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Abstract

The fragmentation of natural environments, generally a consequence of human activity, is one of the main threats to biodiversity. The
conservation or creation of ecological corridors is essential in an attempt to remedy this fragmentation. We propose a multi-species
model to help decision-makers select an optimal network of corridors from a very general potential network, within a budgetary
constraint. The selected network must link a given set of biodiversity reservoirs both spatially and biologically. It must therefore be
adapted to a given set of species, i.e. it must take account of the fact that certain corridors and reservoirs are more or less suitable for
certain species. The quality of the selected network is measured against the quality of the potential network. This network must also
take into account the distance certain species have to travel to connect reservoirs, as well as the possibility for certain species to con-
nect reservoirs even when certain corridors have become impassable, thanks to redundant paths. The proposed model is formulated
by a mixed-integer mathematical program. A small example illustrates the model and its resolution in detail. Experiments on larger

examples using one of the efficient commercial solvers currently available demonstrate the model's practicability.

Keywords Biological conservation - Habitat fragmentation - Landscape connectivity - Biological corridor network -

Multispecies - Mixed integer programming

1 Introduction

1.1 Biological Corridors to Counter
Landscape Fragmentation

Landscape fragmentation, mainly due to urbanization, agri-
culture and forest exploitation, is recognized as a major cause
of biodiversity loss (see e.g. [1-9]). It prevents species from
moving as they should because they would have to cross often
inhospitable spaces. These areas may, for example, lack food
resources or be home to numerous predators. The ability of
species to move smoothly between different habitat areas is
critical to their survival. For example, it can increase population
sizes, allow species to relocate to certain areas, maintain genetic
diversity, provide access to different habitats, and increase
food sources. Thus, preserving and/or restoring habitat con-
nectivity has been identified as a key conservation priority by
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government agencies and conservation organizations [10]. One
way of ensuring this connectivity is the establishment of cor-
ridors (see e.g. [2, 9, 11-16]) and this issue is the theme of this
study in which, for the sake of simplicity, a corridor network
is made up of two main components called biodiversity reser-
voirs and corridors. Establishing such a network is a complex
process that can be broken down into two phases (see e.g. [17,
18]): identifying a set of potential good-quality corridors link-
ing the reservoirs, then selecting some of these corridors to link
the reservoirs as best as possible, taking into account resource
constraints. The first phase is crucial. It is based on various
approaches such as species distribution modelling, least-cost
path analysis, resistance surfaces, circuit theory, expert opinion
and optimization techniques (see for example [19-25]). The
second phase is the subject of this article.

1.2 Biodiversity Reservoirs, Biological Corridors
and Target Species

The biodiversity reservoirs are territories with a particularly
rich biodiversity, not connected to each other, in which cer-
tain species find favorable conditions for their development.
The corridors are natural spaces — likely to be more or less
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developed — of different forms and nature linking biodiversity
reservoirs. They must themselves be areas favorable to the life
of the species concerned, to allow them to feed, rest and pro-
tect themselves from their predators during their movements.
They are highly dependent on the species of interest. In addi-
tion, some authors have also emphasized the value of corri-
dors in the context of climate change, as this will force many
species to migrate in order to maintain favorable habitats [26].
The fact that biodiversity reservoirs are linked by a network of
corridors may have certain disadvantages (see e.g. [27-29]).
Indeed, this network facilitates the circulation between reser-
voirs and is also an entry point to these reservoirs. It can there-
fore facilitate the spread of diseases, parasites, invasive species
and predators from one reservoir to another, but also facilitate
their introduction into all the reservoirs. Moreover, the efforts
to maintain the effectiveness of a corridor network which is
often very extensive consume significant human and financial
resources. Many references provide a thorough discussion of
corridor design and evaluation, including consideration of the
balance between the ecological benefits and economic costs of
maintaining or implementing corridors [28]. It should be noted
that in the literature on biological conservation, corridors have
multiple definitions and functions (see e.g. [2, 9, 11, 30-32]).
The reader is referred to [32] where an interesting literature
review is carried out to better understand the terminology relat-
ing to landscape connectivity. The establishment or restoration
of biological corridors has generally been considered for a sin-
gle species. However, given that many species are threatened
by landscape fragmentation, it is more effective, from a global
biodiversity protection perspective, to meet the needs of as
many species as possible (see e.g. [33, 34]). For example, it is
shown in [35] that designing corridors for a single species on
the basis of purely ecological criteria leads to extremely costly
links that are suboptimal for multispecies connectivity objectives.
Thus, connectivity modeling for multiple species has recently
received increasing interest [22, 25, 35—40]. Our study falls
within this framework. Of course, a corridor network developed
for a set of species may be less effective for a given species than
a corridor network developed specifically for that species [37].

1.3 Article Outline

In this study, we are interested in selecting under a budget
limit a set of corridors from a set of potential corridors link-
ing different biodiversity reservoirs. The selected network
of corridors must meet certain criteria for a set of target
species. It should be noted that while the costs of establish-
ing and maintaining a network of corridors are relatively
easy to evaluate, the evaluation of the benefits it provides is
much more delicate. They are evaluated here, globally for
all the species considered, by the following characteristics
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of the selected network: connectivity in the broad sense,
path redundancy (to deal with the partial destruction of cor-
ridors), and ecological quality [41].

In what follows, we detail the notions of biodiversity
reservoirs, potential corridors, target species and quality
of a network of corridors that are relevant to our study.
We then define more precisely the problem under
consideration — necessarily simplified with respect to
reality —and we show how to transform it into a mathematical
optimization model. This model is then solved using Gurobi,
a state-of-the-art commercial software package for this type
of mathematical model.

Several studies have already used mathematical program-
ming to model various aspects of the optimal design of a
corridor or corridor network (see, e.g. [17, 24, 42] and
references therein). The originality of our approach lies
essentially in the simultaneous consideration of the follow-
ing four aspects: generality of the potential network, consid-
eration of several species and their different behaviors, dis-
tances to be covered by the species in the selected network
and redundancy of certain paths in this network.

2 Natural Environment

Inspired by the checklist proposed in [30] for evaluat-
ing a corridor network we first define the habitat areas
the corridor network is designed to connect. In a second
step, we select several species of interest among the spe-
cies present in the reservoirs. In a third step, we identify
potential corridors linking pairs of biodiversity reser-
voirs and we deduce the routes likely to be taken by the
different species.

2.1 Biodiversity Reservoirs

Biodiversity reservoirs are natural areas of a single block
and of a significant size which present a remarkable biodi-
versity and in which live heritage species to be protected.
These species find there the favorable conditions to carry out
all or part of their life cycle (for example, feeding, reproduc-
tion, rest, wintering). We assume here that these reservoirs
are habitats for many species, some of which are threatened,
have some protected status, and will remain reservoirs in
the future [30]. We denote BR = {br}, br,, ..., br, } the set
of considered reservoirs. Figure 1 shows six hypothetical
biodiversity reservoirs. It is assumed that among the species
considered, some find a favorable habitat in certain reser-
voirs and an unfavorable habitat in other reservoirs. This
aspect is detailed in the next section.
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2.2 Species of Interest

Designing a network of corridors for a single species present
in these reservoirs may not meet the different ecological
requirements of coexisting species (see e.g. [33-35, 37]). In
addition as highlighted for example in [22] it is more eco-
nomical to design a corridor network suitable for multiple
species than to address multiple species one after another.
An important point in the design of a corridor network is
therefore that the network be relevant to as many species
as possible, hence the need for a multi-species approach
(see e.g. [33-35, 43]). Of course, it will be more difficult to
design a network of corridors that meets the needs of multi-
ple species simultaneously, as each species may prefer a dif-
ferent type of environment for movement. Several recent or
relatively recent references concern this aspect [22, 35, 37, 38].
As pointed out in [30] since, in practical terms, only a hand-
ful of species can be addressed rigorously it is necessary to
select umbrella species [44] whose protection is expected
to confer benefits on the greatest number of species and to

include species that have the greatest need for a corridor (see
e.g. [30] and references therein). We therefore assume here
that we have selected a set of species meeting these criteria
from among those present in the different biodiversity reser-
voirs. We denote S = {s,, 5,, ..., 5, } the set of considered spe-
cies and M = {1, 2, ..., m} the set of corresponding indices.
We distinguish three types of reservoirs. Some reservoirs
constitute a favorable habitat for certain species. For exam-
ple, a woodland-type reservoir will be more or less suitable
for different species, depending on the type and age of the
trees, the shape and size of the reservoir, the management
practiced, etc. [45]. It could be that all reservoirs are suit-
able for one or more species. Some reservoirs do not pro-
vide suitable habitat for some species, but it is assumed that
these species may still pass through these reservoirs during
their movement. Finally, some reservoirs may be hostile to
certain species and we assume that the movements of these
species in the corridor network are undesirable through these
reservoirs. For example, certain urban or agricultural envi-
ronments are hostile to many species, but some of them,
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Fig. 1 A set of 6 hypothetical biodiversity reservoirs linked by potential corridors
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particularly commensals, thrive in this environment. This
is the case for certain rodents and birds, which find all the
resources they need [46]. In Fig. 1, four species sy, s,, 55, and
s, are concerned, reservoirs br,, br,, brs, and br, are favora-
ble to species s,, reservoir br, is not hostile to this species
and reservoir br; is hostile to it.

2.3 Potential Corridors

Some pairs of reservoirs are connected by potential corri-
dors and others are not. In fact, we are interested in all kinds
of structures likely to be used by species — after possible
development — to link reservoirs. To simplify the presenta-
tion, we call these structures potential corridors. A poten-
tial corridor linking two reservoirs is made up of one or
more segments. If it consists of several segments, it passes
through one or more intersection (or intermediate) points.
We denote I = {I,,1,, ..., 1,} the set of intersection points.
A segment thus connects two reservoirs or a reservoir and
an intersection point or two intersection points. Any two
potential corridors may have one or more segments in com-
mon. Several potential corridors may connect the same two
reservoirs and these corridors may or may not have common
segments. Several parallel segments may connect the same
two points on the landscape. This possible structure of the
network of potential corridors is of interest in the context of
a multi-species study, since, as explained below, the various
segments may be suitable for some species but unsuitable
for others. Regardless of the multi-species aspect, a certain
amount of redundancy between segments can help main-
tain a functional network when, for various reasons, one of
the segments becomes unusable (see Section 3.5). When
f segments (f > 1) connect the same two points p; and p,
of the set BR U I, we designate these segments by [p,,p,]",
[pl,pz]z,...,[pl,pz]ﬁ. Each segment has a cost. It may rep-
resent land purchase costs, maintenance costs (depending
in part on its length), ecological costs or social costs. The
overall cost of a corridor network is equal to the sum of the
costs of the segments that make up the network. As pointed
out for example in [12, 39, 47], the potential corridor cannot
be separated from the species under consideration. Thus, for
various reasons, some of the segments may be considered
inadequate for the movement of certain species even after
some restoration [25]. Some segments may have obstacles
such as roads, rivers or fences that are impassable for some
species. Some segments may not have enough shelter and
food to allow some species to use them for a sufficiently
long time. All kinds of human activities can also prevent
certain species from using certain potential corridors [48].
Of course, a corridor can be used by a given species only if
all its segments can be used by that species. See, for exam-
ple, [30] for an assessment of the suitability of each potential
corridor to support movement of the species of interest. For
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example, Fig. 1 shows that there are 3 different corridors
connecting reservoirs br, and brs. The first one is formed
by the only segment [br,, brs], the second one by segments
[bry.I,], [1,,1,]' and [I,,brs], and the third one by segments
[br,.1,1, [1;.1,]% and [I,,brs]. The first corridor cannot be
used by species s, and the last two corridors share the 2 sec-
tions [bry,,/,] and [1,,brs].

3 Problem Description

The problem is to determine an optimal corridor network
made up of potential corridors only, and satisfying both spa-
tial properties (existence of links between two reservoirs,
distances between reservoirs and redundancy of some paths)
and biological properties (corridors and reservoirs suitable
for some species but not others, corridor quality according
to species). The way in which the network is assessed and its
expected properties are described in detail below.

3.1 Objective

The goal is to obtain the best network of corridors that meets
certain criteria. But measuring the quality of a corridor net-
work is a challenge in reality, especially since what consti-
tutes a good quality corridor is likely to vary according to
the species [41, 49, 50]. Indeed, the sensitivity of a species
to its habitat can largely determine the perceived quality of
the corridor [50], and a corridor that is not of good quality
for a given species may be rarely used by that species [41].
The quality of each segment may depend on its width, length
and habitat type, the presence or absence of shelters, hiding
places, food, obstacles that are more or less easy to over-
come, predators, nearby dwellings, etc. In short determining
the quality of a corridor network is a complex task requiring
long and careful observation of species movements.

We associate to each potential segment a quality depend-
ing on the species considered. The quality of the selected
network is equal, for each species to the sum of the qualities
of the segments selected to form this network, provided they
constitute a section of the corridors that can be used by this
species to link directly (i.e. without passing through other
reservoirs) two reservoirs whose habitat is favorable to it.
We look for a network of corridors that maximizes, for each
species, the ratio between the quality of the selected net-
work and the quality of the network that could be selected in
the absence of budget constraints. This ratio we call quality
score ranges from O to 1. In other words, we aim to build a
network of corridors using the most ecologically interesting
potential segments for each species. Since several species
are considered simultaneously, it is impossible to obtain a
maximum quality score for each species. We have therefore
chosen the weighted sum of the quality score of each species
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as the economic function to maximize. In a classical way, the
weights allow to give more or less importance to the differ-
ent species. We denote w, the weight associated with species
s, For example, let us calculate the quality score of the solu-
tion shown in Fig. 3 for species s, when the quality of each
segment that can be used by this species is equal to 1. The
quality of the selected network is equal to 6 and the qual-
ity of the network that could be selected in the absence of
budget constraints is equal to 12 (see Section 6 for detailed
calculations). The quality score is therefore equal to 0.5.

3.2 Budget

The cost of the corridor network is equal to the sum of the
costs of each segment composing the whole network. This
cost must be less than the available budget, B. Of course, if
the same segment belongs to more than one selected cor-
ridor, it is only counted once. Many models presented in
the literature seek to minimize certain aspects of the cost
associated with defining a corridor network. Here, we con-
sider a budget limit that likely improves the relevance of the
model for conservation planners, who generally operate in
an environment with limited budgets [51]. The solution in
Fig. 3 costs 25 units. Note that there is no feasible solution
with a cost lower than 25 given the various criteria that the
network must meet.

3.3 Network Functionality

The selected network must allow each of the considered
species to move, from reservoir to reservoir, through all
the reservoirs that are suitable for it, using only corridors
where all the segments can be used by it and not passing
through reservoirs that are hostile to it. Figure 3 shows a
feasible solution. For example, species s; can move through
reservoirs bry, brs, bry, brs, and brg without passing through
reservoir br, and without using segment [br;,/,]".

3.4 Travel Distances

The network must respect constraints concerning the dis-
tances (or number of segments) that species must cover to
move between the different reservoirs, taking into account
the selected corridors [52, 53]. The smaller these distances,
the easier it is for species to move within these reservoirs.
This aspect, which is to some extent linked to network den-
sity, can be taken into account in several ways. The first
requirement that can be taken into account in our model
is that, for a given set of species, the reservoirs favorable
to these species must not be too far apart. To this end, we
require that, for each species s, of the set, there must be a
vertex called center (depending of k), such that the number
of segments (usable by the species s;) to be covered in the

network to reach each all the reservoirs favorable to s, from
the center is less than or equal to a certain value. This value
is called the radius of the network for the species s, and is
noted ;. The center vertex is either a biodiversity reservoir
or an intersection point.

We also allow for the possibility of introducing con-
straints on the distance certain species must travel to con-
nect some pair of reservoirs. Thus, for some species, these
distances — or number of segments — must be less than or
equal to a specified value.

For example, the radius corresponding to the solution in
Fig. 3, for species s,, is equal to 3 and the center is the inter-
section point /;. It can be checked on this figure that from the
intersection point /; the species s, can reach the reservoirs
br,, br,, brs, and bry by going through at most 3 segments.
This figure also shows a solution that ensures species s; can
connect reservoir br, to reservoir brs through at most 3 seg-
ments, the segments [br,,/,], [/, 12]1, and [/,,brs].

A third way to control the distances to be travelled
in the selected network could be to seek a compromise
solution between network quality and the total number of
segments — or total segment length — making up the network.
One way of doing this would be to optimize an economic
function including the two above-mentioned criteria with a
certain weighting (see Section 5.5).

3.5 Path Redundancy

It may be of interest that the selected corridor network has
some redundancy in that several of the selected corridors
may allow the same species to move between two given
reservoirs using a corridor or a succession of corridors.
This can happen if the budget is not too limited or if dif-
ferent species can use common corridors. This redundancy
is interesting in that it can reduce the impact of corridor
loss. For example, we see in Fig. 3 that species s; can use
to connect the two reservoirs br; and br; either the corridor
formed by segments [br},/|], [11,12]1 and [I,,brs] or a succes-
sion of two corridors. The first one connects br; to br; and
is formed by the segments [br,.1,1, [I;.I,]' and [I,,br;]% the
second one connects br; to brs and is formed by the seg-
ment [br;,brs] only. We introduce into our model the pos-
sibility of imposing even greater redundancy by requiring
the selected corridor network to comprise two completely
disjoint routes — using different segments — for given pairs
of reservoirs and species. Thus, the unavailability of all or
part of one route will not prevent the movement of certain
species between certain reservoirs. This network property
can be interesting to consider for example for a threatened
species living in a small number of reservoirs. Thus we can
impose, for certain indices k, b and e, that there are two
different routes that can be taken by species s, to connect
reservoirs br, and br,. For example, in the solution shown in
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Fig. 3 the species 53 can connect reservoir br; to reservoir brg
by two disjoint routes. The first route is formed by segments
[brs,brs], and [brs,br6]1 and the second by segments [br3,12]2,
[1,,brs], and [brs,brg]>.

4 Graph Formulation

We associate the potential corridor network with the directed
graph, G = (X, A). The set of vertices, X, is formed by associat-
ing to each element of the set constituted by the reservoirs and
the intersection points, BR U 7, a vertex of this graph. We pose
X={1,2,...,N}. The vertices corresponding to the biodiversity
reservoirs, br;, br,, ..., br,, are numbered from 1 to n and the
vertices corresponding to the intersection points, 1, I, ..., Ip,
are numbered from n+1 to N=n+p. The set of arcs A is con-
structed by associating to each potential corridor segment con-
necting two points of BR U I two symmetrical arcs (i,j) and
(7,i) where i and j are the two vertices associated with the two
points of BR U /. Note that G is a multigraph since several
corridor segments can connect two same points. If a single arc
goes from vertex i to vertex j it is noted (i), if § arcs (f > 1)
go from i to j they are noted (i, j) (i, /). ..,(i, j)’. For exam-
ple, in Fig. 1, two segments connect the intersection points /;
and 7, and two other segments connect the reservoirs brg and
bre. Figure 2 shows the graph associated with the hypothetical
potential corridor network in Fig. 1. This figure also shows the
cost associated with each segment. As a consequence of what
we have seen in the previous paragraphs, we distinguish for
each species different subsets of X and A.
Notation:

V = {1, ...,n}: set of vertices associated with biodiversity
TeServoirs.

Z={n+1,..,n+p}: set of vertices associated with
intersection (or intermediate) points.

Vi, €V (k € M): set of vertices associated with reservoirs
suitable for the species s,.

Vk C V (k € M): set of vertices associated with reservoirs
not hostile to the species .

‘_/k C V (k € M): set of vertices associated with reservoirs
hostile to the species s,.

A, C A (k € M): set of arcs associated with segments that
can be used by species s;. Note that arcs whose initial or
terminal end belongs to \_/k are not part of A;.

A C A: set of arcs formed by the only arcs of A connecting
two vertices i and j such that i <j.

Kk C Ay (k € M): set of arcs formed by the only arcs of A
connecting two vertices i and j such that i <j and associ-
ated with segments that can be used by species s,.

ék @ Zk (k € M): set of arcs associated with segments
forming a potential corridor that can be used by the spe-
cies s, to link 2 reservoirs that are favorable to it.

@ Springer

6 (bré)

5 (br5)

Fig.2 Graph associated with the potential corridor network of Fig. 1.
Each edge connecting two vertices i and j (belonging to {1,...,10})
represents an arc from i to j and an arc from j to i. The cost associated
with each corridor segment is indicated on the associated edge. For
example, the cost of the segment connecting vertex 1 (which repre-
sents the reservoir br,) to vertex 7 (which represents the intersection
point /) is equal to 2

Given these notations, the problem consists of selecting
an optimal subgraph of G that verifies the following prop-
erty: for all k € M and for any pair of vertices {i,j}, i <j,
belonging to V, this subgraph admits a path from i to j using
only arcs of A, and not passing through any vertices of \_/k.
It is assumed that the graph G verifies this property.

5 Mixed Integer Programming
(MIP) Formulation

In this section, we formulate the model as a mixed integer
program, based on the graph associated with the problem
and defined in the previous section. The economic func-
tion is linear, as are all the constraints, with the exception
of those concerning network radii (Section 3.4), which are
quadratic. An optimization problem that can be formulated
directly by a mathematical program using only linear expres-
sions is generally easier to solve than a problem requiring
quadratic expressions.

5.1 Data and Notation

U: set of corridors. Each corridor is considered only once,
from one of its ends, i, to its other end j with i <j. If a single
corridor connects vertices i and j, it is denoted [i,f]; if y cor-
ridors (y> 1) connect i and j, they are denoted [i,j]',... [i,j]".

U, (k € M): setof corridors that can be used by the species ;.
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Fig.3 An optimal corridor net-
work selected from the potential
network in Fig. 1, when the
weight assigned to each species
is equal to 1, when the available
budget is equal to 25 and when
the following characteristics
must be respected: the radius
imposed for species sy, 55, 53,
and s, are equal to 4, 3, 3, and
4 respectively, species s; must
have two disjointed routes with
a maximum of 5 segments in
total to link br; and brg, species
s, must have a route with at
most 3 segments to connect br;
and brs, and species s; must
have a route with at most 3 seg-
ments to connect br; and bry

Biodiversity Potential
reservoir; linear
s; :habitat favorable corridor

for s;; s; :not for S

c, (ae A): cost of the arc a; it is equal to the cost of the
segment associated with it.

Grqa k€M,a e ;lk): quality of the segment associated
with the arc a for the species s;.

O, (k € M): quality of the selected network for the spe-
cies s, (see Section 3.1).

ék (k € M): quality of the potential network for the spe-
cies s (= Zaeék o)

O /@k (k € M): quality score for the species s,.

Sec(u) (u € U): set of arcs included in Aand correspond-
ing to the segments that constitute the corridor u.

5.2 Variables

X, (a € A): Boolean variable equal to 1 if and only if the
arc a is selected. Recall that two symmetric arcs are asso-
ciated with each corridor segment.

o, (keM,ae ék): Boolean variable equal to 1 if and
only if at least one corridor that can be used by species s,
and contains the arc a is selected.

v, (u € U): Boolean variable equal to 1 if and only if the
corridor u is selected.

= 4;‘» : ; E
P : H A Si I:I
Potential  Potential Intersection Selected Obstacle to Surrounding
stepping  landscape point section movement matrix
stone corridor _for species §;

corridor

@rq.(k € M,a € A,): positive or zero variable representing
the flow on the arc a and used to model the network functionality.

Tein (keM,ieV,he{0,..,r.}): Boolean variable that
is equal to 1 if and only if the value # is assigned to vertex
i for species s;; it is used to model the upper limit of the
radius imposed on the network for species s;,.

Vi. (k € M,a € A;): Boolean variable representing the
flow on the arc a and used to model the limit on the maximum
number of segments to travel to connect two given reservoirs.

Mo (k € M,a € A}): Boolean variable representing the
flow on the arc a and used to model the path redundancy criteria.

5.3 Economic Function and Budget Limit

The objective to be maximized given the available budget is
described by the mathematical program

maxf = Zkeka(Zaequk,aak,a/Zaequk,a)

T ak,a < ZueUk:aeSec(u)yu ke M’a € ék (1)
s.t.ly,<x, u e U,a € Sec(u) (2)
2ouia¥a < B ©)
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The expressions Zaeék Grq %o and Zae& 4y TEpresents

the quantities Q, and @k defined previously, respectively.
The economic function f thus represents the weighted sum
over all species of the quantities Qk/ék. Because of con-
straints (1) and the function fto be maximized, the Boolean
variable a; , takes the value 1 if and only if at least one of
the corridors that can be used by s, and that includes the
segment associated with arc a is selected. According to con-
straints (2), if a corridor u is selected (y,=1), then all the
segments making up this corridor must be selected. Note
that, for each species s;, the working variables o, , must be
used in addition to the x, variables associated with the seg-
ments that can be used by species s,, in order to avoid select-
ing in the optimal solution a segment that would improve the
economic function but which could not be used by species
s, to link two vertices of V, (as it does not belong to a
selected corridor linking two reservoirs of V;). According to
constraint (3) the sum of the costs of all selected segments
must be equal to or less than the available budget B. Note
that a simple modification of the economic function allows
us to select, from all the solutions that maximize this func-
tion, the one with the lowest cost. To do this, we simply
subtract from f the cost of the solution affected by a suffi-
ciently small coefficient ¢, i.e. the expression € }} 7 ¢,X,.
In expressing our objective the quality of a segment var-
ies according to the species likely to use it, but we make
the assumption that this quality is the same for all the cor-
ridors comprising this segment and likely to be used by
this species, which may be restrictive. Indeed, the interest
of a segment in the course of a corridor may depend on the
characteristics of other segments of the same corridor. One
way of overcoming this restriction is to assign a quality to
each segment, depending on both the species and the cor-
ridor. We note g, , (k € M,a € Ak, u € U}) this quality for
species s, the segment associated with arc a and corridor
u. For species s,, the quality of the selected (or potential)
network is then equal to the sum, over all the corridors of
the selected (or potential) network that can be used by s,
of the quality of the segments making up these corridors.
With this modification, the economic function becomes

ZkeM Wk[(ZuEUk Yu ZaeSec(u) qk,a,u)/(szeUk ZaeSec(u) qk,a,u)]

under constraints (2) and (3).
5.4 Network Functionality

In order to allow the various species to move into the res-
ervoirs that are favorable to them, the selected subgraph
of G must verify the following property: for all k € M,
this subgraph admits a connected subgraph whose set of
vertices includes all the vertices of V, and possibly some
vertices of V, U {n + 1, ..., N} and whose edges belong to
A,. This problem (for a given species) is known as the

@ Springer

Steiner tree problem [54—-57]. Several mixed-integer linear
programming formulations have been formulated for this
problem. We retain here a relatively simple formulation,
based on the notion of flow in a graph [9, 58-61] and
given by

ZaeQZ(i)(Pk,a - Zaeg;(;)(Pk.a =—lkeMieV,i#i, 4
F: Zaeﬂ;’(i)(pk,a - Zaeg;(i)(Pk,a =0 keM,ieV,UZ 5)
Pra S (n=1x, keM,a €A, 6)
X, =% a€A %)

For each vertex i of V and for each species s; of S, Q;:(i)
(resp. €, (i)) denotes the set of arcs of A whose initial (resp.
terminal) end is i and which can be used by s;. According
to constraints (4), for each species s, and each vertex of V;
(mandatory vertex in the searched subgraph), except vertex
i0- the sum of the flows arriving on this vertex by arcs
suitable for s, minus the sum of the flows leaving from this
vertex on arcs suitable for s, must be equal to -1. Vertex iy
is any vertex of V. According to constraints (5), for each
species s, and each vertex of V, U Z (authorized crossing
points), the sum of the flows arriving on this vertex by arcs
suitable for s, minus the sum of the flows leaving from this
vertex by arcs suitable for s, must be equal to 0. Constraints
(6) express the fact that if the flow ¢, , is positive then
the arc a is retained. Constraints (7) force the equality of
the two variables x, and x; corresponding to the two sym-
metrical arcs, a and & associated to the same segment. The
arcs a € A such that x,=1 and their extremities form the
searched connected subgraph.

5.5 Travel Distances in the Network

For some species s, € S, the first requirement defined in
Section 3.4 (radii that must not exceed certain values for some
species) is reflected in the set of following constraints:

Eievku@uztkvi,o =1 ®
Zen, tein =1 i€V, ()
Lein < Zaesz;(,-) Xalkini@n-1 L € ViU VUZ, h e Hi,h>1 (10)

Rad(s;):

We obtain a family of constraints by considering dif-
ferent values of k, possibly all. Constraint (8) expresses
that, for the species s;, one and only one of the vertices
of V, UV, UZ must be chosen as center (value or level
0 assigned to this vertex). Constraints (9) express that,
for the species s;, one and only one value (belonging to
H,={0,1,...,r,}) must be assigned to each vertex of V,.
Constraints (10) express that the Boolean variable 7 ; , can
take the value 1 if and only if an arc a € A, whose terminal
extremity is i and whose initial extremity (init(a)) has the
value h-1 has been selected. In other words, the value 2
can only be assigned to vertex i if the value A-1 is assigned
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to one of its predecessors, j, (j,i) being an arc that can be
used by s,. Similar constraints, based on a recursive defi-
nition of some variables, are used in [62] for finding, in a
graph, a clique with the minimum distance to the outside
nodes and in [63] for determining a spanning tree with a
given height but here constraints (10) are quadratic since
they involve the product of the Boolean variables x and ¢.
If the mathematical program solver at our disposal is una-
ble to handle this type of constraint, there are simple and
classic linearizations of the product of two Boolean vari-
ables, but at the cost of a substantial increase in the num-
ber of variables and constraints. One way to linearize the
product of two Boolean variables v, and v, is to replace the
product v,v, by the variable v,, and add the following four
constraints to force the variable v, to be equal to the prod-
uct vivy: vip SV, v vy, 1=y —vy + v 20,v, 2 0.
Thus, if we want to use a linear formulation of these con-
straints on the radii of the network, we replace constraints
(10) by the set of following constraints:

fin S Dacor o Faki-1 i€ViUV,UZheH,h21

Aadn=1 = Uiniar -1
(10"): 9 Ay <X
@kh=l ="a a€ALheH, h>1
1= teinii-1 = %a + Aajen 2 0

Aan-1 20

where the variable 4, ,_, represents the product x,#; iyiva) 4—1-

The second requirement defined in Section 3.4 con-
cerns certain species and pairs of reservoirs. Remember
that it imposes the existence, in the selected subgraph,
of a path suitable for species s, connecting both verti-
ces b and e of V, and comprising a number of arcs less
than or equal to a given value L. For a given quadruplet
(sgbr,,br,,L), this requirement is reflected in the set of
following constraints:

Zueﬂ:‘(b)wk,a =1 1
Zneﬂ;(b)wlx,a =0 (12)
Dist (s, br,, br,, L): Z”EQI(G)W’“ =1 (13
Zaeﬂ;(i)‘l’k,u = ZaEQI(i)Wk,a ieV,i#bite (14)
ZieaWea SL (15)
Yia S X, a€A, (16)

We obtain a family of constraints by considering dif-
ferent quadruplets. Constraint (11) imposes that a flow
of value 1 circulates on one and only one of the arcs of
A, whose initial extremity is b. Constraint (12) imposes
that no flow circulates on the arcs of A, whose terminal
extremity is b. Constraint (13) imposes that a flow of value
1 circulates on one and only one of the arcs of A, whose
terminal end is e. Constraints (14) impose the conserva-
tion of the flow at each vertex different from b and e on

the arcs of A,. Constraint (15) expresses that the number
of arcs of A, to be traversed by the species s, to connect b
to e must be less than or equal to L. Constraints (16) force
to retain the arc a (x,=1) if the flow on the arc a is equal
to 1 (y;, = 1). Note that it is easy to replace the limit on
the number of arcs, L, by a limit on the total path length
between b and e.

As discussed in Section 3.4, it is possible to control the
distances to be covered in the selected network by consid-
ering two weighted criteria in the economic function, net-
work quality on the one hand and total length on the other.
The economic function to be maximized then becomes
f'=0,f -6, il.x, where 6, and 6, are the weighting
coefficients (positive or zero) of the criteria and where [,
designates the length of segment a.

5.6 Path Redundancy in the Network

This property also concerns certain species and certain
pairs of reservoirs. Remember that the path redundancy
requirement defined in Section 3.5 imposes the existence,
in the selected subgraph, of two paths that can be used
by species s,, disjoint in the sense of arcs and connecting
both vertices, b and e, of V,. We also impose that the total
number of arcs making up the two routes must be less
than or equal to a given value L. Note that if this limit
on the number of arcs is not appropriate, it suffices to
give L a sufficiently large value. The search for disjoint
paths connecting two given vertices of a graph is a classic
application of flow theory (see e.g. [64]). Formulate this
problem using linear programming in Boolean variables:
for a given quadruplet (s;,br,,br,,L), the path redundancy
requirement is reflected by the set of following constraints:

Eath(b)Mk.a =2 (17)
Ycar tybra =0 as)
Re(s;, br, br,, L): Z"EQI @Hea =2 (19
TocopiHia = Lacas iHia 1 € Voi# biid e (20)
Yer Hia SL ()
Hra <X, a€A, (22)

We obtain a family of constraints by considering different
quadruplets. Constraint (17) imposes that a flow of value 1
circulates on exactly two arcs of A, starting from b. Constraint
(18) imposes that no flow circulates on the arcs of A, arriving
on b. Constraint (19) imposes that a flow of value 1 circu-
lates on exactly two arcs of A, arriving on e. Constraints (20)
impose the conservation of the flow at each vertex of V differ-
ent from b and e for the arcs of A;. Constraint (21) expresses
that the total number of arcs of A, to be traversed by the spe-
cies sy to connect b to e by two distinct paths must be less than
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or equal to L. Constraints (22) force to retain the arc a (x,=1)
if the flow on the arc a is equal to 1 (y, = 1).

5.7 Summary of the Mathematical Program
for the Problem

In summary, the following mathematical program is associ-
ated with the considered problem:

maxf
H-
Rad(s;) k€K,
Dist( s, bry, br,, L) (k,b,e,L) € D

®): | Re(s;, bry, br,, L) (k,b,e,L) ER

s.t.| x, € {0,1} a€A
@ € 10,1} keMaeh,
Viar Hia €101}, 04,20 k€ M,a € Ay
Y. € {0, 1} ueu
tein € (0,1} keM,ieV,he(0,..r}

where K is a given subset of M, and both D and R are given
sets of quadruplets included in M X V x V x N (N is the set
of positive integers). In the quadruplets (k, b, e, L) of D and
R,beV,ande € V,.

6 lllustrative Example

We consider the hypothetical potential network of corridors
presented in Fig. 1. It links 6 biodiversity reservoirs and 4
species are considered. The habitat of some of the reservoirs
is unfavorable to some species. There are 19 corridor segments
in the network, but some of these segments cannot be used by
certain species.

Figure 2 shows the graph — drawn with Graph Online
software (https://graphonline.ru/fr) — associated with the
considered network with the cost of each segment. In
order to facilitate both the reading of the problem and
the interpretation of the solutions, we consider that for
any species s, the ecological qualities of all the segments
(that can be used by species s;) are equal to 1. In this
case, the economic function measures the ratio of the
number of segments that the species s, can use in the
proposed solution to the number of segments that this
species could have used if the entire potential network had
been selected. An optimal solution, i.e. an optimal selec-
tion of corridors satisfying a set of constraints, detailed
in the legend to Fig. 3, was obtained in a few seconds by
solving the program (P) with the mathematical program-
ming solver Gurobi [65]. All the experiments presented
in this article were carried out using the ampl language

@ Springer

(version 2022-10-13) [66] to model the program (P) and
Gurobi (version 10.0.1), a solver based on the most effi-
cient algorithms available today, to solve it. The experi-
ments have been performed on a PC with an Intel Core i7
1.90 GHz processor with 16 Go RAM. Figure 3 presents
this optimal solution. The cost is equal to 25. The cent-
ers for species s, §,, 53, and s, are points br;, I, /;, and
br;, respectively. The two disjoint routes with no more
than 5 segments in total that allow species s; to connect
br; and brg are formed, on the one hand, by segments
[brs,brs], [br5,b1r6]1 and, on the other hand, by segments
[brs, 1], [I5,brs], [brs,br¢]%. The route with at most 3 seg-
ments allowing species s, to connect br to brs is formed
by segments [br,I,], [I,.1,]", [I,,brs]. The route with at
most 3 segments allowing species s; to connect br; to brg
is formed by segments [brs,brs] [brs,bry]".

Let us calculate as an example the part of the economic
function corresponding to the species s,, i.e. O, /52. In the
potential network, all segments except [br;,br;], [br;,/;],
[br,.15], [br3,12]1, [br3,12]2, [brs,brs], and [brs,brs] can be
used by species s, to connect two reservoirs whose habitat
is favorable to it, i.e. 12 segments. Among the segments
retained in the proposed solution, only segments [br,,/,],
[bry,I,], [brs,brg]?, [bry.I,1, [1;,1,], and [brs,I,] can be used by
species s, to connect two reservoirs whose habitat is favora-
ble to it. The quantity Qz/é2 is thus equal to 6/12=0.5.
By calculating Q, /ék for all other values of k we obtain an
overall value of the economic function equal to 2.20.

We observed that introducing a second criterion
corresponding to the number of selected segments (see
Sections 3.4 and 5.5) did not alter the optimal solution
for this (highly constrained) instance, even if we put a lot
of emphasis on this second criterion. We then considered
exactly the same instance, but increased the budget from
25 to 30 units. The solution obtained with the single quality
criterion is that shown in Fig. 3, to which we add the 3
segments [br,,/5], [br,,15], [15.],] and remove the segment
[bry,I,]. It costs 30 units. The solution obtained with both
criteria, giving three times more importance to the first
criterion (6, = 3,6, = 1, see Section 5.5), is exactly the one
shown in Fig. 3, and therefore costs 25 units. In this case,
we can see that taking both criteria into account leads to
not using the entire budget, so as not to select segments that
could be considered useless in a certain sense.

7 Experiments on Large-sized Instances

We have formulated an optimization problem related to the
selection of a network of biological corridors by a mixed
integer mathematical program in which all constraints are
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linear except for one family of constraints which are quad-
ratic. These constraints are easy to linearize if the avail-
able solver cannot handle them (see constraint (10’) in
Section 5.5). As we can see the linear formulation makes
the program somewhat heavier, since it requires many
additional variables and constraints. On the other hand, we
found that the formulation (quadratic or linear) has little
influence on the computation times required to solve (P).
This is illustrated on the second instance of this section,
which we solved using both formulations.

We also tested this program on a small network with
10 vertices and 19 arcs. In this case the solution is
obtained instantaneously using an efficient commercial
solver like Gurobi. But, as it is well known to
optimization specialists, it is not because one succeeds in
formulating an optimization problem by a mathematical
program, even if it is a mixed integer linear program,
that one is sure to be able to solve this problem. Indeed,
a combinatorial explosion can prevent from obtaining
the solution in a reasonable time. We therefore tested
the program (P) on a hypothetical network with 50
vertices (40 biodiversity reservoirs plus 10 intersection
crossing points) and 81 segments, resulting in 100
different corridors connecting pairs of biodiversity
reservoirs. In the first instance, we consider that 10
species are concerned. The graph associated with this
network and the costs for each segment are shown in the
Appendix (Fig. 4). The description of this first instance
(biodiversity reservoirs and corridor segments suitable
or unsuitable for different specie) and the various
criteria to be met (radii, distances separating certain
pairs of reservoirs and redundancy of certain paths) are
summarized in Table 1. The available budget is equal to
245 (60% of total potential network costs) and for any k
of M, the weight, w, is equal to 1. The optimal solution
to this problem (presented in Fig. 4) is obtained in just
a few seconds whatever the formulation used (linear or
quadratic) to express the values imposed on the radii.
We have also tested the resolution of the program (P)
on a second instance: the network of potential corridors
is that shown in Fig. 4, the number of species involved
is equal to 20, a maximum radius is imposed for each
species (equal to 8 for the first ten and 10 for the next
ten) and all reservoirs offer favorable habitat for all 20
species. In addition, certain species cannot use certain
segments of potential corridors, and certain distance
and path redundancy constraints must be respected.
This information is summarized in Appendix, Table 2.
In order to test the model in its entirety, we introduced
in this second instance the ecological quality of each

potential segment by arbitrarily assigning these segments
and for each species a score between 1 and 4. We tested
the resolution of (P), as well as the resolution of the
linearization of (P) obtained by replacing constraints
(10) with constraints (10"), for different values of the
available budget. Noting C as the sum of the costs of each
potential segment, we considered budget values equal
to p C for different values of p between 0.5 and 0.9. The
computation times required to solve either the quadratic
or the linear formulation of the problem are shown in
Table 3 in the Appendix. Not surprisingly, resolution
is very fast when the budget is far from sufficient to
obtain a solution, or when, on the contrary, it is more
than sufficient. Intermediate cases require considerably
more computing time. This is true for both formulations.
Note that, at least under our experimental conditions,
the quadratic formulation is slightly more efficient than
the linear one.

8 Discussion

Given the recognized importance of biological corri-
dors in combating landscape fragmentation, the problem
of identifying potential corridors suitable for a given
species has been widely studied. The same cannot be
said for the problem of selecting an optimal network
of corridors from a potential network, the subject of
this article. To the best of our knowledge, publications
concerning this problem consider a relatively simple
potential network (e.g. a set of pairs of patches linked
by a corridor) and the properties that the selected net-
work must verify are essentially connectivity properties,
independent of species except possibly through the defi-
nition of potential corridors. The objective is generally
cost minimization.

One of the major originalities of this study is that the
potential network considered is very general, both in terms
of its structure (it admits parallel sections and intersections
between sections) and its functionality with regard to all
the species considered (the properties of biodiversity res-
ervoirs and sections can be species-dependent). This poten-
tial network is therefore likely to well represent a concrete
potential network.

The connectivity of a corridor network, i.e. the ability
of a given species to link a set of patches (or biodiversity
reservoirs), is often considered in biological conserva-
tion literature. The connectivity of the network is then
equivalent to the connectivity of the associated graph.
The simultaneous consideration of several species
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complicates matters. The originality of our study lies
in the fact that although only one network is selected,
it must satisfy connectivity properties specific to each
species considered. This means taking into account the
fact that certain sections of corridors and certain res-
ervoirs are not suitable for certain species. The same
applies to limits on the distances that species must cover
to access all the reservoirs that are favorable to them.
This constraint on distances may differ from one species
to another. In the same vein, our model also allows for
more precise distance constraints: the minimum distance
between two reservoirs must be less than or equal to a
given value. This notion of path length and its modeling
by mathematical programming is not new to graph the-
ory. The advantage here is that it can be easily integrated
into the model.

A certain amount of redundancy in the network is inter-
esting for reducing the impact of corridor loss. Redun-
dancy means that a species can use different corridors
to link two reservoirs. This property translates into the
existence of disjoint paths between two given vertices of
a graph, which is a classic application of flow theory. It
is then not difficult to formulate this problem using linear
programming in Boolean variables and integrate it into the
general model. The interest here lies in its transposition to
the corridor selection problem, which to our knowledge
has not been done.

Many studies in the literature seek to select minimum-
cost corridors respecting certain properties. In this arti-
cle, we have chosen to select a maximum-value corri-
dor network within a budget constraint, which we feel
is more likely to help conservation planners make deci-
sions. However, measuring the value of a corridor net-
work designed for the movement of several species is a
difficult task. We propose a new measure of this value:
for each species the value of the selected network is equal
to the ratio between the quality of the selected network
and the quality of the network that could be selected in
the absence of budget constraints. Here, the quality of
a network is equal to the sum of the species-dependent
qualities of its component parts.

To the best of our knowledge, this is the first time
that a method has been proposed for selecting an optimal
network of corridors, simultaneously integrating all the
aspects mentioned above and thus enabling a situation
close to reality to be described. As a general rule, the
more global the optimization problem, the more difficult it
is. So it is often necessary to decompose the problem into
successive sub-problems, but the final solution obtained
is then sub-optimal. Experiments have shown that the
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efficiency of currently available mathematical program-
ming solvers - linear or quadratic - allows a very general
problem of selecting multi-species corridor networks to
be solved. It should be noted that the use of such solv-
ers (like Gurobi) coupled with a modeling language (like
ampl) makes computer implementation much easier than
the implementation of a specific algorithm.

9 Perspective

In our approach, a potential corridor is either selected or
not, and a cost is associated with this selection. A more
nuanced strategy might be to consider the possibility of
investing more or less resources in potential corridors
to improve their quality. Of course, what constitutes
an improvement may vary from one species to another.
As suggested in [41], these improvements may include,
for example increased three-dimensional structure for
species which require cover to avoid predation, places
to safely rest for species which cannot pass through the
entire length of a corridor in a single dispersal event,
the presence of food for species which disperse very
slowly. Tree planting and the installation of wildlife
crossings — adapted to the widest possible range of
species — on transport infrastructures are other examples
of corridor enhancement. In an extension of our model,
the decisions for each potential corridor segment would
then be twofold: 1) either the segment is retained or
not, and 2) if the segment is retained, a certain level
of investment is made. A cost depending on the level
of investment would be associated with case 2). For
example, it could be envisaged that the ecological quality
of a segment for a given species would depend on the
level of investment in that segment, and that a species
would only be able to use a segment if the quality of that
segment for the species in question is greater than or
equal to a certain threshold value [41]. We could envisage
that different levels of development, with an associated
cost, are also possible in biodiversity reservoirs. In the
model we have considered, there are 3 possible habitat
statuses in a reservoir for a given species: favorable,
non-hostile and hostile. In an extension of the model,
the status of a reservoir could evolve according to the
investments made in it. It could also be envisaged that the
selection of corridors and their eventual development be
spread over several years, which would raise the question
of optimal planning. Finally, it would be interesting to try
and take into account in the model the uncertainty that
inevitably affects certain parameters [67—-69].
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Appendix

Fig.4 Graph associated with an hypothetic potential corridor net-
work. Each edge (in bold or not) connecting two vertices i and j
(belonging to {1,...,50}) is associated with a corridor segment and
represents an arc from i to j and an arc from j to i. The cost associ-

ated with each corridor segment is indicated on the associated edge.
Edges in bold correspond to an optimal solution for the first instance
described in Section 7 and Table 1

Table 1 Description and required criteria for the first instance considered in Section 7 (associated with the network of potential corridors shown

in Fig. 4)
k Vi x_/k A _A'k Ty D R
(k,b,e,L) (k,b,e,L)
1 12467911121516 182022242529 3032353840 1019 1,3)! (5,6) 8 (1,6,1,8) (6,20,1,15)
2 2469111215182021 252829 31333539 310 (5,6) - - -
3 136910141516 182021 22252628 32353740 19 (3,8) (16,46) 7 (3,6,3,9) (3,16,3,15)
(6,18,3,20)
4 246911121518202125282931333539 14 34 (4,6) (2,7) (27,28) - (11,15.4,7) -
5 246911121618202126283031333739 2232 (5,9) (12,13) 10 - -
6 136910141516 182021222526 28 32353740 19 (5,6) (16,20) - (3,18,6,5) (3,14,6,25)
7 136910121517 18 19 21 222526 27 32 3536 39 40 533 (3,8) (13,38) - - (9,25,7,25)
8 12467911121516 182022242529 3032353840 10 (4,42) (25,27) 10 (9,29,8,6) -
9 1346791012 1517 18212223 25 26 30 33 35 39 40 832 (1,3)%(37,38) (23,25) - (15,30,9,7) -
(10,22,9,8)
10 2561011121619 2022 26 29 30 32 34 35 39 3 (5,6) (32,33) (33,34)! - - (16,17,10,20)
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Table 2 Description and required criteria for the second instance considered in Section 7 (associated with the network of potential corridors
shown in Fig. 4)

k A-4, D R k A-4, D R
(k,b,e,L) (k,b,e,L) (k,b,e,L) (k,b,e,L)
1,3)! (5,6) (1,6,1,8) (6,20,1,15) 11  (3,42) (13,38) (39,40,11,11) -
(5,6) - - 12 (33,34) (16,46) (19,20) - (5,40,12,16)
(3,8) (16,46) (3,6,3,9) - 13 (41,42 (3,8) - -
(14,26) (48,50)
4 4,6) (2,7) (27,28) (11,15,4,7) - 14 (11,35)* (37,38) (16,22,14,9) -
(26,27) 2,7)
5 (5,9) (12,13) - 6,18,520) 15  (4,6) (2,7) (16,20) (16,46) - -
6 (5,6) (16,20) (3,18,6,10) - 16 (1,3)%(12,13) (29,32) (23,25) - -
7 (3,8) (13,38) - 925,725 17 (6,5) (29,48) (26,27) (13,33,17,10)0 -
8 (4,42) (25,27) (9,29,8,9) - 18 (5,6) (32,33) (14,49) (21,23)% - -
9 (1,3)2(37,38) (23,25)  (15,30,9,8) - 19 (11,35)*(37,38) (5,6) (29,32) (19,22)  (34,35,19,9) -
(10,22,9,8)
10 (5,6) (32,33) (33,34)! - - 20 (3,8) (16,46) (14,49) - (3,20,18,15)

(24.47) (11,12)

Table 3 Resolution by the

. . Budget Time (s) Time (s) Value

quad.ratlc formulatllon and by Quadratic formulation Linear formulation

the linear formulation of the

second instance presented 0.50C 4 3 _

in Section 7 and Table 2

?;ssociated with the network 0.54C 20 22 )

of potential corridors shown in 0.58C 145 224 -

Fig. 4) 0.62C 1109 1666 -
0.66C 551 620 14.66
0.70C 196 80 15.65
0.74C 50 32 16.43
0.78C 44 47 17.10
0.82C 43 52 17.73
0.86C 43 55 18.27
0.90C 48 59 18.77

-: infeasible problem
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