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ABSTRACT. A method for approximation of the operator e =", where H = —% dd; + V(zx), in the
strong operator topology is proposed. The approximating operators have the form of expectations

of functionals of a certain random point field.
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1. Introduction

Consider the operator
1 d?
H = 9 da? + V(x) (1)
with domain W22 (R). The potential V' is assumed to be real and bounded, which implies the self-

adjointness of the operator H. We introduce the free Hamiltonian

1 d?

Hy = — . 2
0 2d.’172 ()

The family of operators e~ forms a group of unitary operators on Ly(R). The operator e~
takes each function ¢ € WZ(R) to the solution u(t,z) of the Cauchy problem for the Schrédinger
equation

1 = Hu (3)

with u(0,z) = p(x).

As is known (see [1], [5], and [13]), for the heat equation Ou/0t = —o?Hu (here o2 is any
positive parameter), the solution of the Cauchy problem with initial function «(0,z) = ¢(z) admits
a probabilistic representation in the form of the expectation of a functional of a Wiener process
(the Feynman-Kac formula); namely,

ult, ) = e Ho(x) = Blp(x + ow(t))e o o Vietown)dr), (4)

where w(t) is a standard Wiener process.

This relation means that the evolution of the initial function ¢ under the action of the heat
operator can be modeled by statistical methods; for this purpose, it is sufficient to have means for
generating trajectories of a Wiener process.

In this paper, an ideologically similar approach is developed for the operator e~ . We con-
struct an approximation of e~ in the strong operator topology by the expectations of functionals
of a certain random point field. As in the case of the heat operator, this approach makes it possible
to model the evolution of a wave function by statistical methods, generating realizations of a ran-
dom point field. Note also that the squared modulus of a wave function always equals a probability
density function. The evolution of a wave function generates the corresponding evolution of the
probability density. In the literature, such an evolution of a probability density is also called a
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quantum random walk (see, e.g., [10]). The approach which we propose makes it possible, in partic-
ular, to model a quantum random walk by classical probabilistic-statistical methods. We emphasize
that, in this paper, we do not pretend to study the spectrum of the operator or the asymptotic
behavior of solutions.
The main idea of our approach is as follows. We rewrite Eq. (3) in the form
ou 0% 0%u
ot~ 2 a2 + Uo(@)u, (5)
where o = €™/* and Uy(x) = —iV (x).
Let us consider (5) as the heat equation but with a complex coefficient multiplying 9%/0z2.
If o were a real number, then, by virtue of the Feynman—Kac formula (4), the solution of the
Cauchy problem u(0,z) = ¢(x) for Eq. (5) would admit the probabilistic representation

u(t, z) = Blp(x + ow(t))elo Voletowm)dr) (6)

where w(t) is a standard Wiener process. The expectation in (6) can be expressed in terms of an
integral with respect to the Wiener measure Py on the space Cy[0,00) of continuous functions
w( +) satisfying the condition w(0) =0 as

/ (o + ow(t))els Voe+ow N dripy (g (- )). (7)
Co[0,00)

The main purpose of this paper is to attach meaning to the expression on the right-hand side
of (6) for o = €™, o € Ly(R), and V € Loo(R). In this case, the expectation in (6) is no longer
a Lebesgue integral with respect to a probability measure (and, therefore, cannot be expressed
in terms of the integral (7) with respect to the Wiener measure), because ¢ and U are func-
tions of a real variable, and we cannot substitute a complex variable into them without additional
assumptions. Thus, we can aim only at constructing a regularization of this integral.

Importantly, such a regularization cannot be constructed by simply approximating the functions
v and Uy by entire analytic functions. Indeed, even if these functions can be extended over the
whole complex plane to entire functions (see [4]), there immediately arise insurmountable difficulties
related to the presence of the expectation in (6), because the function Uy is bounded on the real
axis and, hence, grows at least exponentially in the complex plane. To obviate the difficulties caused
by the rapid growth of entire analytic functions, in this paper, instead of Wiener process we use the
family £§1)(t) of jump centered Lévy processes with a Lévy measure of a special form concentrated
on the positive half-axis. This family of Lévy processes weakly converges (in the Skorokhod space)
to a Wiener process as ¢ — 0, and its trajectories are always bounded from below; finally, for

each fixed €, the process §§1)(t) generates an operator semigroup whose generator is easy to write
out. Apparently, such an approximation of a Wiener process first appeared in [2]; subsequently,
this approach has been effectively used to construct probabilistic representations of solutions to
the Cauchy problem for evolution equations with generators not satisfying the maximum principle,
such as the differentiation operator of order higher than 2 or the Riemann—Liouville operator (see
[11] and [12]).

Let us explain the above considerations by the substantially simpler example in which the
potential V' vanishes. In this case, for ¢ € La(R) and real o, representation (6) can be rewritten
as

o o 1 o —ipz  —iopw(t) ~
u(t,x) = Ep(x + ow(t)) = 27rE/ e PP B(p) dp. (8)
—00

The integral (8) with o = /4 generally diverges for any function ¢ € Ly(R). One of the
possible ways to regularize this divergent integral is to approximate the function @ by @ - 1_ps
with large M. This corresponds to the approximation in Ly(R) of the function ¢ itself by entire
functions of exponential type. This regularization method was used in [7]; from the point of view
of operator theory, this method is most natural: in fact, the approximation described above means
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that a differential operator is approximated by bounded operators with the use of cuts of its symbol
in the Fourier image. Nevertheless, from the probabilistic point of view, this method turns out to be
very inconvenient. Its drawback is that, in this case, for any fixed M, (8) gives the expectation of
an exponentially growing function of w(t), so that the obtained formula is of little use for practical
calculations.

In [6] the authors proposed another method for regularizing the divergent integral (8), which
evaluated the expectation of only bounded functionals of processes. The initial function ¢ was
approximated by the sum of two functions, one of which had bounded analytic continuation to
any subset of the form Im z > —M in the complex plane and the second, to a subset of the form
Imz < M with any M > 0. Simultaneously, an asymmetric approximation of the Wiener process
w(t) by centered Lévy processes él)(t) with Lévy measure concentrated on Ry was used. The
trajectories of these processes are always bounded from below by some constant (depending on
g). Then, the solution was approximated by a quantity similar to (8) (see (10) and Theorem 1 in

Section 2), but the argument of the first of the two functions was x + Jﬁgl)(t) and that of the

second was r — a{él)(t). The quantity under the sign of expectation turned out to be bounded:
the structure of the formulas is such that the analytic function can increase only in a part of the

complex plane never reached by the process x + aél)(t) (or x — a{él)(t)).

In Sections 3 and 4 of this paper we use the above “asymmetric” approximation of a Wiener
process to construct a regularization of integral (6) for any bounded potential V. Unlike in the
case of Wiener processes, as the probability space for Lévy processes it is convenient to take the
space of point configurations with Poisson measure rather than the space of trajectories (because
the processes used for approximation have pure jump trajectories).

The main results of this paper are Theorems 5 and 6. Note that the methods which we use
are easy to generalize to the case of any dimension (i.e., to the case of the operator e~ itA/ DIt
is also easy to see that the requirement that the potential be real can be replaced by the weaker
condition Im V' < 0; the only difference is that, in the latter case, the corresponding operator
exponential ceases to be a unitary operator. In fact, the only essential condition is the boundedness
of the potential. Note also that the construction of the regularization of integral (6) is the same for
potentials tending to zero at infinity and those not tending to zero (e.g., periodic), although these
operators may have quite different spectral properties.

In this paper we do not touch the question of representing solutions of the Schrédinger equation
in terms of integrals with respect to the Feynman measure, because such a representation is not
probabilistic: the Feynman measure, in contrast to the Wiener measure, is only a finitely additive
complex-valued (and hence not probabilistic) set function. A detailed exposition of the theory of
integration with respect to the Feynman measure can be found in the book [15], which also contains
an extensive survey of the literature on the theory of Feynman integral.

All random variables and random processes considered in this paper are assumed to be de-
fined on a certain base probability space (€2,.%,P); the symbol E is used to denote mathematical
expectation (Lebesgue integral) with respect to the measure P.

By W¥(R) we denote the Sobolev space of functions defined on R and having square integrable
generalized derivatives up to order k. We endow the space WJ(R) with the following norm (which
is equivalent to the standard one):

9 = [+ PG do
where 1Z denotes the direct Fourier transform of the function v, which is defined in this paper as

0 = [ ).
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2. The Case of the Absence of a Potential

In this section we largely describe ideas and approaches of [6].
Suppose given a function ¢ € La(R). We represent it in the form of a sum as
p=py+yo-=Pro+ Py,

where P, and P_ are the Riesz projections acting on the function ¢ (provided that ¢ € Li(R) N
Ly(R)) so that

1 0 —ipT 1 > —ipT
=, [ e o=, [T

Note that the functions ¢, and ¢_ can be analytically continued to the upper and lower
half-planes, respectively.
Let v(dt,dz) be the Poisson random measure on [0,00) x [0, 00) with intensity measure

dt dx

Ev(dt,dz) = 3

For each € > 0, we define the random process
t ee
&(t) = / / rv(ds,dz) > 0.
0 Je

Note that this is a homogeneous random process with independent increments (see [14]). Con-
sider the centered process

€M (t) = &(t) — B&(1). 9)

For p € R, we have
e e d
Eeirés () — exp <t/ (e — 1 — ipx) :§>
x
€

Next, following [6], we consider the semigroup of the operators P! on Lg(R) defined by

Plo(x) = Elpy * hi(z + otV (t) + ¢ x hl(z — o€ (1)) (10)
for ¢ € Ly(R), where ¢ = ¢'™/* and the function h! is determined by its Fourier transform
) = B (lp)) = exp(~ boplte(e — 1) (1)

The proofs of the following assertions can be found in [6].
Theorem 1. 1. For any t > 0 and € > 0, P! is a pseudodifferential operator with symbol
e_itpz/zH(t,s,p),
where
“ i|plox . L. 2 1, 3 dx
H(t,e,p) =exp |t eV —1 —ilploz —  (ilploz)” — (ilplox)” | 5 |. (12)
x
€
2. For anyt >0, € >0, and p € R,
[H(t,e,p)| < 1. (13)

Note that, by virtue of (12), the generator A. of the semigroup of P! is a pseudodifferential
operator with symbol g.(p), where
02 ee
—~ p ; , 1. 1,. dz
) ==+ [ (-1 iploe  y(iploa - (lplon*) . (a)
- x

Theorem 2. There exists a constant C > 0 such that
[Pl — e o0, < Cte?|l@llws
for any function ¢ € Wi{(R) and any t > 0.
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Corollary. For any t > 0 and ¢ € La(R),
1Pl — e~ Hop||p, — 0.
e—0

In the following sections, we generalize Theorem 2 (and its corollary) to the case of a Hamil-
tonian of the general form (1). For this purpose, we need to introduce some more notation.
Given £ > 0 and ¢ > 0, we define an operator R.: Ly(R) — Lo(R) by setting

Rip(y) = o * hE(y) + ¢ * hi(—y)
IS 1 [~
= —pypl ?) ipy it ~
2 /_Ooe he(|p))@(p) dp + QW/O e he(|p))@(p) dp (15)

for ¢ € Lo(R), where the function h! is defined by (11).
Throughout the paper, T, denotes the shift operator: Typ(x) = ¢(a + z). In this notation,

formula (10) defining the semigroup of operators P! can be rewritten as

Plo(x) = BF(z, 0 (1)), (16)
where the function F! is defined by
Fi(z,y) = RE, Top(y) = ¢+ iz +y) + o * hiz —y). (17)

In this formula, the subscript y in the notation R;y of an operator means that this operator
acts on the variable y.

Let us show that the quantity under the sign of expectation in (16) is bounded. First, note
that, given any function ¢ € Lo(R), the function F!(z,y) with fixed ¢, ¢, and x can be continued
to an entire analytic function of y.

Since the process £.(t) is nonnegative, it follows that

€0(1) = &(r) ~ BE.(r) > ~BEu(r) =~ 1 (18)

We set A= (e —1)/(v/2e) and B = (e —1)/(6v/2). Relation (18) implies the inequality (recall
that o = ¢™/4)

Im(oeM (1)) > —tAe™t.

In what follows, we need z-uniform estimates of the uniform norm and the Ls-norm of the
function F!(-,z) on {z:Imz > —tAe~1}. The following assertions are valid.

Lemma 1. For any t > 0,

sup  sup |Fl(z,2)| <t VOG(e,t)|lpl2,
z€R Imz>—tAe—1

where

0
Proof. By virtue of (15) and (11), for any z satisfying the condition Im z > —tAe~!, we have

1 [ -1 3.,
Pl <, [ A e B ) dp
—00
1 % 2Atple= —2Bt|p)? 12 -~
<o ([ e gy) g
—0o0

1 o0 _ _ . 1/2 _
= </ A 23tp35dp> lellz = Y9G e, )1l O
\/7T 0

Lemma 1 immediately implies that the quantity under the sign of expectation in (16) is bounded.
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Lemma 2. There exists a constant D > 0 such that, for any t > 0,

)
sup [[FL(+, 2)ll2 < €7 o2
Imz>—tAe—1
Proof. Relations (15) and (17) imply

1 0 —in(x+2)T ~ 1 > —ip(z—2)7 o
Fies) = o [ P RDEw o+, [ R )R dp

1

g [ 50 b

Thus, for any z satisfying the condition Im z > —tAs~!, we have

43 -1
e tp BeetpAe )

IFZ (-, 2)ll2 < max [e*he(p)] - el < max( lell2

2(e—1)
3eye

== |pll2,  where D =

3. Construction of an Evolution Family of Operator Functionals

In the preceding two sections we showed how to construct a probabilistic approximation of
the evolution operator in the case of the absence of a potential. As an approximation of the op-
erator e~ 0 we used the operator P! = et4e where A, is the pseudodifferential operator with
symbol (14). The operator P! admits the probabilistic representation (10) in the form of the ex-
pectation of a functional of a stochastic process.

The idea of the further considerations is to construct an analogue of the Feynman—Kac formula
for the operator A. + Uy. To do this, first of all, we must construct the functional of a process
trajectory under the sign of expectation. This functional is constructed in the form of an integral
with respect to the Poisson random measure with Lebesgue intensity on the positive half-axis. We
begin with constructing such an integral representation for the functional used in the Feynman—Kac
formula (6), and then we show how to “adapt” it to the operator A, + Up.

Let Uy be a bounded measurable function, and let (-) be a locally bounded measurable
function on [0,00). Given 7(-) and 0 < s < ¢, we define an operator ®4(v) acting on the function
p as

[@u(1)¢)(@) = b ENOTNE o 15 (1) —(s)). (19)

We make two observations. First, the operator ® () is determined by the restriction of the

function v to the interval [s,t| rather than by the whole function 7, and secondly, the operators
O () form an evolution family in the sense that, for any u and s < u < ¢, we have

(I)st(’}/) = (I)su(’}’)q)ut(f}/% (20)

in this formula, it is assumed that first we apply the operator ®,,(y) and then the operator @4, (7).
Now, we obtain another expression for ®4 (7). Denoting the function Uy+1 by U and expanding
the exponential in (19) in a Taylor series, we obtain

@5t (7)) (z) = e~ =) Uty =3 dm o 4 ~(t) — (s))
k

[e.e]

—(t—s 1 !
_ ot >kzzok!</s U(Hy(f)_y(s))ch) Pz +y(t) —(s))

=e v Z /<t <<t <tU(x +(t1) = () - - Uz +(te) — 7(s))
k=0 2 % (& + (1) =~y (s))dty - - - diy. (21)

This expression can be written as an integral with respect to a Poisson random field. Namely,
let 2" = 2 (R4) be a space of configurations on Ry. Each point X in the space 2 is a strictly
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increasing sequence {t1,ts,...} of positive numbers, and this sequence is locally finite, i.e., each
bounded interval contains only finitely many terms of the sequence. Next, let Py be the Poisson
measure on 2~ whose intensity measure is the Lebesgue measure (see, e.g., [9]).

In this notation, formula (21) takes the form

@a(Mel@) = | Po@X)( ] Ulw+r(1) =) )ole+(t) —7(5)). (22)
2

TEXN(s,t)

Note that the space 2~ with probability measure Py is in no way related to our initial proba-
bility space (§2,.#,P) and serves only the purpose of simplifying long expressions.

Let us transform the integrand in (22) for fixed X = {t1,t2,...} € 2. First, we introduce a
family of operators Ny(yi,...,yr+1) parameterized by k =0,1,2,... and y1,...,yk+1, y; € R. We
define them as

[Nk(y1, - ykr)el(@) =U(x+y1)U(z+y1+y2) - Ule+y1+- - Fy)e(@+yr +- - +ype1). (23)

We refer to the family of operators N as the base family.

Using the base family of operators, we define a two-parameter family of operators H,¢(vy, X),
which already depend on a function v and a configuration X € 2°. We define the operators
H; +(7,X) only for those s and ¢ which do not belong to X. This is enough for our purposes.

Let X = {t1,tq,...}. For j € N, we use the notation

m(tj-1,t5) = v(t;) = y(tj-1)-
Let | = card(X N (0,s)), and let k = card(X N (s,t)). For s,t ¢ X, we set

[Hs (v, X)@l(x) = [Nk(m(s, tigr), mtipr, tiga), - mltipk—1, tipk), m(tier, £)) ) (z)
= Uz +m(s, tre1))U(x + m(s, tiy2)) - Uz + m(s, tigr)jp(z + m(s, 1)).

A direct calculation shows that, for fixed X and +, the operators H, (7, X) form an evolution
family, i.e., for any fixed s < u <t such that s,u,t ¢ X, we have

Hs,t(’}’a X) = HS,U(’Ya X)Hu,t(f}/7 X)

Next, using (22), we can easily show that the operator @4 () has the integral representation
bu() = [ Po@OH4(,X) = [ Pud)H.(,X) (24)
Z 2N [s,t]

Indeed, as is known (see, e.g., [9, Chap. 2, Sec. 2.4]), the Poisson measure has the property that
the conditional measure given that a fixed interval [s, t] contains precisely k points of a configuration
X (the number k can take values 0,1,2,...) does not depend on X N(R\ [s,¢]) and coincides with
the uniform distribution on the simplex {7 = (71,...,7%) : s < 171 < 7o < -+- < T} < t} up to the
multiplier e~ (—5),

Note also that the evolution property (20) of the family ®g(v) follows from (24) and the
independence of the values of the Poisson measure on disjoint intervals. Moreover, the condition
s,t ¢ X imposed in the definition of the operators Hj (v, X) is not restrictive, because it holds for
Py-almost all X at fixed s and t.

For our purposes, we need yet another evolution family, which is constructed by analogy with
the preceding one but has another base family of operators. First, we introduce notation. As above,
by T, we denote the operator of shift by a; the expression T%' means that this operator acts on
the variable y1: T4 ¢©(y1,y2) = ©(y1 + a, y2). In this notation, formula (23) can be rewritten as

[(Ni(W1s - Y1)l (@) = TUU (y)T2U (y2) - .. T U (ye) Tyt o (ysr)- (25)

The new base family of operators is constructed from the chain of operators (25) by “interweav-

99

ing” the operators R. into this chain. Namely, we define a new family of operators
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N,f”(ﬁ, ey Tk41,Y1s -« - Yk+1), which additionally depend on nonnegative parameters 7, ..., Tpi1,
by setting
[NE(TD ey Th+15 Y1y - - - 7yk+1)80](x)
=RI, TV U (y1)RE, TH2U (y2) - T Uy R Ty o(yrr)- (26)

In this formula, the second subscript in the notation of the operator R indicates the variable
on which this operator acts. The objects constructed above depend also on &, but we do not show
this dependence in the notation.

As above, using the base family of operators, we define a two-parameter family of operators
H ft(%X ) depending now on a function v and a configuration X € 2°. We again assume that
s,t ¢ X. Let | = card(X N (0,s)), and let k = card(X N (s,t)). We set

[Hft(%X)QO](m) = [INF(tip1 — Sy tive — bty - oo tiek — tivk1, t — tig, m(s, t11),
m (i1, tig2)s - o m(bpr—1, tigr), Mt 1)l (). (27)

Lemma 3. For fited X and vy, the operators Hft('y,X) form an evolution family, i.e., for any
s <u <t such that s,u,t ¢ X,

Proof. We prove only the assertion
H(ft(f% X) = H(I)?s(f% X)Hft(’}/a X)

under the assumption X N (0,¢) = {t1,t2}, where 0 < t; < s < tg < t; this means that, in (27), we
have | = card(X N (0,s)) =1 and k = card(X N (s,t)) = 1. The general case is treated in a similar
way.

First, we prove an auxiliary assertion, namely, the relation

N{'(s1, 52,91, y2) NT* (53, 54, Y3, y4) = N3'(s1, 2 + 83,54, Y1, Y2 + Y3, Ya) (28)

for any s1, S92, 83,84 > 0 and any w1, yo2, y3, and y4.
Let ¢ € La(R). We set

() = [NF (s, 51, 43, y2) ) (@) = R, TR U (g5 RS, T ().
Then
[NlR(Sly 52,Y1, y2)N1R(837 54, Y3, y4)90](33)
= [NlR(Sla 52, Y1, y2)¢] (‘I) = Rg}leglU(yl)Rg?yz Tngg?ynggU(?JS)R%S?MT%W(?JQ (29)
The middle part of this expression is easy to transform. Namely, by virtue of (15), we have
R, TR TWg(ys) = RE2, T4 (g4 * hZ*(y2 +y3) + g * hZ*(y2 — y3))

= g4 *h2T3(yy + y2 + y3) + g— * K23 (y1 — y2 — y3)
= R:?;SSTzlg(Z)‘z:yzﬁ-%

for any g € Lo(R). Substituting the last expression into the right-hand side of (29), we obtain (28).
Next, using (28), we obtain

H(fs(’Y’X)Hgt(%X) = N]E(tlﬂ s — tl7m(07tl)ﬂm(tla S))NlR(tQ - Sat - tg,m(S,tg),m(tQ,t))
= N§¥(t1,ta — t1,t — to,m(0, 1), m(t1, t2), m(ta, 1)) = Hi% (v, X). O

Now, we define a new family of operators ®%(v) depending only on v (and on ) by setting
o500 = [ Po@HL 0.0 = [ Pu@OHE(,X) (30)
Z 2N [s,t]
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The independence of the values of a Poisson measure on disjoint intervals and Lemma 3 imply
that the family of operators ®%(v) has the evolution property

OE(y) = o8 (y)®E (y) for any s < u < t. (31)

Note also that, for any constant C', we have ®%(y+C) = ®£(v). Moreover, using the invariance
of a Poisson measure with respect to shifts, we can easily show that

OF i ia(y) = (Tuy) (32)
for each a > 0.

4. The Case of a Hamiltonian of General Form
In this section we obtain results similar to those of Section 2 but for the case of an arbitrary
real bounded potential V. As above, we introduce the notation
Up(x) = =iV (z), U(z) =Up(x) + 1

Now, for each ¢ > 0, we define an operator Q! by setting

Lp(a) = Bleg (o) (+)¢l(2) (33)
for ¢ € Ly(R), where o = ¢™/* and {él)( - ) is the random process defined by (9). The operator
®lt(), which depends on the trajectory v as a parameter, is defined by (30) at s = 0, but in (33)

we use the trajectory of the process aél) instead of ~.
First, we check that the operator Q! is well defined, because in the initial definition the argument
of <I>(I]%t('y) was assumed to be a real process . The following assertion is valid.

Theorem 3. 1. There exists a constant C = C(e,V') > 0 such that
SUPI[%t(Uﬁs (- Del@)] < Cllell2

z€eR
with probability 1.
2. For any x € R, the function [H&(J&él)(-),X)go](a:) regarded as a function on @ x 2 is
integrable with respect to the measure P x Py and

E[¢ﬁ(05§1)(-))w]($)=/ Po(dX)E[Hgi (o6l (+), X)) ()

=3 [, PRI (). X)), o

where 2), = {X € Z : card(X N (s,t) = k:}
3. For any k=0,1,...,

| PoldX B0 (). X)) (2)
2
=t / dty -+ dty P (UPR 4 (. PR (U P ) ) (). (35)
0<t1 <<ty <t
Proof. Using (26) and Lemmas 1 and 2, we obtain the following inequality for all £ > 1 (here
t() =0 and tk+1 = t):

~1/6
sup sup \[N,f(tl,tg—tl...,t—tk,zl,...,zk+1)g0](a:)|SHUH@O (e, 1)ty /6¢Dte™ HcpHg
TER Tm z;>—(t;j—t;_1)Ae

Thus, for X € 2}, we obtain
~1/6 -2
HE (D (), X)el(@)] < U5t 0 G e, 1) P77 g .

Integrating the last inequality with respect to the measure Py, we obtain assertions 1 and 2 of
the theorem. Assertion 3 follows from the independence of the increments of the process gé”

109



Theorem 4. The operators Qb form a one-parameter semigroup (i.e., QT = QLQ?) with
generator Ac + Uy (the symbol of the pseudodifferential operator A. is defined by (14)).

Proof. The semigroup property of the operators Q% follows from relations (31), (32), and (33)

and the fact that the process él) has independent homogeneous increments.
To calculate the generator of the semigroup, we use formulas (34) and (35). Clearly, in (34) it
suffices to retain the two terms corresponding to k = 0 and k = 1. For k = 0, we have

e 'Plo(z) = o(x)(1 —t) + tAcp(z) + o(t), t— 0,

and for £k = 1, we have
t
e_t/ dt1 PPUPI M p(x) = tU (x)e(x) + o(t), t— 0.
0

The last two relations imply that the generator of the semigroup Q' is A. +U — 1 = A, + Up.

Now, let us show that, for small &, the operator QL approximates e~ First, we additionally
assume that the potential V' has four bounded derivatives. We set

L = max(| Voo, [V oo [V oo IV loos [V |o0)-
Theorem 5. If Ve CW | then there exists a constant C > 0 such that
1Qp — e olls < Ct(1 + 1)@l s
for any function ¢ € Wi{(R) and any t > 0.
Proof. By virtue of Theorem 4 and relation (2), we have

QZ _ e—it(iAg—l-V)’ e~ tH _ e—it(Ho-i—V).

In view of Theorems 1 and 2, it is natural to regard the operator iA. as a small perturbation
of Hy. We need a series of auxiliary assertions.
Lemma 4. For any € > 0,
”QEHLQ—M& < L

Proof. The generator D, of the semigroup Q! has the form D, = A. — iV, where —A. is an
m-accretive operator (see, e.g., [8, Chap. V, Sec. 3, Subsec. 10; Chap. IX, Sec. 1, Subsec. 2]) and the
operator V' is bounded and self-adjoint. Thus, — D, is m-accretive, which proves the lemma.

Lemma 5. There exists a positive constant C' such that
—itH 4,4
le™  lwawa < C(L+ L.

Proof. The proof of this lemma repeats that of Lemma 2 in [7] with almost no changes.
To prove the theorem, we use the identity (see [8, Chap. IX, Sec. 2, Subsec. 1])

t
zwzeﬂm¢+[kQﬁﬁhmvwm, (36)

where B = Ae — iHp and ¢ € W4
By virtue of Lemmas 4 and 5 and identity (36), to prove the theorem, it suffices to estimate
I BllwaL,- First, note that, by virtue of (36), B is the pseudodifferential operator with symbol

Za(p) = ip?/2 + g:(p). For ¢ € W24(R), we have
1
1Bl = 5. [ 1BWEE0) dp

Note that, for |ple < 1, we have |3€(p)|2 < Clp|*e?, and for |ple > 1, we have |3€(p)|2 < ClplPe.
Thus,
Bl < cet [

Iple<1

@@ﬂﬁ@+cg/lJ@m%ﬁ@<cﬁw@;
ple>
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The last inequality directly implies the estimate

2
1Bllws sz, < CE> 0

Theorem 6. Let V' be any bounded real potential. Then, for any function ¢ € La(R),

_itHSD||2 -0.

lim | QZp — e

Proof. First, suppose that V € C*(R). Then we have || 1, .z, = 1 and ||Q!||1, 1, < 1,
and the Sobolev class Wi (R) is dense in the space Lo(R). Therefore, the assertion of the theorem
follows directly from Theorem 5 and the Banach—Steinhaus theorem (see, e.g., [3, I1.1.18]).

In the general case, we choose and fix a sequence {V,,} of functions in the class C¥(R) which
converge to V' almost everywhere with respect to the Lebesgue measure and are uniformly bounded.
Let H, denote the Hamiltonian —; d‘fQ + V().

Note that, for each ¢ € La(R), we have

[(Hn = H)ll2 = |V = V)gllz = 0, n— o0 (37)
It follows from (37) that, for all ¢ € La(R), we have

t
e_itHngO _ e_itHQD — —Z/ e—i(t—T)Hn (Hn _ H)e_iTHQDdT.
0

This relation and (37) immediately imply

e — " gy 50,  n— oo,

which proves the theorem.
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