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Abstract

The cosmic microwave background (CMB) radiation, the relic afterglow of the
Big Bang, has become one of the most useful and precise tools in modern preci-
sion cosmology. In this article, we employ Tsallis non-extensive statistical frame-
work to calculate the cosmic microwave background (CMB) temperature and its
probability distribution by utilising a recently proposed blackbody radiation inver-
sion (BRI) technique and the cosmic background explorer/ far infrared absolute
spectrophotometer (COBE/FIRAS) dataset. Here, we have used the best-fit values of
q=0.99888 +0.00016 and q=1.00012+0.00001, obtained by fitting COBE/FIRAS
data with two different versions of non-extensive models. We compare the results
with the more conventional extensive statistical analysis i.e. for q=1.

Keywords Non-extensive statistics - COBE/FIRAS - Blackbody Radiation
Inversion - Cosmic Microwave Background - Temperature fluctuations

1 Introduction

In 1965, Robert Wilson and Arno Penzias made the significant discovery of cos-
mic microwave background (CMB) radiation, nearly uniform radiation found in all
directions [1]. Several studies have provided a detailed history of the cosmic micro-
wave background radiation’s prediction and detection [2-5]. The detection of CMB
radiation marks a crucial milestone in the Big Bang model of the universe, as it
offers a compelling explanation for the remnants from the early cosmos. The pres-
ence of this radiation must be considered in all proposed universe models, making
the cosmic microwave background an essential tool for precise cosmological meas-
urements [6, 7]. The COBE satellite has played a pivotal role in advancing the field
of cosmology by achieving remarkable accomplishments [§—11].
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In the context of the early universe, non-extensive statistics have been considered a
possible framework to describe the thermodynamic properties of the universe during
certain phases. The concept of non-extensive statistics, proposed by physicist Con-
stantino Tsallis, suggests a generalisation of the standard Boltzmann-Gibbs statis-
tics, which describes systems with long-range interactions and non-additive entropy
[12—-14]. Till now, researchers have used non-extensive thermostatics to explore a
range of physical systems, including two-dimensional turbulence, linear response
theory, the solar neutrino problem, and the characteristics of black holes [15-20].
Also, non-extensive statistical mechanics have been applied to the CMB spectrum for
the investigation of modification of dipole anisotropy and S-Z effect [21].

Departures from the ideal conditions in the early universe left their imprints in
the cosmic microwave background radiation, which are observed as tiny anisotropies
in an otherwise isotropic radiation. The standard cosmological theory suggests that
the origin of these fluctuations is the underlying gravitational inhomogeneities. This
gravitational interaction results in a non-extensive situation because of the divergence
in the partition function [22]. Hence, studying the CMB temperature and its fluctua-
tions within a non-extensive framework is better suited. Here, we use Tsallis statistics
with the index ‘q’. As pointed out in [23], |q — 1| has a tight constraint of 10~>. This
sets our goal to compute the relative differences of the models by varying ‘q’.

Here, to investigate the parameters of CMB radiation, we used the data sets of
COBE/FIRAS, which reflects the relationship between the frequency and intensity
of the CMB spectrum [24]. This paper aims to calculate the parameters (i.e., temper-
ature and uncertainty) of CMB radiation within the framework of non-extensive sta-
tistical mechanics, employing the formulation of blackbody radiation inversion (we
used the concept of mixing black bodies [25]). An essential aspect of this research
involves comparing the results obtained using two different ways of analysing sta-
tistics: extensive (q=1) and non-extensive (q# 1) cases. q is the non-extensive
index. This comparison aims to understand the deviation of results from standard
Boltzmann statistics (q=1). The solution to the blackbody radiation inversion (BRI)
problem involves comparing the observed radiation spectrum (COBE/FIRAS data)
of an object with the theoretical spectrum (our approach) of black bodies at different
temperatures. The process of solving the blackbody radiation inversion problem is
explained in detail in Sect. 2.

We have investigated three cases: (i) generalised energy density per unit fre-
quency [26], (ii) generalised Planck’s radiation law by C. Tsallis [27], and (iii)
Standard Planck’s law (q=1). These two formulas are fitted to experimental data
[24] to find the value of g, T and the best-fit value of q is used for further calcula-
tion. Here, we took two non-extensive cases, i.e., different q values. Additionally,
we reconstruct the intensity of the CMB spectrum evidencing our methodology. The
Probability distribution functions for q=1 (i.e., Boltzmann-Gibbs’s statistics) and
q# 1 are compared.

This paper is comprised of five sections. Section 2 represents the methodology
for calculating the best-fit value of the q, T from two different generalised Planck’s
formula and application of the BRI technique, Sect. 3 represents the results, Sect. 4
reflects the comparison of all the probability values, and Sect. 5 compromises the
discussion of results.

@ Springer



Experimental Astronomy (2024) 57:25 Page3of24 25

2 Methodology

We have investigated the monopole temperature and fluctuation in temperature of
CMB for three cases: (a) For generalised Planck’s law in terms of energy density
(we have calculated the intensity from energy density using [ = %; c is the velocity
of light), (b) non-extensive Intensity formula for Planck’s distribution by C. Tsallis,
and (c) for Planck’s law (q=1).

Curve fitting is a commonly used method for finding a mathematical function
closely matching a given dataset. This technique can be applied in various situa-
tions, such as determining the overall pattern in collected data, isolating data from
noisy backgrounds, and extracting specific parameters from the curve. In our case,
we focus on the third application mentioned. By choosing q, T (CMB monopole
temperature) as an unknown parameter and using the experimental data from the
source [24], we calculate the value of g, T as the best-fit parameter by fitting Egs. (1)
and (2) as the mathematical function. The obtained fit is depicted in Figs. 1 and 2,
respectively. The value of q will be used in further calculations.

2.1 Determining the best-fit values forqand T

In this section, we analyse the data obtained from the COBE satellite and compare
it to the modified generalised intensity equation within the framework of non-exten-
sive thermostatics [26]. The experimental data used for this analysis can be found on
the NASA website [24]. The main objective of this analysis is to determine the best-
fit values for q and T that provide the best fit.

The generalised energy density for unit frequency is given as (refer to Eq. 26 of
reference [26]).

hv v
87zhv3q e(2q—1)ﬁ _ e(q_l)K_T

U, q. 1) =
e {e(Zq—l)% _ 1}2 )]

From Eq. (1) the spectral radiance can be written as.
23q 1 ViF — Vi

Il(Va % T) = 2 2
v 2
c {6(2(1_1)% _ 1} ( )

where h is Planck’s constant, v is the frequency, k is the Boltzmann constant, T is
the temperature of CMB, q is the non-extensivity parameter (entropy index), and I,
is the spectral radiance. The parameter ‘q’ in the context of Tsallis statistics plays a
crucial role in characterising the departure from classical statistical mechanics, par-
ticularly the Boltzmann-Gibbs statistics.

Above Fig. 1 exhibits an exceptional agreement with the COBE/FIRAS outcome,
indicated by a favourable x2/dof value of approximately 1 and a T value consistent
with the literature. This motivates us to explore a more coherent scenario by con-
sidering a non-extensive formulation of Planck’s distribution, represented by Eq. 5.
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Fig.1 Fitting Eq. 2 with experimental data with error bars(lo) is shown. The value of Xz/
dof=56.99/41=1.39 (95% confidence level) offers a good fitting. The fitting value of q is found to be
0.99888 +£0.00016. The value of T found from best fit is T = (2.72223 +£0.00076) K consistent with the
literature (i.e., T=2.72548 +0.00057) [28]

Dof refers to the degrees of freedom. The degrees of freedom depend on the number
of parameters we are estimating in a model. In our case, we are estimating q and T
by fitting an equation to the original COBE data. Since the original dataset consists
of 43 data points, so there are 41 degrees of freedom.

The expression for photon density per unit volume was originally introduced by
Tsallis in 1995 within the framework of non-extensive statistics (refer to Eq. 15 of
reference [27]). This formula generalises Planck’s law for blackbody radiation by
incorporating the parameter q, which characterises non-extensive behaviour. It can
be represented as

—hv hy —hv
v g1 hv ) 1+ew 1+ 3ew
D, (V) ~ Dppypac)(1 —e¥) |1+ (1 - q)ﬁ — - kT

l—ew 2 (1 _e;—':)z
3)
In subsequent work by Biyajima et al. in 2012 [29], energy density for Planck’s

radiation was derived from Eq. 3 in the non-extensive framework. For |q — 1| < 1 for
energy density per unit frequency can be approximated as
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From Eq. 4 the spectral radiance can be written as.

|z

2
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—hw \ 2
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The fitting shows the Eq. 5 to the COBE/FIRAS data shown in Fig. 2.
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2.2 Application of the BRI technique to find the mean temperature
and spreading using the best-fit value of q

2.2.1 ForEq.2 (q=0.99888)

Blackbody radiation refers to the electromagnetic radiation emitted by an ideal-
ised object known as a blackbody. A blackbody is an object that absorbs all inci-
dent radiation and emits radiation at all wavelengths according to its temperature.
The spectral radiance of a blackbody is described by Planck’s law, which relates

—— Original Intensity
— Fit of equation 2

q=1.00012 +0.00001
T= (2.72986 = 0.00015) K
y*dof =1.47
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Fig.2 Fitting of Eq. 5 with experimental data is shown. The value of X2/d0f=60‘27/41 =1.47 and the
value of T shows a good fitting. The fitting value of q is found to be 1.00012 +0.00001
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the temperature of the blackbody to the intensity of radiation emitted at different

frequencies [30, 31]. Here, we have considered the generalised Planck’s law, which

includes q (i.e., entropy index diffegent from unity). So, from Eq. 2, we can write a

dimensionless parameter G,(v) = 2;7 I,(v) as in Eq. 6 (for mathematical simplicity).
2D _ e

G,(v) = {e(Zq—l)% ~ 1}2 (6)

Typically, telescopes are employed to measure the power spectrum of celestial
objects. However, telescopes have a limited field of view, allowing them to observe
only a tiny section of the sky at a given time. These observed sections consist of
various blackbody radiators, each with temperature (T), all in thermal equilibrium.
When considering a collection of blackbodies with a probability distribution, say
a(T) (for different cases we have mentioned as o, (T), a,(T), a;(T)), the total power
radiated per unit area can be determined by integrating over the temperature distri-
bution as,

hy

T oD geni
e T —e KT
G,(v) = / , —a,(T)dT o
{e(zq—l)% _ 1}

Equation (7) is a Fredholm integral equation known as an ill-posed problem.
Ill-posed ness refers to the instability of the result for tiny fluctuation in the input
parameters. Historically, multiple methods have been employed to solve such inte-
grals, which involve Laplace transform by Bojarski [32], Tikhonov regularisation
method [33], universal function set method [34], Mellin transform set method [35],
the modified Mobius inverse formula [36], maximum entropy method [37], regular-
ised GMRES method [38] and Bernstein polynomials [39] among many. One com-
mon problem with these methods is the number of required data points for a stable
inversion, which is 50 in the reference 32,36 and 37 in the reference. The literature
presents one way to circumvent this requirement while producing a stable solution
[40]. It assumes a probability distribution with unknown parameters, which can be
calculated using the spectral data. The authors have shown how this approach can
reproduce the input data robustly. The choice of the function is further modified in
the paper [41], with a Gaussian distribution function resulting in tighter constraints
of CMB spectral distortions. Although the initially chosen functions are different in
these studies, the final functions converge to a Gaussian, which is to be expected,
assuming the data are instances of a random distribution. In this research paper, a
simple approach for blackbody radiation inversion, which relies on only three input
data points, has been applied. Moreover, this method boasts a smaller program size
compared to previous methods. Consequently, the current blackbody radiation inver-
sion technique significantly reduces the overall program’s complexity.

In Eq. 7, the total integral over space is taken. Referring to earlier experimental
data [28], the cosmic microwave background (CMB) spectrum exhibits similarities to

@ Springer



Experimental Astronomy (2024) 57:25 Page70f24 25

that of a blackbody spectrum characterised by a temperature of (2.72548 +0.00057)
K. The full width at a tenth of the maximum (FWTM) for a Gaussian distribution
is 4.29193 z (z is the standard deviation). For a reasonable choice of z=0.8 and
T=2.72548 K; T = 2.72548 - 1 X 0.8x4.29193=1.008 K and T,= 2.72548 + 3 X
0.8%4.29193=4.442 K. So, it’s reasonable to choose the limit from 1 K to 6 K for
considering beyond 1z. The limits in the integration correspond to the temperature
distribution width for a tenth of maxima in the probability distribution. The contri-
bution from the probability distribution function beyond these points is negligible
and not considered. Furthermore, for clarification, we have checked the variation of
results for different T and T, in the later section.

e@a-Dix _ o@Dz
So, G,(v) =/ al(T) dar )
{eaq—l)‘;—; _ 1}

1

To solve this Fredholm equation of the second kind, we need to employ a change

of variable [39], T=T, + (T, -T)) t. The newly introduced variable ‘t’ falls within

the range of values from O to 1. The value of ‘t’ in terms of “T” is t = TT_TT‘ = TS =
The value of q used here is obtained from fitting (Fig. 1), i.e., 0.99888.

(2q l)k(T]+(T2 =Ty — e(q )k(T1+("T"‘; Tt
G =(T,- Tl) ——a (T} + (T, = T)) )dT
{ (2(] l)k(T1+(T7—T1)t) — 1

)

We now assume an analytical Gaussian function w(t) = o (T, + (T, -T)) t) =
e (“Ii) ) Here ‘x’ denotes the overall amplitude, ‘y’ represents the peak position
of the Gaussian function and ‘r’ indicates the full width at half maximum. The cho-
sen function w(t) is used in the literature [41] and validated for standard extensive
case (q=1). We will continue our work employing the identical function for non-

extensive case. Employing w(t) in Eq. (9) it becomes,

(2q l)k(T1+(T2 “To e(q_l)k(T1+(}'l]";—T1)l) (t - 2
- - y)
G (v)=(T, - Tl)/ x.e( )ydt  (10)

hy 2 72
(2q_1)k(T1+(T2—Tl>l) -1}

Our objective is to determine the distribution a,(T); therefore, the probability
function is expressed in terms of “T’. w(t) can be rewritten in terms of “T” as follows:

<<%>—y)2
w(T):x.e< ’ ) (1n

The experimental value of G(v) can be calculated using Eq. 12 (for subsections
2.b.1, 2. b. ii, 2. b. iii, it will be G, (v), G, (v), G; (v), respectively). The experi-

mental values of I,,,,,,0, are given [24].
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C2

G(V) = 27h13 Imonopole

(12)

Taking Eq. (10) into the left-hand side and using the calculated G,(v) from

Eq. (12) on the right-hand side, a set of three equations is derived for a corre-

sponding set of three frequencies. These equations are then mathematically simu-

lated, determining X, y, and r values. This process is repeated for another nine sets

of frequencies, and the obtained values are organised in a table. The calculated x,

y, and r values are plugged into Eq. (11), leading to the generation of ten prob-

ability distributions (pdf) of temperature (for each set of frequencies). We have

used more data sets (10 sets), ensuring comprehensive coverage over the entire
frequency spectrum. All the calculated parameters are listed in Table 1.

2 a(T)

YT)=—— 13

() 10 13)

Y(T) is the average of all probability distribution functions. Figure 3 below

shows a plot of Y(T) against temperature.

2.2.2 ForEq.5 {q=1.00012 (Tsallis Formula)}

We delve deeper into a more coherent scenario by examining a non-extensive for-
mulation of Planck’s distribution, as expressed by Eq. 5. Here, we will apply the
BRI technique to find the probability distribution function of temperature. The q
value used for calculation is found from fitting in Fig. 2, i.e., q=1.00012. ,
Equation 5 can be written in terms of dimensionless parameter G,(v) = %Iz(v)

Table1 The values of x, y, r for different probability functions, each denoted by symbols as
a,(T),a,(T),a3(T),a4(T),a5(T),a4(T),a7(T),ag(T),a9(T),a,o(T) is given. Each corresponds to distinct fre-
quency sets

Frequency set (x 10'! Hz) X y r Prob-
ability
functions

0.681, 0.954, 1.224 24.99157176320 0.34738924807 0.00462286012 a,(T)

1.498, 1.770, 2.043 15.23300327964 0.34693340406 0.00731052671 a,(T)

2.724,2.994, 3.267 26.03309678746 0.34461718492 0.00432923691 a;(T)

2.859, 3.132, 3.402 24.00511550630 0.34346319362 0.00474877201 a,(T)

3.267,3.541, 3.813 26.99877540257 0.34610077415 0.00410711582 as(T)

3.948,4.221, 4.491 25.25503759636 0.34408459373 0.00449263429 ag(T)

4.083, 4.356, 4.629 15.57654569695 0.34402593580 0.00727679172 a;(T)

2.724,3.132, 3.540 23.68563488528 0.34440869672 0.00476703159 ag(T)

4.083, 4.491, 4.902 24.14713525522 0.34528641888 0.00461536951 a9(T)

5.445,5.583, 6.261 21.57305875014 0.34192473913 0.00548357002 a,0(T)
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Fig.3 Y(T) versus temperature is shown. To enhance the clarity of the graph, the x-axis scale is taken
from 2.5 Kto 3.0 K

G
Gy = 1+(q—1)1n<1_e%?>_£1+e” KT) 1+3ew

e —1 le—e%v 2 (1_6_#)2

(14)

The same Blackbody Radiation Inversion (BRI) technique and methodology men-

tioned in subsection 2.b.i is utilised in this subsection. Hence, from Eq. 5, it is possi-

ble to compute a dimensionless parameter, G,(v). This is to reduce the mathematical

complexity. Additionally, by introducing o,(T) as the chosen probability distribution

function (pdf) and integrating over the temperature range from T, =1 K to T,=6 K,
along with employing a change in a variable, Eq. 14 can be expressed as follows.

1

G,(v) = (TZ—TI)/ !

T E—
) e T —

2
—hw hy —hw
by oECEND] (k T, +(T,—T ) KT+ -T)0
I+ ln(l —emum—n)x))_ hy L+e - S ¢ '+(é ) 1+ 3eitteh >
(T, + (T =Ty )Y) | _ eimemnn (l—em>

o (T, + (T, = T,)t)dt

(15)
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Now, introducing our chosen Gaussian function w(t) in the place of
o, (T, + (T, — T))t), we can find the value of pdf. By substituting Eq. (15) into the
L.H.S. and using the calculated G(v) from Eq. (12) R.H.S., a set of three equations is
derived for a corresponding set of three frequencies. These equations are then com-
puted, and the values for x, y, and r, are determined. This process is repeated for another
nine sets of frequencies, and the obtained values are listed in Table 2. For each set of
frequencies, the calculated X, y, and r values are plugged into Eq. (11), leading to the
generation of ten probability distributions of temperature.

2 bi(M)

B ==

(16)
B(T) is the average of all probability distribution functions. The following Fig. 4
illustrates the average function B(T) against temperature.

2.2.3 Puttingq=1inEq.10r2

In the preceding Sect. (2.2.1 and 2.2.2), we employ the methodology of blackbody radi-
ation inversion to find the average probability distribution of temperature. Now, in this
section, we aim to evaluate the find the average probability distribution of temperature
through the approach of extensive statistics. We set the parameter q equal to 1 in Eq. 1
or 2 to achieve this. When we substitute this value into either Eq. 1 or 2, the expressions
take the following form:

L) = &f(e%;_l) (17)

Table 2 Values and notations for various probability functions, which correspond to multiple sets of fre-
quencies, are given

Frequency set (x 10'! Hz) X y r Prob-
ability
functions

0.681, 0.954, 1.224 23.18688369665 0.34831318680 0.00498432210 b,(T)

1.498, 1.770, 2.043 13.97468472571 0.34793445573 0.00796729670 b,(T)

2.724,2.994, 3.267 28.42686300703 0.34557635352 0.00396649055 b;(T)

2.859, 3.132, 3.402 25.76065425021 0.34440705130 0.00442766977 b,(T)

3.267,3.541, 3.813 29.35443074676 0.34700872027 0.00381229927 bs(T)

3.948,4.221, 4.491 15.78327681037 0.34420208450 0.00721293741 be(T)

4.083, 4.356, 4.629 15.49667682580 0.34482300680 0.00733053579 b,(T)

2.724,3.132, 3.540 25.10176834217 0.34535899761 0.00450042289 bg(T)

4.083, 4.491, 4.902 22.41867547118 0.34606165659 0.00498336435 by(T)

5.445,5.583, 6.261 12.47900083833 0.34328579201 0.00935229646 b,o(T)
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Fig.4 B(T) versus temperature is shown. To enhance the clarity of the graph, the x-axis scale is taken
from2.5Kto3.0K

Applying the BRI approach (Mentioned in detail in Sect. 2.2.1 and 2.2.2) we get
the integral equation as,

! as(T, + (T, = Tt)

G3(V)=(T2_Tl)/0 < » ) dt (18)

ek +T-Tpy — ]

In this approach the defined Gaussian function denoted as w(t) = o (T, + (T,
T)t) = (“ v ) is substituted for o in Eq. 18. It becomes,

L e )
X.€ v
G;(v) = (T, - Tl)/ - dt (19)
0 <ek(T1+(T2—T1)t) —_ 1>

This helps determine the probability distribution function. By pluggmg this sub-
stitution into Eq. 19 and equating it to a precomputed value of G(v) = S~ 3Imo,mpo,e
in Eq. 12, a set of three equations is derived for three frequencies. These equations
are then solved through mathematical simulation to find values for parameters X, y,
and r. The same process is repeated for another nine sets of three frequencies. Using
these values, ten temperature probability distributions are generated using Eq. 11.
All the values of x, y, and r, and the notation of pdfs are listed in Table 3.

The average of the above probability distributions is denoted as X(T).
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Table 3 Values of x, y, r and notations for various probability functions are given. Each corresponds to a

distinct set of frequencies

Frequency set (x 10! Hz) X y r Prob-
ability
functions

0.681, 0.954, 1.224 23.08751182288 0.34839798523 0.00500455015 c(D)

1.498, 1.770, 2.043 35.35498162270 0.34820092725 0.00314753401 c,(T)

2.724,2.994, 3.267 28.96838330599 0.34583664143 0.00388667268 c5(T)

2.859, 3.132,3.402 25.74534855035 0.34468155091 0.00442335935 c,(T)

3.267,3.541, 3.813 30.36538651935 0.34733558723 0.00364765037 cs(T)

3.948,4.221, 4.491 27.65257154203 0.34532293251 0.00409808079 ce(T)

4.083, 4.356, 4.629 14.08039209747 0.34517696598 0.00804558056 cy(T)

2.724,3.132, 3.540 27.84837070320 0.34563978703 0.00405011100 cg(T)

4.083, 4.491, 4.902 22.32301608506 0.34648764970 0.00498792263 co(T)

5.445,5.583, 6.261 12.45815410715 0.34379063057 0.00932532516 cio(T)

2 c(T)
X(T) = =—7— (20)

10

The following Fig. 5 illustrates the average ten distinct probability functions.
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Fig.5 X(T) vs. temperature is shown. To enhance the clarity of the graph, the x-axis scale is taken from

25Kt03.0K
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3 Results
3.1 For Sect. 2.2.1

The Normalised probability distribution of temperature is given by,

& (T) = ———— x ¥(T) = 0.995 x ¥(T) o

[9Y(T)dT

The ‘mean normalised temperature’ and ‘spreading’ is given by.

6
T= / T.o (T)dT = 2.723K (22)
1

6
o? = / (T = 2.723)%a,(T)dT = 1.412 x 10~ (23)
1

Interpreting the spreading as uncertainty, the value of o is calculated to be
0.012 K.

We used the calculated normalised o;(T)=0.995 X Y(T) and T=2.723 K in the
following Eq. 24 to reconstruct the radiation intensity. This is to access the accuracy
of our approach of solving BRI problem. Figure 6 compares the original spectrum
data from COBE/FIRAS and the reconstructed data.

—=— Qriginal intensity
4 - —e— Reconstructed Intensity

Intensity (x107'® W m? Hz!)
N
1

T T T T T T T T T T T T T
0 100 200 300 400 500 600 700
Frequency (GHz)

Fig.6 Illustrates the experimental and reconstructed intensities graphed against frequency. It demon-
strates a significant similarity between the reconstructed and COBE/FIRAS datasets
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6
3 Qq-DE _ @-hH
1) = 2 / e T %0995 Y(T)T 4)
C hy
{ém—nﬁ__l}

The frequencies, along with the corresponding original and reconstructed intensi-
ties with corresponding uncertainties relevant to the above figure are enumerated in
a table (refer Appendix 1).

=Y wilR; - 0P (25)

Equation 25, represented by Xz’ is the sum of weighted squared differences
between the reconstructed data points (R;) and the original data points (O;). The
weights (w;) are determined by é on each data point.

The values of o;, denoting the errors/uncertainties in the data points, can be found
in the referenced paper [11]. The reduced chi-square (Xz/dof), where dof represents
the number of degrees of freedom, has been calculated to be 1.07 (calculated using
data given in Appendix 1). Here the number of degrees of freedom is 43.

3.2 ForSect.2.2.2

The Normalised probability distribution of temperature is denoted as o,(T).

1

oy (T)————
? [°B(T)dT

X B(T) = 0.995 x B(T) (26)

The ‘first order moment’ or the ‘mean normalised temperature’ and second order
moment’ or ‘spreading’ is calculated as

6
T= / T.o, (T)dT = 2.727K 27
1

6
a® =0.995 / (T — 2.726)*a,(T)dT = 3.691 x 10~ (28)
1

Hence, ¢ (spreading in pdf of temperature)=0.019 K.

By utilising the calculated o,(T)=0.995 X B(T) and T=2.727 K in the follow-
ing Eq. 29, we reconstructed the radiation intensity. Figure 7 compares the original
spectrum data from COBE/FIRAS and the reconstructed data.

ot h hy 1 4e T (h_>2 |43 T
—hy KT kT T

Lw =22 [ 1+ ln(l—eW)—ﬁ e+ > T2 1% 0.995 x B(T)r
S -7 <]_e;—’$

(29)
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—=— QOriginal Intensity
4 —e— Reconstructed Intensity
'TN
an
a3
=
=
= 24
X
2
72]
=
B
= 14
A=
0 T T T T T T T T T T T T T
0 100 200 300 400 500 600 700
Frequency (GHz)

Fig.7 Illustrates the experimental and reconstructed intensities (using Eq. 29) graphed against fre-
quency. It demonstrates a significant similarity between the reconstructed and COBE/FIRAS datasets

Refer Appendix 2 for all the relevant data produced for Fig. 7. The reduced chi-
square using Eq. 25 is calculated to be 1.07.

3.3 ForSect.2.2.3

The normalised probability distribution of temperature is denoted as o;(T).
/X(T)dT

The ‘first order moment’ or the ‘mean normalised temperature’ and ‘second order
moment’ or ‘spreading’ is calculated as.

6
T= / T.o(T)dT = 2.732K 31)
1

6
a? / (T = 2.732)%03(T)dT = 1.844 x 10~ (32)
1

From this, the uncertainty in temperature 6=0.014 K.

By utilising the calculated oy(T)=0.998 X X(T) and T=2.732 K in the follow-
ing Eq. 33, we reconstructed the radiation intensity. Figure 8 compares the original
spectrum data from COBE/FIRAS and the reconstructed data.
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—=— Original Intensity
4 4 —e— Reconstructed Intensity

Intensity (x 1078 W m™ Hz™")

0 T T T T T T T T T T T T T
0 100 200 300 400 500 600 700
Frequency (GHz)

Fig. 8 Illustrates the experimental and reconstructed intensities graphed against frequency. It demon-
strates a significant similarity between the reconstructed and COBE/FIRAS datasets. The reduced chi-
square is calculated to be 1.07 using Eq. 25

1 (e%_l) T (33)

All the relevant data for Fig. 8 is listed in Appendix 3.

The calculation of temperature and spreading for CMB monopole spectrum
(using q=1, i.e., standard Planck’s law) was done in the literature [40]. In that
paper, the author used four distinct probability functions. Here, we have increased
the number of probability functions, i.e., ten functions. Importantly, we have main-
tained consistent frequencies across all three cases (in Sect. 2.2.1, 2.2.2, and 2.2.3).
This choice allows us to showcase the change in CMB temperature and its associ-
ated uncertainty. Furthermore, it’s noteworthy to mention that the results in refer-
ence [41] (T=2.741+0.018) K and in this work (2.732+0.014) K are nearly con-
sistent. Increasing the number of probability functions contributes to aligning the
calculated temperature closer to the standard temperature, 2.72548 K.

We also incorporate experimental errors in Intensities (AL opop0l) @ssociated with
these selected frequencies in Eq. 12 while calculating the temperature and its cor-
responding uncertainty. The values of errors (1o) in intensity are given in NASA
website [24] (also can refer appendices). Also, we can check the dependency of the
result by varying the values of T, and T, within the range. All the values are listed
below in Table 4.

3 6
L) = 2}:;/ / 0.998 x X(T)d
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Table 4 Variation in mean

temperature and spreading with Variation in result by change in temperature

changing values of T, and T, T, (K) T, (K) T (K) ¢ or AT (K)
1.2 5.8 2.729 0.024
1.4 5.6 2.726 0.022
1.6 5.4 2.720 0.015
1.8 52 2.721 0.017
2 5 2.727 0.032
1 6 2.732 0.014
Variation in result by incorporating Al
T (K) o or AT (K)
2.730 0.014

The above table shows that if we vary the integral limits within the chosen range,
the value of mean temperature and spreading do not change much. All the values are
nearly equal. So, taking integral value from 1 K to 6 K is reasonable.

4 Comparison of the probability distribution of temperatures q=1,
q=0.99888+00016, q=1.00012+00001

In the preceding sections, we have calculated the probability distribution of tem-
perature for three different models described by Egs. (2), (5), and (17). Equations 2
and 5 characterise a blackbody spectrum with non-extensive statistics, and Eq. 17
characterises a blackbody spectrum with extensive thermostatics. The existence of a
non-extensive nature in the CMB spectra has been concluded [42] with q=1.045+
0.005 using Wilkinson Microwave Anisotropy Probe (WMAP) data at 99% confi-
dence level. Our study incorporates values of q=0.99888+00016 (|q — 1|=1073), q
= 1.00012 + 00001 (g — 1]=10"%), and q =1 at 95% confidence level. A compari-
son among the corresponding probability distribution functions is shown in Fig. 9.
The vertical axis is the normalised probability distribution with units of [%] while
the horizontal axis is the temperature with units [K].

The figure illustrates that the mean value of all probability distributions is nearly
the same. We have summarised our findings in Table 5.

The best-fit value of q= 1. This suggests that the system exhibits behaviour close
to extensivity. The uncertainties associated with the q values are very small, indicat-
ing a high level of confidence in the obtained results.

5 Discussion
Assuming that the CMB follows a perfect blackbody spectrum, the best-fit value

of the temperature is observed as T=2.725 K. Still, fluctuations AL of the order of
1073 indicates presence of u and y distortions, whose values can be estimated
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Fig.9 Normalized probability distributions of temperature for q=1, q=0.99888 and q=1.00012 are
shown. As the distributions are normalised, the relative height of the peaks denotes the relative probabil-
ity, which is highest for q=1

Table 5 Summarized results of

. 1 0.99888 +0.00016 1.00012+0.00001
all the sections

T+AT(K) 2.732+0.014 2.723+0.012 2.727+0.019

using the COBE data and the lower/upper bounds are u<10~> and y < 107¢
respectively according to fixsen et al. [11]. Mixing of blackbodies also leads to u

2
and y distortions and can be estimated by the formula u=2.8 x <%) and y =

2

0.5 x (%) [43]. Here, for q=1, % is 0.0051. Hence u=7.2x 107> and y
1.3x1073; which are close to the values as explained by fixsen et al. We calculate
lg—1] =107 and |q — 1| = 107 for two cases by fitting COBE/FIRAS data with
Eqgs. 2 and 5, indicating departures from the extensive Planck blackbody law.
While no formula for p and y distortions using non-extensive Planck blackbodies
in the literature, our analysis suggests that their values would be similar to those
in the extensive case due to the similarity in %. The value of 2 (=0.0044 for q<
1) and (=0.00696 for q > 1) are close to the extensive case and p and y depends
on %. Therefore, the upper limits of pu and y from this study are expected to be
approximately the same as in the extensive and Fixsen cases.
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Appendix 1

All the original intensities and reconstructed intensities along with their uncertain-

ties relevant to Fig. 6 are listed below.

Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
1078 W m™2 102Wm2HzH) 1008 Wm™? (x10720W m™
Hz™") Hz™) Hz™")
Original Reconstructed
68.1 2.007 1.4 2.008 3.0
81.6 2.495 1.9 2.497 4.1
95.4 2.930 2.5 2.932 53
108.9 3.277 2.3 3.280 6.5
122.4 3.540 2.2 3.543 7.6
136.2 3.720 2.1 3.724 8.7
149.7 3.814 1.8 3.818 9.6
163.5 3.834 1.8 3.838 10.3
177.0 3.789 1.6 3.792 10.9
190.5 3.688 1.4 3.687 11.3
204.3 3.540 1.3 3.544 11.5
217.8 3.362 1.2 3.366 11.7
231.3 3.160 1.1 3.164 11.6
245.1 2.932 1.0 2.942 114
258.6 2.714 1.1 2.717 11.0
2724 2.482 1.2 2.486 10.5
285.9 2.259 1.4 2.262 10.1
299.4 2.043 1.6 2.046 9.6
313.2 1.832 1.8 1.835 8.9
326.7 1.638 2.2 1.641 8.3
340.2 1.457 22 1.460 7.7
354.0 1.288 2.3 1.290 7.1
367.5 1.135 2.3 1.138 6.4
381.3 0.994 2.3 0.996 5.9
394.8 0.870 2.2 0.872 53
408.3 0.758 2.1 0.760 4.8
422.1 0.657 2.0 0.659 43
435.6 0.570 1.9 0.571 39
449.1 0.492 1.9 0.493 4.0
462.9 0.422 1.9 0.424 3.1
476.4 0.363 2.1 0.364 2.7
490.2 0.310 2.3 0.311 24
503.7 0.265 2.6 0.266 2.1
517.2 0.226 2.8 0.227 1.8
531.0 0.192 3.0 0.193 1.6
544.5 0.163 32 0.164 14
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Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
107" W m™ 102Wm?Hz") 107 Wm™ (x 107 W m™
Hz™) Hz™") Hz™")
Original Reconstructed

558.3 0.138 33 0.139 1.2

571.8 0.117 3.5 0.118 1.1

585.3 0.099 4.1 0.099 0.9

599.1 0.083 5.5 0.084 0.7

612.6 0.070 8.8 0.071 0.7

626.1 0.058 15.5 0.059 0.6

639.9 0.045 28.2 0.050 0.5

Appendix 2

All the original intensities and reconstructed intensities along with their uncertain-
ties relevant to Fig. 7 are listed below.

Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
1078 W m™ 1072wWm2Hz) 1008 wWm™? (x 10720W m™
Hz™) Hz™") Hz™")
Original Reconstructed
68.1 2.007 1.4 2.006 4.8
81.6 2.495 1.9 2.494 6.6
95.4 2.930 2.5 2.928 8.5
108.9 3.277 2.3 3.276 10.3
122.4 3.540 22 3.538 12.0
136.2 3.720 2.1 3.719 13.7
149.7 3.814 1.8 3.812 15.1
163.5 3.834 1.8 3.832 16.3
177.0 3.789 1.6 3.786 17.2
190.5 3.688 1.4 3.685 17.9
204.3 3.540 1.3 3.538 18.2
217.8 3.362 1.2 3.36 18.4
231.3 3.160 1.1 3.158 18.1
245.1 2.932 1.0 2.936 17.9
258.6 2.714 1.1 2.712 17.4
272.4 2.482 1.2 2.480 16.8
285.9 2.259 1.4 2.257 16.0
299.4 2.043 1.6 2.041 15.1
313.2 1.832 1.8 1.831 14.1
326.7 1.638 22 1.637 13.1
340.2 1.457 22 1.457 12.2
354.0 1.288 2.3 1.287 11.5
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Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
1078 W m™ 1002Wm?2Hz™") 1078 Wm™ (x 1072 W m™
Hz™) Hz™") Hz™")
Original Reconstructed
367.5 1.135 2.3 1.135 10.3
381.3 0.994 2.3 0.994 9.5
394.8 0.870 2.2 0.870 8.4
408.3 0.758 2.1 0.759 7.6
422.1 0.657 2.0 0.657 6.9
435.6 0.570 1.9 0.570 6.1
449.1 0.492 1.9 0.492 5.4
462.9 0.422 1.9 0.423 4.8
476.4 0.363 2.1 0.363 4.2
490.2 0.310 2.3 0.311 3.7
503.7 0.265 2.6 0.266 33
5172 0.226 2.8 0.227 29
531.0 0.192 3.0 0.193 2.6
544.5 0.163 32 0.164 22
558.3 0.138 33 0.138 1.9
571.8 0.117 3.5 0.117 1.7
585.3 0.099 4.1 0.099 1.4
599.1 0.083 5.5 0.083 1.2
612.6 0.070 8.8 0.070 1.1
626.1 0.058 15.5 0.059 0.9
639.9 0.045 28.2 0.050 0.8
Appendix 3

All the original intensities and reconstructed intensities along with their uncertainties
relevant to Fig. 8 are listed below.

Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
1078 W m™ 1072wWm2Hz) 1008 wWm™? (x 10720W m™
Hz™) Hz™") Hz™")
Original Reconstructed

68.1 2.007 1.4 2.020 3.6

81.6 2.495 1.9 2.513 4.8

95.4 2.930 2.5 2.953 6.3

108.9 3.277 2.3 3.305 7.6

122.4 3.540 22 3.573 9.0

136.2 3.720 2.1 3.758 10.2

149.7 3.814 1.8 3.855 11.2

163.5 3.834 1.8 3.878 12.1
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Frequency (GHz) Intensity (X Uncertainties (X Intensity (X Uncertainties
1078 W m™ 1002Wm?2Hz™") 1078 Wm™ (x 1072 W m™
Hz™) Hz™") Hz™")
Original Reconstructed
177.0 3.789 1.6 3.834 12.9
190.5 3.688 1.4 3.735 13.3
204.3 3.540 1.3 3.589 13.6
217.8 3.362 1.2 3411 13.7
231.3 3.160 1.1 3.209 13.6
245.1 2.932 1.0 2.986 13.4
258.6 2.714 1.1 2.760 12.8
272.4 2.482 1.2 2.526 12.3
285.9 2.259 1.4 2.301 11.8
299.4 2.043 1.6 2.083 11.2
313.2 1.832 1.8 1.870 10.4
326.7 1.638 22 1.673 9.8
340.2 1.457 22 1.490 9.0
354.0 1.288 2.3 1.317 8.3
367.5 1.135 2.3 1.163 7.6
381.3 0.994 2.3 1.019 6.9
394.8 0.870 22 0.892 6.2
408.3 0.758 2.1 0.779 5.6
422.1 0.657 2.0 0.675 5.1
435.6 0.570 1.9 0.585 4.6
449.1 0.492 1.9 0.506 4.1
462.9 0.422 1.9 0.435 3.5
476.4 0.363 2.1 0.374 3.1
490.2 0.310 2.3 0.320 2.8
503.7 0.265 2.6 0.274 2.5
517.2 0.226 2.8 0.234 22
531.0 0.192 3.0 0.199 1.9
544.5 0.163 32 0.169 1.6
558.3 0.138 33 0.143 1.4
571.8 0.117 3.5 0.121 1.2
585.3 0.099 4.1 0.102 1.1
599.1 0.083 5.5 0.086 0.9
612.6 0.070 8.8 0.073 0.7
626.1 0.058 15.5 0.061 0.7
639.9 0.045 28.2 0.051 0.5
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