 2.154 1.807 2.108 2.168 2.137 2.116 1.862
1.994 1.858 1.687 1.631 1.840 1.778 1.616 1.343 1.276 2.129
1.925 1.777 1.714 1.839 1.878 1.984 1.972 2.218 2.209 2.113
1.921 2.035 2.035 2.063 1.935 1.931 1.740 1.614 1.200 1.255
2.155 2.112 2.044 1.728 1.673 1.812 1.866 1.807 1.942 1.855
2.110 2.195 2.039 2.043 2.197 2.231 2.234 1.801 1.887 1.729
1.902 2.039 2.056 2.024 2.025 2.051 2.063 2.063

0.024 - T T T

0.022 |

0.02 B

0.018 B

0.016 - |

0.014 | |

0.012 L L L L

0 50 100 150 200 250

Fig. 1 Overnight SHIBOR from April 1, 2021 to March 15, 2022
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Let r(,7,, ..., 73 represent the interest rates. Assume the interest rate r, follows
the UDE

dr, = (m — ar,)dt + cdC,

where m, a and o are unknown parameters. From the revised method of
moments proposed by Liu and Liu (2022b), for any fixed parameters m, a, o and
i (2 <£1i<1238), we solve the updated UDE with an initial value r;_,

dr, = (m — ar,)dt + 6dC,,

and get the uncertainty distribution of r,

-1
n((ar,_; —m)exp(—a) + m — ax)
Fi(x)=| 1l+exp .
( ( V3o(1 - exp(-a) ))

Based on the definition of ith residual (Liu & Liu, 2022b), we have

-1
ema0) = Fi(r) = <1 texp <7r((ar,-_1\/—§m()lexp(—a() +)r)n - ar,')>> .
o(l —exp(—a

Then, €,(m,a, o) € (0,1) can be regarded as a sample of linear uncertainty distribu-
tion £(0, 1).

Since the number of unknown parameters is three and the first three moments of
the linear uncertainty distribution £(0, 1) are 1/2, 1/3, and 1/4, we have the follow-
ing equation

! 238 1
737 ; g;(m,a,0) = 5
1 238 1
2
) Eg;el(m,a,c)—g (10)
! 238
E Z 5?(771, a, 6) - T
whose root is
m=0.0229, a=1.1591, o =0.0032.
Thus we obtain an uncertain interest rate model,
dr, = (0.0229 — 1.1591r,)dt + 0.0032dC, (11)

where r, represents the interest rate. Finally, let us test whether the uncertain interest
rate model (11) fits SHIBOR. That is, we should test whether the linear uncertainty
distribution £(0, 1) fits the 237 residuals
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€,(0.0229,1.1591,0.0032), i = 2,3, ...,238.

See Fig. 2. Given a significance level @ = 0.05, it follows from a X 237 = 11.85 and
the test is

w ={(z2,z3, ..-»Zp38) . there are at least 12 of indexes i’s with

12
2 <i <238 such thatz < 0.025orz; > 0.975}. (12)

Since only €55, €59, €127, €128> 188> 189> 209> E210- €211 & [0.025,0.975], we have
€),€3,, €33 € W. Thus the uncertain interest rate model (11) is a good fit to the
interest rates.

4.2 Numerical results of American swaption

Consider a payer swaption with notional principal A, = 10000, fixed interest rate
r = 2.20%, floating interest rate r, follows the uncertain interest rate model (11) with
initial value 7, = 2.063%, and maturity date T’ = 1. First, we obtain the a-path of uncer-
tain interest rate model (11) as

V3

r7=r0exp<—m>+l(1—exp(—ar))<m+ In—= )
a 7 l-«a

Then, from Theorem 2, the price of the payer swaption is

£, =0.3883

and the price of the receive swaption is

[ = 154942

Figure 3a shows f, with the change of the maturity date 7; Fig. 3b shows f, with
the change of the fixed interest rate r, and when r > 2.34%, f, = 0; Fig. 4a shows f,

Fig.2 Residual plot of uncertain
interest rate model (11)
0.975

0.025 F

50 100 150 200
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0 n s s L s
0016 0017 0018 0019 002 0021 0022 0023 0024 0025 0.026
r

(a) fp with respect to T (b) f, with respect to r

Fig.3 The price f, with different parameters

110 T T T T T T T 60
100
50
920
80
40
70
-~ 60 «- 30
50
20
40
30
10
20
10‘ \TS é 2‘5 3 3‘5 Qf 4f5 5 (?.D‘ 6 0017 0018 0.019 0.:72 0.521 0.522 0. 523 0. (;24 0. 625 0.026
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(a) f- with respect to T’ (b) f» with respect to r

Fig.4 The price f, with different parameters

with the change of the maturity date 7; Fig. 4b shows f, with the change of the fixed
interest rate », and when r < 1.76%, f. = 0.

5 Conclusion

This paper considered the pricing problem of American swaption in the framework of
uncertainty theory. First, assuming that the floating interest rate follows a UDE, the
explicit formula of American swaption was derived. In addition, the parameter estima-
tion of the uncertain interest rate model was given based on the data from SHIBOR.
Finally, a numerical example was given to show American swaption.
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Appendix A Stochastic interest rate model

Let us reconsider overnight SHIBOR from April 1, 2021 to March 15, 2022 (see
Table 1). Assume the interest rate obeys a stochastic differential equation

dr, = (m — ar,)dt + cdW,

where m, a and o are unknown parameters, and W, is a Wiener process. For any fixed
parameters m, a, o and i (2 < i < 238), we solve the updated stochastic differential
equation with an initial value r;_,

dr, = (m — ar))dt + cdW,,

and get the probability distribution of normal random variable r;

1 /X exp <——(y_ﬂi)2>dy
2z e 2

where y; is the expected value, i.e.,

Fi(x) =

m m
M =—++ exp(—cz)(x,-_1 - —),
a a
and v? is the variance, i.e.,
2 o’
vi = — + (1 — exp(—2a)).
2a

Define the i-th residual
g,(m,a,0) 1= Fr,).

Then, €,(m,a, ) € (0, 1) can be regarded as a sample of uniform probability distri-
bution (0, 1).

Since the number of unknown parameters is three and the first three moments
of the uniform probability distribution (0, 1) are 1/2, 1/3, and 1/4, we have the
following equation

1 238 1

237 ;5"(’"’ @.0) =3
1 238 1

155 Zef(m, a,0)=3 (13)
| 5%
3
FYr) £i(m’a96)_ )
237 ;

whose root is
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Fig.5 Residual plot of stochas-
tic interest rate model (14)

0.5F 1

50 100 150 200

m = 0.0303, a=1.5261, o =0.0031.
Thus we obtain a stochastic interest rate model,

dr, = (0.0303 — 1.5261r,)dt + 0.0031d W, (14)

Let us test whether the stochastic interest rate model (14) fits SHIBOR interest rates.
That is, we should test whether the uniform probability distribution 240, 1) fits the
237 residuals

£;(0.0229,1.1591,0.0032), i = 2,3, ---,238.

See Fig. 5. To check if the residuals are from the same population (0, 1), we
apply the “Chi-square goodness-of-fit test” (Snedecor & Cochran, 1989) with a
significance level 0.05. Then using the function ‘chi2gof’ in Matlab, we obtain the
p-value as 0.0011, indicating that the residuals do not come from the same popula-
tion U(0, 1). Therefore, the stochastic interest rate model (14) does not fit overnight
SHIBOR.
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