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Abstract Fuzzy relational equations play an important role in fuzzy set theory and
fuzzy logic systems. To compare and evaluate the accuracy and efficiency of various
solution methods proposed for solving systems of fuzzy relational equations as well
as the associated optimization problems, a test problem random generator for sys-
tems of fuzzy relational equations is needed. In this paper, procedures for generating
test problems of fuzzy relational equations with the sup-7 composition are proposed
for the cases of sup-7ys, sup-Zp, and sup-7; compositions. It is shown that the test
problems generated by the proposed procedures are consistent. Some properties are
discussed to show that the proposed procedures randomly generate systems of fuzzy
relational equations with various number of minimal solutions. Numerical examples
are included to illustrate the proposed procedures.

Keywords Fuzzy relational equations - Triangular norms - Random generator

1 Introduction

The study of fuzzy relational equations based upon the max-min composition was first
investigated by Sanchez (1976, 1977) in his pioneering work on the applications of
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2 C.-F. Hu, S.-C. Fang

fuzzy relations in approximate reasoning and decision making. Since then, solving
various types of fuzzy relational equations has become one of the most appealing
issues in fuzzy set theory. The basic type of fuzzy relational equations are those with
the sup-7 composition, or more accurately, the max-7 composition for finite sce-
narios, where 7 is typically a continuous triangular norm (t-norm for short). Such a
system with n variables and m constraints can be stated as follows:

sup 7 (ajj, xj) =b;, Yie M, (D
JjeN
where M = {1,2,...,m}and N = {1,2,...,n} are two index sets, a;;, x; and

b; are real numbers in the unit interval for eachi € M and j € N. Denote A =
(@ij)mxn>X = (Xj)nx1, and b = (bj)mx1. A system of fuzzy relational equations
with the sup-7 composition is also referred to as a system of sup-7 equations for
short and can be represented in the matrix form of A o x = b where “o” stands for the
specific sup-7 composition. Usually, the t-norm 7 is required to be continuous, i.e.,
continuous as a function of two arguments. The commonly seen minimum operator
Ty (x, y) = min(x, y), product operator 7p(x, y) = x - y, and Lukasiewicz t-norm
Tr(x,y) = max(x + y — 1, 0) are all continuous. The study of sup-7 equations with
7T being a continuous t-norm can be reduced, in some sense, to the study of sup-73,
equations, sup-7p equations, and sup-7; equations, respectively (see, e.g., Li and
Fang 2008).

The resolution of a system of sup-7 equations is to determine the unknown vector
x for a given coefficient matrix A and a right hand side vector b such that A o x = b.
The set of all solutions, when it is non-empty, is a finitely generated root system
which can be fully determined by a unique maximum solution and a finite number
of minimal solutions (see, e.g., Li and Fang 2009). For a finite system of fuzzy rela-
tional equations with max-7 composition, it is well known that its consistency can
be verified by constructing and checking a potential maximum solution. However, the
detection of all minimal solutions is closely related to the set covering problem and
remains a challenging problem [see, e.g., Li and Fang (2009), Klir and Yuan (1995),
Markovskii (2005), and Pedrycz (1991)]. Overviews of fuzzy relational equations and
their applications can be found in Li and Fang (2009) and Peeva and Kyosev (2004).

The problem of minimizing a linear objective function subject to a system of fuzzy
relational equations with max-min composition was first investigated in Fang and Li
(1999) and later in Wu et al. (2002) and Wu and Guu (2005). Following the idea pro-
posed in Fang and Li (1999), some variants of this type of optimization problems were
discussed in Abbasi Molai and Khorram (2007), Abbasi Molai and Khorram (2008),
Ghodousian and Khorram (2006), Guo and Xia (2006), Guu and Wu (2002), Khorram
and Ghodousian (2006), Loetamonphong and Fang (2001) and Wu and Guu (2004).
Most recently, it was shown in Li and Fang (2008) that the problem of minimizing an
objective function subject to a system of fuzzy relational equations can be reduced to
a 0-1 mixed integer programming problem in polynomial time. A set covering-based
surrogate approach was proposed in Hu and Fang (2011) to solve the sup-7 equation
constrained optimization problems with a separable and monotone objective function
of its variables.
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Randomly generating test problems 3

Various solution methods have been developed for solving systems of fuzzy rela-
tional equations as well as the associated optimization problems. Examination of the
accuracy and efficiency of the proposed solution methods is of theoretical and practical
importance. This work intends to develop a test problem random generator for sys-
tems of fuzzy relational equations. Procedures for generating test problems of fuzzy
relational equations with the sup-7j;, sup-7p, and sup-7;, compositions are proposed.
It is shown that the test problems generated by the proposed procedures are always
consistent. Moreover, since the solution set of a system of fuzzy relational equations,
when it is nonempty, can be characterized by one unique maximum solution and a finite
number of minimal solutions, test problems with various number of minimal solutions
are required for a fair assessment of a developed solution method. It is shown that the
proposed procedures can generate systems of fuzzy relational equations with a unique
minimal solution if m > n, and systems of fuzzy relational equations with up to 23]
minimal solutions if m > [5].

The rest of this paper is organized as follows. In Sect. 2, some basic concepts and
properties associated with fuzzy relational equations are provided. In Sect. 3, pro-
cedures for generating test problems for systems of fuzzy relational equations with
the sup-7 composition are proposed. Numerical examples are included in Sect. 4 to
illustrate the proposed procedures. Conclusions are given in Sect. 5 while the pseudo
codes are included in the Appendix.

2 Preliminaries

In this section, we recall some basic concepts and properties associated with the fuzzy
relational equations. All proofs are omitted to keep the paper succinct and readable.
Readers may refer to Klement et al. (2000) for a rather complete overview of triangular
norms, and to Li and Fang (2008), Li et al. (2008), Li and Fang (2009), and Li (2009)
for the detailed analysis on the resolution of a system of sup-7 equations.

2.1 Triangular norms

A triangular norm (t-norm for short) is a binary operator 7 : [0, 11?2 = [0, 1], such
that, for all x, y, z € [0, 1], the following four axioms are satisfied:

(T1) 7 (x,y) =7 (y,x) (commutativity);

(T2) T(x,7(y,z)) =7 (T (x,y),z) (associativity);

(T3) T(x,y) <7(x,z), whenever y < z (monotonicity);
(T4) 7 (x, 1) = x (boundary condition).

Since t-norms are binary algebraic operators on the real unit interval [0, 1], the infix
notation like x A, y is also used in the literature instead of the prefix notation 7 (x, y).

A t-norm 7 is said to be continuous if it is continuous as a real function of two argu-
ments. Due to its commutativity and monotonicity properties, a t-norm is continuous
if and only if it is continuous in one of its arguments. Analogously, a t-norm is said
to be left- or right-continuous if it is left- or right-continuous, respectively, in one of
its arguments. The three most important continuous t-norms are the minimum t-norm

@ Springer
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Ty, product t-norm Tp and Lukasiewicz t-norm 7. They are defined, respectively,
by

Ty (x, y) = min(x, y) (minimum, Godel, Zadeh t-norm),

Tp(x,y) = x - y (probabilistic product, Goguen t-norm),

Tr(x,y) = max(x +y — 1, 0) (bounded difference, L.ukasiewicz t-norm).

To characterize the solution set of a system of sup-7 equations, two residual oper-
ators are defined with respect to a continuous t-norm 7.

Definition 2.1 Given a t-norm 7, the binary residual operators Z7 : [0, 1]*> — [0, 1]
and J7 : [0, 1]2 — [0, 1] are defined, respectively, by

I7(x,y) =sup{z € [0, 1] | T(x,2) < y}
and
Jr(x,y) =1inf{z € [0, 1] | T (x, 2) = y}.

The residual operator Z7 is known as a residual implicator or briefly an R-implicator
in fuzzy logic while the residual operator (77 has no particular logical interpretation.
In the literature, the residual implicators are also known as g-operators which were
introduced by Pedrycz (1985) in a different approach to describe the solutions of sup-
T equations. The residual operator J7 was discussed in Di Nola et al. (1989) with a
slightly different definition. The infix notations are used to denote these two residual
operators, i.e., x¢;y = Z7(x, y) and xory = J7(x, y), respectively.

Theorem 2.1 (see, e.g., Li and Fang 2008) Let T be a left-continuous t-norm and L1
its associated residual implicator. It holds for all a, b € [0, 1] that T (a, x) < b if and
only ifx <Zg(a,b).

Theorem 2.2 (see, e.g., Li and Fang 2008) Let 7 be a continuous t-norm with I
and JT being the associated residual operators. The equation T (a,x) = b has a
solution for any given a, b € [0, 1] if and only if b < a, in which case the solution set
of T (a, x) = b is given by the closed interval [ J1(a, b), 7 (a, b)].

Theorem 2.1 plays a crucial role in the resolution of sup-7 equations, which is
actually a special scenario of the general theory of Galois connections (see, e.g., Blyth
and Janowitz 1972). The residual operators Z7 and J7 of the three most important
continuous t-norms are listed in Table 1.

2.2 Resolution of systems of sup-7 equations

In this section, we focus on the resolution of a finite system of fuzzy relational equa-
tions with sup-7 composition described in (1) or represented in the matrix form as
A o x = b. Without loss of generality, we may assume that by > by > --- > b;;, > 0
(see, e.g., Li and Fang 2008).

@ Springer



Randomly generating test problems 5

Table 1 Residual operators of
the Godel, Goguen, and

FLukasiewicz t-norms T I, y) JT (%, %)
T 1, ifx <y, 1, ifx <y,
M y, otherwise. y, otherwise.
1, ifx <y, 5 ife <y,
Zp X, otherwise. X’ if0<y=x,
X 0, otherwise.
1, if x <y,
7L min(l —x 4+ y, 1) l—x+y, if0<y<ux,
0, otherwise.

2.2.1 Solvability and solution set

Given a system of sup-7 equations A o x = b with a continuous t-norm 7, the
set of all solutions to A o x = b is called its complete solution set and denoted
by S(A,b) = {x € [0, 1]" | A ox = b}. A partial order can be defined on S(A, b)
by extending the natural order such that for any x',x2 e S (A, b), x! < x? if and
only if le. < x2 forall j € N. A system of sup-7 equations A o x = b is called
consistent if S(A, b) # @. Otherwise, it is inconsistent. Due to the monotonicity of
the t-norm involved in the composition, if x!,x2 € S(A,b) and x! < x2, any X sat-
isfying x! <x <x?isalsoin (A, b). Therefore, the attention could be focused on
the so-called extremal solutions as defined below.

Definition 2.2 A solution X € S(A, b) is called a minimal or lower solution if, for
any x € S(A, b), the relation x < X implies x = X. A solution X € S(A, b) is called
the maximum or greatest solution if x < X,V x € S(A, b).

Theorem 2.3 (see, e.g., Li and Fang 2008) Let A o X = b be a system of sup-T
equations. A vector x € [0, 11" is a solution to A o x = b if and only if there exists an
index j; € N for eachi € M such that

ajj; Nt Xjj; =b; and ajj Nt Xj <bj,VieM,jeN.

Theorem 2.3 holds in a straightforward way due to the non-interactivity property
of the maximum operator, i.e., a V b € {a, b}. Theorems 2.2 and 2.3 lead to the next
well-known solvability criterion of a system A o x = b and the characterization of its
solution set, both of which were first seen in Sanchez (1976, 1977).

Theorem 2.4 (see, e.g., Li and Fang 2008) Let A ox = b be a system of sup-T equa-
tions with a continuous t-norm T. The system is consistent if and only if the vector
AT @,b with its components defined by
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6 C.-F. Hu, S.-C. Fang

(ATgb); = iiQASIT(aij,bi)7 VJjeN, @)

is a solution to A ox = b. Moreover, if the system is consistent, the complete solution
set S(A, b) can be determined by a unique maximum solution and a finite number of
minimal solutions, i.e.,

SAb) = (] xel0 11" x<x<%)}, 3)
xeS(A.b)

where S'(A, b) is the set of all minimal solutions to A o X = b and X = AT ¢;b is the
maximum solution defined in (2).

The consistency of a system A o X = b can be detected by constructing and check-
ing the potential maximum solution X = A’ ¢,b in a time complexity of O(mn).
The detection of all minimal solutions is a complicated and very interesting issue for
investigation. It follows from Theorems 2.2 and 2.3 that the complete solution set of
the i-th equation, i € M, in a consistent system A o x = b is a finitely generated root
system with a set of minimal solutions given by

Si =Xk | b < aix, ke N},

where the vector X¥ is defined by

VjeN.

)\ék _ jT(aiks bi)a lf.] =k9
J 0, otherwise,

The complete solution set of A o x = b is therefore the intersection of these root
systems which remains to be a finitely generated root system. However, a minimal
solution of a single equation may not necessarily be a minimal solution of the system.
It has been observed that the detection of minimal solutions is closely related to the
set covering problem (see, e.g., Markovskii 2005).

2.2.2 Minimal solutions and set covering problems

The close relation between the minimal solutions of a system of sup-7 equations and
the set covering problem has been noticed and described from various aspects since the
structure of the complete solution set was fully understood. It provides some important
information for the analysis of the number of minimal solutions and the development
of algorithms to find all the minimal solutions.

With the potential maximum solution X in hand, the characteristic matrix Q =
(Gij)mxn of asystem A o x = b can be defined by

“)

G [ (TI7(aij, bi), X1, if T (ajj, Xj) = b;,
ij =

- 0, otherwise.
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Randomly generating test problems 7

It was reported in Li and Fang (2008) that when 7 is a continuous Archimedean
t-norm of which the product operator 7p and the Lukasiewicz t-norm 77, are typical
representatives, the nonempty elements in Q are always singletons with their values
being determined by the potential maximum solution X. The characteristic matrix Q
in this case can be simplified as Q = (g;j)mxn With

)

L ifg #9,

9 =10, otherwise.

Definition 2.3 Let A o x = b be a system of sup-7 equations with 0= (Gij I mxn

being its characteristic matrix. A column j of Q is said to be in the kernel Ker(Q) if
there exists a row i such that g;; is the unique nonempty element in row i.

Definition 2.4 Let O = (gij)mxn € {0, 1} be a binary matrix. A column j is said
to cover a row 7 if g;; = 1. A set of nonzero columns P forms a covering of Q if
each row of Q is covered by some column of P. A column j in a covering P is called
redundant if the set of columns P\{j} remains to be a covering of Q. A covering P
is irredundant if it has no redundant columns. The set of all coverings of Q is denoted
by P(Q) while the set of all irredundant coverings of Q is denoted by ﬁ(Q).

It is well-known that the set of all coverings P (Q) of a binary matrix Q can be well
represented by the feasible solution set of a set covering problem, i.e.,

Find u € {0, 1}"
s.t. Qu > e, (6)
wheree = (1,1, ..., 1)1T>< ., The relation between fuzzy relational equations and the
set covering problem was presented by Markovskii (2005) for sup-7p equations, and
extended to continuous t-norms by Li and Fang (2008).

Theorem 2.5 (see., e.g., Li 2009) Let A ox = b be a system of sup-T equations with
T being a continuous Archimedean t-norm, and Q be the corresponding simplified
characteristic matrix. Then, each minimal solution of A o X = b corresponds to an
irredundant covering of Q, in a one-to-one manner.

Theorem 2.5 indicates that determining all minimal solutions to a system Aox = b
with a continuous Archimedean t-norm 7 is equivalent to determining all irredun-
dant coverings of its simplified characteristic matrix, which can be interpreted as a
procedure of finding the minimal cover of Q.

When the system A o x = b of sup-7 equations with 7 being a continu-
ous non-Archimedean t-norm, the situation turns out to be a little bit complicated.
For each j € N, denote r; the number of different values in {J7(a;j, b;) |
T(a,-j,ij) = b;,i € M}, set K; = {1,2,...,r;} and denote the different values
in {jy(a,-j,b,-) | T(aij,)?j) = bi,i (S] M} by ﬁjk for k € Kj. Letr = ZjeNrj
and U = (V11 + -y Vlpys e v s Unlsvnes 17n,n)T € [0, 17". In this case, the characteristic
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8 C.-F. Hu, S.-C. Fang

matrix Q can be converted to an augmented characteristic matrix Q" = (qlf dmxr €
{0, 1} where

Jj—1 J
g = 1, if er<k52rs and vj; € g;; forsome je N, 7
! s=1 s=1
0, otherwise.
Letw = (U1, ..., Ulpys-esUnly---sUnr,)] € {0, 1} such that ZkeK/ ujp <1

for each j € N, i.e., at most one of u; can be 1 for k € K. These restrictions
are called the innervariable incompatibility constraints and can be represented by

Gu <", wheree" = (1,1, ..., 1)]Txn and G = (g )nxr With
Jj—1 J
1, if re <k < Iy,
gjk = ; * - ; y (8)

0, otherwise.

Definition 2.5 Let Q' = (¢;)mxr € {0, 1} and G = (gji)uxr € {0, 1}"" be two
binary matrices. A column k of Q" is said to cover arow i of Q" if ¢/, = 1. A set of
nonzero columns P forms a G-covering of Q' if each row of Q' is covered by some
column in P, ie., Q'u” > ¢™, and Gu” < ¢" is satisfied with u” = (u/), | where

©))

p_ |1, ifkeP,
“k =10, otherwise.
A column & in a G-covering P is called redundant if the set of columns P\ {k} remains
to be a G-covering of Q’. A G-covering P is irredundant if P has no redundant col-
umns.

Theorem 2.6 (see, e.g., Li 2009) Let A o x = b be a system of sup-T equations with
T being a continuous non-Archimedean t-norm, Q' be the corresponding augmented
characteristic matrix and G be the associated coefficient matrix of the innervariable
incompatibility constraints. Then, each minimal solution to A o X = b corresponds to
an irredundant G-covering of Q'.

3 Procedures for generating test problems of fuzzy relational equations
with sup-7~ composition

Our aim is to generate test problems for systems of sup-7 equations. Given a ran-
domly generated maximum solution, the proposed procedures randomly construct the
associated coefficient matrix and right hand side vector of a consistent system of fuzzy
relational equations. Moreover, since test problems with various number of minimal
solutions are required for a fair assessment of a developed solution method, some
properties are discussed to show that the proposed procedures randomly indeed gen-
erate systems of fuzzy relational equations with various number of minimal solutions.

@ Springer



Randomly generating test problems 9

The test problem random generator (TPRG) for systems of fuzzy relational equations
with the sup-7js composition is proposed in Sect. 3.1. Since the discussion presented
in Sect. 3.1 can be extended in an analogous manner to the system of sup-7 equations
with 7" being a continuous Archimedean t-norm, some of the proofs in Sects. 3.2 and
3.3 are omitted to make it succinct and readable.

3.1 System of sup-7y; equations
In this section, a procedure for generating test problems for systems of fuzzy rela-

tional equations with the sup-7y; composition is studied. We start with deriving two
theorems.

Theorem 3.1.1 Let A o x = b be a consistent system of sup-Ty equations with
X = (&1, %, ..., %)7 being the maximum solution. Then, we have the following
results:

(i) Foreach j € N withO < X; < 1, there exists an i € M such that Xj = b;.
(i) by < max(i,) for alli € M.
je

(iii) Foreachi € M, there exists a j € N such that

aij =bi, lf)ej >bi,
a;j € [bi, 11, ifX; = b;.

Proof (i) According to Theorem 2.4, for each j € N, there exists ani € M such
that

xj = I, (aij, b;).
Moreover, if 0 < x j < 1, according to Definition 2.1, we have
xj = I, (aij, bi) = b;.

(ii) Since X is a solution to A ox = b, Theorem 2.3 says that, for each i € M, there
exists j € N such that

bi = T (a;j, X;) = min{a;;, X;} < X; < malz;{)?j}
J

Therefore, b; < m%{)? j}foralli e M.
je

(iii) According to Theorem 2.3, since X is a solution to A ox = b, foreachi € M,
there exists j € N such that

N . N aij, ifa;; <Zx;
bi = T (a;j, %j) = minfa;;, X;} = {77 . 7Y 707
. ’ ’ Xj, lfaij = Xj,

which implies that
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10 C.-F. Hu, S.-C. Fang

aijj =b,‘, if)ej >b,',
aijj € [bi, ]], if)ej = b,‘.

O

Theorem 3.1.2 Let A o x = b be a consistent system of sup-Ty; equations with
X = (X1, %2, ..., x0)T being the maximum solution. For each j € N, ifXj =1, then

ajj € [0,b;]1,YVi e M;

if X; # 1, then there exists an i € M such that X j = b;. In the latter case, we have
a;; € (b7, 1] and

[aij €106l ifbi <bi o M\{i}

a;j €[0,11, ifb; > b3,
Proof According to Definition 2.1 and Theorem 2.4, we have

1, ajj <b;,

bi. ai; > bi. VieM and j €N,

I7,(aij, bi) = [
and
X = ,-iQAflITM(“if”’i)’Vj eN.
Foreach j € N, if X; = 1, we have
I7,(aij, b)) =1,YieM,
or equivalently,
ajj €0,b;],VieM.
If £; # 1, there exists ani € M, such that
Xj =TI, (a;, by = b,
or equivalently,
b; < a;; < 1.
Moreover, for eachi € M \{z_'}, since x j = b;, we have
It (aij, bi) = Xj = b;.

@ Springer



Randomly generating test problems 11

If b; > b;, we have a;; € [0, 1] such that

I7,,(aij, bi) = b; > b;.

If b; < b;, we have 0 < a;; < b; such that

I7,(aij, b)) =1>3X;.

O

Based on Theorems 3.1.1 and 3.1.2, we propose the following procedure for randomly
generating test problems of sup-7j; equations:

Procedure TPRG sup-7y,

Step 0.

Step 1.

Step 2.

Step 3.

Step 4.

[Input]
Input positive integers m and n.
[Generate a maximum solution X = (X1, X, ..., X,;) of the system of sup-
Ty equations.]
Step 1.1. If m < n, then go to step 1.2; otherwise, go to step 1.3.
Step 1.2. Randomly generate X; € [0, 1] foreach j € M. Let X = {X; |
X i # 1, j € M}, r be the number of different values in X, and
vi,i = 1,2,...,r, be the different values in X. For j = m +
1,...,n, randomly choose ;' € M and let X; = X;.
Step 1.3. Randomly generate ; € [0, 1] foreach j € N.Let X = {X; |
Xj # 1, j € N}, r be the number of different values in X, and
v;,i =1,2,...,r, be the different values in X.
[Construct b = (b;),,x1 of the system of sup-7;; equations.]
Fori = 1,2,...,r, let b; = v;. If m > r, randomly assign the value of
b; € [O,mé}\ylc{ij}],fori =r+1,r+2,...,m.
J

[Construct A = (a;;)mxn» of the system of sup-7); equations.]
For each j € N, if x i = 1, then _randomly assign the value of g;; €
[0,b;,1,YV i € M; otherwise, find an i € {1,2,...,r} such that X; = b5,
randomly assign the value of a; j € (b7, 1] and
dijj € [O, b,'], ifb,' < bz_" . <
{a,-,- cl0.11, ift; = b, ° 0 €M

[Guarantee the consistency of the system of sup-7;; equations.]
Fori =r+1,r +2,...,m, randomly choose j; € N such that fjl. > b;.
Update matrix A with

ajj; :bl', ifoj[ >b,’,

ajj; € [bl’, l], if)?jl. = b,'.
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12 C.-F. Hu, S.-C. Fang

Step 5. [Output]
Output A € [0, 1] and b € [0, 1]™.

Proposition 3.1.1 Let A o x = b be a system of fuzzy relational equations generated
by TPRG sup-7y;. Then, A o X = b is consistent.

Proof According to Steps 2 and 3 of TPRG sup-7,, foreachi = 1,2, ..., r, there
exists an index j; € N such that

)’5]'1. =bl‘ < djj;
which implies that
T(aiji,xAji) =min{a,-ji,)2ji} = bi, Vi= 1,2, N (10)

Foreachi =r+1,r+2,...,m, according to Step 4 of TPRG sup-7},, there exists
an index j; € N such that

ajj;, = b,‘, if)?jl. > b,‘,
ajj, € 1b;, 11, if X, = b;,

which implies that
T(a,-ji,)?ji) = min{a,-jl.,)?jl.} =b;, Vi=r+1,r+2,...,m. (11
Moreover, according to Step 3 of TPRG sup-7},, for each i € M, we have

aij €[0,b;], ifx; > b;, .
ajj €[0,1], otherwise, VJien,
which implies

’T(a,-j,)?j)zmin{aij,)?j}fb,-, VieM and jEN. (12)

By Theorem 2.3, Egs. (10)—(12) imply that the generated system of sup-73s equations
A o x = b is consistent. O

Proposition 3.1.2 A system of sup-Ty; equations A o x = b with a unique minimal
solution can be generated by TPRG sup-7y;, if m > n.

Proof Consider generating a system of sup-73; equations by TPRG sup-73,. Since
m > n, we can randomly generate n different numbers x1, x2, ..., x, € [0, 1) and let
Xj = xj foreach j € N in Step 1 of TPRG sup-7);.
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Randomly generating test problems 13

Let b; = Xj, for each j € N, and randomly assign the value of b; such that
0 < b; §m%<{)?j}foralli =n+1,n+2...,m
JjE

According to Step 3 of TPRG sup-7y, for each j € N, we have

ajj € (bj, 1] (13)
and
aije[O,bi], if£j>b,-, . .
[a,-,- c[0.11, if5; <b, €M
Foreachi € N, let
aijj € [O, b,’), if)?j > bi, . .
[a,»j c[0.11, iff; <b, "7 €N (14
Equations (13) and (14) imply that
T(ajj,)?j)ij, VjEN (15)
and, foreachi € N,
T (aij, Xj) # bi, ¥ j € N\{i}, (16)

respectively.

Let A ox = b be a system of sup-7js equations generated by the above procedure,
and O = (Gij)mxn be the corresponding characteristic matrix. Equations (15) and
(16) imply that

Gjj #9, VjeN, (17)
and
Gij=9,VieNandj e N\{i}, (18)

respectively.

Based on Definition 2.3, Eqs. (17) and (18) directly lead to the result that j €
Ker(Q), for each Jj € N. According to Theorem 3.3 in Li and Fang (2011), Aox =b
has a unique minimal solution. O

Proposition 3.1.3 Let A o x = b be a system of fuzzy relational equations generated

by TPRG sup-Ty; withX = (&1, X2, ..., )T being the maximum solution. For each

ie€Mlet)i ={jeN]|ZXj=bi}andk; =| J; | .Then, the system of sup-Ty
m

equations A o X = b has at most H k; minimal solutions.

i=1
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14 C.-F. Hu, S.-C. Fang

Proof Let A o x = b be a system of sup-7); equations generated by TPRG sup-7y,
and Q = (§ij)mxn be the corresponding characteristic matrix. According to Peeva
and Kyosev (2004), the upper bound of the number of minimal solutions of Aox = b
is related to the number of nonempty elements in each row of Q.

For eachi € M, consider

[a,’ij,‘, lfo">b,', VjEN. (19)

aij S [bl', l], if)?j = b,’,

Equation (19) implies that, for each i € M, if there exists a j € N such that X; > b;,
then

T (aij, Xj) = b;,
or equivalently,
gij # 9.
In this case, foreachi € M, let J; ={j € N | )?j > b;i}and k; =| J; | . According

to Eq. (3.25) in Peeva and Kyosev (2004), the system of sup-7j; equations Aox = b
m

has at most H k; minimal solutions. O

i=1

For n € R, denote |n] the largest integer no greater than n and [n] the smallest
integer no less than n.

Proposition 3.1.4 A system of sup-Tp; equations A o x = b with 2131 minimal solu-
tions can be generated by TPRG sup-Ty, if m > [57.

Proof Consider generating a system of sup-73; equations A o x = b by TPRG sup-
Ty . Sincem > f%] , we canrandomly generate [%1 differentnumbers xq, x2, ..., X

[O, 1)3.1’1(116'[)2.,‘_,_\_%] =Xj,Vj = 1,2, PR r%-I and)?j Z)eJ_H_%J,V] = 1,2, ey L%J
in Step 1 of TPRG sup-7y;.
For each i = 1,2,...,[5], let b; = )El-H%J and randomly assign the value of
A ) n n
bi € [0,max{x;}Vi=[-1+1,[z1+2,...,m.
jeN 2 2
According to Step 3 of TPRG sup-7y;, for each j € N, there exists an i €
{1,2,..., 151} such that X; = b;. In this case, for each j € N, we have a;; > b;, or
equivalently,

T(a,’j,f/‘) = b,‘. (20)
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Let j* € N satisfying Xj» =  max  {X;}. Foreach j € N\{j*, j* + [7]}, let
J=1,2,0 2]

[aiq €10.bi), by <bi, . M\{i},

a’ j € [0, 1], ifb,'/ > bi,
which implies that, for each j € N\{j*, j* + [5]},
T(apj, %)) #b., Vi € M\{i}. Q1)

Moreover, for each j € {j*, j* + [ 5]}, there exists ani € {1,2, ..., [5]} such that
)’c\]* = xAj*—H_%J = bi~ Then, let

. n .
aj jx € [0, b,‘/) and ai/j*+|_%J € [0, bi/), Vi e {1, 2,..., |—§—|}\{l}, (22)

and
a,»/j* = ai’j*JrL%J = b,’/, if)?j* > b,’/,
aj jx € [bi/, 1] and a,-/j*H%J € [bi/, 1], lfoj* = bi/,
Vi’e”n—l—i—l V]Jrz m} (23)
2 k) 2 g e e ey .

Equations (22) and (23) imply that

T(apj, Xj=) # by and T(ayjeq ny, £jeq 2)) # by,

Vile{l,2,..., (%1}\{;‘}, (24)
and
’T(a,-rj*, )2]*) = b,‘/ and T(ai/j*JrL%J, )Ej*JrL%J) = bi/
. n n

Vi e{[JH,[JJrz,...,m}, (25)

respectively.
According to Li and Fang (2009) and Egs. (7)—(9), (20), (21), (24) and (25) directly

5]

v W v v f—/\q A~ A A
lead to the result that x = {x{, xX2,...,x,} = {0,0,...,0, X 2j s X242, - Xn}
is a minimal solution of the above generated system of sup-7,; equations A o x = b.

Moreover, since £j = £z, ; =b;,V j=1,2,..., 5], and

n
IR

T(ajj: %)) =T@jjr13), Xj13) =bjn Vi=12.....15
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16 C.-F. Hu, S.-C. Fang

replacing the value of X; by X; and the value of JEL% |+j by 0 in X, for each j €
{1,2,..., L%J}, results in another minimal solution of A o X = b. Therefore, the
system of sup-7j; equations A o x = b has 2L3) minimal solutions. O

3.2 System of sup-7p equations

In this section, a procedure for generating test problems for systems of fuzzy relational
equations with the sup-7p composition is studied. We start with deriving the following
theorem:

Theorem 3.2.1 Let A o x = b be a consistent system of sup-Tp equations with
X = (X1, %2, ..., x)T being the maximum solution. Then, we have the following
results:

(i) Foreachi € M, there exists a j € N such that b; = a;j x X;.
(i) aij € [0, —1,¥i € Mand j € N.
Xj
. bi
(iii) Foreach j € N, ifXj # 1, then there exists an i € M such that a;; = )2—’
j

Proof (i) SinceXisasolutionto Aox = b, Theorem 2.3 says that, foreachi € M,
there exists a j € N such that

bi = T(a,-j,)?j) =ajj X )’Ej.
(ii) According to Theorem 2.4, the maximum solution X is defined as
)Ej = iiél]fwl'(al'j,b,'), VjeN.
Therefore, we have
I(aij, bi) > )?,‘,Vi €M, and j €N,

or equivalently,

b.
0<aj;<-—,YieM and jeN.

~ 9

Xj

(iii) Similarly, according to Theorem 2.4, for each j € N, there exists ani € M
such that

I(aij, b)) = )2/‘.
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Randomly generating test problems 17

If £; # 1, we have

I(ajj, bi) = — =X,

or equivalently,

ajj = <.

If X; = 1, we have

I(aij,bi) :ij = 1,

or equivalently,

ajj < b;.

]

Based on Theorem 3.2.1, we propose the following procedure for generating test prob-
lems of sup-7p equations:

Procedure TPRG sup-7p

Step 0.

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

[Input]
Input positive integers m and n.
[Generate a maximum solution X = (X, X2, ..., x,) of the system of
sup-7p equations.]
Randomly generate X; € [0, 1] foreach j € N.
[Construct b = (b;),,x1 of the system of sup-7p equations.]
Step 2.1. For each i € M, randomly choose j; € N, assign the value of
aij, € (0,1] and let b; = a;j; x Xj,.
Step 2.2. If ?61%11{17[} < ?éi}rvl{)?j}, go to step 3; otherwise, go to step 2.1.

[Construct A = (a;; ) x» of the system of sup-7p equations.]

b.
Foreachi € M, randomly assign the value of a;; € [0, min{1, - }] for each
%

J

J € N\{ji}.

[Guarantee the consistency of the system of sup-7p equations.]

For each j € N\{j1, j2, ..., jm}, if X; # 1, then randomly choose i € M
b‘

such that b; < ¥ ; and update matrix A with a;; = A—l
Xj

[Output]

Output A € [0, 1] and b € [0, 1]™.
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18 C.-F. Hu, S.-C. Fang

Noticed that if mij&l{bi} > r_ni}l\}{f 7} in Step 2.2 of Procedure TPRG sup-7p, the
ie je

procedure might have problem in randomly choose i € M such that b; < X; in Step 4.
Therefore, if mi}}{b"} < r_ni[{]l{)? j} in Step 2.2, then the procedure goes to Step 2.1 to
i€ J€E X

regenerate b;, foreachi € M.

To be parallel to propositions in Sect. 3.1, we have the following results for the
system of sup-7p equations. The proofs are omitted here.

Proposition 3.2.1 Let A o x = b be a system of fuzzy relational equations generated
by TPRG sup-7p. Then, A o x = b is consistent.

Proposition 3.2.2 A system of sup-Tp equations A o X = b with a unique minimal
solution can be generated by TPRG sup-7p, if m > n.

Proposition 3.2.3 A system of sup-Tp equations A o x = b with 2131 minimal solu-
tions can be generated by TPRG sup-Tp, if m > [5].

3.3 System of sup-7;, equations

In this section, a procedure for generating test problems for systems of fuzzy relational
equations with the sup-77 composition is studied. We start with deriving the following
theorem.

Theorem 3.3.1 Let A o X = b be a consistent system of sup-Tp equations with
X = (&1, %, ..., %)7 being the maximum solution. Then, we have the following
results:

(i) Foreachi € M, there exists a j € N such that b; = a;; +Xj — 1.
(i) a;; €[0,1 =%; +b;],Yie Mand j € N.
(iii) Foreachj € N,ifXj # 1, thenthere existsani € M suchthata;j = b; +1—%;.

Proof Following the same process of Theorem 3.2.1 leads to the results. O

Based on Theorem 3.3.1, we propose the following procedure for generating test
problems of sup-7; equations:

Procedure TPRG sup-7;,

Step 0. [Input]
Input positive integers m and n.

Step 1. [Generate a maximum solution X = (X1, X2, ..., X,) of the system of
sup-7;, equations.]
Randomly generate X; € [0, 1] foreach j € N.

Step 2. [Construct b = (b;),,« of the system of sup-7; equations.]
For each i € M, randomly choose j; € N, assign the value of g;; €
(1 —)?j[., 1] and let b; = aij; +)2j[. —1.
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Step 3. [Construct A = (a;;)uxn of the system of sup-7;, equations.]
For eachi € M, randomly assign the value of g;; € [0, min{1, 1+ b; — )Ej H
for each j € N\{ji}.

Step 4. [Guarantee the consistency of the system of sup-7; equations.]
For each j € N\{j1, j2, ..., jm}, if X; # 1, then randomly choose i € M
such that b; < %; and update matrix A with a;; = b; + 1 — X;.

Step 5. [Output]
Output A € [0, 1] and b € [0, 1]™.

To be parallel to Propositions 3.2.1-3.2.3, we have the following results for the
system of sup-7;, equations. The proofs are omitted here.

Proposition 3.3.1 Let A o x = b be a system of fuzzy relational equations generated
by TPRG sup-7;. Then, A ox = b is consistent.

Proposition 3.3.2 A system of sup-7; equations A o X = b with a unique minimal
solution can be generated by TPRG sup-7;, if m > n.

Proposition 3.3.3 A system of sup-1;, equations A o x = b with 213 minimal solu-
tions can be generated by TPRG sup-Ty, if m > [5].

4 Numerical examples

In this section, numerical examples are provided to illustrate the procedures for gen-
erating test problems for systems of fuzzy relational equations with the sup-7" com-
position.

Example 1 For a system of sup-7y; equations A ox = b withn = 4 and m = 6,
the associated coefficient matrix and right hand side vector can be constructed by
TPRG sup-7j, as follows.

Step 1. Randomly generate a maximum solutionX = (0.4, 0.8, 0.6, 0.8)7 withr = 3.
Let {v1, v2, v3} = {0.8, 0.6, 0.4}.

Step 2. Let b; = v;, fori = 1,2, 3, and randomly assign b4 = 0.2, b5 = 0.4 and
be = 0.7.

Step 3. Since X = 0.4 = b3, we have az; € (0.4,1], and a;; € [0,1],a2; €
[0, 1], a41 € [0, 0.2], as; € [0, 1], as1 € [0, 1].
Since X, = 0.8 = b, we have ajp € (0.8, 1], and ax € [0,0.6],a3 €
[0,0.4], asp € [0,0.2], asp € [0, 0.4], agr € [0, 0.7].
Since X3 = 0.6 = by, we have a3 € (0.6, 1], and aj;3 € [0,1],a33 €
[0,0.4], as3 € [0, 0.2], as3 € [0, 0.4], ag3 € [0, 1].
Since x4 = 0.8 = by, we have a4 € (0.8, 1], and axs € [0,0.6],a34 €
[0,0.4], as4 € [0,0.2], as4 € [0, 0.4], ag4 € [0, 0.7].

Step 4. For i = 4, since X > by, choose j = 2 and let agp = 0.2.
Fori = 5, since X3 > bs, choose j = 2 and let asp = 0.4.
Fori = 6, since x4 > bg, choose j = 4 and let agg = 0.7.
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Accordi
b of the

ng to above procedure, the coefficient matrix A and right hand side vector
system of sup-7)s equations can be described as follows:
[0,1] (0.8,1] [0,1] (0.8,1] 0.8
[0,1] [0,0.6] (0.6,1] [0,0.6] 0.6
| (0.4,1] [0,0.4] [0,0.4] [0,0.4] 104
A=110.021 02 0,021 0,021 | ™ P=]02
[0,1] 04 [0,0.4] [0,0.4] 0.4
[0,1] [0,0.7] [0,1] 0.7 0.7

Therefore, for example,

is a syst

0.8 09 03 1 0.8
02 04 09 05 0.6
0.8 04 0.1 02 o4
0 0202 01]|°*= o2
0.4 04 0.1 04 0.4
0.5 07 0.6 0.7 0.7

em of sup-7js equations with the dimensions of input data n = 4 and m = 6.

Example 2 For a system of sup-7p equations A ox = b withn = 10 and m = 8§,
the associated coefficient matrix and right hand side vector can be constructed by
TPRG sup-7p as follows.

Step 1.

Step 2.

Step 3.

Step 4.

Randomly generate a maximum solution X = (0.8, 0.8, 0.622, 0.6, 0.7,
0.525,0.7,0.8,0.6,0.8)7.

Randomly choose j1 =1, o =3, 3=2,ju=7,j5=2,j6 =2, j7 =9,
js =2, and

assignaij, = a1 =0.6 and by =ajj, x x;; =0.6 x 0.8 =0.48.
assignazj, = a3 =09 and by =azj, x £j, =0.9 x 0.622 = 0.56.
assignazj; = a3 =09 and b3 =azj xx; =09 x0.8=0.72.
assignasj, = a7 = 0.8 and by =ay;, x %, =0.8 x 0.7 =0.56.
assignasj; =asp =0.8 and bs =asj; x Xj; =0.8 x 0.8 = 0.64.
assignagj; = as2 = 0.9 and bg = agj; x Xj; =0.9 x 0.8 = 0.72.
assignazj, = a7y =0.7 and b7 =a7j;, x £j; =0.7 x 0.6 = 0.42.
assign agj, = agy = 0.8 and bg =agj; x ¥j; = 0.8 x 0.8 = 0.64.

b.
For eachi = 1,2,...,8, randomly assign a;; € [0, min{l, A—’}] for each
Xj
Je{1,2, ... 100}
. . b7 0.42
For j = 4, randomly choose i = 7 and update a74 = — = 06 =0.7.
X4 .
. . by .56
For j = 5, randomly choose i = 2 and update as = = = 07 = 0.8.
X5 .
. . b7y 0.42
For j = 6, randomly choose i = 7 and update a76 = — = —— = 0.8.
X6  0.525
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A

b .
For j = 8, randomly choose i = 1 and update a;3 = 2" _90.
8

For j = 10, randomly choose i = 8 and update agjgp = — A
X10 .

According to the above procedure, the coefficient matrix A and right hand side vector
b of the system of sup-7p equations can be described as follows:

A=
0.6 [0. 58] [0. 5] [0. %61 [0-GF] [0.gs5%] [0.GF] 06 [0. 561 [0 5]
[0, %%¢1 [0. %] 09 [0.%¢] o8 .11 [o.%%] [o.%%] [o.%%] [o.%%]
[0, %21 0.9 [0, 1] [0, 1] [0,1] [0, 1] [0, 1] [0.%2] (0,11 [0, 2]
o591 48] [o.2] o] 3] o o5 [o2] %] ose]
[0, %51 0.8 [0, 1] [0, 1] [0, 48] (o0, 1] [0, %] [0,%%] [0.1] [0, %%]
[0, %21 0.9 [0, 1] [0, 1] [0, 1] [0,1] [0, 1] [0, %2] [0, 1] [0, $2]
0. 551 [0.5%] [0. 5] 07 [0. 5%F] o8 [0. 5%7] [0.5%] 07 [0. 5¥]
[0, %1 0.8 [0,1] 0,11  [o0,%] [0,1] [0, 98] [0, %%] (0,11 08

and
b = (0.48, 0.56, 0.72, 0.56, 0.64, 0.72, 0.42, O.64)T .
Therefore, for example,
0.6 0.5 0.1 0.1 0.3 0.8 04 0.6 0.2 0.1 0.48
02 06 09 0.6 0.8 04 05 0.3 0.5 0.3 0.56
05 09 04 02 0.8 0.1 04 04 0.7 0.6 0.72
03 0.5 0.7 05 0.8 0.1 0.8 0.3 04 0.6 ox — 0.56
0.7 0.8 05 04 0.8 02 04 0.1 09 0.6 1 0.64
05 09 0.7 0.1 0.5 08 0.7 0.2 09 04 0.72
02 03 04 0.7 0.5 08 03 05 0.7 04 0.42
0.8 0.8 0.7 05 0.8 03 04 0.7 0.2 0.8 0.64

is a system of sup-7p equations with the dimensions of input datan = 10, andm = 8§,
which is consistent with the example studied in Loetamonphong and Fang (2001).

Example 3 For a system of sup-7; equations Aox = bwithn = 5andm = 5,
the associated coefficient matrix and right hand side vector can be constructed by
TPRG sup-7;, as follows.

Step 1. Randomly generate a maximum solution X = (0.9, 0.7, 0.5, 1, 0.8)T.

Step 2. Randomly choose j; = 2, j» =4, j3 = 2, js =4, j5 = 4, and randomly
assign ayjj = app = 07 € (1 —=0.7,1] and b; = aij —i—xAjl -1 =
0.740.7—1=0.4.
assignazj, = ax4 =0.8 € (1-1,1]and by = azj, ~|—)Ej2—1 =08+1—-1=
0.8.
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assign azj; = a3 = 05 € (1 —0.7,1]and b3 = a3, + %, — 1 =
054+07—-1=0.2.

assigna4j4 =ag =06¢€ (1—1,1]and by = a4j4+)?j4—1 =06+1—-1=
0.6.

assignasjs =ass =1 € (1—-1,1]andbs = asjs; +Xj—1=1+1-1=1.

Step 3. Foreachi = 1,2, ..., 5, randomly assign the value of ;; € [0, min{1, 1 +
bi — xj}]foreach j € {1,2,...,5}\{ji}.

Step 4. For j = 1, randomly choose i = 2 and update ap; = by + 1 — X1 =0.9.
For j = 3, randomly choose i = 1 and update aj3 = b; + 1 — X3 = 0.9.
For j = 5, randomly choose i = 4 and update a45 = by + 1 — X5 = 0.8.

According to above procedure, the coefficient matrix A and right hand side vector b
of the system of sup-7;, equations can be described as follows:

[0,0.5] 0.7 0.9 [0,0.4) [0,0.6] 0.4
0.9 [0,1) [0,1] 0.8 [0, 1] 0.8
A=11003] 05 [0,0.7] [0,0.2] [0,0.4] | andb= |02
[0,0.7] [0,0.9] [0,1] 0.6 0.8 0.6
0,11 [0,1] [0,1] 1 [0, 1] 1

Therefore, for example,

0.2 0.7 09 03 0.5 0.4
09 02 1 08 04 0.8
03 05 07 1 03]ox=]02
0.7 0.8 03 0.6 0.8 0.6
1 1 051 06 1

is a system of sup-7; equations with dimensions of input datan = 5, and m = 5,
which is consistent with the example studied in Li (2009).

5 Conclusions

Computational efficiency analysis of different solution methods for solving systems
of fuzzy relational equations as well as the associated optimization problems needs
to use randomly generated problems with different sizes and structures. In this paper,
we propose some procedures for generating test problems of systems of fuzzy rela-
tional equations with sup-7 compositions. It is shown that the proposed procedures
randomly generate consistent test problems with various number of minimal solutions
for systems of fuzzy relational equations. To the best of our knowledge, such test
problem generators for systems of fuzzy relational equations have not appeared in
the literature. The proposed procedures are easy to use and can generate large scale
systems of fuzzy relational equations. The pseudo codes of the proposed procedures
are included in the Appendix.
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Appendix: Pseudo codes

Main procedure TPRG Sup 7,

Input: positive integers m and n.

Ifm<n

Else

Forj=1tom
Randomly generate the value of )?j e [0, 1];

End
Setr =1;v; = X1
For j =2tom

If X; # %; foralli < j
Setr =r+1,v, = Xj;
Endif
End
Fori =1tor
vai =1
Setr =r — 1;
Fork=itor
Set vk = Vg41;
End
Break;
Endif
End
Forj=m+41ton
Randomly choose j' € {1,2, ..., m};

SetX; = Xj;
End
Forj=1ton
Randomly generate the value of X ;i €10, 1];
End
Setr =1;v; = X3
For j=2ton

If £; # X; foralli < j
Setr =r+1,v, =Xj;

Endif
End
Fori =1tor
If Vi = 1
Setr =r —1;
Fork=itor
Set v = Vi41;
End
Break;
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Endif
End
Endif

Fori =1tor
Set b; = v;;
End

Fori=r+1tom
Randomly assign b; € [0, max {X;11;
J=14,...,n

End

Forj=1ton
Ifx; =1
Fori=1tom
Randomly assign a;; € [0, b;];
End
Else
Fori =1tor
If X; =b;
Seti =1i;
Break;
Endif
End
Randomly assign a;; € (b7, 1];
Fori=1tom
Ifi #i
If b; < b;
Randomly assign a;; € [0, b;];
Elseif b; > b;
Randomly assign a;; € [0, 1];
Endif
Endif
End
Endif
End

Fori=r+1tom
Forj=1ton
If)Ej > b;
Set j = j;
Break;
Endif
End
If)?j‘- > b;
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Set a;; = b;;
Elseif )?]f =b;
Randomly assign a;; € [b;i, 11;
Endif
End

Fori =1tom
Set b(i) = b;;
End

Forj=1ton
Fori =1tom
Set A(i, j) = aij;
End
End
Output A, b;
Main procedure TPRG Sup 7p

Input: positive integers m and n.

Forj=1ton

Randomly generate the value of x j €10, 1];
End
Do

Fori =1tom
Randomly choose j; € {1, 2,...,n};
Randomly assign a;;; € (0, 1];
Set b; = aij; X )?j[.;
End
While min {b;} > min ({X;}
i=1,2,...m j=12,...n

Fori =1tom

Forj=1ton
It j # ji b
Randomly assign a;; € [0, min{l, —}];
Xj
Endif
End
End
Forj=1ton

If.] ¢ {j17 j2»~--ajm}
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Ifx; #1
Fori =1tom
If b; E_)Ej
Seti =1i;
Break;
Endif
End

Set a;; =

Endif
Endif

i.

A

End

Fori =1tom
Set b(i) = b;;
End
Forj=1ton
Fori =1tom
Set A(i, j) = aij;
End
End
Output A, b;

Main procedure TPRG Sup 7,
Input positive integers m and n.

Forj=1ton
Randomly generate the value of x j €10, 1];
End

Fori =1tom
Randomly choose j; € {1,2,...,n};
Randomly assign a;;, € (1 — %}, 1];
Set b; = aij; —}—)2]'1. -1

End

Fori =1tom
Forj=1ton
If j # Ji

Randomly assign the value of a;; € [0, min{1, 1 + b; — )?j}];

Endif
End
End

Forj=1ton
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Itj ¢¢ {1, j2s s jm}
Ifx; #1
Fori =1tom
Ifb; < )?j
Seti =1i:
Break;
Endif
End
Setalfj =b; +1—3%j;
Endif
Endif
End

Fori =1tom
Set b(i) = b;;
End

Forj=1ton
Fori =1tom
Set A(i, j) = ajj;
End
End

Output A, b;
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