Extremes (2019) 22: 223-269
https://doi.org/10.1007/510687-018-0340-x

@ CrossMark

Generalised least squares estimation of regularly varying
space-time processes based on flexible observation
schemes

Sven Buhl' ® . Claudia Kliippelberg'

Received: 3 September 2017 / Revised: 26 August 2018 / Accepted: 3 December 2018 /
Published online: 3 January 2019
© Springer Science+Business Media, LLC, part of Springer Nature 2019

Abstract

Regularly varying stochastic processes model extreme dependence between process
values at different locations and/or time points. For such stationary processes we
propose a two-step parameter estimation of the extremogram, when some part of
the domain of interest is fixed and another increasing. We provide conditions for
consistency and asymptotic normality of the empirical extremogram centred by a
pre-asymptotic version for such observation schemes. For max-stable processes with
Fréchet margins we provide conditions, such that the empirical extremogram (or
a bias-corrected version) centred by its true version is asymptotically normal. In a
second step, for a parametric extremogram model, we fit the parameters by gener-
alised least squares estimation and prove consistency and asymptotic normality of
the estimates. We propose subsampling procedures to obtain asymptotically correct
confidence intervals. Finally, we apply our results to a variety of Brown-Resnick pro-
cesses. A simulation study shows that the procedure works well also for moderate
sample sizes.
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1 Introduction

Max-stable processes and regularly varying processes have in recent years attracted
attention as time series models, spatial processes and space-time processes. Regularly
varying processes have been investigated in Hult and Lindskog (2005) and Hult and
Lindskog (2006) and basic results for max-stable processes can be found in de Haan
and Ferreira (2006). Such processes provide a useful framework for modelling and
estimation of extremal events in their different settings.

Among the various regularly varying models considered in the literature, max-
stable Brown-Resnick processes play a prominent role allowing for flexible fractional
variogram models as often observed in environmental data. They have been intro-
duced for time series in Brown and Resnick (1977), for spatial processes in
Kabluchko et al. (2009), and in a space-time setting in Davis et al. (2013a).

For max-stable processes with parametrised dependence structure, various esti-
mation procedures have been proposed for extremal data. Composite likelihood
methods have been described in Padoan et al. (2009) and Huser and Davison (2014).
Threshold-based likelihood methods have been proposed in Wadsworth and Tawn
(2014) and Engelke et al. (2015). For the max-stable Brown-Resnick process asymp-
totic results of composite likelihood estimators have been derived in Davis et al.
(2013b), Huser and Davison (2013), and Buhl and Kliippelberg (2016). In some spe-
cial cases full likelihood estimation is feasible, which opens the door for frequentist
or Bayesian approaches; see for example Dombry et al. (2018) and Thibaud et al.
(2016).

Parameter estimation based on likelihood methods can be laborious and time con-
suming, and also the choice of good initial values for the optimization routine is
essential. As a consequence, a semiparametric estimation procedure can be an alter-
native or a prerequisite for a subsequent likelihood method. Such an estimation
method has been suggested and analysed for space-time processes with additively
separable dependence function in Steinkohl (2013) and Buhl et al. (2018) based on
the extremogram, which is a natural extremal analogue of the correlation function for
stationary processes. The extremogram was introduced for time series in Davis and
Mikosch (2009) and Fasen et al. (2010), and extended to a spatial and space-time set-
tings in Steinkohl (2013) and Cho et al. (2016). Semiparametric estimation requires
a parametric extremogram model. The parameter estimation is then based on the
empirical extremogram, and a subsequent least squares estimation of the parameters.

The processes considered in Steinkohl (2013), Cho et al. (2016), Buhl and
Kliippelberg (2018), and Buhl et al. (2018) are isotropic in space; cf. model (I) in
Section 5.3 below. The central goal of this paper is to generalise the semiparametric
method developed in Buhl et al. (2018) in various aspects. We list the most important
extensions:

— In Buhl et al. (2018) ordinary least squares estimation was performed separately
for the spatial and the temporal dependence parameters. This was possible, since
we assumed an additively separable dependence model, linear in its parameters
after a suitable transformation. In the present paper we allow for a much larger
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class of dependence models provided they satisfy some weak regularity condi-
tions. In particular, we allow for non-linear structures in the dependence models,
and we estimate a space-time dependence model, which is not necessarily
separable.

— To fit these general models to data, we develop a generalised (weighted) least
squares estimation method, which estimates all dependence parameters in one
go.

—  We again focus on extremogram estimation, but extend the observation scheme
as described below. In the context of spatial or space-time extremogram esti-
mation based on gridded data, the observation scheme used so far in Steinkohl
(2013), Cho et al. (2016), Buhl and Kliippelberg (2018), and Buhl et al. (2018)
has been a regular grid in space, possibly observed at equidistant time points and
assumed to expand to infinity in all spatial dimensions as well as in time. We
extend this observation scheme to a more realistic setting: in practice one often
observes data on a d-dimensional area (d € N), which is small with respect
to some of its dimensions (for instance, the spatial dimensions) and large with
respect to others (for instance, the temporal dimension). Hence, with regard to
such cases, it is appropriate to assume the observed data to expand to infinity in
some dimensions, but remain fixed in some others. Such observation schemes
require to split up every point and every lag in its components corresponding to
the fixed and increasing domains.

— For such general observation schemes we have to extend the asymptotic the-
ory developed in Buhl and Kliippelberg (2018) considerably. The empirical
extremogram estimator used in the first step of the semiparametric estimation
procedure needs to be extended and asymptotic results need to be verified. For
an arbitrary parametric extremogram model we then derive asymptotic results
of its generalised least squares estimators, which differ considerably from those
obtained when the grid increases in all dimensions.

Our paper is organised as follows. In Section 2 we introduce the theoretical frame-
work of strictly stationary regularly varying processes. We define the extremogram,
the observation scheme with its fixed and increasing dimensions as well as assump-
tions and asymptotic second order properties following from regular variation.
Section 3 presents the empirical and the pre-asymptotic extremogram. Here we prove
a CLT for the empirical extremogram centred by the pre-asymptotic version. We
also specify the asymptotic covariance matrix. We prove a CLT for the empirical
extremogram centred by the true extremogram under more restrictive assumptions.
To formally state the asymptotic properties of the empirical extremogram, we need
to quantify the dependence in a stochastic process, taking into account the different
types of observation areas. For processes with Fréchet margins we prove asymp-
totic normality of the empirical extremogram centred by the true one. In case the
required conditions are not satisfied, we provide assumptions under which a CLT for
a bias corrected version of the empirical extremogram can be obtained. Section 4 is
dedicated to the parameter estimation by a generalised least squares method. Under
appropriate regularity conditions we prove consistency and asymptotic normality,
where the rate of convergence depends on the observation scheme. We also present
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226 S. Buhl, C. Kliippelberg

the covariance matrix in a semi-explicit form. In Section 5 we show our method
at work for Brown-Resnick space-time processes. We state conditions for Brown-
Resnick processes that imply the mixing conditions from Section 3 and are hence
sufficient to obtain the corresponding CLTs for the empirical extremogram. These
conditions depend highly on the model for the associated variogram. Finally, in
Section 5.3 we apply these results to three different dependence models of the Brown-
Resnick process, and prove the mixing conditions, which guarantee the asymptotic
normality of the empirical extremogram, as well as the regularity conditions of the
generalised least squares estimates. In Section 6 we examine the finite sample prop-
erties of the GLSEs in a simulation study, fitting the parametric models described
in Section 5.3 to simulated Brown-Resnick processes. We apply subsampling meth-
ods to obtain asymptotically valid confidence bounds of the parameters. We examine
how the sample size affects the estimates and compare with the theoretical results
obtained in previous sections. Many proofs are rather technical and postponed to an
Appendix A.

2 Model description and the observation scheme

We consider the same theoretical framework as in Buhl and Kliippelberg (2018) and
Buhl et al. (2018) of a strictly stationary regularly varying process {X (s) : s € R}
for d € N, defined on a probability space (2, ¥, IP). This implies that there exists
some normalizing sequence 0 < a, — oo such that P(|X(0)| > a,) ~ n~4 as
n — oo and that for every finite set .# C R with cardinality || < oo,

X
ndP( s < ) 5 w0, n— oo, @2.1)
an

for some non-null Radon measure i ¢ on the Borel sets in @Iﬂl\{O}, where R =
R U {—00, 00} and X » denotes the vector (X(s) : § € .#). The limit measure is
homogeneous:

1y(xC)=x"Pu, (C), x>0,

for every Borel set C C Rlﬂl\{O}. The notation —> stands for vague convergence,
and B > O is called the index of regular variation. Furthermore, f(n) ~ g(n) as
n — oo means that lim, o f(n)/g(n) = 1. If .7 is a singleton; i.e., & = {s} for
some s € RY, we set

sy () = pioy () =: (), (2.2)

which is justified by stationarity. For more details see Buhl and Kliippelberg (2018).
For background on regular variation for stochastic processes and vectors see Hult and
Lindskog (2005, 2006) and Resnick (1986, 2007).

The extremogram for values in R is defined as follows.

Definition 1 (Extremogram) Let {X(s) : s € R?} be a strictly stationary regularly
varying process and @, — o0 a sequence satisfying Eq. 2.1. For p as in Eq. 2.2 and
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two p-continuous Borel sets A and B in ﬁ\{O} (i.e., u(0A) = n(dB) = 0) such that

w(A) > 0, the extremogram is defined as

P(X(0)/an € A, X (h)/a, € B)
P(X(©0)/an € A) ’

For A = B = (1, 00), the extremogram p4p(h) is the tail dependence coefficient
between X (0) and X (h) (cf. Beirlant et al. (2004), Section 9.5.1).

h e RY. (2.3)

pag(h) = lim
n—0o0

For the data we allow for realistic observation schemes described in the following.
Assumption 1 The data are given in an observation area &, C Z¢ that can (possibly
after reordering) be decomposed into

Dy = F x Iy, 2.4
where for ¢, w € N satisfying w + ¢ = d:
(1) & c 74 is a fixed domain independent of n, and

(2) £, ={1,...,n}" is an increasing sequence of regular grids.

This setting is similar to that used in Li et al. (2008), where asymptotic properties
of space-time covariance estimators are derived. The natural extension of the regular
grid .7, to grids with different side lengths only increases notational complexity,
which we avoid here. Our focus is on observations schemes, which are partially fixed
and partially tend to infinity.

Example 1 In the special case where the observation area is given by
Dy =F x{l,...,n}

for .# C R?~!, we interpret the observations as generated by a space-time process
{(X(s,t) : s € RI-1 ¢ € [0, 00)} on a fixed spatial and an increasing temporal
domain.

We shall need some definitions and assumptions, which we summarize as follows.
Assumption 2
(1) For some fixed y > 0and 0, £ € R? we define the balls
B0, y)={s €Z?: |sll<y}and B, y)={s € Z? : |[€—s| < y} = L+B(, y).

(2) The estimation of the extremogram is based on a set ## = {hV, ... AP} C
A(0, y) of observed lag vectors.

(3) We decompose points s € R with respect to the fixed and increasing domains
intos = (f,i) € RY x R¥.

(4) Similarly, we decompose lag vectorsh = s —s’ or £ = s —s’ for some s, s’ € R?
intoh=(hgz,hy)orl =Lgz,Ls)inR? x RY. The letter h is used throughout as
argument of the extremogram or its estimators.
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228 S. Buhl, C. Kliippelberg

(5) We define the vectorised process {Y (s) : s € ]Rd} by

Y($) = X,y
i.e., Y (s) is the vector of values of X with indices in the ball ZA(s, y).

(6) We shall also need the following relations, already stated in Eqgs. 3.3 and 3.4 of
Buhl and Kliippelberg (2018). For a, — o0 as in Eq. 2.1, the following limits exist
by regular variation of {X (s) : s € R?}. For£ € R? and y > 0,

150,)(C) = lim n’P(Y (0)/ay € C), 2.5)
. Y ©0) Y(©)
’ — d
T20.y)x#@y)(C x D) 1= lim n P(—an eC, . € D), (2.6)
=120,y

for a g,y )-continuous Borel set C in R
continuous Borel set C x D in the product space.

\{0} and a T ,)xz¢,1)-

(7) For arbitrary but fixed p-continuous Borel sets A and B in K\{O} such that
n(A) > 0, we define sets Dy, ..., Dp, Dpy1 by the identity

(Y(s) e Di} ={X(s) € A, X(s+h?) e B} (2.7)

fori =1,..., p,and {Y(s) € Dp11} = {X(s) € A}. Note in particular that, by the
relation between {¥ (s) : s € R%} and {X (s) : s € R¢} and regular variation,

150, (Dp+1) = lim n'P(Y 0)/ay € Dp+1)= lim n/P(X (0)/ay € A) = u(A).

O

3 Limit theory for the empirical extremogram

We derive asymptotic properties of the empirical extremogram by formulating appro-
priate mixing conditions, generalising the results obtained in Buhl and Kliippelberg
(2018) to the more realistic setting of this paper. The proofs are based on spatial
mixing conditions, which have to be adapted to the decomposition into a fixed and
an increasing observation domain. In principle, our proofs rely on general results of
Ibragimov and Linnik (1971) and Bolthausen (1982).

The main theorem of this section states asymptotic normality of the empirical
extremogram sampled at lag vectors b € .7# and centred by its pre-asymptotic coun-
terpart. The empirical and the pre-asymptotic extremograms are defined in Eqgs. 3.2
and 3.3.

For the definition of the empirical extremogram we need the following notation:
for k € N, an arbitrary set & C 7¥ and a fixed vector h € Z*, define the sets

Zh) ={ze & :z+hec 2} 3.1
which is the set of vectors z € 2 such that with z also the lagged vector z+h belongs
to Z.
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Generalised least squares estimation of regularly varying space-time... 229

Definition 2 Let {X(s) : s € R?} be a strictly stationary regularly varying process,
which is observed on &, = % x .#, asin Eq. 2.4. Let A and B be p-continuous Borel
sets in R\{0} such that (A) > 0. For a sequence m = m, — oo and m, = o(n) as
n — oo define the following quantities:

(1) The empirical extremogram

1 > 1
X m€A,X h mEB
= D) gy XS an<BY
PABm (h) = 1 s h e 7. (32)
— 1ix A
%] 23, HX e

For a fixed data set the value a,, = a,,, has to be specified as a large empirical
quantile.
(2) The pre-asymptotic extremogram

P (X(0)/am € A, X(h)/an € B)

d
P e € &) , heRI (33

PAB,m,h) =

Key of the proofs of consistency and asymptotic normality of the empirical
extremogram below is the fact that pap m, (h) is the empirical version of the pre--
asymptotic extremogram p4g,m, (h). This can for different b € (0, y) in turn be
viewed as a ratio of pre-asymptotic versions of 1 ,,)(C (h)) (cf. Eq. 2.5). The sets
C (h) are implicitly defined by {¥(s) € C(h)} = {X(s) € A, X(s + h) € B} for
s € R?. Then in particular, for h € %(0, y),

IP(X(O) ca,X® B) = IP(Y(O) eCh).
am am am
Note that, by Eq. 2.7, if h = h') € #, then C(h) = D;, and ifh =0 and A = B
then C(h) = Dy 1.

In view of Eq. 2.5, % 0,y)(C (h)) can be estimated by an empirical mean, where
the estimator has to cope with Assumption 1 of an observation area with fixed and
increasing domain.

Definition 3 Assume the situation of Definition 2. Based on observations on &, =
F x 4, as in Eq. 2.4 decompose the observations s = (f,i) € .¥ x .%, and the lags

= (hg,h y) € H as in Assumption 2(3) and (4). For h & € S define % (h #) as
in Eq. 3.1. Then an empirical version of 1 ,,)(C(h)) is for h € 7 given by

/’LLB(O 7)s mn(C(h)) = w Z |y(hj)| Z 1{%€C(h)}' G4
feFhg)

O

Observe that for fixed h g € Z4 and observations on &, = .% x .#, there will
be points s = (f,i) € F(hg) x £, with i near the boundary of .#,, such that
not all components of the vector Y(s) = Y (f,i) are observed. However, since we
investigate asymptotic properties of .#, whose boundary points are negligible, we can
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230 S. Buhl, C. Kliippelberg

ignore such technical details. As will be seen in the proofs below, for every h € 7,
the empirical extremogram pag ., (h) is asymptotically equivalent to the ratio of
estimates ﬁ%’(o,y),m” (C(h))/ﬁgg(o,y),mn (Dp-H )-

Limit results for the empirical extremogram (3.2) involve the calculation of mean
and variance of L0, y).m, (C(RD)) = 5(0.y).m, (Di) for R € F. Strict station-
arity and Assumption 2(6) yields immediately by a law of large numbers that
E[ﬁ,%(o,y),mn (D] = un©,,)(D;i) as n — oo. Calculation of the variance involves
the covariance structure and we decompose as in Assumption 2(4) ") into h® =
(h(}), h<')) e RY x R¥. We have to calculate for f, f’ € h(l)) andi,i’ € %,

(Cov[ Y enyy Lrytin D}] COU[R{Y“’) by I Wgls) D,'}:I

with€gz = f — f and £, = i —i’, where the equality holds by stationarity.
The lag vectors £ and £ 4 are contained in Lf;l’) and L,, respectively, where for
i,jell,....pl

LY =(f—f:feF@D. fe7@')) and L,:=1{i—iiies)

(3.5)
The number of appearances of the lag £ & we denote for i, j € {1, ..., p} by
NG er = > > Lypopes (3.6)
feF Q) freFmP)
Observe thatalag (£ #, £ ) with€ 4 = (EFI), R 65;”) appears in Lgi) x L, exactly
NG €2 T4, (n — 1€5]) times. We show in Lemma A.1 that
m2d
_ n
Var[iz0..m, (D] = 2w 77 () 2 var Z Z 1 (XD ep,)
n 7 (h )l feZm)icsn
my! Q)
— a w
= T (L/(h n"Var[Lro ] (3.7)
+ Z Z Cov[l{—yif'i)eDi}’ ]l{Lf/‘i/)eDi}])
) )y Qe " “n
FIEFMZD) fieishi
mff 1 ( (D)
~ —————(1z0.)(Di
T
1 -
+ Y — o 2 NG ) o x st D x Di>>
ZJEZ’” |y(h7)| ZKQEL(&’”
€.t 5)#0
mZ 2
=: nToe%(O,V)(Di)’ n— oQ. (38)

Remark 1 For comparison we recall the expression in the corresponding Lemma 5.1
of Buhl and Kliippelberg (2018), where .# is not fixed, but part of the increasing
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regular grid. Then |ﬁ(hi'02)| ~ Ng}i)(ﬁy) ~ n4 as n — o0, such that Eq. 3.7 can be
approximated as follows:

Var [ﬁ%’(o,y),mn (Dl)]

d
m
- anq (M%(O’V)(D") + Z Z TB0,y)x B(Lz .l 7)) (Di X Di))
LgelV tgerd
gt g)#0
my\4
- <7> (“%W)(Di” Y B0 x@n D XDi)>’ 1= 0.
£e74\(0}

Thus, a difference from the setting of a partly fixed observation area .# C &, is that
the fixed observation terms do not disappear asymptotically, but remain as constants
in the limit expression.

3.1 The extremogram for regularly varying processes

For proving asymptotic normality of the empirical extremogram we have to require
appropriate mixing conditions and make use of a large/small block argument as in
Buhl and Kliippelberg (2018). For simplicity we assume that n" / mﬁ is an integer and
subdivide 2, into n” /m¢ non-overlapping d-dimensional large blocks .# x 4%; for
i=1,...,n"/ mﬁ , where the %; are w-dimensional cubes with side lengths mz/ v
From those large blocks we then cut off smaller blocks, which consist of the first 7,
elements in each of the w increasing dimensions. The large blocks are then separated
(by these small blocks) with at least the distance r,, in all w increasing dimensions
and shown to be asymptotically independent. Such large/small block arguments are
common in verifying properties of estimators in extreme value theory, in particular
in a time series context, cf. for example Davis and Mikosch (2009), Section 6. For
a visualization in the 2-dimensional case d = 2 with w = 1 increasing dimension,
see Fig. 1.

-

A
f'xl/l/l/l/////
— I s 1 i
|5 | | S | S | S | R | N

3

Fig. 1 Visualization of the large/small block argument in the case d = 2 and w = 1. The large blocks are
the hatched areas; the small blocks are given by the small areas between them
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232 S. Buhl, C. Kliippelberg

In order to formulate the CLT below, in particular, the asymptotic covariance
matrix, we need to compute Cov[i%0,),m, (Di)> %0,y),m, (D ;)] for possibly dif-
ferent i, j € {1,..., p}. The asymptotic results stated in Theorem 1 extend those
in Theorem 4.2 of Buhl and Kliippelberg (2018), where the observation area %, is
assumed to increase with n in all dimensions. The decomposition (2.4) into a fixed
domain .# and an increasing domain ., results in mixing conditions which focus
on properties for .#, increasing to Z", while .# remains fix and appears in the limit,
similarly as in Eq. 3.7.

Theorem 1 Let {X(s) : s € RY} be a strictly stationary regularly varying process,
which is observed on 9, = F x Iy, as in Eq. 2.4. Let 7 = (hV,... AP} C
HB(0, y) for some y > 0 be a set of observed lag vectors. Suppose that the following
conditions are satisfied.

M1) {X(s) : s € R? is a-mixing with respect to RY with mixing coefficients
Ok, .k, (+) defined in Eq. A.1.

There exist sequences my, ry, — 00 with m?/n* — 0 and r¥ /m¢ — 0 as n — oo
such that:

M2) m2dr2v/p? — 0,

(M3) For all € >0, and for all fixed £z € R? with a,, = a,, — o0 as in Eq. 2.1,

lim limsu miP( max |X(s)| > eay, max X (s’
k00 oot eyzezw " (se@<0,y)| ©l " s/ez?((eg,em,y)' s
k<lie_g ll<rn
> €ay,) = 0.
M4) () lim m4 > ani(el) =0,

=00 gz >y

() Y oxu (L) <oo for2 <k +ky <4,
LeZvw

(i)~ lim ml 0?12y (ry) = 0.

~.

Then the empirical extremogram pap.m, defined in Eq. 3.2, sampled at lags in
A and centred by the pre-asymptotic extremogram papm, given in Eq. 3.3, is
asymptotically normal; i.e.,

nvr. i i 9
[ Pan ) = pap, )] 2 rO.M. n—oc,  (39)

n i=1,...,p

where T1 = u(A)*FEF" € RP*P. Writing k) = 00, h)) for 1 <i < p+1,
with the convention that (h;+1),h§+l)) = 0, and recalling (3.5) and (3.6), the

matrix ¥ € RPTDXPHD pag components
1

1F@DIFBD)

+ 2 2 NP tm0pxas b (DX Dj))’
Lyel? 4 i)

€zt g)#0
l<ij<p+l.

) (176D 0 FBD)lnmo,nDiND)  (3.10)
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Generalised least squares estimation of regularly varying space-time... 233

Ifi = j, we have ¥j; = UL%,(O y)(Di) with Uﬁm y)(D,-) specified in Eq. 3.8. The
matrix F = [Fy, F2] consists of a diagonal matrix F\ and a vector F, in the last
column:

Fi = diag(u(A)) € RPP, Fy = (—pt0,9)(D1), - .., =120, (Dp)) "

Note that condition (M3) is the analogue of condition (3.3) of Davis and Mikosch
(2009) in the time series case and thus similar in spirit but weaker than the classical
anti-clustering condition D’(eay,) as explained there.

Corollary 1 Assume the setting of Theorem 1 and suppose that the following
conditions are satisfied.

(1) {X(s) : s € R is a-mixing with respect to RV with mixing coefficients
Ok, .k, (+) defined in Eq. A.1.

(2) There exist sequences m := My, ‘= Fpsoo With mﬁ/nw — O and r}f/mﬁ -0
as n— oo such that (M3) and (M4i) hold.

Then, as n — oo,

Pasam, ) 5 pas@®), i=1,... p.

Proof As in part II of the proof of Theorem 1 (cf. Appendix A.2), we find that for
i=1,...,p,asn— 00,

P Ao D 7 D
I(/)\AB,mn (h(l)) ~ A/L‘Z(O’y)’m"( l) _P) MSZ’(O,;/)( z)

_ )
= paph'’),
H50,7).m (Pp+1)  1120,y)(Dp+1)

where the sets D; and D) are defined in Eq. 2.7. Convergence in probability fol-
lows by Lemma A.1 and Slutzky’s theorem. The last identity holds by definitions
(2.3) and (2.5), recalling that 0,y (Dp+1) = u(A) > 0. O]

Remark 2 (i) If the choice m, = nPrand r, = nf2 with 0 < B < Bid/w <
1 satisfies conditions (M3) and (M4), then for 81 € (0, w/(2d)) and B, €
(0, min{B1d/w; 1/2 — B1d/w}) the condition (M2) also holds and we obtain
the CLT (3.9).

(i) The pre-asymptotic extremogram (3.3) in the CLT (3.9) can be replaced by
the true one (2.3), if the pre-asymptotic extremogram converges to the true
extremogram with the same convergence rate; i.e., if

,,,,,

(iii) Unfortunately, for general regularly varying processes, it is not known
if the bias condition (3.11) holds, but the CLT (3.9) based on the pre-
asymptotic extremogram holds. Hence, the important asymptotic interpretation
of the empirical extremogram as a conditional probability of extremal events
remains; cf. Cho et al. (2016), Davis and Mikosch (2009), and Drees (2015)
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234 S. Buhl, C. Kliippelberg

and references therein. An important class of processes, where we know con-
ditions such that Eq. 3.11 is satisfied or not, are the max-stable processes with
finite-dimensional Fréchet marginal distributions, as defined in Section 3.2.

3.2 The extremogram of processes with Fréchet marginal distributions
We start with the definition of max-stable processes.

Definition 4 (Max-stable process) A process {X(s) :s € R?} is called max-stable if
there exist sequences ¢, (s) > 0 and d, (s) for s € R? and n € N such that

|c;1(s)( \n/ X;(s) — d,,(s)) s e Rd} 2L (X(s):s e RY, (3.12)
j=1

where {X;(s) : s € R?} are independent replicates of {X(s) : s € R?} and the
maximum is taken componentwise.

If max-stable processes have Fréchet marginal distributions, they are regularly
varying. Theorem 2 below states a necessary and sufficient condition for such pro-
cesses such that both Egs. 3.9 and 3.11 hold, yielding the CLT (3.19) for the empirical
extremogram (3.2) centred by the the true one (2.3). In case this condition is not
satisfied, Theorem 3 states conditions such that Eq. 3.19 holds for a bias corrected
version of the empirical extremogram.

Theorem 2 (CLT for processes with Fréchet margins) Let {X(s) : s € R?} be a
strictly stationary max-stable process with standard unit Fréchet margins, which is
observed on 9, = F x I, as in Eq. 2.4. Let 70 = (hV, ... hP} C B0, y) for
some y > 0 be a set of observed lag vectors. Suppose that conditions (M1)—(M4) of
Theorem 1 hold for appropriately chosen sequences my,r, — 00. Let psp be the
extremogram (2.3) and pAB.m, the pre-asymptotic version (3.3) for sets A = (A, A)
and B = (B,B) with0 < A < A < ocoand 0 < B < B < oc. Then the limit
relation (3.11) holds if and only ifnw/mfld — 0 as n— oo. In this case we obtain

.....

with I1 specified in Theorem 1.

Proof All finite-dimensional distributions are max-stable distributions with standard
unit Fréchet margins, hence they are multivariate regularly varying. Furthermore we
can choose a,;, = mg in Definition 1. Let V;(h; -, -) be the bivariate exponent measure
defined by P(X(0) < x1, X(h) < x3) = exp{—Va(h; x1, x2)} for x;,x, > 0, cf.
Beirlant et al. (2004), Section 8.2.2. From Lemma A.1(b) of (Buhl and Kliippelberg
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2018) we know that for h € s# and with Vﬁ(h) = AA/(A — A)(V}(h; A, B) —
Vi(h; A, B) — Vi(h; A, B) + V}(h; A, B)),

1 —
panm, ) = pas®) + (1 + o) Vo] n—oc.  (14)

If A = oo and/or B = oo, appropriate adaptations need to be taken, which are
described in Lemma A.1 of Buhl and Kliippelberg (2018). Hence, for h € J7,

/ =2
:Tﬁl(pAB'm" (h) = pas(h)) = (1 +0(1)),l mnfld 22( ), n— 00,

which converges to O if and only if n*/ mzd — 0. O

Ifn"/ mgd #> 01in Theorem 2, a CLT centred by the true extremogram can still be
obtained for a bias corrected empirical estimator. Equation 3.14 is the basis for such
a bias correction if the sets A and B are given by A = (A, oo) and B = (B, 0o0) with
A, B > 0. In that case we have

paB.m, (W) =pap(®)+(1+0()) | 5— (pasW)~24/B) (pash)—1) ], n—o0;

(3.15)
see Buhl and Kliippelberg (2018), Eq. A.4. An asymptotically bias corrected estima-
tor is given by

1
2miA

PAB,m, (h) — ImiA (PaB.m, (R) —2A/B)(0aB,m,R) — 1)
and we set, covering both cases,
PAB.m, (h) = (3.16)
P00, 0) = 5 (P30, 0 =28/B) (P, (D =1). 625 -0 bur 2y — 0,
PAB.m, (h) if;—; —0.

Theorem 3 below guarantees asymptotic normality of the bias corrected extremogram
for an—according to Theorem 1—valid sequence m,, satisfying n"/ m,sld — 0. The
proof, which is given in Appendix A.3, generalises that of Theorem 4.4 of Buhl et al.
(2018), which covers the special case A = B = 1 for Brown-Resnick processes.

Theorem 3 (CLT for the bias corrected extremogram for processes with Fréchet
margins) Let {X(s) : s € R4} be a strictly stationary max-stable process with stan-
dard unit Fréchet margins. Assume the situation of Theorem 2 for sets A = (A, 00)
and B = (B, 00) with A, B > 0. Then the bias corrected extremogram (3.16) is
asymptotically normal if and only if n"/ mfld — 0. In that case,

n?r. ; j 2
S [Fasm, @) = pash®] S v, (3.17)
my, i=1,..,p

where T1 is specified in Theorem 1.
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Remark 3 From Theorems 2 and 3 in relation to Remark 2 (i) we deduce two cases:

(I For w/(5d) < B1 < w/(3d) we cannot replace the pre-asymptotic

extremogram by the theoretical version in Eq. 3.13, but can resort to a bias
correction as described in Eq. 3.16 to obtain

w— ~ i i 7
nl ﬂldvz[pAB’mn(h())_pAB(h<>)] 1 p—wV(O,H), n— oo, (3.18)

i=
for sets A = (A, o0) and B = (B, 0o) with covariance matrix IT specified in
Theorem 1.

(II) For w/(3d) < B1 < w/(2d) we obtain indeed

. . [
n(w’ﬂ‘d)/z[ﬁAB,mn(h(‘))—pAB(h(’))], - Z /0.1, n—oo, (3.19
i=1,...,
with covariance matrix IT specified in Theorem 1.
Observe that Remark 3 generalises Remark 4.1 of Buhl et al. (2018).

4 Generalised least squares extremogram estimates

In this section we fit parametric models to the empirical extremogram using least
squares techniques for the parameter estimation. Our approach and extremogram
models extend the weighted least squares estimation developed in Steinkohl (2013)
and Buhl et al. (2018) considerably. In these papers isotropic space-time models
such as the Brown-Resnick model (I) of Section 5.3 below have been estimated by
separation of space and time, which is not possible for all models of interest. In
what follows we present generalised least squares approaches to fit general paramet-
ric extremogram models taking the observation scheme %, = . x ., of a fixed
and an increasing domain into account. The approach bears some similarity to the
semiparametric variogram estimation in Lahiri et al. (2002).

Our setting is as follows. Let {papo(h) : h € R?,0 € O} be some parametric
valid extremogram model with parameter space ® and continuous inh € R?. Assume
that pap(-) = pap.e+(-) with true parameter vector 8*, which lies by assumption in
the interior of ©. Denote by pag.m, (h) any of the estimators of Theorem 1, Theorem
2, or Theorem 3 for the appropriately chosen p-continuous Borel sets A and B such
that £(A) > O and lags h € 77 = (hV, ... AP}

First note that under the much weaker conditions of Corollary 1 the empirical
extremogram is a consistent estimator of the extremogram such that as n — oo,

~ i P i .
PaB.m, WD) = papeeh?), i=1,...,p, (4.1)

Under more restrictive conditions needed for the three CLTs above,

n"r_. i i 9
[ Panm, ) = pape-@™] S orom. @2
my, i=l,...,p

.....

where I is the covariance matrix specified in Theorem 1.
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As we shall prove below, consistency of the empirical extremogram entails consis-
tent generalised least squares parameter estimates, whereas asymptotic normality of
the empirical extremogram entails asymptotically normal generalised least squares
parameter estimates.

Definition 5 (Generalised least squares extremogram estimator (GLSE)) Let {X (s) :
s € R4} be a strictly stationary regularly varying process, which is observed on
Dy = F x Iy asinEq. 2.4. Let A and B be u-continuous Borel sets in E\{O} such
that £ (A) > 0. For a sequence m = m, — oo and m,, = o(n) as n — oo define for
6 € O the column vector

2:0) = [PaBm,0) — papo )], 43)

For some non-singular positive definite weight matrix V(@) € R?”*?, the GLSE is
defined as

By = argn(;ln{gn@) V(6)8,©)} 4.4

Assumption 3 presents a set of conditions, which imply consistency and asymp-
totic normality of the GLSE.

Assumption 3 Assume the situation of Definition 5. We shall require the following
conditions.

(Gl) Consistency: pag.m, (h©) LN pAB,gﬁ(h(")) asn—oofori=1,...,p.
w

(G2) Asymptotic normality: n—d§n (Ch)] ij) A0, IT) as n — o0.
mi’l
(G3) Identifiability condition: For all € > 0 there exists some § > 0 such that
{3 (pamo, )= pan, 6)72 100,62 € @ J0 ~02) > cf >

8. If the parameter space ® is compact, this condition can be replaced by the
weaker condition

P
(G3) > (pane, ) = pape, () >0, 6V £6 co.
i=1

(G4) Smoothness condition 1: Foralli =1,..., p:
PAB.O (h)) has continuous partial derivatives of order z; > 0 w.r.t. 6,
where z1 = 0 corresponds to p4p ¢ (h") being continuous in 6.
(G5) Smoothness condition 2:

Q) sup{IV@)lu+IV®O) '} < oo,where ||-||y is some arbitrary matrix

0O
norm.

(ii) The matrix valued function V (€) has continuous derivatives of order
72 > 0 w.r.t. @, where zo = 0 corresponds to V (@) being continuous in 6.
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(G6) Rank condition: For @ = (61, ...,6;) € ©® C R* we denote by P45(0) the

Jacobian matrix of (—pap.6 ROy, ..., —PAB.S hP) ;e

—agPasoh) =5 0ase ) . —55panet )
0 (2) 0 (2) 0 2)
—5a-PaBoW'Y) —35-papeh'?) ... —55-pape ')

Pas@=[ e e e RPK,
— -8R D) = papomP) ... = papeh™®)

4.5)

The Jacobian matrix has full rank: rank(P45(0%)) = k. (Il

The proof of the next theorem can be found in Appendix A.4.

Theorem 4 (Consistency and asymptotic normality of the GLSE) Assume the situ-
ation of Definition 5. If Assumptions 3(G1) and (G3) hold as well as (G4) and (GS5)
for z1 = z2 = 0, respectively, then the GLSE is consistent; i.e.,

Oy 5 6%, n— . (4.6)

If Assumption 3(G2) and (G3) hold as well as (G4) and (G5) for z1 = zp = 1,
respectively, and the rank condition (G6) holds, then the GLSE is asymptotically
normal; i.e.,

[ @y -6 2 40, Ty), n—oo, @.7)
mn

with asymptotic covariance matrix
My = BO*)Pap0*) [V(O*) + V(@) ITI[V(B*) + V(0 IPAs(0*)BO*),

where B(0*) = (PAB(G*)T[V(B*) + V(t9")T]PAB(0"))_1 and T1 is the asymptotic
covariance matrix in Eq. 4.2.

Remark 4 The quality of the GLSE depends on the matrix V(@). Simple choices
for the matrix V() in Eq. 4.4 are the identity matrix, leading to the ordinary least
squares estimator, or some general weight matrix, leading to weighted least squares
estimators.

An asymptotically optimal matrix V(@) can be obtained as follows. Let [T =
[1(6*) be the asymptotic covariance matrix of the empirical extremogram in Eq. 4.2.
Assume that I1(8*) has a closed form that depends on the true parameter vector 6*
which can be extended to a matrix function I1(@) on the whole parameter space ©.
Assume also that the inverse V(@) = I1~!(8) exists for all & € @ and satisfies the
Assumption 3(G5) for zo = 1. Then, as pointed out in Lahiri et al. (2002), The-
orem 4.1, for spatial variogram estimators and in Einmabhl et al. (2018), Corollary
2.3, for extreme parameter estimation based on iid random vector observations, the
resulting asymptotic covariance matrix I1y = ITy(0*) of the GLSE in Eq. 4.7 is

@ Springer



Generalised least squares estimation of regularly varying space-time... 239

asymptotically optimal among all valid matrices V/ = V’(@). This means that ITy
is minimal in the sense that for all valid matrices V', the difference ITy, — Iy is
positive semidefinite.

5 Estimation of Brown-Resnick space-time processes
5.1 Brown-Resnick processes

We consider a strictly stationary Brown-Resnick process with spectral representation

n(s) = {7 {i;'j ewj(s)—a(s)}7 seR? (5.1)

j=1

where {§; : j € N} are points of a Poisson process on [0, co) with intensity £2d¢,
the dependence function & is nonnegative and conditionally negative definite, and
{(WiGs) :s € R4} are independent replicates of a Gaussian process {W(s) : s € R4}
with stationary increments, W (0) = 0, E[W (s)] = 0 and covariance function

Cov[W (D), W(s?®)] =86D) +5P) — 55D —5@).

Spectral representations of max-stable processes go back to de Haan (1984) and Giné
et al. (1990), the specific representation (5.1) to Brown and Resnick (1977) in a time
series context, to Kabluchko et al. (2009) in a spatial and to Davis et al. (2013a) in
a space-time setting. The univariate margins of the process n follow standard unit
Fréchet distributions. Non-stationary Brown-Resnick models have recently been dis-
cussed and fitted to data in Asadi et al. (2015) and Engelke et al. (2015), and Huser
and Genton (2016).

There are various quantities to describe the dependence in Eq. 5.1, where explicit
expressions can be derived:

e In geostatistics, the dependence function § is termed the semivariogram of the
process {W(s) : s € R?} based on the fact that for sV, s? e R¢,

Var[W(s®) — w(s@)] =25(¢sD —s@).

e Forh € R?, the tail dependence coefficient is given by (see e.g. ** (*)Steinkohl,
Section 3)

P00y (B) = lim. ]P’(n(h) >n ’ n(0) > n) - 2(1 - <1>< @)) (5.2)

where ® denotes the standard normal distribution function.
e ForD = {s(l), ... ,s(|D|)} andy = (y1,...,yp)) > O the finite-dimensional
margins are given by

PnsD) < yi, n@) < y2, -+, ns"P) < yp)) = expl—Vp(»)}. (5.3)

Here Vp denotes the exponent measure (cf. Beirlant et al. (2004), Section 8.2.2),
which is homogeneous of order -1 and depends solely on the dependence func-
tion 8. For D = {s,s + h} where s € R? and h € R? is some fixed lag vector,
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we get (cf. Davis et al. (2013a), Section 3)

I~/
Va1, y2) = Valh; y1,y2) = Vp(y1, y2) = —@( =
Y1 Y1
I ~/y
+—o(—), y1,y2>0, 5.4
2 y2

with

B(2) =(h ) =0 (P2 4 PP) xym0 69)

e Forh e RYandsets A = (A, A)and B = (B,B) with0 < A < A < oo and
0 < B < B < o0, the extremogram (2.3) is given by (see Buhl and Kliippelberg
(2018), Eq. A.1)

pap(h) = _A—Z(— V2@, B) + Va(A, B) + Va(4, B) = Va(4, B))  (5.6)
A—A ’ = = ==

for V, asin Eq. 5.4. For A = (A, o0) and B = (B, 00) we get formula (31) of
Cho et al. (2016):

pan) =a{a7 (1-&(B/a)) + 87 (1-8(as8))}. 6D

e The extremal coefficient £p (see Beirlant et al. (2004), Section 8.2.7) for any
finite set D C R is defined as

Py <y, n6s®) <y, 6P < y) =exp{—£p/y}, v >0;
ie,&p=Vp(l,...,).If|D|=2and h = sV — 5@ then

S(h
Ep =2 — p(1,00)(1,00) (h) = 2¢( %>

where the first identity holds in general (cf. Beirlant et al. (2004), Section 9.5.1),
and the last one by Eq. 5.2.

(5.8)

Our aim is to fit a parametric extremogram model of a Brown-Resnick process
(5.1) based on observations given in &, = .% X .#, as in Eq. 2.4. This approach is
semiparametric in the sense that we first compute (possibly bias corrected) empirical
estimates (3.16) of the extremogram p4 g (k) for differenth € 7, and fit a parametric
model pap g (h) by GLSE to the empirical extremogram. For sets A = B = (A, o0)
with A > 0, this yields an estimator of the dependence function, since by Eq. 5.5 and
(5.7) there is a one-to-one relation between extremogram and dependence function.

5.2 Asymptotic properties of the empirical extremogram of a Brown-Resnick
process

Let {n(s) : s € RY} be a strictly stationary Brown-Resnick process as in Eq. 5.1 with
some valid (i.e., nonnegative and conditionally negative definite) dependence func-
tion §. Before investigating the asymptotic properties of the GLSE, we state sufficient
conditions for § so that the regularity conditions of Theorem 1 are satisfied.
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Theorem 5 Let {n(s) : s € R4} be a strictly stationary Brown-Resnick process as
in Bq. 5.1, observed on 9, = F x %, as in Eq. 2.4. Let 74 = (hV, ... h(P} C
A0, y) for some y > 0 be a set of observed lag vectors. Assume sequences

My, 'y — 00, mZ/nw—>O, r,'f/mﬁ—)O, m,%dr,%w/nw—>0, n— o0o. (5.9)

Writing v = (Wg,v.#) € R? x RY according to the fixed and increasing domains,
assume that the dependence function § satisfies for arbitrary fixed finite set L C 79 :

@A) mdy zw’lexp{—% inf 8(v)} — 0asn — oo.
>r, veLXZY:||lv g|l>z

B) mz/zngw)/2 exp{ — }1 inf 8(v)} — Q0asn — oo.
VELXZY:||lv gz ||>ry

Then conditions (M1)—~M4) of Theorem 1 are satisfied, and the empirical extremogram
DPAB.m, defined in Eq. 3.2 sampled at lags in 7€ and centred by the pre-asymptotic
extremogram pAp,m, given in Eq. 3.3, is asymptotically normal; i.e.,

.....

where the covariance matrix I is specified in Theorem 1.

Proof First note that, since all finite-dimensional distributions are max-stable distri-
butions with standard unit Fréchet margins, they are multivariate regularly varying.
We first show (M3). Let € > 0 and fix £ # € RY. For y > 0 define the set

L,z Ly) ={s1—52:51€PB0,y),50€ B(lz,Ly) y)}

Note that, writing s1 = (f1,i1) and sp = (f2,i2) € R? x R¥ according to the
fixed and increasing domains as before, it can be decomposed into L, €4, £ z) =
LY x Ly (85) where LY := {f1 — f2 151 € 2((0.0), y). 52 € Z((£5.,0). )},
which is independent of £ », and Lg/z)(ﬂy) ={i; —iy : 81 € $(0,0),y),s2 €
B((Lz,L.5),y)} Then, recalling that a,, = mz, and using a second order Taylor
expansion as in the proof of Theorem 4.3 of Buhl et al. (2018), we have as n — oo,

P( max n(s) > eay, max n(s") > eay)
5€%0,y) s'eB(lzLys).y)
< Y Yo P@Gs) > eml n(s) > emd)

s€#B0,y)s'ceB(Lz.Ls).y)

_ Z Z <I—Zexp{—€;g}+exp{—6’id¢< /Ms;s’))})

5€%B0.y)s'eB(Lg Ly).y) "

T 02 (G ) ) )

n
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Therefore,
lim sup dIP’( _max n(s) > ea, max n(s’) > eay)
n—0oo g;w (0 12 " s E%((@y,ey),y) m
k<t g <rm
. 1 1 1/2
<2|2(©, y)Plimsup Y {-(1-@(( inf B(v)) ))+ﬁ(—)}
oo oo, le 2 vel, (b7 L.y) m4
k<iit gz ll<rn

Since the number of grid points £ ~ in Z" with norm ||€ #|| = z is of order oM,
there exists a positive constant C such that the right hand side can be bounded from
above by

wl 1

1/2
(1—q>((f inf 8(v)) ))
2vely bz b g)t g7 |18 g |l=2

2C|%4(0, y)| hmsup Z [

k<z<rn
w—1
()l
mVl
2C1%0, )| 1
Mlmsup Z { W 1(exp{ inf 8(v)}>}
n—00 . 4 vel,bz L )l g€l¥ L gll=2
rw
(o)
n
2C|%4(0, 1
_M m sup Z [ (exp’—f inf S(v)])]
n—oo T 4 vel W xZ v g 22—y
rw
+(ag)

n

where we have used in the second last step that 1 — ®(x) < exp{—x2/2} for x > 0
and in the last step the decomposition L, (€.z, £ ») = Lg/l) X LJ(/Z) (£_#). By condition
(A), since we can neglect the constant y, we have

: w—1 1 :
lim Z z exp{ - = inf S(v)} =
koo k<z<oo 4 UELLI))(Z’”;”v{ﬁ HZZ_}/

Together with ¥’ = o(m¢) as n — oo, this implies that

1 Tn
lim limsup { (exp { - - inf 8(v)}>} + ﬁ<L> =0.
k—00 p—oo k<z2<:r,, 4 veLl YV xZv v s |22~y mill

Next we prove (M1) and (M4i)-(M4iii). To this end we bound the «-mixing coef-
ficients o, k,(-) for ki, ko € N of {n(s) : s € R4} with respect to R, which are
defined in Eq. A.2. Observe that d(A, Ay) for sets A; C Z" as in Definition 6 can
only get large within the increasing domain. Define the set

Lg:={s1—s2:81,820€ F}.

@ Springer



Generalised least squares estimation of regularly varying space-time... 243

We use Eq. 5.8, as well as Dombry and Eyi-Minko (2012), Eq. 3.1 and Corollary 2.2
to obtain

Ok ky(2) =2 sup > > Pooloo) (81— 52)
d(Al’AZ)zzﬂeyXA]SzeyxAz

2kika|F | sup £(1,00)(1,00) (V)

vel g xXZV: v sllzz

1
P (-o((},, o, o))

1
4k1k2|f|2exp{ _- inf S(v)}. (5.11)

4 vel o xZ%:|v s ||>z

IA

IA

By condition (A) we have oy, x, (z) — 0, since necessarily s(v) —

inf
vel g xZV:||v s || >z
oo as z — oo and, therefore, the process {n(s) : s € RY} is o-mixing; i.e., (M1)
holds. We continue by estimating

ma Y (el < Cmi Y 2 ani()

LeZ¥: || L] >rp z>rn

1
< F12,,d w—1 { 1 : }
< 4C|.F|"my, Zgr z exp ) veLng%fz“vﬂlzz(S(v) — 0, n— oo,

by condition (A). This shows (M41i). Similarly, it can be shown that (M4ii) holds, if
(A) is satisfied. Finally, we show (M4iii). Using Eq. 5.11, we find

1

2 2 i
mZ/ 02w (ry) < 4mz/ n(3w)/2|33|2 exp{ — - inf
’ 4 vel o xZV:||v g || =1,

5@} >0
as n — oo because of condition (B). O
The following is an immediate corollary of Theorem 5.

Corollary 2 Assume the setting of Theorem 5. Suppose that the dependence function
3 satisfies for positive constants C and «, and for an arbitrary norm || - || on RY,

§() = Cllvg|* (5.12)

foreveryv = (Vg,v ) € L X Z¥, where L C 74 is arbitrary, but fixed. In particu-
lar, $(v) — oo if |[v.s|| — oo. With m, = nP' and r, = nP2 with g1 € (0, w/(2d))
and B, € min{B1d/w; 1/2 — B1d/w}, the conditions of Theorem 5 are satisfied for
(n(s) : s € RY} and we conclude

- ~ i i 9
n 0 g, ) = papn, )| 4O, n—oo (513)

.....

Proof Due to equivalence of norms on R we will make no difference between the
norm in Eq. 5.12 and the one used in Theorem 5. Clearly the sequences m, and r,
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satisfy the requirements m,,r, — oo, m¢/n* — 0, r¥/m? — 0 and

m24r20 /n® — 0 asn — oo. We have for z > 0,

1 1
€X - — inf 5v}<exi__ inf Cllv Dt}
p{ 4 veLlxZ":|v.s >z W)} = exp 4 veLxZV:v g ||>z sl
< exp | Ce* |
expq — .
< exp 2
Condition (B) of Theorem 5 is satisfied since
n P12, G2 oxpy { — —C:;’? } — nB1D)/2, B0)/2 gy { _ anzot }
Cnf2*  Bid+3w

=exp{— ) > log(n)} — 0, n— o0.

Condition (A) holds since by Lemma A.3 of Buhl et al. (2018), there is a posi-

tive constant K such that for sufficiently large n the sequence z~! exp{—Cz%/4} is
decreasing for z > ry,

C o
md Z " exp [— j

>

C(X
}SKer,’fexp{— r"}

B

=Kexp{—cn +(,31d~|—/32w)10g(n)}—>0,n—>oo.

O

With the particular choice of sequences 1, = n#! and r,, = n#? given in Corollary 2,
we are in the setting of Remark 3. Hence, in addition to the CLT (5.13), we obtain the
CLT (3.19) of the empirical extremogram centred by the true one and the CLT (3.18)
corresponding to the bias corrected estimator.

Remark 5 (i) Corollary 2 requires the dependence function § of the Brown-
Resnick process to be unbounded. This requirement is not satisfied, for
example, by the Schlather model or extremal-z-models, which do not capture
possible extremal independence between two process values; see for example
Davison et al. (2012c¢), Section 6.1 and Opitz (2013), Section 4.

(i) Other prominent max-stable processes that satisfy the conditions of Theo-
rem 1 are the max-moving average processes (see Example 4.6 of Buhl and
Kliippelberg (2018)) or special cases of the random set model in Huser and
Davison (2014).

5.3 Space-time Brown-Resnick processes: different models for the extremogram

We explore the semiparametric estimation for strictly stationary Brown-Resnick pro-
cesses in their space-time form {n(s,?) : s € R?-1 ¢ € [0, 00)}. For three classes
of parametric models for the dependence function 9 we prove that the GLSE is
consistent and asymptotically normal.

Note that by Eq. 5.7 every model {8g : 6 € ©} for the dependence function yields a
model {pap g : 0 € O} for its space-time extremogram. Moreover, the extremogram
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(5.7) is always of the same form, and only ® in Eq. 5.5 changes with the model. We
consider three different model classes, which together cover a large field of environ-
mental applications such as the modelling of extreme precipitation (cf. Davis et al.
2013a, Buhl and Kliippelberg 2016, de Fondeville and Davison 2018, Buhl et al.
2018), extreme wind speed (cf. Engelke et al. 2015) or extremes on river networks
(cf. Asadi et al. 2015), provided they are valid (i.e., nonnegative and conditionally
negative definite) dependence functions in the considered metric.

(I) Fractional space-time model. Davis et al. (2013a) introduce the spatially
isotropic model
So(h,u) = Ci|R|% + Calul®®, (h,u) € RY, (5.14)
with parameter vector
0 € {(Cy,Cr,a1,a2) : C1,Ca € (0,00), a1, ap € (0,2]}.

The isotropy assumption, where Eq. 5.14 depends on the norm of the spatial lag
h, can be relaxed in a natural way by introducing geometric anisotropy. We only
discuss the case d — 1 = 2, but the approach is easily transferable to higher dimen-
sions. Let ¢ € [0, 7/2) be a rotation angle and R = R(¢) a rotation matrix, and
T adilution matrix with ¢ > 0; more precisely,

R=<cps<p—smgo> and T=<10>.
sing cos g 0c

The geometrically anisotropic model is then given by

gg(h, u) =8 (Ah,u), (h,u) e RY, (5.15)
where A = TR is the transformation matrix. The parameter vector of the

transformed model is
8 e((C1, Ca, a1, a2, ¢, ) : C1, C2€(0,00), a1, a3 € (0,2], ¢ >0, p [0, 7/2)} .

For more details about geometric anisotropy see Blanchet and Davison (2011),
Section 4.2, Davis et al. (2013a), Section 4.2, or Engelke et al. (2015), Section 5.2.

(II) Spatial anisotropy along orthogonal spatial directions Buhl and Kliippelberg
(2016) generalize the fractional isotropic model (5.14) to

d—1
So(h,u) = ZCHh{;I"‘/ + Cyqlu|®, (h,u) € RY (5.16)
j=I
with parameter vector
0 c {(Cj,ozj,jz L,...,d):Cj € (0,00),a; € (0,2], j = 1,...,d}.

It is more flexible than the isotropic model (I) as it allows for different rates of
decay of extreme dependence along the axes of a d-dimensional spatial grid. Arbi-
trary principal orthogonal directions can be introduced by a rotation matrix R as
introduced for the isotropic model in (I), here described for the case d — 1 = 2:

gg(h, u) = Cylhycosp — hysing|*' + Ca|hy sing + hy cos ¢|*?
+C3u®, (h, u) € R (5.17)
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The new parameter vector is

fe {(C1,Ca,C3,01,00,03,9) : Cj € (0,00),a; € (0,2], j = 1,2,3,¢ €[0,7/2)} .

In Buhl and Kliippelberg (2016) this model is applied to extreme precipitation
in Florida and, according to a specifically developed goodness-of-fit method,
performs extremely well.

(IIT) Time-shifted Brown-Resnick processes With the goal to allow for some
influence of the spatial dependence from previous values of the process we time-
shift the Gaussian processes in the definition of the Brown-Resnick model (5.1).
Fort = (11, ») € R4~ define

WO (s, 1) := W(s — 1T, 1).

Then {W(')(s, t):s € RI-1 ¢ e [0, 0co)} is also a centred Gaussian process start-
ing in 0 with stationary increments: for (sD, My (@, @) e RI-T x [0, 00),

. . d I
because of the stationary increments of {W (s, ¢)}, where = stands for equality in
distribution,

WO D, (D) Z w® D 0y L) Zg@ _ () _ @y 1) _ 2
— WD _g@ ;0 _ @)y

The corresponding time-shifted dependence function is given by

Var[W® (s, 1) = W®(©0,0)]  Var[W(s —tt,1) — W(0,0)]

8O (s, 1) =
(s, 1) 2 >

=48(s—1t1,1),

which yields the covariance function

(Cov[W<r)(s(1), t(l)), W(T)(S(Z)’ t(2))] —
8(1)(5.(1)’ t(l)) + 5(1)(5'(2), t(2)) _ 5(T)(S(1) _S(2)’ IO t(2))_

By Theorem 10 of Kabluchko et al. (2009) the process

o
(T) T
n® (s, 1) = \/éiewir @036 — s —r1,1),  (s,1) € R9! x [0, 00),
i=1
(5.18)
defines a strictly stationary space-time Brown-Resnick process.

This method does not depend on the specific dependence function: every Brown-
Resnick process {n(s,?) : (s,t) € Rl ¢ € [0, 00)} with dependence function
{8, 6 € O} results in a time-shifted Brown-Resnick process with dependence func-
tion
{8(§r), 0 c®,1eR1To give an example, for the Brown-Resnick process (II)
without rotation, the parametrised time-shifted dependence function is given by

d—1
857 (h,u) =Y _ Cilh; — uti|* + Calul®, (h,u) € R? (5.19)

i=1
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with parameter vector
6.7)e{(Cjyaj,j=1,....,d): C; € (0,00),aj € (0,2], j = 1,...,d} xR

This model is somewhat motivated by the time-shifted moving maxima Brown-
Resnick process introduced by Embrechts et al. (2016), it is however much simpler
to analyse and to estimate. As a referee has pointed out, similar models have been
suggested in Section 5.3.2, models (ii)-(iv) on p. 213 in Huser (2013).

In the following we show that models (I)-(IlI) satisfy Assumption 3 and the
conditions of Theorem 4 and Corollary 2.

Asymptotic properties of models (I)-(Ill) As before, we assume space-time observa-
tionson 7, = .¥ x T = (% x T)(n), where ¥ C Z¢~! are the spatial and
T C 7 the time series observations. Moreover, we assume that they decompose into
Dy = F x S, where % C 79 is some fixed domain and .%, = {1,...,n}" isa
sequence of regular grids, and g + w = d.

For two points (sM, rDyand (s@, @) e R~ x [0, 00), we denote by (h, u) =
(s, rMy — (@, @) e RY their space-time lag vector. Furthermore, we choose
Borel sets A = B = (A, 0o) for some A > 0. We denote by pap.m, (h, u) the
(possibly bias-corrected) empirical space-time extremogram (3.16), sampled at lags
in . C R?, and by ) n,v the GLSE (4.4), referring to some positive definite weight
matrix V.

To show consistency and asymptotic normality of the corresponding GLSE, we
need to verify the assumptions required in Theorem 4; i.e. the relevant parts of
Assumption 3. Note that Corollary 2 applies for all models, since they all satisfy
8g(h,u) > Clul® for C > 0 and @ € (0, 2]. Thus we obtain the CLTs of the empir-
ical extremogram centred by the pre-asymptotic extremogram (5.13), centred by the
true one (3.13) and of the bias corrected empirical extremogram centred by the true
one (3.18). Hence (G1) and (G2) hold for the empirical extremogram. Furthermore,
we assume that the parameter space ® C RK, which contains the true parameter
0™ as an interior point, is a compact subset of the spaces introduced above for the
corresponding models.

The following requirements concern the model-independent assumptions.

e Inorder to determine the GLSE we need to choose a positive definite matrix V (6)
for @ € ®, and we take one, which satisfies condition (G5ii) with z, = 1. Due to
compactness of the parameter space ®, condition (G5i) is therefore automatically
satisfied.

e We require that | 7’| > k, such that the rank condition (G6) can be satisfied.

Next we discuss the model-dependent assumptions. First note that the smoothness
condition (G4) is satisfied for z; = 0 for all models {p4p.9(-)} (equivalently {Jp(-)}).
Furthermore, due to compactness of the parameter space, it suffices to show condition
(G3’) in order to verify identifiability of the models. Condition (G3’) is satisfied for
models (I)-(III) if for two distinct parameter vectors 0 £ 0@ there is at least one
(h, u) € S such that pAB’e(l)(h, u) # Pape® (h, u) or, equivalently, Sy (h, u) #
8¢ (h, u). This holds due to the power function structure of the models. For the
geometric anisotropic model in (I) we need to exclude ¢ = 1 to ensure identifiability
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of the angle ¢; however, if ¢ = 1 then ¢ has no influence on the dependence function
and can be neglected. Thus, the GLSEs are consistent according to Theorem 4.

We now turn to the CLT (4.7), where it remains to show (G4) for z; = 1. Dif-
ficulties arise due to norms and absolute values of certain parameters in the model
equations:

e In their basic forms without rotation or dilution, models (I) and (II) are infinitely
often continuously partially differentiable in the model parameters. Hence
asymptotic normality of the GLSEs follows by Theorem 4.

e [f rotation and/or dilution parameters are included, continuous partial differen-
tiability still holds under the following restrictions: Let «; (for model (1)) or
a1, ..., 0q—1 (for model (II)) be the spatial smoothness parameters. Since they
are the powers of some norm or absolute value, restricting them to values in
[1, 2] makes the models continuously partially differentiable; otherwise, they are
partially differentiable everywhere but not in 0. As to model (II), in the case
d — 1 = 2, one of the parameters o and «, being larger than 1 is already suffi-
cient. To see this, recall that the spatial part of the dependence function is given
by

Cilh cos@ — hasing|®! + Ca|hy sing + hycos@|®?,  (h1, hy) € R,

Assume w.l.o.g that oy > 1. Then critical values of ¢ € [0, w/2) are the roots
of hicosg — hysing. Given a value hy, € R we need to choose 71 € R such
that i1 # hotang for all ¢ € [0, w/2). Since tang > 0 for ¢ € [0, mp), we
can choose /1 such that sgn(k) = —sgn(hy). If all lags (hy, hy, u) € F are
chosen such that (1, h2) have opposite signs (or, trivially, are equal to (0, 0))
and if rank(P4 g (0*)) = k, then the GLSE is asymptotically normal.

e Model (II) is continuous partially differentiable, if the spatial smoothness
parameters ; fori = 1,...,d —1 are all larger than 1. If ; < 1 for some i, then
the term C; |h; —ut;|* is, as a function of t;, not differentiable at 7; = h; /u € R.
However, it is possible to restrict the parameter space such that such equalities
do not occur.

6 Simulation study

Specifications Consider the framework of Section 5.3. In particular, let {n(s, t) :
s € R, 1 € [0, 00)} be a strictly stationary space-time Brown-Resnick process (5.1)
observed on %, = .Z x .%,. Denote by pap,m, (h, u) the space-time version of the
(possibly bias corrected) empirical extremogram given in Eq. 3.16, sampled at lags
in # C R4, where J# is specified below and we choose the sets A = B = (1, 00).
As already indicated in its Definition 2(1), the computation involves the practical
issue of choosing the value a,, = m, =: ¢ as a large quantile, where the first
equality is due to the standard unit Fréchet distribution of the marginals of the Brown-
Resnick model, so that g should be chosen as a large quantile of the standard unit
Fréchet distribution. In a data example it should be chosen from a set Q of large
empirical quantiles of {n(s, ) : (s,t) € Z,} for which the empirical extremograms
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DA B,q(h, u), are robust. For a practical guideline see Davis and Mikosch (2009),
Section 3.4 and the upper left panel of their Fig. 1, and also Davis et al. (2013c)
after their Theorem 2.1. In the following simulation scenarios we choose the lowest
quantile of a given level of the sets Q. Note that due to the variability of the large
empirical quantiles, this might involve (as below) the choice of different quantiles in
different data examples. .

In order to test the small sample performance of the GLSE 8,, v defined in Eq. 4.4,
we consider some of the models (I)-(III) for the dependence function &g. For the sim-
ulations we use the R-package RandomFields ((Schlather )) and the exact method
via extremal functions proposed in Dombry et al. (2016), Section 2. In this simulation
study we use standardised univariate margins. If this in not the case (as for instance in the
data example treated in Section 5 of Buhl and Kliippelberg (2016)), they need to be esti-
mated and standardised first, which naturally might lead to inferior estimation results.

(i) Spatially isotropic fractional space-time model We generate 100 realisations
from the model (5.14) on a grid of size 15x15x300. This corresponds to the
situation of a fixed spatial and an increasing temporal observation area; i.e., it is
given by 9, = % x 9, with & = {1,..., 15)2 and .9, = {1,...,300}. We
simulate the model with the true parameter vector

07 =1(0.8,04,15,1),
which we assume to lie in a compact subset of
01 ={(C1, Ca, a1, 2) : C1, C2 € (0, 00), ay, a2 € (0, 2]}

As the large empirical quantile ¢ we take the 96%-quantile of {n(s, ) : (s,¢) €
Dn}-

(ii) Geometrically anisotropic fractional space-time model We generate 100
realisations from model (5.15) on a grid of size 15x 15x300. This corresponds to
the same situation as in (i). We simulate the model with the true parameter vector

5> =1(0.8,04,15,05,3,1/4),
which we assume to lie in a compact subset of

2 ={(C1,Cr.a1,a2,¢,9) :
C1.Cr€(0,00), a1 € [1,2], 2 € (0, 2], ¢ > 0, ¢ € [0, 7/2)},

where we choose o1 > 1 to ensure differentiability of the model, cf. the discus-
sion in Section 5.3. As the large empirical quantile g we take the 97%-quantile of
{n(s,t):(s,t) € Dy}

(iii) Spatially anisotropic time-shifted model We generate 100 realisations from
model (5.19) on a grid of size 40x40x40, and consider this as a situation where
the observation area increases in all dimensions; i.e., it is given by 2, = .#, with
S =A{1,..., 40}3. We simulate the model with the true parameter vector

4 =(04,08,05,15,15,1,1,1),
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which we assume to lie in a compact subset of

03 ={(C1,C2, C3, 01,02, 03,71, 72) : Cj € (0,00), a1, 02 € [1,2], 3 € (0, 2], 7; € R},

where we choose a1, oy > 1 to ensure differentiability of the model, cf. the dis-
cussion in Section 5.3. As the large empirical quantile ¢ we take the 95%-quantile
of {n(s,t): (s, 1) € ,}. 0

In all three settings we base the estimation on the set .7Z of lags given by
A =1{(0,0,1),(0,0,2),(0,0,3),(0,0,4), (1,0,0), (2,0, 0), (3,0,0),
(4,0,0),(2,1,0),(4,2,0),(1,2,0),(2,4,0), (1,1, 1), (2,2,2), (1,3, 2)}.

With this choice we ensure that the lag vectors vary in all three dimensions so that
we obtain reliable estimates. Generally one should choose .7# such that the whole
range of clear extremal dependence is covered. However, beyond that, no lags should
be included for the estimation, since independence effects can introduce a bias in the
least squares estimates, similarly as in pairwise likelihood estimation; cf. Buhl and
Kliippelberg (2016), Section 5.3. One way to determine the range of extremal depen-
dence are permutation tests, which are described in Buhl et al. (2018), Section 6.
From those tests we know that our choice of lags satisfies this requirement for all
three models.

For the weight matrix V in Eq. 4.4 we propose two choices, which yield equally
good results in our statistical analysis. The first choice is V| = diag{exp(—||(h,
w2 : (h,u) € ), which reflects the exponential decay of the tail dependence
coefficients p(1,00)(1,00) (I, #) of Brown-Resnick processes given by tail probabilities
of the standard normal distribution. The second choice is to include the (possibly bias
corrected) empirical extremogram estimates as in V, = diag{ﬁ(l,oo)(l,oo),q(h, u) :
(h,u) € S} (provided this is a valid choice; i.e., V» has only positive diagonal
entries). Since the so defined weight matrix is random, what follows is conditional on
its realisation. It is in practice not possible to incorporate the asymptotic covariance
matrix IT of the empirical extremogram estimates (0(1,00)(1,00),q (B, #) : (h, u) € F)
(cf. Remark 4) to obtain a weight matrix that is optimal in theory. As can be seen from
its specification in Theorem 1, it contains infinite sums and is, hence, numerically
hardly tractable.

Results For each of the scenarios (i)-(iii) we report the mean, the mean absolute error
(MAE), the root mean squared error (RMSE), and a relative root mean squared error
(REL) of the resulting GLSEs for the 100 simulations. Exemplary for the parameter
Cq, the REL is defined as

1 % [61’4/ — CT:IZ
100 Cf ’

J=1

where C7 denotes the true parameter value and C 1,j the jth parameter estimate.
As weight matrix we choose V2 = diag{/(1,00)(1,00),q (B, #) : (h, u) € 7} defined
above. The average computing time per simulation depends on the complexity of
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the model (i.e., the number of parameters to be estimated) and more crucially on
the chosen set .7 and on the grid size. We report an average time of 14.51 seconds
for scenario (i), 14.95 seconds for scenario (ii) and 14.63 seconds for scenario (iii).
The estimation results are summarised in Tables 1, 2 and 3. Furthermore, in Figs. 2,
3 and 4 we plot the parameter estimates and add 95%-confidence bounds found by
subsampling; cf. Politis et al. (1999), Chapter 5. We use subsampling methods, since
the asymptotic covariance matrix [Ty specified in Theorem 4 contains the matrix IT
as specified in Theorem 1, which is, as explained above, hardly tractable. The fact that
subsampling yields asymptotically valid confidence intervals for the true parameter
vectors 7 for i = 1,2, 3 can be proved analogously to the proof of Theorem 3.5 in
Buhl et al (2018) based on Corollary 5.3.4 of Politis et al. (1999). It requires mainly
the existence of continuous limit distributions of \/n® /m|| (0n v — 69|, which are
guaranteed by Theorem 4.4, and some conditions on the o-mixing coefficients, which
can be shown similarly as those required in Theorem 1.

Summarising our results, we find that the GLSE estimates the model parameters
accurately. Bias and variance are largest for the parameter estimates of model (ii).
There are two main reasons for this. Compared to model (i), for model (ii) we esti-
mate two more parameters based on the same observation scheme. However, one is
a direction, which is non-trivial to estimate and decreases the overall quality of the
estimates. For the estimation of model (iii) the observation scheme is different; in
particular, there is a relatively large number of both spatial and temporal observations
available. In contrast, in the setting of models (i) and (ii) only the number of temporal
observations is large.

__ FromTables 1 and 2 we conclude that bias and REL of the spatial parameter estimates
C) and @) are comparable with those of the temporal parameter estimates C, and
. Bias of the spatial estimates is slightly larger than bias of the temporal estimates,
which might be due to the fact that only the number of temporal observations is large.

From Table 3 we read off that the RELs of the estimates C; and &, which corre-
spond to the first spatial dimension, are slightly smaller than those of 62 and @p. A
reason for this might be the choice of the lag vectors which we included in the set 57
and which show more variation with respect to the first dimension than with respect
to the second.

In her PhD thesis, Steinkohl (2013) compares computing times of the commonly
applied pairwise likelihood estimation with the semiparametric method described in
Buhl et al. (2018), which can be regarded as a special case of the method described
in this paper. She reports in Table 6.4 a reduction of computing time by about a factor
15. Furthermore, in Section 5 of Buhl et al. (2018) we show that the semiparametric

Table 1 True parameter values

(first column) and mean, MAE, TRUE MEAN MAE RMSE REL

RMSE, and REL of the estimates —

of the parameters of model (i) C 0.8 0.7856 0.1353 0.1763 0.2204
C» 0.4 0.3987 0.0785 0.0995 0.2486
a 1.5 1.4830 0.0897 0.1131 0.0754
a 1 0.9916 0.0625 0.0820 0.0820
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Table2 True parameter values
(first column) and mean, MAE, TRUE MEAN MAE RMSE REL
RMSE, and REL of the estimates

of the parameters of model (ii) Ci 0.8 0.7270 0.2750 0.3350 0.4192
62 04 0.3708 0.1097 0.1377 0.3443
a 1.5 1.4349 0.2274 0.2692 0.1794
%) 0.5 0.5143 0.0491 0.0684 0.1369
T 3 2.9441 0.1365 0.2645 0.0882
) /4 0.7906 0.1214 0.1567 0.1995

methods are more robust against small deviations from the model assumptions such
as measurement errors.

Further insight
6.1 (a) Influence of the choice of lags

In order to understand how the choice of lags in 7 influences computing times and
the quality of the estimates, we repeat simulation scenario (i) for different sets 7%
where £ = 1, ..., 5. These are given by

1 = {(0,0,1),(1,0,0), (0,0,2)},

J6 = 74 U{(2,0,0),(2,1,0),(1,2,0), (1,1, 1), (1, 3, 2)},

6 = A5 U{(0,0,3),(0,0,4),(3,0,0), (4,0,0), 4,2,0), (2,4,0), (2,2,2), (2,6,4)},
i = A5 U{(0,0,5),(0,0,6), (5,0,0), (6,0,0), (8,4,0), (4,8,0), (3,3,3), (3,9, 6)},
5 = A3 U{(0,0,7),(0,0,8),(7,0,0), (8,0,0), (10,5, 0), (5, 10,0), (4,4, 4), (4, 12, 8)}.

From Table 4 we read off roughly stable results across all choices. As to the
computational burden inherent with the choice of lags we observe from Table 5
that computing times increase roughly linearly with |.7#’|; more precisely, computing
times approximately double when |.7Z’| doubles. Hence, it is advisable to choose .77
such that its cardinality is minimal across a selection of valid choices.

Table 3 True parameter values

(first column) and mean, MAE, TRUE MEAN MAE RMSE REL

RMSE, and REL of the estimates —

of the parameters of model (iii) ~ C, 0.4 0.4072 0.0690 0.0898 0.2244
62 0.8 0.8482 0.1667 0.2187 0.2734
63 0.5 0.5003 0.1085 0.1366 0.2733
a) 1.5 1.5144 0.0594 0.0781 0.0521
%) 1.5 1.5043 0.1054 0.1282 0.0855
o3 1 0.9694 0.1082 0.1415 0.1415
7 1 1.0459 0.0945 0.1250 0.1250
) 1 0.9916 0.0320 0.0420 0.0420
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Fig. 2 GLSEs of the parameters of model (i) for 100 simulated Brown-Resnick space-time processes
together with pointwise 95%-subsampling confidence intervals (dotted). First row: Ci, a1, second row:
C3, ap. The middle solid line is the true parameter value and the middle dotted line represents the mean
over all estimates

6.2 (b) Effect of the sample size

We extend the simulation scenario (i) by repeating the procedure with an increased
sample size. Since the number of spatial points is considered as fixed, this involves
an increase of the number of time points. In a first run, the observation area is now
given by 2, = .F x &, with F = {1,...,15}> and .%, = {1,...,500}; i.e., the
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Fig. 3 GLSEs of the parameters of model (ii) for 100 simulated Brown-Resnick space-time processes
together with pointwise 95%-subsampling confidence intervals (dotted). First row: C1, o1, middle row:
C3, ay, last row: ¢ and c. The middle solid line is the true value and the middle dotted line represents the
mean over all estimates
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Fig. 4 GLSEs of the parameters of model (iii) for 100 simulated Brown-Resnick space-time processes
together with pointwise 95%-subsampling confidence intervals (dotted). First row: Cy, o1, second row:
C», ay, third row: C3, a3, fourth row: 71, 2. The middle solid line is the true value and the middle dotted
line represents the mean over all estimates

Table 4 True parameter values (first column), means M| — Ms and RMSEs R; — R5 of the estimates of
the parameters of model (i) based on the different sets of lags ¢ — %5

TRUE M M, M3 My Ms Ry R R3 Ry Rs

Ci 08 0.776  0.789 0.798 0.804 0.810 0.140 0.179 0.182 0.184 0.185
C, 04 0.399 0399 0399 0400 0402 0.099 0.101 0.103 0.104 0.106
a 1.5 1.490 1.462 1436 1418 1403 0.074 0.119 0.114 0.130 0.145
@ 1 0990 0991 0986 0984 0979 0.084 0.084 0.072 0.075 0.080

Table5 Average computing

times for one realisation of the 14 1 2 3 4 5
Brown-Resnick model (I) based

on the sets of lags 7} for Computing time in seconds 3.2 80 153  21.9  28.1
t=1,...,5
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Table 6 True parameter values

(first column) and mean, MAE, TRUE MEAN MAE RMSE REL
RMSE, and REL of the
estimates of the parameters of C 0.8 0.7819 0.1057 0.1410 0.1763
model (i) based on an increased & (4 03938 00628  0.0819 0.2048
number of 500 time points -
o 1.5 1.4549 0.0793 0.1011 0.0674
o 1 1.0015 0.0464 0.0613 0.0613

process is observed at 500 time points (instead of 300 as before). In a second run, the
time points are extended to .%, = {1, ..., 1000}. Compared to the original scenario,
everything else remains unchanged; in particular, as the large quantile ¢ we choose
as before the 96%-quantile of {n(s, t) : (s,t) € Zy}.

With regard to the results summarised in Tables 6 and 7, we notice that there is no
significant change in mean; the confidence bounds (cf. Fig. 2) are too wide to sup-
port such a hypothesis. However, the RMSE and the MAE (and thus the empirical
standard deviation) of the estimates decrease considerably. This is not an unexpected
behaviour: since we do not change g, we increase the number of observed points used
for the estimation of the empirical extremogram and thus decrease its variance with-
out introducing additional bias. In theory, we expect from Theorem 4 and Remark
3 that an increase of the number of time points by a factor k leads to a decrease
of the standard deviation of the estimates by a factor fy(81) = (1/k)W=Ad/2 =
(1/k)A=3B0/2 for B € (w/(5d), w/(2d)) = (1/15,1/6), possibly after a bias cor-
rection. The extensions from 300 to 500 and that from 300 to 1000 time points
correspond to k = 5/3 and k = 10/3, respectively. The theoretical factors f;(-) for
k = 5/3 and k = 10/3 therefore lie in the intervals (0.81, 0.88) and (0.62, 0.74),
respectively. This behaviour should be confirmed by the empirical standard deviation
and related measures. Indeed, dividing the RMSE of the individual estimates of the
four parameters based on 500 and 1000 time points by the RMSE based on 300 time
points, we obtain factors 0.80, 0.82, 0.89, 0.75 (mean value 0.82) and 0.70, 0.65,
0.70, 0.55 (mean value 0.65), which all lie in the corresponding theoretical intervals
or are close to them. Reasons for slight deviations from theory are of course sam-
pling variability and the fact that in practice, the sequence m,, is, as explained above,
chosen as a large empirical quantile of the observations. Our findings are visualised
in Fig. 5.

Table7 True parameter values
(first column) and mean, MAE, TRUE MEAN MAE RMSE REL

RMSE, and REL of the

estimates of the parameters of Ci 0.8 0.7584 0.0995 0.1241 0.1552
model (i) based on an increased &, 4 03848 00522 00647  0.1618
number of 1000 time points -
o] 1.5 1.4504 0.0644 0.0788 0.0525
) 1 0.9858 0.0348 0.0453 0.0453
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Reduction of standard deviation by increase of sample size

L

1.0

p"=1/6

f(p\")

0.0 02 04 06 08

L

k=53  k=10/3

3 T 6 8 10
K

Fig. 5 Theoretical minimum and maximum factors fk(ﬁf”) and fk(ﬂl(z) ) of decrease of the standard

deviation for ﬂfl) = 1/6 and ﬂfz) = 1/15 (solid curves). The + symbols correspond to the empirical
RMSE reduction factors of the four individual paramater estimates, when the number of time points is
increased by factors k = 5/3 and k = 10/3
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Appendix A
A.1 x-mixing with respect to the increasing dimensions

We need the concept of a-mixing for the process {X(s) : s € R?} with respect to
RY. In a space-time setting with fixed spatial setting and increasing time series this
is called remporal «-mixing.

Definition 6 (¢-mixing and «-mixing coefficients) Consider a strictly stationary
process {X(s) : s € R?} and let || - || be some norm on R?. For A1, Ay C Z* define
d(Ay1, Ap) :=inf{||s; —s2||: 51 € ¥ X A1,82 € F X Ap}.

Further, for i = 1,2 denote by 07,4, = 0 {X(s) : s € .F x A;} the o-algebra
generated by {X(s) : 5 € . F x A;}.

(i) We define the o-mixing coefficients with respect to R" for ky,k, € N and
z>0as

Uy ky (2) i= sup {[P(A1 N A2) —P(ADP(A2)| : Ai € o xp,s |Ail < ki, d(A1, A2) =z} (A1)

(i) We call {X(s) : s € R?} a-mixing with respect to R¥, if Qy ky () — 0 as

z — oo forall ky, k» € N.

We have to control the dependence between vector processes {Y (s) = X,y :
s € Aj}and (Y(s) = Xg,,) @ § € AL} for subsets A C Z* with cardinal-
ities |A}| < ki and |A}| < ko.. This entails dealing with unions of balls A; =
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Usezxn!PB(s,y). Since y > 0 is some predetermined finite constant independent
of n, we keep notation simple by redefining the o-mixing coefficients corresponding
to the vector processes for k1, kp € N and z > 0 as

Qe ky (2) := sup{|P(A1 N Az) —P(ADP(A))] :
Ai €0on;n Ni = Ugegun B, ¥), [A7| < ki, d(A)], Ay) > z).
(A2)

A.2 Proof of Theorem 1

The proof of Theorem 1 is divided into two parts. In the first part we prove a LLN
and a CLT in Lemmas A.1 and A.2 for the estimators fig(,y),m, in Eq. 3.4. In the
second part of the proof we derive the CLT for the empirical extremogram pag.m,
in Eq. 3.2, and compute the asymptotic covariance matrix I1. The proof generalizes
corresponding proofs in Buhl and Kliippelberg (2018) (where the observation area
increases in all dimensions) in a non-trivial way. We recall the separation of every
point and every lag in its components corresponding to the fixed domain, indicated by
the sub index .#, and the remaining components, indicated by .#, from Assumption
2. In particular, we decompose h® = (hf;), hf’}) € .

The separation of the observation space with its fixed domain has to be introduced
into the proofs given in Buhl and Kliippelberg (2018), which is even in the regular
grid situation highly non-trivial. We will give detailed references to those proofs,
whenever possible, to support the understanding. On the other hand, if arguments just
follow a previous proof line by line we avoid the details.

Part I: LLN and CLT for Z(0,),m,

As in Buhl and Kliippelberg (2018), Section 5, we make use of a large/small block
argument. For simplicity we assume that n* /mff is an integer and subdivide 2, into
n" /mz non-overlapping d-dimensional large blocks .7 x %; fori = 1,...,n% /mff ,
where the %; are w-dimensional cubes with side lengths mg/ " From those large
blocks we then cut off smaller blocks, which consist of the first r,, elements in each
of the w increasing dimensions. The large blocks are then separated (by these small
blocks) with at least the distance r;, in all w increasing dimensions and shown to be
asymptotically independent.

We divide the lags in L,, into different sets according to the large and small blocks.
Recall the notation of Eq. 3.5 and around. Observe that a lag (£ #,£ ¢) with £ y =
(Z_(l), R Ef}f”) appears in Lg}i) x L, exactly Ng}i)(ly) ]_[’]‘-}zl(n — |Z<(})|) times,

where Ng,;i)(l’, ) is defined in Eq. 3.6. This term will replace ]_[‘;zl(n — |hj|) in the
proofs of Buhl and Kliippelberg (2018).

Lemma A.1 Let {X(s) : s € RY} be a strictly stationary regularly varying process
observedon 9, = F x %, asinEq.2.4. Fori € {1, ..., p}, leth® = (hf;, hfl}) €
FC C B0, y) for some y > 0 be a fixed lag vector and use as before the convention
that (th), hi§+1)) = 0. Suppose that the following mixing conditions are satisfied.
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(1) {X(s) : s € RY is a-mixing with respect to RY with mixing coefficients
Qg .k, (+) defined in Eq. A.1.

(2) There exist sequences m := my, r := I'yco With md/n — Oandr) /m —0
as n— oo such that (M3) and (M4i) hold.

Then for every fixedi = 1,..., p+ 1, as n— 00,

E [Z20.9).m, (D] = 1z0.9)(Di), (A.3)
md
—~ . n_2 .
¢ [R20.9)m, (DD] ~ 505, (D), (A4)

with UL%(OJ/)(D,-) specified in Eq. 3.8. If L0,y (Di) = O, then Eq. A.4 is interpreted
as
%) [ﬁgg(o’y)’mn (D,')] = o(mZ/nw). In particular,

- P
KB©0,7),m, (Di) = p0,y)(Di), n—>o0. (AS)

Proof of Lemma A.1. We suppress the superscript (i) of h® (respectively hg) for
notational ease. Strict stationarity and relation (2.5) imply that

R |7 (h 7 )| Y(0)
E[Z%0.y).m, (D] = v Z |/(h;)| < an Di)

Y(0)
= mZ]P’( S Dl') —> M%(O,y)(Di)'

am

As to the asymptotic variance, we start from Eq. 3.7, where it has been calculated that

24
n2|.Z (hz)*

+ Z Z C0v|:]l YD ep, s ]ly(f/,) D}]

fIeFhg) iien
(fl)#(f i’)

= A + Ao (A.6)

¢ [20.0)m, (DD)] = ("g(hgz)'"w“’ [1{%3)60,-1]

By Eq. 2.5 and since P(Y (0) /a,, € D;) — O,

_omy Yo Yo
A= nw@(h,gnp( an D’) <1 _P( an D))

d

~_Mn
n|F (hz)|

mp0,y)(Di)—> 0, n—o0.
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Counting the lags as explained above this proof, for fixed k € N we have by
stationarity the analogy of Eq. 5.6 in Buhl and Kliippelberg (2018)

w d

n m
— Ay = — " Z + Z Z
d a 2
my |</(h9‘\)| tgely L gely F€Ln
()<||l]H<k k<|l€ g ll<rn HlyHNn
(' ) w | (])l
Z N (332)1_[ (Cov|: YO cpyye ]]'{WGD,'}]
egeL(L;}” j=l
gt g)#0
=: Ax1 + Axy + Ans. (A7)

Concerning Ay we have,

_ mz i (J)l
An = 50 > > N (U)H(

lfeLn (i,i)
o<iie s1<k ‘7Lz
Lzt g)#0

2
|:]P<Y(0) cp, Vst Di) _p(Y(O) c D,-) }
am am fm

With Egs. 2.5 and 2.6 we obtain by dominated convergence,

lim limsup Ay, = NG
‘ P u(h,a-nz 2 X

—>0 n—>o00 e . L(L'g}')
(ly L 7)#0
X€Z)TB0,1)x Bz . 7)) (Di X Dj). (A8)

w )
As to Ay, observe that for all n > 0 we have [] (1 — @) < lfordy € L,.

j=1
Furthermore, since D; is bounded away from 0, there exists € > 0 such that D; C
A(0,
{x Rl )l . |lx|| > €}. Hence, we obtain

An| < —2 Yo NGFue Y

|7 (h7)| w

L(z ,0) £ gEZ

k<llt 7 l<rn

X {MﬁP(IIY(O)II > eam, YUz, L)l > €am)

2
+Ld< dIP(Y(O) € D,-)) }
m§ am

which differs from the corresponding expression in Buhl and Kliippelberg (2018)
only by finite factors. Thus by an obvious modification of the arguments in that paper
it follows that, using r’ /m,‘f — 0 and condition (M3),

lim limsup Ay = 0.
k—>00  p—o00
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Using the definition (A.2) of a-mixing for A1 = {Y(0)/a,, € D;} and A, =
{(Y&z,4s)/an € D;}, we obtain by (M4i),

1
'A”'—m Z NE @z )m Y. (s >0 n—oo (A9
F L(' i) ly €ZV:||L g |>rn

Summarising these computations, we conclude from Eqs. A.7 and A.8 that for n —
OO’

d
(@i,1)
Ar~ 5 > 1 Z )P Y NG R T20.)x B 4010 (Di X D),
Lyenw 4 egerld
€z L 5)#0

and, therefore, Eq. A.6 implies Eq. A.4. Since mz/nw — 0 as n— 00, Eqs. A.3 and
A.4 imply Eq. A.S. O

Lemma A.1 Let {X(s) : s € R?} be a strictly stationary regularly varying process
observed on 9, = F x Iy. Fori € {1,...,p}, let kD = (h(l) h(l)) e H C
HB(0, y) for some y > 0 be a fixed lag vector and take as before the convention that
(hg+l), h%+l)) = 0. Let the assumptions of Theorem 1 hold. Then for every fixed
i=1,...,p+1,

y .
g, — [ § : 1 ) Y(f,i) )
S@Oy.m = T ~ |:L?(h9)| ( > liyf;ﬁ;”eni)) _P< an D

ic. %, feF (hg)

nv 2
= 7 [0, (D)= 158030, (D] = A (0,035, (D)), n—>00, (A.10)
n

with 11 K B0,),m, (Di) as in BEq. 3.4, g 0,y),m,(Di)) = m; P(Y(O)/am € D;) and
635(0 J/)(D ) given in Eq. 3.8.
Proof Again we suppress the superscript (i) of R and h(l) As for the proof of con-

sistency above, we generalise the proof of the CLT in Buhl and Kliippelberg (2018)
(based on Bolthausen (1982)) to the new setting. We consider the process

d
ymé .
—_—r 1 Y(fz) ez’
Z(h 2 Z eD;}
|-7 (h )| FeF i

observed on the w-dimensional regular grid .#,. In analogy to Eq. 5.11 in Buhl and
Kliippelberg (2018) define

1 Y (0) .
1(i):= Z 1y —IP( eDi), icd, (A1)
{ am ED}
ZaAI\, L an

and note that by stationarity,

~ md .
S @yymy =1 2 1), (A.12)
i€ gy,
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The boundary condition required in Eq. (1) in Bolthausen (1982) is satisfied for the
regular grid .#,. By the same arguments as in Buhl and Kliippelberg (2018),

d
~ m . .
0 < 050 (P) ~ ¢[Sz0.,pm] < 1 D IEI@OIE] <00, (A13)
ii'ezw
such that Zi’i/ezw Cov[I (i), I(i")] > 0. Replacing .#, in Buhl and Kliippelberg
(2018) by .7, and n? by n, we define

my, A,
vy = % E[1G)IG"]. (A.14)
Ji=i'l<rn

and obtain by the same arguments that

M LSS @i o)
_ —1_n___ - i)I(i o(1)).
(p[SEZ(O,V),mn] n? GQ(O,V)(D’.) ii'e sy

li—i"|>rn

Now note that

d
m, Z 2 : (i,0) d
n* ii'e Iy E[l(l)](l )] B |33'(h )|2 L(n)N (e )m
lli—i’[>rn

Y. anlies) >0, n—oo,

L g eZd:||€ g||>r,
as in Eq. A.9, with mixing coefficients defined in Eq. A.2. Therefore,
U ~ 0I850.)m,] = 0505, (Di),  n—>00. (A.15)

The standardized quantities are again as in Buhl and Kliippelberg (2018), with .7,
replaced by .7, and n¢ by n*, by

oo12 —1/2 d ./
Sy Y28 80y, = Un 21(1) and S, = v, — > oI
icg, i

i'e oy
i il l<r
li=i’ll<rn

The proof continues in Buhl and Kliippelberg (2018), with n¢ replaced by n*, by
estimating the quantities By, B> and B3. The estimation of B follows the same lines
of the proof, resulting in

d 2
E[|B}] = 2202 <"%> Yo Y Cov[1IEN. IGHIGH].

li—i'll<rn 1= J" | <7n

We use definition (A.2) of the «-mixing coefficients for
A/l ={i,i’} and A/z ={j,j'}

then |A/|, |A}| < 2 and for d(A/, A’)) we consider the following two cases:
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(1) [li = jll = 3ry. Then 2r, < (2/3)]i — jll and d(A], AS) > [li — jIl — 2rn.
Since indicator variables are bounded and « > is a decreasing function,

|Cov [1( TGN, IGHTG)]| < daza(li — jll —2rn) < 4az (%Hi — j||) .
(2) i — jli<3ry. Set z := minflli — jl, i — j'Il, I — jll. li" — j'll}, then
d(A}, A}) > z and, hence,
Cov [I() G, I(HI()] < dogy 1, (2), 2 =<ki+ky <4

Therefore,

IS az,z(%lﬁ-ill)%— Y wn@

li=jll=3ry lli=i'|<ra li—jll<3ry li-i’l<rm
Ii=3"I=rn Ij=i"ll<rn

42 (md 2 5 1
= T%(VTZ> nry" Z 2.2 <§||eﬂ||>

A=A [

+ > akl,b(nwn)} :

Ly el:|.sI<3ry

The analogous argument as in Buhl and Kliippelberg (2018) yields
2d 2w
ElB =0 <M> )
nw

Next, E[|B2|] — 0 as n — oo by the same arguments as in Buhl and Kliippelberg
(2018) replacing .#;, by .#, and n? by n*. Then we find for B; with the same
replacements

_1 _1 d
E[B;] = v, >m®* 02 | 1(0) exp ikvnz‘/’:—;’ 3 16)

[lE]|>rn
We use definition (A.2) of the a-mixing coefficients for
Ay =1{0} and A} ={i € 7 |ill >r},
such that |[A}| = 1, |A}| < n" and d(A), A}) > r,. Abbreviate

_1 d
n(ry) :=exp iiv, 2 M Z HHORE

w
lill>rn

then 7(0) and 1 (r,) are measurable with respect to o, and o4, , respectively, where
Ai = Uge gz n PB(s, y). Now we apply Theorem 17.2.1 of Ibragimov and Linnik to
obtain ’

IE[B]| < 4vy ' 2my*n" ey o (r) — 0,

where convergence to 0 is guaranteed by condition (M4iii).

Part ITI: CLT for pa g, m, and limit covariance matrix
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Recall the definition of 22 = (kD ... h'"P}. Fori € {1,..., p}, write h) =

(h(Q, h(’)) with respect to the fixed and increasing domains .% and .#,. Write further

h(’) (h(’ Do h Py and BG) = 'GP, n%™). Now we define the ratio
P(Y(0)/am € Di)  1p0,y),m,(Di)

P(Y(0)/am € Dp+1)  1B0.y)m, (Dp+1)

and the corresponding empirical estimator

Ry(Dji, Dpyy) =

(71 i, Zpezm)) LY i) /aneD)

Ru(Di, Dpy1) 1= —
|\ F (W) Yie.s, 2 fe L (fi/aneDpin)

md 1

1 o Liyor . .
w Lic.s, |Z 1) Zfe?(h¥> WY(f.D)/aneDi} HB0.y),m, (Di)

md 1 T D,y1)’
T Yics, Fon Lrer® W ianedyy  FBOm Do)

using that .7 (0) = .%. Observe that

w
Zu k) =1F D[] = 105D ~ 17 B D", n— 0.

Then the empirical extremogram as defined in Eq. 3.2 for u-continuous Borel sets
A, B in R\{0} satisfies as n — oo,

ﬁA B,my (h(i))

1
(D ()] Z_ ]]‘[X(s)/a,,,eA,X(s+h(i))/a,,,eB}
E@ (L))
o > UX(©)/an € A)
S€EDy

Sicnn) X rezaty HWX U D/an € A X(f +hZ.i +hp)/an € B)

7 Lics, 2per UX (i) am € Dpi1)

|7 Zieﬂ Zfey(h(i) LY (f,i)/am € Di} R
T zm® = Ru(Di, Dp+),
3 Fal Zzeﬂ Zfe.? HY(f,i)/am € Dpt1}

B B
I F D

by definition (2.7) of the sets D; for i = 1,..., p. The remaining proof follows
exactly as that of Theorem 4.2 in Buhl and Kliippelberg (2018), where in the last part
the decomposition into a fixed and increasing grid has to be taken into account. [

A.3 Proof of Theorem 3

Throughout this proof, we suppress the sub index m, of pa B.m, and DA B.m, for

notational ease. The case, where n" / mzd — 0 as n — 00, is covered by Theorem 2,

so we assume that n"'/ mzd #> 0. Hence, by definition (3.16) we have to consider
Al

2m [(pAB(h) 2A/B)(Pas(h) — 1)].

n

pag(h) = pap(h) —
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Observe that for b € 27 = (hV, ..., h'P}, as n — oo,

pap(h) — pap(h)
_ AN ~
pag(h) — pag.m,(h) + pap.m, (h) — Sl [(Pa(h) —2A/B)(Pap(h) — )] — pap(h)

n

-1

—~ A
(1+o(1)) {PAB(h) — pAB.m,(h) + pap(h) + o [(paB(h) —2A/B)(pap(R) —1)]

A71
ol [(Pap(h) —2A/B)(Bap(h) — 1] — PAB(h)}

Since the conditions of Theorem 1 are satisfied we have that

and thus, by the continuous mapping theorem, it remains to show that for h € 7,

— A7 [(Pap(h) —2A/B)(Pag(h) — 1) — (pap(h) — 2A/B)(pap(h) — 1)] .

n

E
w| &
g

We rewrite the latter as

nw

A [(Pas(h) —2A/B)(Dag(h) — 1) = (paB.m, (h) — 2A/B)(paB.m, (h) — 1)

N
(5
by

n

+(0AB.m, (h) —2A/B)(0AB.m, (h) — 1) — (pap(h) —2A/B)(pas(h) — 1)]
=: A| + Aj.

As to A, we calculate
n¥ 1
4md 2pap(h) — (2A/B + 1)
—(pag,m, (B) —2A/B)(pag,m, (h) — 1]
n¥ 1

— - 2 ~
= Eg sy~ GAE T [P~ CAIB+ s

[(Pan(h) —2A/B)(Bap(h) — 1)

~ (R 5, ) = CA/B+ Dpagm, )]

n% 1
4md 2pap(h) — 2A/B + 1)

—QA/B + 1)(Bap(h) = pag,m, (h))]

[(PaB(h) — paB.m, (W) (DPas(h) + paB.m, (H))

N P B pag(h) + pagm,(h) — (2A/B + 1)
=\ amd (pa(h) — paB.m, (h)) 2oa5(t) — CA/B + 1)
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By Theorem 1, the first term converges weakly to a normal distribution. Since
oag(h) —P> pap(h) and pap m, (h) — pap(h) as n— oo, the second term converges

to 1 in probability. Slutzky’s theorem hence yields that A £ 0. Asto Aj, observe
that

4m3d 2 2
™ AAy = pap(h) — Pag m, (W) + 2A/B + 1)(paB,m, (B) — pap(h))

-1

2
A
=(1+o<1>)[p,§g<h) [pAB(hH = [(oas) — 2A/B)<pAB<h)—1>]}

-1

A
+2A/B+1) |:/0AB(h) + [(pAB(h) 2A4/B)(pag(h) — )] — pAB(h)“

h
= (1+o(1) {pi,,(h) —piph) — ﬂ [(paB(h) —2A/B)(pap(h) — 1)]

Vl

A72
- Tn2d [(paB(h) —2A/B)(pas(h) — 1)]2

N

+QA/B+1) [m(h) + A
2m

n

[(paB(h) —2A/B)(pap(h) — 1] — PAB(h):| }

A7l 1
= (1 +o(1) { [L/B t3- pas(h) [(pas(h) —2A/B)(pap(h) — 1]

-1

A
~ g [(oan(h) =24/ B)(pan (h) - 1)]2} } :

Therefore A, converges to 0 if and only if \/n¥/m3dm-4 = \/n®/m34 converges
to 0.

A.4 Proof of Theorem 4

We start with the proof of consistency and use a subsequence argument. Let n’ =
n’(n) be some arbitrary subsequence of n. We show that there exists a further sub-

sequence n” = n”(n’) such that 6, v 2% 0* asn — oo, which in turn implies
Eq. 4.6.

By (G1) we have fori = 1, ..., p that pap m, (hy > pABﬂ*(h(’)) asn — o0.
Hence, there exists a subsequence n” of n’ such that

[Paman, @] B [paper@™] (A.16)

asn — 00. For § € ®, we define the column vector and the quadratic forms
¢®) = [pane ) = paneh®) i =1, p] L
Q) = g@® V(®)g®) and 0,(0) := ,0) V(0)E,®).

where we recall from Eq. 4.3 that g,(0) = [pAB My, (h( )) — PAB. 0(h( ))]l Lo
Assumptions (G1) and (G3) imply that Q(#) > 0 for 8* # 6 € ® and that Q(6* ) =

i=1,...,p
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0, so 6 is the unique minimizer of Q. Smoothness and continuity of the functions
oap.o(h?) and V() (Assumptions (G4) and (G5) with z; = zo = 0) and Eq. A.16
yield

Ay = sup{|0(0) — 0O} 230, n— . (A.17)
0cO

Now assume that there exists some w € 2 such that Eq. A.17 holds, but 5,,//,‘/(51)) +>
0*. Then there exist € > 0 and a subsequence n”’ = n"’(n”) such that for all n > 1,

0,7 v(w)— 0% > €.
Thus,

0 B v (@) — O (6*)

= QO v (@) — 0w @,y (@) + Q@ v (@) — (0, (8) — 00%) — Q(0*)
> 0@,y (@) — Q0" — 2R, = Q@ v(@)) — 28,

> inf{Q@) : |0 — 0*| > €} —2A,» >0

for all n > ng for some ng > 1. But this contradicts the definition of /0\,1///,‘/ as the

minimizer of én”’ (#), 0 € ©. Hence an",v 2% 6* asn — oo and this shows Eq. 4.6.
To prove the CLT (4.7), we introduce the following notation:

o Wesetp!) (h(’)) = 30 oapohPyforl <i<p,1<f<kand

o o0 = (pﬁf}w(h(’)) :i=1,...,p) for 1 < ¢ < k. The Jacobian matrix
P4g(0) (4.5) can then be written as

Pas(0) = (—p'%0), ..., —p%% ().

We denote by e, € R¥ the ¢th unit vector.
For1 <i,j < p,letv;;(8) := (V(0));; be the entry in the ith row and jth
column of V(0)

o Setv{(®) = -vi;(®) and VO®) = v Oi<ijzp. 1=k

As 0,,,\/ minimizes gn (0) V(0)gn (@) w.r.t. 0, we obtain for 1 < £ <k,

0 . .1 —
0= 75 @OVORO)|

:011‘ Vv

= 2,00.0)" VO 021)8,0n.v) — p5 5 00 ) [V Onv) + VOnv) 18,0nv).
(A.18)

Now define the p x k-matrix /P\AB,,, = fol Pap(u@* + (1 — u)/0\n,v) du, where the
integral is taken componentwise. Assumptions (G4) and (G5) with z; = zo = 1

allow for a multivariate Taylor expansion of order 0 with integral remainder term of
2, (0,, v) around the true parameter vector 8*, which yields

?n(an,v) =2,(0") +Pap, - (9n,v —0%).
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Plugging this into Eq. A.18 and rearranging terms, we find

(=A5 @) 1V @) + V@) Pasn + @rv =09 Pasn” VO @y )Pasn) @y — %)

=0 0@, ) IV Ouy) + V0ay) 18,0%) — 8,00 VOB, 1)E,0%
— 2,09 VOB )+ VO @ny) 1Pap.@ny — 0% (A.19)

for 1 < ¢ < k. Defining k\n,V as the k x k-matrix whose £th row is given by
@ny =09 Papn VOO@nv)Papn 1<t<k
the system of Eq. A.19 can be written in compact matrix form as

Pa@uv) [VOuv)+ V©Ouv) TPasy+ Ruv)@ny — 0%

k

= —Pap@n ) IVOuy) + VO, 18,0 =Y 8,09 VO 0,18, 0e
=1

— Z 2O VOGO, )+ VOO ) Papn@ny — 0)ey. (A.20)

Hence, multiplying Eq. A.20 by \/n* /m¢ and rearranging terms, we have,

[n¥ ~
;g(on.V - 0*)

= —(Pag @) [VBuv) + V©Ouy) Pagn+ Ry}

><PAB(0n VIV O v) + V(on v’ ]‘/ gn(o )

k
~ ~ o~ ~ ~ _ nw __ . ~ - .
—{Pap @) 1V Onv) +VOn) Pann+ Rovt' Y [, 00V @n )80 e
(=1 n

- {PAB@ v)’[v@,w + V@) Papn + Ruv)™!
x Z n(o ) VOO0 v) + VOB Papa@ny —0e

=: —A B—-C.

Observe that the smoothness conditions (G4) and (G5) and the rank condition (G6)
ensure invertibility of the terms in curly brackets and boundedness of its inverse. For
the remainder of the proof, we can hence use Slutsky’s theorem; to this end note that,
asn — oo:

— By conditions (G4) and (G5ii) with z; = z» = 1, the matrices V(@) and P45 (0)
are continuous in @, hence V(IO\H,V) kN V(0*) and PAB(IO\,Z’V) A P4p(0*) by
continuous mapping.

— Using Eq. 4.6, we find that (8,.y — 8*) = 0, R,y = (0,...,0) and Pyp, -
Pap(0%).
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268 S. Buhl, C. Klippelberg

— The previous bullet point directly implies that C £ 0.
— Asto A, condition (G2) directly yields ’;7f;§n ™ —@> (0, IT).

- Furthermore, g, (6™) —P> 0 by (G1) and therefore B —P> 0.

Finally, summarising those results, with B(8*) = (Pag(6*)" [V (0*) + V(0*)"|P4p
(0*))~", we obtain Eq. 4.7.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.
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