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Abstract
A numerical model based on an implicit finite difference method is presented to describe multi-species transport in cadmium-
contaminated kaolin under electrokinetic remediation process. A set of algebra and partial differential equations were used to
mathematically describe the reactive transport of the target species.We considered different coupled transport phenomena such as
diffusion, electroosmotic flow, and ionic migration. Geochemical and electrochemical reactions including precipitation/dissolu-
tion, adsorption/desorption, water auto ionization, and electrolysis in anode and cathode cells were included in the model.
Simulation results were compared with the available experimental data for electrokinetic remediation of cadmium-
contaminated kaolinite. The coefficient of determination (R2) and index of agreement (IA) were calculated to indicate the model
accuracy and to compare the present model with the existing explicit finite difference model in the literature. The R2 and IA
calculation described that the present model had a good capability of simulating the experimental measurement. In addition, it
illustrated that the presented implicit finite difference model had a better simulation result than the explicit model. The sensitivity
analysis was conducted to understand the impact of tortuosity and retardation factors on the model output. Sensitivity analysis
indicated that instead of the acid-enhanced test, the retardation factor had more impact on the unenhanced test. In addition, the
sensitivity analysis of tortuosity factor revealed that this parameter had more significant effect on the cadmium concentration
rather than pH profile.

Keywords Numerical model . Finite difference . Electrokinetic remediation . Geochemical reactions . Cadmium . Sensitivity
analysis

1 Introduction

Soil pollution is a common and serious problem for the envi-
ronment in all over the world. One of the most common pollu-
tions is heavy metal, and evidence of soil pollution by heavy
metal was found in Europe, the USA, and Asia [1]. Several
different technologies have been developed to remediate soils,
sediments, and groundwater based on physicochemical, ther-
mal, and biological principles [2]. However, they are often
found to be costly, energy-intensive, ineffective, and could
themselves create other adverse environmental impacts when
dealing with difficult subsurface and contaminant conditions

[3]. Electrokinetic remediation (EKR) consists of the applica-
tion of an electric field into the soil, producing the migration of
the organic and inorganic contamination through the porous
medium. During the EKR treatment, the applied current causes
oxidation at the anode and reduction at the cathode then leads to
a series of coupled transport phenomena (ionic migration, elec-
troosmotic flow, and electrophoresis); consequently, the pollut-
ants are enriched near the electrodes and removed from the soil
[4]. Ionic contaminants will move towards the electrode with
opposite charge (anions towards the anode and cations towards
the cathode) by ionic migration, while organic matters will
mainly move due to electroosmotic flow [5]. Electrophoresis
becomes significant in the EKR when surfactants are used to
enhance the EKR process, or when the technique is employed
in the remediation of slurries [6].

Several fundamental studies on EKR processes have
been carried out to better understand the basis of the tech-
nique. Jacobs et al. introduced a model for EKR of zinc-
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contaminated soil. Their model was based on the
convection-diffusion equation, and they stated a good
agreement between their model and the experiment [7].
Alshawabkeh and Acar developed a numerical model for
electrokinetic decontamination of lead-contaminated kao-
linite, and they asserted that lead concentration and pH
profiles predicted by their model had a fairly well agree-
ment with the experimental data [8]. Haran et al. focused
on modeling EKR of hexavalent chromium-contaminated
sandy soil. They ignored the electroosmotic flow because
of the low surface charge of the sand and reached a rea-
sonable agreement between the prediction and the experi-
mental measurement [9]. Kim et al. [10] represented a
model for predicting cadmium concentration across the ka-
olinite, and Kim et al. [11] presented another model for
simulation of EKR of lead-contaminated kaolinite soil.
The predicted pollution concentration and pH profile were
in a sensible agreement with their experimental data. Park
et al. proposed a numerical model for remediation of
phenol-contaminated kaolinite under electrokinetic pro-
cess, and they reported a good agreement between the
model and the experimental results [12]. Al-Hamdan and
Reddy developed a one-dimensional transport model to
simulate the transport and speciation of heavy metals
(chromium, nickel, and cadmium) in the soil during the
unenhanced EKR. Their model was incorporated with geo-
chemical reactions, and they stated that their predictions
had a reasonable agreement with the bench-scale tests
[13]. Paz-García et al. introduced a model based on the
Nernst–Planck–Poisson system of equations. They indicat-
ed that their model could predict the EKR process in both
constant electric current density or in the constant differ-
ence of voltage [14]. Through using EKR method, Yeung
et al. modeled remediation of lead-contaminated Georgia
and Milwhite kaolinites and claimed that their model was
capable of modeling the remediation process [15]. Paz-
Garcia et al. modeled the transport of chemical species in
porous material of soil, and they predicted lead and copper
concentration profiles. Their results showed an overestima-
tion in pH prediction, and they mentioned this phenome-
non could have been due to the miscalculation of electric
field strength, effective ionic mobility, and/or improper
handling of soil pore fluid chemistry [16]. Asadollahfardi
et al. proposed a numerical model for unenhanced EKR of
lead-contaminated soil, and they reported good agreement
between their predictions and experiments [17].

Various mathematical models have been proposed for
unenhanced EKR [8, 9, 13, 14, 17] and acid-enhanced
EKR [10–12, 16]. For the purpose of numerical modeling,
finite element methods (FEM) [8, 14, 16] and finite differ-
ence methods (FDM) [10–13, 17] have been used by re-
searchers. Most of the finite difference models were based
on explicit schemes. Al-Hamdan and Reddy used implicit

FDM to simulate the unenhanced EKR and implemented
simplified boundary conditions in their model and ignored
the flux at the boundaries [13].

This paper presents an implicit finite difference model
for modeling EKR of cadmium-contaminated kaolinite un-
der acid-enhanced and unenhanced conditions. Chemical
reactions such as precipitation/dissolution, adsorption/de-
sorption, and water autoionization reaction were considered
in the present model. The realistic boundary conditions with
consideration of the effects of electrolysis reaction and flux
at boundaries were utilized. Moreover, sensitivity analysis
on retardation and tortuosity factors were carried out.

2 Materials and Methods

2.1 The Experimental Data

3To validate our numerical model, we compared our model
results with Kim et al.’s [10] experimental data. The kaolin-
ite soil was artificially contaminated by Cd (NO3)2 solution.
For the acid-enhanced treatment, the electrolytes in the elec-
trode compartments were 0.001 M HNO3 solution for the
anode and 0.1 M HNO3 solution for the cathode. Figure 1
illustrates the schematic of the experimental apparatus. The
experimental pilot consisted of four main parts: soil cell,
electrode reservoir, electrolyte solution reservoirs, and pow-
er supply [10]. The soil cell dimension is 10 × 10 × 15 cm
with a volume of 1500 cm3.On both sides of the soil cell, two
sheets of porous polyethylene-terephthalate (PET) filter
were inserted to prevent soil particles entering into the elec-
trode reservoir. Platinum plate (10 × 10 cm) was used as the
anode to prevent the introduction of extraneous products due
to electrolytic reaction of the electrode surface, whereas a
titanium plate (10 × 10 cm) was used as the cathode. The
electrode reservoir contained 500 ml of electrolyte solution,
ensuring that sufficient volume was present to avoid sudden
variations of electrolyte solution [10]. Table 1 indicates the
experimental data.

2.2 Transport Phenomena

As indicated in Fig. 1, the pilot contains two electrode cells
on the sides of the contaminated soil sample The transpor-
tation of chemical species is mainly towards the anode and
the cathode due to different transport phenomena. Electrode
arrangement is the main factor that determines how the
model should be considered. In this form of electrode ar-
rangement (Fig. 1), chemical species transportation is main-
ly towards the anode (X = 0) and the cathode (X = L) cells
(as a line), and it is possible to take into account the model
one dimensional. Moreover, the experimental data for the
cadmium concentration and pH are available as a line (one
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dimensional) between the anode and the cathode cells.
Therefore, similar to previous works [10–13, 15], the pres-
ent model is considered one dimensional.

A set of partial differential equations (PDEs) and alge-
braic equations are used to mathematically describe the re-
active transport of the target species, which are H+, OH−,
Cd2+, and NO−

3 .
The flux of chemical species through a soil under the

effect of chemical and electric potential gradient can be
defined as a combination of diffusion, electroosmotic flow,
and ionic migration [18–20], as

J i ¼ −Deff
i ∇ ci−ci ueffi þ keo

� �
∇∅; ð1Þ

Deff
i ¼ nτDi ð2Þ

where Deff
i (m2 s−1) is the effective diffusion coefficient, n (−)

is the porosity of the soil, τ(−) is the tortuosity, ueffi
(m2 V−1 s−1) is the effective ionic mobility, keo (m

2 V−1 s−1)
is the electroosmotic permeability,∅ = ∅ (x, t) (V) is the elec-
tric potential, and ci = ci(x, t) (mol m−3) is the concentration.
For estimating effective ionic mobility, we used the Nernst-
Einstein relation [18, 20, 21]:

ueffi ¼ zi F
RT

Deff
i ð3Þ

where zi is the ionic charge of the species; F (C mol−1) is
the Faraday constant; R (K−1 mol−1) is the ideal gas con-
stant, and T (K) is the absolute temperature. By using the
law of mass conservation, the transport of chemical species
in porous media is described in Eq. 4 [13, 14, 17]:

n
∂ci
∂t

¼ −∇ :J i þ nGi ; i ¼ 1; 2;…;N ð4Þ

Gi ¼ Gad
i þ Gaq

i þ Gp
i ð5Þ

where Gi (mol m−3 s−1) describes the chemical reactions
(as, e.g., precipitation, adsorption, or ionization). Where
Gaq

i is the production rate of the ith aqueous chemical spe-
cies due to aqueous phase reaction, Gad

i is the production
rate of the ith aqueous chemical species due to adsorption
reaction, and Gp

i is the production rate of the ith aqueous
chemical species because of precipitation reaction. In the
mathematical model of ionic diffusion, we considered
macroscopic Eqs. (1) to (4) where the influence of the
physical phenomena at the microscopic and nanoscopic
scales was included in the effective diffusion coefficient
(Eq. 2) through the tortuosity factor [22]. The Poisson
equation in electrostatics is used to complete the coupled
system of equations,

ε∇ 2∅þ F ∑
N

i
cizi ¼ 0 ð6Þ

where ε (F m−1) is the permittivity of the medium. Under

electroneutrality condition ∑
N

i¼1
cizi ¼ 0, and assuming the ab-

sence of magnetic forces, the electric field, E (V m−1), is equal
to the gradient of electrical potential E ¼ − ∂∅

∂x . If we assume
that in all of the simulation the electric field is constant, then
Eq. 4 changes to Eq. 7 [10–13]:

n
∂ci
∂t

¼ Deff
i

∂2ci
∂x2

− ueffi þ keo
� � ∂ci

∂x
E þ nGi ; i

¼ 1; 2;…;N ð7Þ

Fig. 1 Schematic of the
experimental apparatus

Table 1 Experimental parameter used in the present study [10]

Unenhanced Enhanced

Soil specimen Kaolinite

Contamination Cd

Initial concentration 3000 mg/kg (5.34 meq 100 g−1)

Initial soil pH 5.5

Porosity 0.48

Length of soil cell (cm) 15

Applied current (mA) 100

Electrical potential (V) 40

Test duration (hr) 72

Anode purging solution Distilled water 0.001 M HNO3

Cathode purging solution Distilled water 0.1 M HNO3
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2.3 Chemical Reactions

2.3.1 Electrolysis Reaction

We assumed that water electrolysis takes place at the elec-
trode, water oxidation at the anode, and reduction at the cath-
ode as:

H2O⇆
1

2
O2 þ 2Hþ þ 2e−; E0 ¼ −1:229 V ð8Þ

2H2Oþ 2e−⇆H2 þ 2OH−; E0 ¼ −0:828 V ð9Þ

where E0 is the standard redox potential of the half reaction.
The electrolysis reactions produce the injection of pro-

tons and hydroxide ions from anode and cathode, respec-
tively [3, 14].

2.4 Chemical Equilibrium

Having calculated transport equation numerically at each
time step, the equilibrium concentration of each species
was calculated from the last value obtained from the trans-
port equation. Therefore, the water autoionization reaction
between proton and hydroxide and precipitation reaction
between cadmium and hydroxide were considered in the
model. The chemical equilibrium of water is as follows:

Hþ þ OH−⇆H2O Kw ¼ Hþ½ � OH−½ � ¼ 10−14 ð10Þ

Kw (mol/L)2 is the water equilibrium constant. The cadmi-
um precipitation reaction is:

Cd2þ þ 2OH−⇆Cd OHð Þ2 K0 ¼ Cd2þ
� �

OH−½ �2

¼ 5� 10−15 ð11Þ

2.5 Adsorption Reaction

Adsorption is the net accumulation of chemical species at
the interface between a solid phase and fluid (aqueous of
gaseous) phase [23]. Adsorption of heavy metal ions and
complexes on clay minerals occurs as a result of ion ex-
change, surface complexation, hydrophobic interaction,
and electrostatic interaction [24]. Factors such as pH, nature
and concentration of substrate and adsorbing ion, ionic
strength, and the presence of complexing ions affect the
extent of adsorption [25, 26].

Adsorption for ions, cadmium, and proton with a positive
electrical charge was considered. For ions with negative elec-
trical charge, OH− and NO3

−, adsorption was not considered
due to kaolinite particles’ negative surface charge. A linear
function is the simplest and most widely used adsorption

isotherm equation that was utilized to describe the adsorption
of proton onto the kaolinite’s surface in the present model. The
adsorption isotherm equation is conventionally expressed in
terms of the distribution coefficient:

Gad
i ¼ −

ρ
n
∂cadi
∂t

¼ −
ρ
n
∂cadi
∂ci

∂ci
∂t

ð12Þ

∂cadi
∂ci

¼ Kdi ð13Þ

Rdi ¼ 1þ ρKdi

n
ð14Þ

where cadi (mol kg−1) is the amount of solute absorbed/
adsorbed onto a unit weight of solid, ci (mol m−3) is the
concentration of solute, Kdi (m

3 kg−1) is the distribution
coefficient, ρ (kg m3) is the bulk dry density of the soil,
and Rdi is the retardation factor. The equation that describes
the transport of proton in the porous media of soil under
EKR test with regard to retardation factor is:

n
∂cHþ

∂t
¼ Deff

Hþ

RdHþ

∂2cHþ

∂x2
−

ueffHþ þ keo
RdHþ

� �
∂cHþ

∂x
E

þ n
RdHþ

Gaq
Hþ ð15Þ

Yet, adsorption reactions for cadmium and proton are
interactive when the pH value is the effective parameter in
sorption species on soil. In the present model, an empirical
data was used (Fig. 2) to model cadmium adsorption iso-
therm at different pH values and concentrations.

2.6 Numerical Analysis

The implicit finite difference scheme, Crank-Nicolson, was
used to numerically solve the system of PDEs. The Crank-
Nicolson is unconditionally stable [27]. Each transport
equation for the target species should be solved numerically
to find the concentration and pH profiles. Equation 7 is

Fig. 2 Empirical cadmium adsorption isotherm model [10]
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discretized to indicate howCrank-Nicolson was implement-
ed in the transport equation:

cnþ1
k −cnk
Δt

¼ 0:5 A
cnk−1−2c

n
k þ cnkþ1

Δx2
þ cnþ1

kþ1−2c
nþ1
k þ cnþ1

kþ1

Δx2

� �

þ 0:5B
cnkþ1−c

n
k−1

2Δx
þ cnþ1

kþ1−c
nþ1
k−1

2Δx

� �

ð16Þ

whereA ¼ Deff
i =n;B ¼ ueffi þkeoð Þ

n −Eð Þ;Δx andΔt are the spatial
and the time increments, respectively. The final form of Eq. 16 is:

− S þ 0:5Cð Þcnþ1
k−1 þ 2 1þ Sð Þcnþ1

k − S−0:5Cð Þcnþ1
kþ1

¼ S þ 0:5Cð Þcnk−1 þ 2 1−Sð Þcnk þ S−0:5Cð Þcnkþ1 ð17Þ

Lcnþ1 ¼ Tcn ð18Þ

L ¼

L1;1 L1;2 0 0 ⋯ 0
− S þ 0:5Cð Þ 2 1þ Sð Þ − S−0:5Cð Þ ⋱ ⋱ ⋱

0 − S þ 0:5Cð Þ 2 1þ Sð Þ − S−0:5Cð Þ ⋱ ⋱
0 ⋱ ⋱ ⋱ ⋱ ⋱
⋮ ⋱ ⋱ − S þ 0:5Cð Þ 2 1þ Sð Þ − S−0:5Cð Þ
0 ⋱ ⋱ ⋱ LNX ;NX−1 LNX ;NX

0
BBBBBB@

1
CCCCCCA

NX�NX

ð19Þ

T ¼

T1;1 T 1;2 0 0 ⋯ 0
S þ 0:5Cð Þ 2 1−Sð Þ S−0:5Cð Þ ⋱ ⋱ ⋱

0 S þ 0:5Cð Þ 2 1−Sð Þ S−0:5Cð Þ ⋱ ⋱
0 ⋱ ⋱ ⋱ ⋱ ⋱
⋮ ⋱ ⋱ S þ 0:5Cð Þ 2 1−Sð Þ S−0:5Cð Þ
0 ⋱ ⋱ ⋱ TNX ;NX−1 TNX ;NX

0
BBBBBB@

1
CCCCCCA

NX�NX

ð20Þ

where S ¼ A Δt
Δx2 and C ¼ B Δt

Δx. The elements, including L1, 1,
L1, 2, LNX, NX − 1, LNX, NX,T1, 1, T1, 2, TNX, NX − 1, and TNX, NX,
were generated from the boundary conditions. In the EKR
process, the use of the Neumann boundary (insulated bound-
ary) and the Dirichlet boundary cannot describe the nature of
the EKRwhich is due to the existence of flux at the boundaries
caused by electrode reaction and advection of fluid [3].
Boundary conditions for the PDEs were completed by consid-
ering species flux and electrolysis reaction at the electrodes
[28]:

−Deff
i

∂ci
∂x

þ keo þ ueffi
� �

−
∂∅
∂x

� �
cijx¼0

¼ cpi keo −
∂∅
∂x

� �
þ I

zi F
ð21Þ

−Deff
i

∂ci
∂x

þ keo þ ueffi
� �

−
∂∅
∂x

� �
cijx¼L

¼ cpi keo −
∂∅
∂x

� �
þ I

zi F
ð22Þ

where I (A m−2) is the electric current density and cpi is the
concentration of specific ions in purging solution. The whole
electric current is expended in generation of H+ at the anode
and OH− at the cathode, and for cadmium, no electrolysis
reaction was considered.

By imposing electroneutrality into the system of equations,
it is possible to achieve NO−

3 concentration at each time and
space by:

CNO ¼ −
∑3

j¼1z jc j
zNO

ð23Þ

In our numerical simulation, we implemented 1 mm for
spatial and 10 s for time increment. The electroosmotic per-
meability (keo) in soils is in the range of 10−5 to
10−4 cm2 s−1 V−1 [19]. keo was set equal to 4 × 10−9

(m2 V−1 s−1), and similar to other researchers, it was kept
constant during the simulation [8, 10–12, 14]. The tortuosity
factor (τ) for kaolinite varies over a range of 0.12–0.5 [18],
and it was set equal to 0.3. The sensitivity analysis of retarda-
tion factor was carried out to find the best fit with the exper-
imental measurement. Table 2 indicates the input parameters
in the present model.
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2.7 Model Efficiency

The coefficient of determination (R2) and index of agreement
(IA) indicate the efficiency of simulation predictions [30]. To
indicate the accuracy and efficiency of the models, R2 and IA
were calculated between our numerical simulation results and
the experimental measurement. We also computed the R2 and
IA between Kim et al. [10] simulation results and their exper-
imental measurement. The R2 and IA vary between zero and
one. When the R2 and IA approach to one, the model is well
developed. The R2 and IA formulations are:

R2 ¼
∑
n

i¼1
Oi−O

� 	
Pi−P

� 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑
n

i¼1
Oi−O

� 	2
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∑
n

i¼1
Pi−P

� 	2
r

0
BB@

1
CCA

2

ð24Þ

IA ¼ 1−
∑n

i¼1 Oi−Pið Þ2

∑n
i¼1 Pi−O

��� ���þ Oi−O
��� ���� 	2 ð25Þ

where O is the observed value (experimental measurement), O
is the mean value of O, P is the predicted value (numerical
simulation result), and P is the mean value of P.

3 Results and Discussion

Figures 3 and 4 illustrate the comparison between our model
prediction, the experimental data and Kim et al.’s [10] numer-
ical simulation for pH along the soil medium for unenhanced
and acid-enhanced tests, respectively. Due to the electrolysis
reaction, protons and hydroxide ions enter into the soil and
change the pH of the soil. In the unenhanced test, the pH of
the soil near the anode compartment decreased to pH ˂ 2, and
near the cathode compartment increased to pH > 11 [7, 9–11,
14, 31]. A pH jump is observable in Fig. 3, and this jump
happens when acid and base front meet each other. The jump
is close to the cathode compartment, because the ionic mobility
of proton is greater than hydroxide ion; in addition, the electro-
osmotic flow direction is from the anode to the cathode com-
partment. Consequently, the transport velocity of the acid front
is greater than the base front. In the acid-enhanced test, the
hydroxide ions are neutralized by dropping acid into the cath-
ode compartment. This happens because of the chemical reac-
tion between the hydroxide ions and nitric acid; thus, OH− ions
do not enter into the soil medium to increase.

For the purpose of comparison, retardation factor was set
equal to 4.6, which is the value that Kim et al. [10] selected in
their simulation. Based on the sensitivity analysis, when retar-
dation factor was equal to 5, the best fit to the experimental

Table 2 Input parameters in the model

Parameter Value
Reference

DHþ (m2/s) 93.1 × 10−10 [29]

DOH− (m2/s) 52.7 × 10−10 [29]

DCd2þ (m2/s) 7.19 × 10−10 [29]

DNO−
3
(m2/s) 19.0 × 10−10 [29]

ueffHþ (m2/V s) 5.22 × 10−8 Eq. 3

ueffOH− (m2/V s) 2.96 × 10−8 Eq. 3

ueff
Cd2þ

(m2/V s) 1.06 × 10−8 Eq. 3

ueffNO−
3
(m2/V s) 1.071×10−10 Eq. 3

Retardation factor (Rd) 5 –

Tortuosity factor (τ) 0.3 –

Electroosmotic permeability (keo)
(m2 V−1 s−1)

4 × 10−9 –

Fig. 3 The predicted and the measured pH profile along the soil sample after 3 days of unenhanced EKR
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measurement was achieved. By setting a retardation factor
equal to 4.6, the value that Kim et al. [10] used in their model,
according to R2 and IA calculation, our model showed better
prediction than Kim et al.’s [10] model.

This difference could be resulted from the use of different
numerical schemes and different boundary conditions. The
main transport mechanisms in the electrokinetic soil remedia-
tion process are electroosmotic flow, ionic migration, and dif-
fusion, which were taken into consideration in the present mod-
el. These transport mechanisms lead to a set of partial differen-
tial equations that describe the transport process. In all of the
models which have been presented up to now, these transport
phenomena have been considered to simulate the process.
Therefore, the governing equation cannot be different.

In addition to numerical method which is different, the
difference between the present work and Kim et al.’s model

is the use of different boundary conditions. Kim et al. [10]
used algebraic boundary conditions for proton and hydroxide
ions in their model, which were based on their experimental
observation. However, we used the boundary conditions in
our model which were generated based on the equality be-
tween the flux of solute on the inside and immediately outside
of the soil column. These boundary conditions are developed
according to the mathematical formulation, not an experimen-
tal observation.

According to R2 and IA calculation, the best match to the
experiment is achieved by setting retardation factor equal to 5.
Kim et al. [10] on the basis of Alshawabkeh and Acar’s [8]
recommendation selected retardation factor equal to 4.6.
Alshawabkeh and Acar [8] calculated this value according to
acid front transport rate. They computed theoretical acid front
transport rate as equal to 4.6 cm/day and observed it 1 cm/day.

Fig. 4 The predicted and the measured pH profile along the soil sample after 3 days of acid-enhanced EKR

Fig. 5 The predicted and the measured cadmium concentration along the soil sample after 3 days of unenhanced EKR
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They divided the theoretical value by experimental value and
introduced retardation factor equal to 4.6. Alshawabkeh and
Acar [8] calculated theoretical acid front transport rate based
on effective ionic mobility. Effective ionic mobility is a func-
tion of porosity, tortuosity, and ionic mobility (ueffi ¼ nτui ).
Suitable estimation of porosity and tortuosity is important, yet
the critical factor is the use of ionic mobility at infinite dilution
[16]. It is established in electrochemistry that ionic mobility is
dependent on the ionic strength of the solution. Therefore, the
use of ionic mobility at infinite dilution for measuring the
effective ionic mobility needs further investigation [16]; then,
it can be concluded that the value equal to 4.6 is not an exact
number.

Figures 5 and 6 illustrate the present model’s result, as
well as numerical prediction and experimental data of Kim

et al. [10], for cadmium concentration profile in
unenhanced and acid-enhanced tests, respectively. In the
figures, C defines cadmium concentration in the soil after
remediation ,and C0 is cadmium concentration before reme-
diation. According to linear and pH-dependent adsorption
isotherm (Fig. 2), at the beginning of the tests, 72% of
cadmium ions in the soil was adsorbed and 28% was in
aqueous form. By running the program and transferring
proton ions into the soil medium, the pH decreased, and
cadmium ions desorbed from the kaolinite surface could
transport across the soil porous media. In the unenhanced
test, cadmium ions transported and accumulate in the alka-
line zone where pH had a jump and acid and base front met
each other. In the acid-enhanced test due to the reaction
between hydroxide and nitric acid, counterion entered into

Fig. 6. The predicted and the measured cadmium concentration along the soil sample after 3 days of acid-enhanced EKR

Fig. 7 The effect of changing retardation factor in the pH prediction after 3 days of unenhanced EKR
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the soil rather than hydroxide. Therefore, pH near the cath-
ode compartment is lower than initial soil pH, and the cad-
mium ions in the acidic condition could transport in the soil
more freely in comparison with the unenhanced test.
Furthermore, the cadmium accumulated in the soil close
to the cathode compartment. The straight solid curve in
Fig. 5 is due to pH condition in this zone. Under the ex-
treme basic condition, cadmium ions are adsorbed or pre-
cipitated without transportation in the soil medium. In the
acidic condition, cadmium ions could transport in the soil
freely. As explained before, when acid and base front meet
each other, a jump happens in the cadmium concentration
profile, and cadmium ions transported in the soil are accu-
mulated in this zone, and this phenomenon is consistent
with other researchers’ studies [11, 13]. Moreover, as ob-
servable in Fig. 5, jumps in the cadmium concentration for

each curve is consistent with the zone when acid and base
front meet each other (transient pH profile) in Fig. 3.

Similar to pH prediction, we set retardation factor equal to
4.6 to compare our model prediction with the Kim et al.’s [10]
model and then selected the retardation factor equal to 5. As
indicated in Figs. 5 and 6, the present implicit finite difference
model has a better simulation result related to Kim et al.’s [10]
model. Moreover, according to R2 and IA calculation, the best
fit with the experimental measurement was achieved by the
present implicit finite difference model with setting retarda-
tion factor equal to 5.

3.1 Sensitivity Analysis

The sensitivity analysis was carried out by changing retarda-
tion and tortuosity factors to identify the role of these

Fig. 8 The effect of changing retardation factor in pH prediction after 3 days of acid-enhanced EKR

Fig. 9 The effect of changing retardation factor on the cadmium concentrations profile after 3 days unenhanced EKR
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parameters on the model outputs. We either increased or de-
creased retardation and the tortuosity factor by 20% to identify
the role of these parameters in the removal of cadmium and
pH profile, while other input parameters kept constant. At the
first stage, the retardation factor was changed to understand its
effect on the model output. Figures 7 and 8 represent the effect
of changing retardation factor on the pH prediction in
unenhanced and acid-enhanced tests, respectively. In the
unenhanced test, increasing retardation factor (Rd = 6) reduced
the transport velocity of the acid front; therefore, the base front
could progress in the soil more than when selecting Rd = 5.
Decreasing retardation factor (Rd = 4) increased the velocity of
the acid front and whole of the soil got acidified. In the acid-
enhanced test, increasing and decreasing retardation factor
had a direct impact on the acid front movement velocity, yet
because of neutralization of hydroxide ions in the cathode
chamber, the hydroxide did not enter into the soil medium.

Consequently, pH profile was not affected drastically by
changing retardation factor.

Figures 9 and 10 demonstrate the impact of changing retar-
dation factor on the cadmium concentration profile. In the
unenhanced test, when retardation factor was equal to 4, the
whole of the soil was acidified, the rate of adsorption and
precipitation reactions decreased, and cadmium transportation
in the soil accelerated. Consequently, cadmium accumulated
close to the cathode compartment. By increasing retardation
factor, the acid front movement reduced, and in the alkaline
condition, cadmium adsorption and precipitation were in-
creased. Also, the similar procedure can be observed for the
acid-enhanced test (Fig. 10). The cadmium concentration pro-
file did not change considerably because of small changes in
the pH profile.

Figures 11 and 12 depict the effect of changing tortuosity
on the pH prediction profile for unenhanced and acid-

Fig. 10 The effect of changing retardation factor on the cadmium concentrations profile after 3 days of acid-enhanced EKR

Fig. 11 The effect of changing
tortuosity on the pH prediction
profile after 3 days of unenhanced
EKR

Rezaee M., Asadollahfardi G.244



enhanced tests, respectively. In the unenhanced test, by in-
creasing tortuosity 20% (τ = 0.36), the acid front moved a bit
faster, and the pH jump occurred a bit closer to the cathode. In
contrast, by decreasing tortuosity 20% (τ = 0.24), the acid
front moved a bit slower, and the pH jump occurred a bit
farther to the cathode. Likewise, in the enhanced test, increas-
ing tortuosity factor accelerated the acid front movement (pH
in the soil got a bit more acidified) and decreasing tortuosity
factor decreased acid front movement (pH in the soil tended to
initial soil pH).

Figures 13 and 14 demonstrate the effect of tortuosity fac-
tor on the cadmium concentration profile in the unenhanced
and acid-enhanced tests, respectively. By increasing the tortu-
osity factor, the cadmium effective ionic mobility and then its
velocity increased and by decreasing the tortuosity factor the
cadmium effective ionic mobility and then its velocity de-
creased. Therefore, increasing tortuosity led to more cadmium
removal prediction and decreasing tortuosity led to the less

cadmium removal prediction by the model in the unenhanced
and acid-enhanced tests.

Tables 3 and 4 present the result of the sensitivity analysis
on the pH and cadmium concentration profiles, respectively.
According to Tables 3 and 4, changing retardation factor had a
more significant impact on the unenhanced test than the acid-
enhanced test. In the acid-enhanced test, dropping acid into
the cathode chamber neutralized the OH− ions, and pH near
cathode did not change. In unenhanced test, since retardation
factor has a direct impact on the proton movement in the soil
sample, increasing and decreasing retardation factor led to
considerable pH changes, because the increasing retardation
factor resulted in less acid front movement and more base
front progress. On the other hand, decreasing retardation fac-
tor resulted in more acid front movement and less base front
progress.

The result of sensitivity analysis indicated that changing
tortuosity factor has a more noticeable impact on the cadmium

Fig. 12 The effect of changing
tortuosity on the pH prediction
after 3 days of acid-enhanced
EKR

Fig. 13 The effect of changing
tortuosity factor in the cadmium
concentration profile after 3 days
unenhanced EKR

An Implicit Finite Difference Model for Electrokinetic Remediation of Cd-Spiked Kaolinite Under... 245



concentration profile than pH profile. Changing tortuosity has
a direct impact on the ionic mobility of cadmium which is the
main transport mechanism of cadmium. Conversely, pH was
not affected by tortuosity very much, and this could be due to
the same impact that tortuosity had on proton and hydroxide
ionic mobility.

4 Conclusions

In the present study, a mathematical model based on an
implicit finite difference method was introduced to

describe the electrokinetic remediation of cadmium-
contaminated soil. We used a set of partial differential
equations and algebraic equations to simulate the EKR
process. Different geochemical reactions including pre-
cipitation/dissolution, adsorption/desorption, and water
auto ionization reaction were applied. In addition, realis-
tic boundary conditions considering the effect of electrol-
ysis and flux on the boundaries were implemented in the
model. The simulation results were compared with the
existing experimental data, as well as available explicit
finite difference model. The key conclusion summarized
as follows:

Fig. 14 The effect of a changing
tortuosity factor in the cadmium
concentration profile after 3 days
of acid-enhanced EKR

Table 4 The sensitivity analysis of tortuosity and retardation factors (cadmium concentration profile)

Parameters R2 IA

Changing data Best fit Changing data Best fit

+ 20% − 20% + 20% − 20%

Unenhanced Retardation factor 0.837 0.0669 0.895 0.646 0.5113 0.6474

Tortuosity 0.85 0.0669 0.895 0.647 0.5113 0.6474

Acid-enhanced Retardation factor 0.896 0.99 0.9996 0.97 0.9763 0.9922

Tortuosity 0.904 0.9611 0.9996 0.9668 0.9552 0.9922

Table 3 The sensitivity analysis
of tortuosity and retardation
factors (pH profile)

Parameters R2 IA

Changing data Best fit Changing data Best fit

+ 20% − 20% + 20% − 20%

Unenhanced Retardation factor 0.85 0.7522 0.9933 0.9297 0.9161 0.997

Tortuosity 0.854 0.7538 0.9933 0.931 0.9176 0.997

Acid-enhanced Retardation factor 0.8877 0.9263 0.9428 0.9616 0.9733 0.9793

Tortuosity 0.9355 0.923 0.9428 0.975 0.971 0.9793
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1- In the unenhanced test, while retardation factor was 5, the
calculated R2 and IA between our model prediction for
cadmium concentration profile and the experimental data
were 0.895 and 0.6474, respectively. In the acid-enhanced
test, R2 and IA calculation between our model result and
the experiment were 0.9996 and 0.9922, respectively.
This indicates that a good agreement between our model
and the experimental data.

2- In the unenhanced test, while retardation factor was 5, the
calculated R2 and IA between our model output for pH
profile and the experimental data were 0.9933 and 0.997,
respectively. In the acid-enhanced test, R2 and IA calcu-
lation between our model result and the experiment were
0.9428 and 0.9723, respectively, which indicates a good
agreement between our model and the experimental data.

3- The results of our implicit finite difference model,
through setting retardation factor equal to 4.6, were more
precise in comparison with Kim et al.’s [10] explicit
models for cadmium concentration profile.

4- The results of our model, through setting retardation fac-
tor equal to 4.6, were more accurate in comparison with
Kim et al.’s [10] model for pH profile.

5- Comparing with Kim et al.’s model, we used different
numerical scheme and boundary conditions in the pro-
posed model which could be responsible for better pre-
diction result. In the present model, boundary conditions
used developed based on the mathematical simulation
rather than an experimental observation.

6- The sensitivity analysis of retardation factor indicated that
changing retardation factor had a more significant impact
on the unenhanced test than the acid-enhanced test.

7- The sensitivity analysis of tortuosity factor indicated that
changing tortuosity factor had a negligible effect on the
pH profile, though it has a non-negligible effect on the
cadmium concentration profile.
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