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ABSTRACT. We prove a theorem on the completeness of the system of root functions of the
Schrodinger operator L = —d?/dx? + p(x) on the half-line R, with a potential p for which L
appears to be maximal sectorial. An application of this theorem to the complex Airy operator
% = —d*/dx? + cx, ¢ = const, implies the completeness of the system of eigenfunctions of .%,. for
the case in which |arg ¢| < 27/3. We use subtler methods to prove a theorem stating that the system
of eigenfunctions of this special operator remains complete under the condition that |argc| < 57/6.

KEY WORDS: Schrodinger operator, complex Airy operator, nonself-adjoint operator, completeness
of the eigenfunctions of a differential operator.

Introduction

This article mainly studies the operator
2

dx?
on the half-line z € [0,400) with the Dirichlet boundary condition at zero. We are interested in
the case where the constant c is not real. The main result is given by Theorem 1, which states that
the eigenfunctions of this operator correspond to simple eigenvalues and form a complete system in
the space La(Ry) provided that |argc| < 5m/6.

We also consider the operator

Z = +cx (1)

2

da?
where o« > 0 and ¢ € C\ (—00,0]. It is convenient to study this operator as a special case of
operators of the more general form

-i/ﬂc,a = + Cxaa T e [0> OO)» (2)

Ly =—y"+p(x)y, plz)=qlx)Lir(x), z€0,00), (3)
where
r(x) > My, q(x) > cor(z)+ My, lim 2z %(x)>a>0, «a>0, (4)
T—+00

and My, My, and ¢ are real (possibly, negative) constants. It suffices to assume that the functions ¢
and r are locally integrable. We obtain Theorem 2, which states that if conditions (4) are satisfied
and the operator Lp is generated by the differential expression (3) and the Dirichlet boundary
condition at zero, then the system of its root functions is complete in Lo(Ry) provided that |y| <
2am /(24 «), where v = arg(+i+cg) € (0,7). Moreover, this system is a basis for the Abel-Lidskii
summation method.

Note that the potential cx® can be represented in the form |c|(cosy + isin~y)x®; hence the
completeness theorem for the operator (2) holds for |argc| < 2anm/(2 + «). In particular, if ¢ = 7,
then the completeness theorem holds for o > 2/3. Although Theorem 2 seems to be more general,
it only gives the completeness result for the operator (1) with |argc| < 27/3. We obtain a proof
of Theorem 2 from the general theory stemming from Keldysh’s paper [1]. This theory was further
developed by numerous authors (see [2, Sec. 4] for details). The theorem given here generalizes a
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theorem due to Lidskii [3], who proved it under the assumption that the constant ¢y in (4) is zero.
The claim in Theorem 1 for |arge| € [2m/3,57/6) (which does not follow from Theorem 2) is a
much subtler result, and it is the most important part of the paper.

We obtained the results presented here in 1999, soon after we had discussed these problems
with Davies (see the paper [4]). However, we postponed the publication, because we hoped to solve
the completeness problem for the operator .Z. completely (no pun intended). Recently, Mityagin
has drawn our attention to the following problem stated by Almog [5]: Is the eigenfunction system
of the operator % o, = —d*/dx? + ixz® complete for o € (0,2/3]? We do not know the answer, but
the relation between this problem and the result stated in Theorem 1 is obvious. In particular, we
have no doubt that the following conjecture is true: there exists a number ag < 2/3 such that the
eigenfunctions of the operator % o form a complete system in La(Ry) for a € (ag,2/3].

Here we consider operators on the half-line R, but the results remain valid for the entire
line if one extends the potentials to the entire line as even functions (see the remark at the end
of the paper). The complex Airy operator is usually understood to be the operator .Z. with ¢ =
i (e.g., see [6]), but we preserve the name for arbitrary ¢ € C\ {0}. The Airy operator was
studied in connection with the Orr-Sommerfeld problem, well known in fluid mechanics (see the
papers [7]-[10] and references therein). This operator is also related to other problems of mechanics
(e.g., see Almog [6]). For nonself-adjoint operators, it is important not only to know where the
spectrum is located but also to have some information on the e-pseudospectrum o, := {A € C :
(L — AI)7|] > e~!}. On this topic, note, e.g., the papers by Trefethen-Embree [11], Krejéittk—
Siegl-Tater—Viola [12], and Henry-Krejcirik [13].

One can single out yet another three directions of research in the study of the Schrodinger
operator with complex potential p = ¢ + ir. The first direction deals with the case in which the
function r is in some sense subordinate to ¢, so that the corresponding operator is a perturbation
of a self-adjoint operator. Here we note the papers [2] and [14]—[20] by Adduci, Djakov, Mityagin,
Shkalikov, Siegl, and Viola. In the second direction, the potential is pure imaginary, g(x) = 0.
Here we note the papers [4] and [21]-[26] by Davies, Henry, Krejcirik, Kuijlaars, Shkalikov, and
Tumanov. The third direction deals with the Schrédinger operator with PT-symmetric potential,
p(z) = —p(—=z). Here we note the papers [27]-[29] by Bender, Boettcher, Eremenko, Gabrielov,
Krejcitik, Shapiro, and Siegl. In the context of the present paper, it is important to note that the
complex Airy operator with ¢ = ¢ was studied on the half-line and the entire line in the paper by
Grebenkov—Helffer-Henry [30]. In particular, it was proved there that the eigenfunctions of this
operator on the half-line form a complete system but not a basis and that the spectrum of this
operator on the entire line is empty.

To make the exposition simple and specific, we restrict ourselves to the Dirichlet boundary
condition. The theorems and their proofs remain valid if one replaces the Dirichlet condition with
the condition y'(0) + hy(0) =0, h € R.

1. Definition of the Operator %, and Its Main Properties

Let us give a more precise definition of the operator %, with the Dirichlet boundary condition.
Namely, .%, is the operator defined on the space Ly(R.) by the differential expression

l(y)=—y" +cxy, x€l0,+00),
with the domain
(L) ={y € La(Ry) : y € W3\, Uy) € La(Ry), y(0) = 0}.

The constant ¢ is assumed to be complex and satisfy ¢ € C\ (—00,0]. In other words, we are
interested in the case of v := argc € (—m, 7). Obviously, the operator .Z. is densely defined,
because its domain contains infinitely differentiable functions compactly supported on (0,+00);
the set of these functions is well known to be dense in Lo(R).
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In what follows, we deal with special functions satisfying the Airy equation y” = zy. It is well
known (e.g., see [31, Sec. IV.1] and [32, Sec. 10.4]) that this equation has two linearly independent
solutions Ai(z) and Bi(z) with the initial conditions

. 1 S0y 1
MO = grrem MO s
‘ 1 . 31/6

Bi(0)

=——— Bi'0)= ——;
seres)” OO T
the Wronskian W (Ai, Bi) of these functions satisfies
W (Ai, Bi) = Ai(z) Bi'(2) — Ai'(2) Bi(z) = 1/7.

Both functions are entire functions of order 3/2 and type 2/3. In any domain |arg z| < m —&, where
e > 0 is arbitrarily small, the function Ai(z) admits the following asymptotic representations as
|z| = o0:*

1 -
Ai(2) = 5oz = e L 0()),

1 E
AV () = =5z 114 OG9),
The representations (5) can be differentiated arbitrarily many times. Clearly, the functions Ai(z)
and Ai’'(z) exponentially decay as |z| — oo along any ray in the sector |arg z| < 7/3. Finally, the
following representation holds on the ray argz = 7 for the function Ai(—=x), x > 0:

1 2
Ai(—z) = —W|x\_1/4<sin <§ |z|*/% + f) + 0(\x|-3/2)>, |z| = 0.

(5)

NG 4
All zeros zp of Ai(z) are simple and lie on the ray argz = —7, and one has
3 1\1%* —4/3

Instead of Bi(z), it will be convenient to use the function U(z) := Bi(z) — v/3 Ai(z), which satisfies
the initial conditions

U) =0, U (0) 230 30 furthermore, W (Ai,U) !
e — : u 1 = —.
) 1—\(1/3) ) ) ) T
In the sector |arg z| < 7/3, this function has the asymptotic representation
1 : 1 )
Ulz) = —= 2" V42" BA 1+ 0(=732),  U'(z) = —=2/42"Ba+0:"32). (1)

NZ3 NZ3
Thus, the functions U(z) and U’(z) grow exponentially as |z| — oo along any ray in this sector. The
asymptotic representations of U(z) and U’(z) are also well known in other sectors of the complex
plane, but here we do not need them.

Proposition 1. The domain © (%) coincides with the set of functions of the form
y(z) :m—l/?*[Ai(cl/%) / Ut f(t) dt + U(c3x) / Ai(c3e) f(t) dt |, (8)
0 T
where f(x) ranges over the entire space Lo(Ry). For each function y € ©(%.), one has

2 2y(z) =0, () =0 as z— +oo, 22y (x),y (z) € Ly(Ry). 9)
Equation (8) defines a bounded operator on La(R.y), which is the inverse of Z..

*From now on, the branch of z* is fixed by the condition arg z € [—m, 7).
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Proof. First, note that the ray ¢'/3z, x > 0, lies in the sector |argz| < m/3 of the complex
plane. This means that the function Ai(cl/ 3t) decays exponentially, and hence the improper integral
in (8) converges. Since f € Lo(Ry), it follows that the function y defined in (8) lies in W0, ] for
every finite b. By differentiating, we obtain

y(z)=m [Ai’(cl/%) / U f(t) dt 4+ U' (¢ 2) / Ai(c 3y f(t) dt], (10)
0 T
whence it follows that y’ € W}0,b] for every finite b. By differentiating once more, we obtain
y" = w[Al' (M Ba)U (M) — U'(MP) Ai(c32)] f ()
+ mct/3 [Ai”(cl/%) / Ut f(t) dt + U (H3x) / Ai(c' B3y f(t) dt]
0 T

= —f(2) + cxy(w);

i.e., y € W2[0,b] for each b > 0 and I(y) = f € La(R,). Since y(0) = 0, it follows that y € D(Z,).
The converse is true as well. Namely, let y € ©(.%,) and l(y) = f € La(R4). By a classical theorem
on the general form of a solution of a differential equation,

y = C1LAi(c3x) + CoU (M x)

x o
—|—7Tc_1/3[Ai(cl/3:v) / U(/34) £(£) dt + U (cH32) / Ai(30) (1) dt |,

0 T
where C7 and Cy are constants. It follows from the relation y(0) = 0 that C; = 0, while the
condition y € Ly(R4) and the estimate (12), which will be proved below, imply that Cy = 0; i.e., y
admits the representation (8). Thus, formula (8) defines the inverse operator £~ 1. Its boundedness
follows from the estimate |y(z)| < M||f|| on every finite interval [0,b] and the estimate (12). Here
and in what follows, the letter M (or M, or Ms) stands for various positive constants, and
=1 @y

Let us prove relations (9). First, note that, by virtue of (7), there exists a constant M such

that the estimate

U (Pl < Mt exp(at®?),  a:= (2/3)]¢'/? cos(v/2),

holds for ¢ > 0. (Recall that v = arge.) It is easily seen that the function g(t) =t~/ exp(at’/?)
increases for sufficiently large ¢ > b = b(a). Hence

[“oesos dt‘ . ( / "L / Ty / :>|U<c” )1 £(t) dt

< M||f]| + M|l explal® — 2V/2)] + Mx-1/4exp<ax3/2>< /
x—1

1/2
If(t)\2dt>

for x > b+ 1. Here the constant M; depends on b alone. When passing to the second inequality, we
have taken into account the fact that the length of the integration interval in the second integral
is less than x and used the inequality (z — 1)3/ 2 < 23/2 — 212 which holds for sufficiently large x.
This estimate, together with the representation (5), implies that

l Ai(c' ) / ' Ut f(t) dt‘

0

< Mo~ exp(—az®2)||f]| + M exp(—az"/2) | £] +Mx—1/2( / If(t)|2dt>

for sufficiently large x. We have estimated the first summand in (8). In a similar way, we estimate
the second summand. The function g(t) = /2 exp(—at®/?) is decreasing for sufficiently large t,
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and hence

00 1/2
Ai( 38 F(t)d ‘ < ‘3/2d> o (t d
[Fasernswal <ar [T g ) st [T s
z+1 1/2
f@WMfWWwMW+MWMW%/ opar)

for large x. Since (z + 1)%/2 > 23/2 + /2 we have
U(c32)] < Mat*g ™ (z),  g(z+1)g ' (z) < M exp(—az'/?),

and hence the absolute value of the second term on the right-hand side in (8) can be estimated by

z+1 1/2
MmmWWm+m”%/|mm@.

By adding the resulting estimates, we arrive at the inequality

z+1 1/2
wm<meMWwwme%/ vw%), p>bel, (1)

-1
which proves the first relation in (9). The second relation in (9) can be obtained in the same way
except that (10) is used instead of (8) and we take into account the fact that the estimates for the

derivatives Ai’ and U’ differ from the estimates for the functions themselves by the factor z!/2.
Let us prove that z'/2y(x) € Ly(Ry). It follows from the estimate (11) that
/ 212y (2))? dx < MHfHQ/ zexp(—2az'/?) dx+M/ / (t)|dt dx
b
t+1
<M+ [ 1r0P [ dear <P (12)
t—1

The inclusion 3’ € Lo(R4) can be obtained in a similar way with regard to the fact that |y/(z)]
is bounded by the right-hand side of (11) multiplied by z'/2. This completes the proof of the
proposition. O

Proposition 2. The numerical range of the operator Z. lies in the closed sector S, of the
complex plane bounded by the rays arg A\ = 0 and arg A = v, where v = argc.

Proof. The quadratic form of our operator is given by

(Zey,y) :/ (=" + cxyy) de = —y(x)y (v) —i—/ \y'|2dx —l—c/ x\y|2d:c.
0 0 0 0

It remains to note that y(0) = 0 and y(z)y' (x) — 0 as z — oo by (9). O

Proposition 3. The operator £, is closed and has zero deficiency numbers (the dimension of
the kernel and the codimension of the range). The adjoint operator £ coincides with the opera-
tor Z.

Proof. The first claim follows from Proposition 1, because we have presented the inverse op-
erator £ !, which is bounded and hence closed. Consequently, the inverse of the inverse is closed
as well. To prove the second claim, let us verify the Lagrange identity. Let y(z) € ©(.%,), and let
u(z) € D(Z%). Then

L%%M=AWFM@W@%HMMW@Mx

[ee]

— ¢/ (x)u(x)
0

:A”«yer%>+y<><>Mx+mwﬁ@>

0

=Ameme4%>+m> a(x)) dz = (y, Zeu).
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Set L.y = z and Zzu = v. It follows from the Lagrange identity that
(2, L 1) = (Zeyu) = (y, Zew) = (y,0) = (L7 2,0) V2,0 € La(Ry).

Consequently, £ ! = (Z71)*. But then % = Z7. O

Proposition 4. The resolvent Z.(\) = (£. — A)~" is well defined and is a bounded operator
for each A € C\ Sy, where the sector Sy is defined in Proposition 2. Further,

1
< —F———.
1022 < g (13)

Proof. For v = 0, the operator .7, is self-adjoint and positive, S, = R, and the claim to
be proved is well known. Let v # 0. By Proposition 2, both operators 77 = e (™/2=7) sign~ - %,
and Ty = —isigny - £, are accretive (i.e., Re(Tjy,y) > 0 for each y € D(Z.) = D(1}), j = 1,2).
By Proposition 3, both operators are closed and have zero deficiency numbers; i.e., they are closed
maximal accretive operators. Hence the operators 177 — zI and Ty — z[I are invertible for each z in
the open left half-plane (e.g., see [33, Chap. II1.10]), and

I(Ty = 2D) 7Y < |Rez|™" and [[(Ty — 1)~ < |Rez| ™.

These estimates are obviously equivalent to the estimate (13). O

It follows from Proposition 2 that the numerical range of the operator .Z. lies in the sector S,.
Hence the operator T = e~""/2.%, is sectorial, and it follows from Proposition 3 that this operator
is m-sectorial. For each m-sectorial operator, there exists a unique sectorial sesquilinear form
associated with it. Let us find an explicit expression for this form.

Proposition 5. The closed sectorial sesquilinear form t of the operator T = e~"V/2.%, is given
by

tlu,v] = e_i7/2/ o' (2)0' (x) dx + \c\eW/Q/ zu(z)v(z) de,
0 0

wv e D) ={y e Ly(Ry) : ¢/, 2%y € Ly(RL)}. (14)

Proof. Define the form tyu,v] = (T'w,v) on the domain ©(T) = D(Z.). By integrating by
parts in the same way as in the proof of Proposition 2, we obtain

tolu,v] = e_W/Q/ o ()0 (z) dw + |c|e”/2/ zu(x)v(x) de.
0 0

Obviously, the linear manifold ®(t) defined above is a closed set in the norm corresponding to
the inner product

[%ﬂzéw@M@W@+M@W@»m;

i.e., D(t) equipped with this inner product is a Hilbert space. Note that ©(.%,) is a core of the
form t (see [33, Chap. VI, Theorem 2.1]). Hence the domain of the closure of ¢, coincides with
D(t), and the form t corresponding to the operator 7' is given by (14). O

Proposition 6. For each ) in the resolvent set, the operator Z.(\) = (£, — X))~ is compact.
The spectrum of the operator £, is discrete and consists of a sequence of simple eigenvalues

A =t,?3, neN, where t, >0 and t, = [(37/2)(n —1/4)]*2 + O(n~*3).  (15)
The corresponding eigenfunctions are
Yn(z) = Ai(—t, +zc'/?), n=1,2,.... (16)

71



Proof. The compactness of the resolvent of the operator T = e~ 1/2.%, is equivalent to that
of the resolvent of the operator H = ReT (see [33, Chap. VI, Theorem 3.3]). The operator H is
generated by the quadratic form h = Ret; i.e.,

blu, v] :cos% /0 (@) (2) da + |l cos% /0 " ou@)@)ds, D) = D).

The operator H can be uniquely reconstructed from the quadratic form; hence from Proposition 5

we obtain Y
Hy = cos(v/2)(—y" + |czy),
D(H) = {y € La(Ry) : y € Wiioe, —y" + lc|zy € L2(R+), y(0) = 0}.
The compactness of the resolvent (H — A)~! follows from Molchanov’s criterion (e.g., see [34,

Sec. VII.24]). Thus, the resolvent Z.(\) is compact, and the spectrum o(.%;) is discrete. Let us
write out the eigenvalue equation

—y" +ery=2y,  y(0) =0, ye La(Ry).

We make the change of variables ¢ = —Ac¢=2/3 + x¢!/3. Then the equation acquires the form
/! J— .7
_ytt + ty — 0, l.e.7

(17)

y(z) = CLAi( Pz — Ae™23) + CuU (V3 — Ae2/3). (18)

In view of (5) and (7), we find that Cy = 0, and since y(0) = 0, we arrive at the eigenvalue equation
Ai(=Ac™%/3) = 0. It remains to note that all zeros of the function Ai(z) are simple, and relations
(15) now follow from (6). By substituting A = A, into (18), we obtain relations (16). O

2. Completeness Theorem for the Operator %,

Theorem 1. The eigenfunction system of the operator £, is complete and minimal in Lo(Ry)
under the condition |argc| < (57)/6.

Proof. The minimality of the eigenfunction system {y,} of the operator .Z. follows from the

well-known relations
(ym Zkz) = CnOnk, cn # 0,

where {z;} is the eigenfunction system of the adjoint operator .%%. To prove the completeness, we
use the Levinson method (see [35, Supplement 4]), taking into account the presence of the function
Ai(w+ cl/ 3x), which generates the eigenfunctions y,, for w = —t,,. To be definite, we shall consider
the case of Imc > 0; i.e., v € [0,7), where v = argc. The case of v € (—m,0] can be treated in
a similar way. (The estimates given below should be carried out in the same way but in sectors
symmetric with respect to the real line.)

We split the proof into several steps. Let a function f € Lo(R4) be orthogonal to the eigen-
functions of .%.. Consider the function

F o0

= q(w)’ Fy(w) = / Ai(w + 23 f(2) da. (19)
Ai(w) 0

At the first step, we show that F' is an entire function of order p < 3/2 and finite type for p = 3/2.

At the second step, we prove that I admits the estimate

[F(w)| < M|fIIRV?, R=lw|>1, (20)

F(w)

in the sector

S={weC:—rm+~/3<argw <7 —2v/3}. (21)
At the third step, we show that there exists a number ag € (0,7/3) such that the estimate (20)
remains valid in the sector S’ = S U Sy, where

So={weC:—m+ap<argw < —7+/3}. (22)
The number «g cannot be computed in closed form (it is a root of a transcendental equation), but
one can show that the opening angle of the complementary sector C\ S’ is less than 27 /3 provided
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that v < 57/6. Then it follows that the estimate (20) holds in the entire complex plane. At the
fourth step, we show that F(w) = 0, and the fifth step gives f(z) = 0. Let us proceed to the
implementation of our plan.

Step 1. Let us show that the function Fy in (19) is well defined and holomorphic in the parameter
w € C. Take an arbitrary number ¢ € (0, 7/4] such that 7/2+¢ < 7/2. Let w run over the compact
set |w| < R. We represent the function Fj in the form

</ / )Al (W + zc'?) f(z) do = Fy(w) + Fy(w),

N
|c[1/3 sin(25/3)

The first integral is proper, and hence it is holomorphic in the parameter w in the disk |w| < R
To prove that the second integral is holomorphic, note that

w 26
arg | 1+ YE

<3
for © > zo(R). Then
Re(w + ¢/32)%? > |w + 3z 2 cos(v/2 + 8) > (3/2)ay(|c|'/*x — R)*/? (23)
for x > xo(R) and |w| < R, where a; := (2/3) cos(y/2 + §). Consequently,
| Ai(w + ¢'/%2)] < M exp(—(2/3) Re(w + ¢'/32)%2) < M exp(—a1 (|22 — R)*?)  (24)

ro = z0(R) =

— arg(w+ '/32)32 ¢ [2 0, 74—5}

for > xo(R) by (5) and (23). A similar estimate with right-hand side multiplied by |w + ¢/3z|"/*
holds for Ai'(w 4 ¢'/32)3/2. It follows that the integral Fy(w) converges uniformly with respect to
the parameter w in the disk |w| < R and remains uniformly convergent after the differentiation
with respect to w; i.e., the function F5 is holomorphic in the disk |w| < R. Since R is arbitrary,
we see that Fy = F} + F is an entire function. Further, so is F'(w), because all the points w = —t,
are its removable singularities. (By our assumption, the function Fy(w) vanishes at these points,
while the function Ai(w) has simple zeros there.)

Now let us estimate the growth of Fy(w) as |w| — oo. The length of the integration interval in
the integral F} is proportional to R, and hence

[FL(w)| < MRYVZ| fllexp((2/3)(R + [e/*20)*2) < MR'?||f || exp(M1RP/?). (25)

Set v(x) = exp(—a(|c|'/?z — R)*/? + ), where the number a; is defined in (23). This function is
decreasing for x > z( provided that the number xy = z(R) is sufficiently large. Hence it follows
from (24) that

[Fo(w)| < M/ exp(—ax(|c['*z — R)*? + z)| f(x)|e™" da
z0

R

|e[1/3 sin(26/3)
Consequently, |Fa(w)| — 0 as w — oo. It follows from (25) that Fy = F} + F5 is an entire function
of order < 3/2 and of finite type if the order is 3/2. Then the entire function F'(w) defined as the
ratio of the entire functions Fy(w) and Ai(w) has the growth characteristic that does not exceed

the maximum of the growth characteristics of the numerator and denominator (e.g., see [35, Sec.
1.9]); i.e., F' has order p < 3/2 and finite type if p = 3/2.

Step 2. Consider the sectors
Si={weC:—nm+~v/3<argw < —7/3 + ¢},
Sy={weC:7/3 —ec<argw < 7 —2v/3},

<272M | f | exp{-ar(le]'/Pzo(R) — R)*? + 20)},  wo = (26)



where the number € € (0,7/3) will be chosen below. According to (26) and (5),

| Fo(w)| . 3p cos(3 +0)(1 — sin(%‘s)3/2>R3/2 R > (28)

| Ai(w)] 3/2 2 |c[/3 sin 2

where ¢ = arg w. The estimate cos(3¢/2) < sin(3¢/2) holds in the union S; U Sy of sectors defined
in (27). Take a number € > 0 such that

3 cos(3 +0)(1 —sin %)3/2

2
< M]f]| exp <§<

2 sin

sin < 0.
sin3/2 %
Then as R — oo we obtain the estimate
[Fa(w)| /| Ai(w)| = o(1)]|.f]]- (29)
Further, once more applying (5), we obtain
|Fy(w)]/] Ai(w)| < MRY?| f| max exp(€(z)), (30)
where
2( 32 3¢ 1/3,\3/2
&(x) = 3 R?/% cos 5 Re(w + ¢ /*x) , x € [0,400). (31)
Note that & (z) = — Re(c"/3(w + ¢/32)1/?), whence it follows that ¢'(z) < 0 provided that
arg(w + ¢'/3z) € [-m,m — 2v/3). (32)

In this case, £(z) is not increasing, and since £(0) = 0, we have £(x) < 0. Hence, under condition
(32), from inequality (30) we obtain

[P (w)|/| Ai(w)] < M|f|R'? as [w] = R = oo. (33)

Let us verify that condition (32) holds in the union S; U Sy for every x > 0. Let us analyze
two cases. If ¢ € [—7 + /3, —7/3 + €], then both vectors w and ¢'/3z lie in the half-plane
—m+7/3 <argz < /3, and hence so does their sum. If ¢ € [1/3 —¢, 7 —2v/3], then both vectors
w and ¢'/32 lie in the sector 0 < argz < 7 — 27v/3 of opening angle < 7, and hence so does their
sum. In both cases, condition (32) is satisfied, and we have proved that the estimate (33) holds in
the union S;U Sy of sectors given by (27). In view of the estimate (29), we find that the asymptotic
estimate

[F(w)| < M|f|RY2 (34)
holds in the union S; U Sy. The sector S is defined by formula (21), and the opening angle of the
sector S\ (51U Ss) is less than 27 /3. By applying the Phragmén—Lindel6f theorem to the function
F(w) = F(w)(w+1)"'/2 we find that the estimate (34) holds in the entire sector S.

Step 3. It remains to estimate the function F' in the remaining sector S” = C\ S. The opening
angle of the sector S” is 7; hence an estimate for F' in the remaining sector can also be obtained
from the Phragmén—Lindelof theorem if v < 27 /3. Now consider the case of vy € [27/3,57/6); here
additional estimates are needed.

Let —m < ¢ < —m + /3. The estimate of the fraction |Fy(w)|/| Ai(w)| does not change (this
fraction is still bounded by some constant), because cos(3¢/2) < 0 and we can use the estimate
(28). Let us prove the estimate (33) in the sector Sy defined by formula (22), where ag < /3.
Let us study the function {(z) defined in (31) for its maximum. Recall that the branch of the
function z%/2 has been fixed by the choice of the argument arg z € [—7,m). It is easily seen that
if ¢ € (—m,—7 +v/3), then the ray w + ¢/3z, = > 0, meets the ray (—o0,0), and hence the
curve (w + ¢'/32)3/2, 2 € [0,4+00), has a jump discontinuity at some point, which we denote by
x1. Note, however, that the value of the jump at x is pure imaginary, so that the function £(z) is
continuous. Let us study the function £ separately on the intervals = € (0,z1) and = € (x1, +00).
On the first interval, & (z) < 0, because the argument of w4+ ¢'/3z varies from ¢ (at z = 0) to —7
(at z = 1); i.e., condition (32) is satisfied. On the second interval, the argument of w 4 ¢'/3z is
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monotone decreasing from 7 (at = 21 +0) to 7/3 (at © — 4+00), and hence there exists a unique
point, which we denote by x, at which arg(w + ¢'/3z) = 7 — 2v/3. The derivative & changes the
sign from plus to minus at x; i.e., x9 is a point of local maximum of . Thus, the estimate (33),
which is equivalent to the condition &(z) < 0 as z € [0, +00) by virtue of (30), holds if and only if
£(z3) < 0. To compute the value &(x3), consider the triangle with vertices 0, w, and w+ ¢/3z5 on
the complex plane. The respective angles of this triangle are o + 2v/3, v/3 — «a, and 7 — 7. (Here
we write o« = 7w+ ¢ € (0,7/3), where ¢ = argw.) By the sine theorem,

13 = pS00O/3 =)
? sin vy
8120 e
= Re(w—l—cl/3 )3/2 |W+Cl/3x |3/2COS 3_71-_,7 _p3/29n .(7/3 a)’
2 sin/2 ~
€lan) = 2 (eon 5 R ) < e () )

2 sin!/2 Y 3 sin!/2 ~ B 2

|lw+c

Thus, inequality &(x2) < 0 is equivalent to the condition
sin®/2(y/3 — a) sin ™%y — sin(3a/2) < 0. (35)

Denote the left-hand side of this inequality, which is a function of the variable « € [0,+/3] with a
parameter v € [27/3,7), by n(«). It is easily seen that 7(a) is monotone decreasing, n(0) > 0, and
n(v/3) < 0. Hence inequality (35) holds on the interval a € [ag,7/3] for some o € (0,7/3). Thus,
we have proved the estimate (33), and hence also (34), for all rays argw = ¢ € [—7+ ag, ™ — 27/3].
The Phragmen-Lindel6f principle permits us to extend this estimate to the entire complex plane
provided that the opening angle ag + 2v/3 of the remaining sector is strictly less than 27 /3. The
number ag = ap(y) is a root of the transcendental equation n(a) = 0. We do not seek it in any
form. Instead, we note that, since the function 7 is monotone, it follows that

a0 +27/3 <21/3 = ap<2(r—7)/3 <= n2(r—7)/3) <

1/2

— sin®%(y — 27/3)sin"/2y —siny < 0

— sin¥?(y —27/3) < sin®?y < 4 < 57/6.

Step 4. Thus, for v < 57/6 the entire function F'(w) admits the asymptotic estimate (34) in
the entire complex plane and hence is constant. Let us prove that this constant is zero. To this end,
it suffices to verify that F'(w) — 0 as w — oo along at least one ray in the complex plane. Let us
return to the beginning of step 2, take the ray w = Re~""/2, and note that it lies in the sector S,
so that the estimate (29) is satisfied. It remains to strengthen the estimate (33). To this end, we
split the integration path x € [0, 2] into two parts by a point x3(R) = R~?, where 6 € (0,1/2) is

arbitrary. Since
F zo(R) .

|
where the function £(x) is defined in (31) and is monotone decreasing from £(0) = 0 to —oo on
[0, 400), we have

T3 o
( [+ )If(zv)lef("f) dr < | F1(vT5 + V&0 £9) < [IFI (R + CRY2e69),
0 T3

It remains to note that
E(z3(R)) ~ —Re(cPagw'/?) = —[c| P R™0T1/2 cos(v/3 — m/4)
as R — 0o, and hence RY/2e£@s(R) — (1), Consequently, F(w) = 0.
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Step 5. We have proved that Fy(w) = [;° Ai(w + c/3¢)dp = 0. (Here and in what follows, we
write du = f(x)dz for brevity.) Recall that Ai”(¢) = t Ai(t), whence, by induction,

A (8) = Pa(t) Ai(t) + Qu(t) AT(2),
where P, and @), are polynomials. Further,
Rt)=1, P(t)=0, P(t)=t Pt)=1 Pt
Qo(t) =0, Qi(t) =1, Q2(1) =0, Qs3(t) =t,
Po(t) = Py () +tQn-1(t),  Qu(t) = Pae1(t) + Q1 (t)-
Set deg P,,(t) = p, and deg Q,,(t) = ¢5,. Then
{pn =t l {pn =pn2+1,
qn = Pn-1 In = Gn—2+1
for all n > 5, whence we readily find that

Don =1, Pont1 =n —1,

36
gon =N — 2, G2n+1 =N (36)

for all n > 2. By differentiating with respect to w, we obtain
FI(w) = / (Pi(w + ") Ai(w + ") + Qj(w + ¢ Pa) A (w + ! Pz)) du = 0,
0
jeNuU{0}. (37)
In particular,
Fy(w) = / Ai(w+cPa)du=0, Fj(w)= / Ai'(w + M3z) dp =0,
0 0
Ff(w)= / (w4 cPz) Ai(w+ Pr)dp=0 = / z Ai(w + ¢M3z) dp =0,
0 0

Fy'(w) = /0 (Ai(w + ¢3z) + (w+ 32) Al (w + ¢ /P2)) du = 0

[ee]
= / z Ai'(w+ By dp = 0.
0
Let us prove by induction that
[e.9] o0
/ 2" Ai(w 4 ¢Px) dp = / 2" Ai'(w+ ¢ Bz) dp = 0, n=0,1,2,.... (38)
0 0

The base of induction is the case of n = 0 and n = 1. We have already proved these relations in
this case. Now if Eqs. (38) have been proved for all n < N, where N > 2, then, by writing out (37)
for j = 2N and by taking into account (36), we obtain

N-1

/ <<(w + BN 4 Z a;r(w+ cl/3x)k> Ai(w + ¢M/3z)
0 k=0

N-2

+ < Z bj k(W + cl/3x)k> Al (w + 01/333)) dp =0,

k=0

whence it follows by the induction assumption that
o0
/ N Ai(w + By dp = 0.
0
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Now we write out Eq. (37) for j = 2N + 1 and again take into account (36) to obtain

oo N-1
/ << D ajp(w+ cl/3x)k> Ai(w + M/3z)
0 k=0
N-1
+ <(W + BN 4 Z bjr(w+ cl/3x)k> Ai'(w + c”%))du =0,
k=0
whence, by the induction assumption and the step already carried out, we obtain

/ VAV (w4 cBz) dp = 0.
0

The proof of Egs. (38) is complete.
Now we use a standard trick to derive the relation f(z) = 0 from (38). Consider the Fourier
transform
o0
B = [ e aie ) () da
0
By (5), this function is an entire function of A. Note that

R (0) = (—i)" /Ooo 2" Ai(cPr)f(z)de =0, n=0,1,...,

and hence h()\) = 0. Since the Fourier transform is injective, it follows that the function Ai(c'/3z) f(x)
is identically zero as well, and so f(z) = 0. This completes the proof of Theorem 1. ]

3. Completeness Theorem for the Operator L

Theorem 2. Let the operator L be given by the differential expression (3) on the domain
D(L) ={y € L2(Ry) 1 5,y € AChqc, l(y) € La(Ry), y(0) = 0},
where AC\o¢ s the space of locally absolutely continuous functions, and let conditions (4) be satisfied.
If
arg(co +1) =1 v < 27/ (2 + @),
then the system of root functions of L is complete in Lo(Ry). Further, this system is a basis for
Abel’s summation method of order B for any 5 € ((2+ «)/(2a),7/7).

Proof. First, let us explain what the notion of basis means for summation by Abel’s method.
For simplicity, we assume that all eigenvalues are simple (see [2, Sec. 5] for the general case).
Consider the series

S(t, f) = exp{(—e 2N)PEHF, zi)
k=0

where {yx} is the eigenfunction system of L corresponding to the eigenvalues Ay and {z} is the
biorthogonal system. The second claim of the theorem means that, for each function f € Ly(R),
the series S(t, f) converges for every ¢ > 0 in the norm of Ls(R, ), and there exists a strong limit
S(t, f) — f as t — 40. Needless to say, if the system {yy} is a basis for Abel’s summation method,
then it is complete, because it follows from the definition that any function f can be approximated
by finite linear combinations of this system with arbitrary accuracy.

Without loss of generality, we assume that the constants My and M; in conditions (4) are
positive. Let Dg(L) be the subspace of ©(L) formed by the compactly supported functions. By
reproducing Lidskii’s argument in [3], we find that the case of Weyl limit point holds under the
assumptions of the theorem; i.e., only one solution of the equation I(y) = 0 belongs to La(R,).
In this case, the operator L has a bounded inverse. Further, ®o(L) is an essential domain of L in
this case; i.e., the closure of the restriction of L to ®o(L) coincides with L. For each f € D(L),
the number (Lf, f) lies in the sector bounded in the upper half-plane by the rays arg A = v and
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R . This follows from (4) after integration by parts. It follows from the invertibility of L that the
operator T = e~"/2[, is m-sectorial with opening angle . Then the operator H = ReT is given
on the domain ®(H) = D (L) by the differential expression

W(y) = —y" +7(x)y,

and conditions (4) imply the estimate 7(x) > Mr(z) > Max®. It was shown in Lidskii’s paper that
if this inequality is satisfied, then the eigenvalues s, of the operator H satisfy the estimate

Sp = Mn2/Cte) =123 ...,

i.e., the orders of the operators H and L are not less than 2a/(2 + «). Now the assertion of the
theorem follows from the Lidskii-Matsaev theorem; see [2, Theorem 5.1]. O

Remark. In the case of an even potential, the completeness of the system of eigenfunctions of
the Schrodinger operator on the half-line with the Dirichlet and Neumann conditions, respectively,
implies the completeness of the system of eigenfunctions of this operator on the entire line. Indeed,
odd and even extensions of the eigenfunctions of the Dirichlet and Neumann operators on the
half-line give the eigenfunctions of the operator on the entire line.

References

[1] M. V. Keldysh, “On the eigenfunctions and eigenvalues for some classes of nonself-adjoint
equations,” Dokl. Akad. Nauk SSSR, 77:1 (1951), 11-14.

[2] A. A. Shkalikov, “Perturbations of self-adjoint and normal operators with discrete spectrum,”
Uspekhi Mat. Nauk, 71:5 (2016), 113-174; English transl.: Russian Math. Surveys, 71:5
(2016), 907-964.

[3] V. B. Lidskii, “A nonself-adjoint operator of Sturm—Liouville type with a discrete spectrum,”
Trudy Moskov. Mat. Obshch., 9 (1960), 45-79.

[4] E. B. Davies, “Wild spectral behaviour of anharmonic oscillators,” Bull. Lond. Math. Soc.,
32:4 (2000), 432-438.

[5] Materials of the workshop ”Mathematical aspects with non-self-adjoint operators”. A list of
open problems, http://aimath.org/pastworkshops/nonselfadjoint-problems.pdf.

[6] Y. Almog, “The stability of the normal state of superconductors in the presence of electric
currents,” STAM J. Math. Anal., 40:2 (2008), 824-850.

[7] A. A. Shkalikov, “The limit behaviour of the spectrum for large parametric value in a model
problem,” Mat. Zametki, 62:6 (1997), 950-953; English transl.: Math. Notes, 62:6 (1997),
796-799.

[8] A. V. Dyachenko and A. A. Shkalikov, “On a model problem for the Orr—Zommerfeld equation
with linear profile,” Funkts. Anal. Prilozhen., 36:3 (2002), 71-75; English transl.: Functional
Anal. Appl., 36:3 (2002), 228-232.

[9] S. N. Tumanov and A. A. Shkalikov, “On the spectrum localization of the Orr-Zommerfeld
problem for large Reynolds Number,” Mat. Zametki, 72:4 (2002), 561-569; English transl.:
Math. Notes, 72:4 (2002), 519-526.

[10] A. A. Shkalikov, “Spectral portraits of the Orr—Sommerfeld operator,” J. Math. Sci., 124:6
(2004), 5417-5441.

[11] L. N. Trefethen, M. Embree, Spectra and Pseudospectra: The Behavior of Nonnormal Matrices
and Operators, Princeton Univ. Press, Princeton, 2005.

.....

.....

complex potential,” J. Spectr. Theory (B meuarn); https://arxiv.org/abs/1503.02478.
[14] J. Adduci, B. S. Mityagin, “Eigensystem of an Ly-perturbed harmonic oscillator is an
unconditional basis,” Cent. Eur. J. Math., 10:2 (2012), 569-589.

78



[15] A. A. Shkalikov, “On the basis porperty of root vectors of a perturbed self-adjoint operator,”
Trudy Mat. Inst. Steklov., 269 (2010), 290-303; English transl.: Proc. Steklov Inst. Math.,
269 (2010), 284-298.

[16] P. Djakov and B. S. Mityagin, “Riesz bases consisting of root functions of 1D Dirac operators,”
Proc. Amer. Math. Soc., 141:4 (2013), 1361-1375.

[17] B. S. Mityagin, “The spectrum of a harmonic oscillator operator perturbed by point interac-
tions,” Int. J. Theor. Phys., 54:11 (2015), 4068—4085.

[18] B. S. Mityagin, P. Siegl, and J. Viola, “Differential operators admitting various rates of spectral
projection growth,” J. Func. Anal., 2017 (to appear); https://arxiv.org/abs/1309.3751.

[19] B. S. Mityagin and P. Siegl, “Root system of singular perturbations of the harmonic oscillator
type operators,” Lett. Math. Phys., 106:2 (2016), 147-167.

[20] B. S. Mityagin and P. Siegl, Local form-subordination condition and Riesz basisness of root
systems, https://arxiv.org/abs/1608.00224v1.

[21] E. B. Davies, “Semi-classical states for non-self-adjoint Schrédinger operators,” Comm. Math.
Phys., 200:1 (1999), 35-41.

[22] S. N. Tumanov and A. A. Shkalikov, “On the limit behaviour of the spectrum of a model
problem for the Orr—Sommerfeld equation with Poiseuille profile,” Izv. Ross. Akad. Nauk Ser.
Mat., 66:4 (2002), 177-204; English transl.: Russian Acad. Sci. Izv. Math., 66:4 (2002), 829
856.

[23] E. B. Davies and A. B. J. Kuijlaars, “Spectral asymptotics of the non-self-adjoint harmonic
oscillator,” J. London Math. Soc., 70:2 (2004), 420-426.

[24] R. Henry, “Spectral instability of some non-selfadjoint anharmonic oscillators,” C. R. Math.
Acad. Sci. Paris, 350:23-24 (2012), 1043-1046.

[25] R. Henry, “Spectral instability for even non-selfadjoint anharmonic oscillators,” J. Spectr.
Theory, 4:2 (2014), 349-364.

[26] R. Henry, “Spectral projections of the complex cubic oscillator,” Ann. Henri Poincaré, 15:10
(2014), 2025-2043.

[27] C. M. Bender and S. Boettcher, “Real spectra in non-Hermitean Hamiltonians having 2.7
symmetry,” Phys. Rev. Lett., 80:24 (1998), 5243.

Rev., 86:12 (2012), 121702.

[29] A. Eremenko, A. Gabrielov, and B. Shapiro, “High energy eigenfunctions of one-dimensional
Schrodinger operators with polynomial potentials,” Comput. Methods Funct. Theory, 8:2
(2008), 513-529.

[30] D. S. Grebenkov, B. Helffer, R. Henry, The complex Airy operator with a semi-permeable
barries, https://arxiv.org/abs/1603.06992v1.

[31] M. V. Fedoryuk, Asymptotic Analysis, Linear Ordinary Differential Equations, Springer—
Verlag, Berlin, 1993.

[32] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions with Formulas, Graphs
and Mathematical Tables, National Breau of Standards. Appl. Math. Series, vol. 52, Washing-
ton, 1972.

[33] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New York, 1980.

[34] M. A. Naimark, Linear Differential Operators, Parts I, I, Ungar, New York, 1967, 1968.

[35] B. Ya. Levin, Distribution of Zeros of Entire Functions, Amer. Math. Soc., Providence, RI,
1980.

LoMONOSOV MOSCOW STATE UNIVERSITY. Moscow, RUSSIA
e-mail: artem_savchuk@mail.ru

LoMoNOSOV MOSCOW STATE UNIVERSITY. Moscow, RuUsSIA
e-mail: shkalikov@mi.ras.ru

Translated by V. E. Nazaikinskii

79



