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Abstract In lake modelling, a general and useful method
of describing variations in area and volume with depth is of
fundamental importance to describe processes and proper-
ties that change vertically within a given lake. In this work,
two mathematical approaches to describe the shape of a
lake basin are introduced and tested against empirical data.
The two methods require only three easily available input
parameters: maximum depth, surface area and volume. The
first method is based on a traditional morphometric
parameter, the volume development (Vy), and the second
method on the new hypsographic development parameter
(Hy). Both methods give area and volume at any depth of a
lake and can furthermore be used to estimate lake bottom
slopes. Comparisons with empirical area—depth and vol-
ume—depth distribution curves from 105 lakes that cover a
wide range of lake morphometric characteristics have
revealed that the two methods give very satisfactory results.
The V4-model yields 7*-values of 0.924 and 0.907 for area
and volume description with lake depth, respectively. The
corresponding 7*-values for the Hg-model are 0.988 and
0.996, respectively. Using the Hy-model, an approach has
also been developed to test when and by how much it is
necessary to correct the empirical volume of a lake given
the number of measured strata and basin shape.
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1 Introduction and Aims

Knowledge of the morphological features of a lake is
important because the shape of a lake affects nearly all
physical, chemical and biological properties in lake
ecosystems. The morphology of lakes has, for instance,
often been recognised as one of the most important lake
characteristics that differentiate the properties of one lake
from another (e.g., trophic level, theoretical water retention
time, Secchi depth and lake oxygen concentrations). For
instance, Rawson [64, 65] and Fee [14] found that mean
depth is a dominant factor controlling productivity in lakes
and the size of a lake has been shown to be an important
factor controlling the depth of the thermocline (e.g., [15,
35, 61]). The shape of a lake also regulates sedimentation,
bottom dynamic conditions [21, 68] and concentrations of
suspended particulate matter (SPM) [54]. These relation-
ships will be further elaborated in a later section.

To be able to quantitatively describe processes and
properties that change vertically in lakes, basic morpho-
metric parameters such as volume, surface area and mean
depth do not alone provide the solution. One approach to
handle this problem has been to incorporate information
related to the hypsographic curves. The hypsographic curve
(i.e., the area—depth distribution curve) describes how the
area changes with depth in a lake. The hypsographic curve
gives information about the two- (2D) and three-dimen-
sional (3D) features of a lake. Based on the hypsographic
curve, it is possible to calculate the area and volume at any
given water depth, e.g., hypolimnion and epilimnion
volumes, and the volume of the photic zone. Similar
information is also required in calculations of reservoir
volumes with changes in the water level (see e.g., [51, 60]),
and fluctuations in water level can be great in lakes in
tropical or dry climates [41] and in hydropower dams.
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Fig. 1 The large variability in lake basin shapes as exemplified by lakes with different volume development (7). (a) Relative area—depth
distribution curves. (b) Relative volume—depth distribution curves. (Data from lakes used in this work.)

One way of incorporating the hypsographic curve in lake
models has been to fit an equation to either the area—depth
distribution curve [42] or the volume—depth distribution
curve [11]. A different method was used by James et al.
[44], who incorporated an algorithm that uses a look-up
table to define depth—volume changes in their lake model.
However, these methods to set up specific equations or
look-up tables for each new lake are time-consuming and
require access to hypsographic curves, which not always
are at hand. Another way to derive volumes at different
depths would be to use Geographic Information Systems
(GIS). This is an area under constant development (e.g.,
[19, 57]), however, currently there exists no easy ways to
link GIS and environmental modelling software [17].

From this background, the aim of this work is to develop
a general and useful alternative to lake-specific equations
and look-up tables which can be used in lake models to
describe how both area and volume changes with depth. In
Section 2, the importance of basin shape to lake functions
will be illustrated with a few examples. The commonly
used approximation for lake volume determinations will
then be described, followed by the two new approaches for
modelling area—depth and volume—depth relationships. The
first approach is based on a traditional morphometric
parameter, the volume development (Vy). The second
approach is based on a new morphometric parameter, the
hypsographic development parameter (Hy). Both methods
require only three easily available input parameters:
maximum depth, surface area and volume. The two
methods can be used to derive areas and volumes at
different depths as well as bottom slope. The new
approaches have been tested against empirical data from
105 Swedish lakes. The quality of the data is discussed in
Section 2. We then present the results when empirical data
are compared to data generated by the two new approaches.
We also suggest how to test and correct empirical lake
volumes determined with the commonly used volume
approximation. Finally, we exemplify the practical use of
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the two new approaches for modelling area—depth and
volume—depth relationships.

2 Motives, Presuppositions and Methodology

Statistical and dynamical models for substances generally
include basic lake morphometric parameters such as surface
area, volume, mean depth and maximum depth. (For a more
thorough description of lake morphometric parameters, see
Hékanson [22].) To describe the transport routes and the
fate of substances in mass-balance models, there is also a
need to correctly describe key controlling parameters such
as the inflow concentration of substances [29], the
theoretical water retention time of the lakes [27] and
particle associations [47]. The morphometric parameters
as such are evidently not sufficient to describe many
physical, chemical and biological processes and their
vertical extensions in lakes. The area—depth distribution
curve and the volume—depth distribution curve can provide
important complementary information to quantify many
lake processes. The hypsographic curves vary among lakes
(see Fig. 1). To understand many lake processes, there is a
need to mathematically describe how different lake hypso-
graphic curves change with lake depth.

2.1 Basin Shape, a Key Parameter Controlling Lake Function

We present a few initial examples to illustrate how
important basin shape is for lake functions.

2.1.1 Bottom Dynamic Conditions

In many lakes, wind-induced waves control the bottom
dynamic conditions [21, 68]. Induced by the wind speed,
wind frequency and fetch (unobstructed distance along a
water surface), wave orbitals of moving water induce shear
stress on lake bottoms (e.g., [21, 48, 68]). Depending on the
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a. Wind

Fig. 2 Conceptual figure showing how differences in lake form can

influence to what extent lakes with identical surface areas and maximum
depths will be affected by different vertical processes such as wind-
generated mixing. Cases I (zpix1) and 11 (z,ixo) represent different wind

wind-generated mixing depths and differences in basin
shape (see zpnix; and zpixp in Fig. 2a and b), the bottom
areas subjected to high-energy orbitals become larger or
smaller (e.g., [24, 25]). In these areas of erosion and
transportation, fine-grained particles are redistributed to
low-energy accumulation areas (e.g., [21, 68]). In addition
to wind/wave action, slopes on bottoms inclining more than
4-5% may induce transportation of bottom sediments (i.e.,
slope-induced turbidity currents) which additionally modify
the bottom conditions [21, 24, 25]. According to Blais and
Kalff [4], the accumulation areas in lakes correlate strongly
to the mean bottom slopes.

2.1.2 Sedimentation, Resuspension and Suspended
Particulate Matter

For lakes with identical surface areas, differences in wind
conditions and lake form, determine resuspension and
hence also variations among lakes in the concentration of
SPM [33, 34]. An increase in SPM also elevates the
concentration of particle-associated substances such as
phosphorus. According to Lindstrdm et al. [54], based on
statistical analysis of 26 lakes, differences in lake basin
shapes significantly influence the differences in concentra-
tion of SPM among lakes. Resuspended particulate material
may, in fact, as shown in a study by Weyhenmeyer [72]
contribute markedly (47-92%) to the total sedimentation in
lakes. The result of Lindstrom et al. [54] and the interval in
resuspension reported by Weyhenmeyer [72] might be
explained by the fact that a larger or smaller part of the
water column will be subjected to high-energy wave
orbitals depending on differences in lake basin shapes, as
illustrated in Fig. 2a and b.

2.1.3 Sediment Focusing

Sediment focusing is a process where particulate material at
the sediment surface are gradually resuspended due to, for
instance, wave action, as illustrated in Fig. 2, and focused
to deeper areas in lakes (e.g., [4, 33, 40, 43]). The convex
lake in Fig. 2 has a large area above the mixing depth, and

conditions, whereas case III (z,,;3) shows an influence of water level
fluctuations. (a) Concave lake basin shape (V3>1). (b) Convex lake
basin shape (Vy4<1)

the concave one a smaller area exposed. The SPM in the
convex lake will be redistributed to a relatively small area.
As a result, the convex lake will have a larger sediment
focusing factor. Lakes with steep bottom slopes will also
have a significant sediment focusing factor, since turbidity
currents can redistribute sediment to deeper areas [40].
Differences in sediment focusing among lakes may be
explained by differences in bottom slope [4] and in lake
basin shape (in terms of different Vy) [50].

2.1.4 Water Level Fluctuations

A change in the water level not only affects the obvious
physical qualities such as the surface area, volume and
maximum depth, but also bottom dynamic conditions [31],
sedimentation rates [16], resuspension and SPM [31, 59,
69]. An increase in SPM would reduce light penetration [5]
and primary production [36, 52, 53]. Figure 2a and b
illustrates how a decrease in water level causes the wave
base to move downwards and fine sediment erosion to take
place in previous accumulation areas. The extent of such
changes evidently depends on lake form.

2.1.5 Water Retention Time and Active Volume

For stratified lakes with identical surface areas, maximum
depths and mixing depths (see Fig. 2a and b), it is the
difference in basin shape that determines the proportion of
hypolimnetic and epilimnetic volumes. The stability of the
thermocline regulates the exchange of water between the
epilimnion (the active lake volume) and the hypolimnion
and thereby also any replenishment of hypolimnetic water
[8, 10]. This influences the seasonal variations in the
epilimnetic and hypolimnetic water retention times, which,
in turn, have a major impact on retention rates and mass
flows of substances in stratified lakes [27]. If the oxygen
consumption in the hypolimnion is high, this could lead to
fish kill catastrophes and significantly increased diffusion
of phosphorus from the bottom sediments [32]. Interesting-
ly, the oxygen consumption rate has been found to vary
both with the trophic level as well as with parameters such
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as the thickness of the hypolimnetic layer [7], the mean
depth [70] and the form of the hypolimnion [9, 56].

2.1.6 Littoral Colonisation Zone

The littoral zone has a very high potential for production in
most lakes since all major groups of primary producers
(phytoplankton, benthic algae and macrophytes) appear in
this zone. In shallow lakes, macrophyte production can
exceed phytoplankton production [71]. Usually, the littoral
zone is defined as the part of the area where the light
conditions, or hydrostatic pressure, allows colonisation of
macrophytes [39]. For lakes with the same surface area,
volume and maximum depth, it is the basin shape that will
regulate the extent of the littoral zone. The convex lake in
Fig. 2b has a larger littoral zone than the concave lake in
Fig. 2a.

2.1.7 Lake Productivity

The connection between different morphometric parameters
and lake productivity has been addressed in many studies.
For example, mean depth is a dominant factor controlling
primary production [14] and fish productivity [64, 65].
Kalchew et al. [49] found mean depth to be an important
explanatory variable for the total variance of average size of
bacterio-, phyto- and zooplankton organisms. Surface area
and volume can be used to predict annual fish yield [66]
and slope correlates with the submerged macrophyte
biomass [12] and the zoobenthic biomass [62] of the littoral
zone. Several examples can also be given of how
production is affected by factors, which in turn correlate
with morphometry. In previous sections, it has been
explained how water level fluctuations can affect primary
production through increased SPM, how water retention
time can affect fish through the oxygen concentration and
how the littoral zone can control productivity. A relation-
ship between lake area, mean depth and humic content,
which in turn affects lake productivity, has been found by
Rasmussen et al. [63]. According to Fee et al. [15], area is
the primary determinant of the depth of the mixed layer,
which in part determines several factors important to
production. Hakanson [30] has successfully predicted
changes in biomass of nine key functional groups of
organisms, including both primary and secondary pro-
ducers, with a model based on mean depth, maximum
depth and lake area. Hakanson concludes that lake mor-
phometry regulates nutrient concentrations from nutrient
loading, and hence also primary production, and conse-
quently secondary production of zooplankton, zoobenthos
and fish. Thus, form influences the productivity of lakes.
These examples demonstrate that the structure and
function of lakes strongly depend on morphometry. The
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mixing depth and the shape of a lake provide a lake-specific
distribution coefficient that regulate both the vertical flow
of substances and energy as well as the vertical distribution
patterns of physical, chemical and biological properties
within the lakes.

2.2 Area—depth and Volume—depth Relationships
and Volume Determinations

From the bathymetric map, several morphometric parame-
ters that represent different features of size and form can be
calculated (e.g., volume, lake bottom slope, mean depth and
relative depth). Depending on the resolution of the
bathymetric map, the volume and associated morphometric
parameters will be determined with different accuracy [22].
The volume (V) is in the ideal case determined from the
integral:

V:/O A(z)dz (1)

where z, 1S the maximum depth (L) and A(z) is the area—
depth function (L?). From echosoundings along transects,
one can rarely obtain a continuous area—depth function, so a
formula to approximate the volume is generally used. A
commonly used approximation is the linear formulation:

Vzi;g(aﬂraj—l) (2)

where £ is the contour line interval (L), g; is the cumulative
area at contour line j [L?] and # is the number of contour
lines [20]. Hakanson [20] showed that the linear volume
calculation formula (equation (2)) can, depending on the
shape of the area—depth distribution curve and the number
of contour lines with lake depth, cause over- or under-
estimations of the true volume.

2.3 The New Approaches for Modelling Area—depth
and Volume—depth Relationships in Lakes

In the following, we will only use three readily available
lake morphometric parameters — surface area, volume and
maximum depth — as the basis for the new mathematical
functions. The first and simplest approach is to base the
function on the volume development (V), as suggested by
Hakanson [28]. The second and more complex approach is
presented for the first time in this work. The idea is to find a
3D body whose volume, area and height equals the volume,
the surface area and the maximum depth of a given lake.
Note that in Section 2.3.1 and Section 2.3.2, both
approaches are independent of units (e.g., meters or feet)
as long the dimensions are expressed in L for depth, L* for
area and L* for volume.
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Table 1 Classification system for defining the shape of lake hypso-
graphic curves and corresponding probabilities, class limits and Vy
values (modified from Hakanson [24])

Lake curve Label Probability  Class limits Va
(%) (standard
deviations)

Very convex VCx 6.5 —3to—-1.5 0.05-0.33
Convex Cx 242 -1.5t0 0.5 0.33-0.67
Slightly convex  SCx 38.3 -0.5t0 0.5 0.67-1.0
Linear L 242 0.5t 1.5 1.0-1.33
Concave C 6.5 1.5t 3 1.33-2.0

Data from 48 lakes.

2.3.1 Volume Development, and Area and Volume Curves

The idea of the first approach is to derive the requested
function from the volume development (Vj), a standard,
dimensionless morphometric parameter describing lake basin
form. Basically, V3 measures to what degree the volume of a
lake deviates from the volume of a cone whose base area and
height equals the surface area and the maximum depth.
Vi = Vinax/ (AmaxZmax /3), Where Vi is the volume, 4., is
the surface area and z,,, is the height of the cone [22]. For
V4<1, the lake form is convex, and for V4>1 it is concave.
This is the classification system for linear, concave and
convex lake basin shape used in this work.

The new function presented for the hypsographic curve
in this section is derived by finding an equation that
describes the lake basin shape probability curves from
Hakanson [24] with varying V4. These probability curves
are based on many empirical hyposographic curves (n=48
lakes) and they describe the probability that a lake should
have a linear, convex or concave hypsographic curve (see
Table 1). (Note that the lake hypsographic curve classifi-
cation system presented in Table 1 is not the same as the
classification system for linear (Vy3=1), convex (V4<1) and
concave (V4>1) lake basin shape used in this paper.) There
exists a close relationship between the shape of hypso-
graphic curves defined in this way from Gaussian proba-
bility curves and the volume development parameter Vy
(see Table 1). While deriving the equation, the following
considerations have been made:

* At the shoreline, the new function should be equal to the
surface area (i.e., the maximum lake area, A,,c) indepen-
dent of the lake basin shape, as given by V.

e When the water depth (z) is equal to the maximum depth
(zmax), the function should be zero independent of V.

¢ Between these limits, the function should describe the area
[A(2)] at any given water depth (z).

Using these criteria and the same type of equation as
presented by Hakanson [23] to describe characteristic water

content of sediments, the model A(z):Amax{% N
‘max +2€ d

where A is the area, A, 1S the surface area, z,, is the
maximum depth, Vy is the volume development parameter
[-] and z is the depth at which the area is calculated, has
previously been suggested [28]. After further development,
we arrived at the following formula:

A(2) = Amax[(1 = ziet) (1 + Zper sin /) Y 3)

where A is the area, A4,.x is the surface area, z is the depth
at which the area is calculated (from 0 to z;.x), Zwel 1S the
relative depth (=z/zpax), Vq is the volume development pa-
rameter [-] and f(Vy) = 1.7V +2.5 —2.4V4 +0.23V73,
which is derived by nonlinear least squares fitting of values
from the probability curves from Hakanson [24] to the
modelled values.

For the lakes studied in Hékanson [24], one can note that
the shape of the mean hypsographic curve is slightly
convex (SCx) (see Table 1), and that most lakes are likely
to have a hypsographic curve limited by the curves defined
by +1.5 SD. Figure 3a shows the shape of these curves in a
graphical manner. Figure 3b gives the hypsographic curves
calculated by using equation (3) and, for comparison, the
previously suggested model. One can note a relatively
“good” correspondence between the statistical probability
curves and curves calculated using equation (3), especially
for all “normal” shapes of the lake hypsographic curves
(i.e., class limits —1.5 to 1.5).

Based on equation (3), the volume below depth z, 1(2),
can be calculated as:

V<Z> :/ A(Z)dZ = AmaxZmax
i (4)
/ [(1 - Zrel)(l + Zrel sin vV Zrel)]f(Vd)erel
Zirel

This integral can be approximated by using composite
Simpson’s 1/3 rule for four subintervals:

1
V(Z) - Amaxzmax/ [(1 - Zrel)(l 4 Zrel sin \/Er;D]f(Vd>erel

Zirel

o 1 — zigel

12 Ml — Zigel) (1 + Ziger sin \/ﬂ))ﬂ’/‘i)
+ 4((075 — 0-752i,rel) (1 + (025 + 0.752147%])

sin /0.25 + 0.75z,) ) ¥

+2((0.5 = 0.5zj5e1) (1 + (0.5 4 0.5z 5e1)

sin /0.5 + 0.5z,,a)) "

+4((0.25 — 0.25z;0) (1 + (0.75 + 0.25z; 1)

sin \/0.75 +0.25z;,)) |

(5)
where A, is the surface area, z,,,, is the maximum depth,
z; is the depth at which the area is calculated (from 0 to
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Zmax)> Zrel 18 the relative depth (=z/zpax), Vg is the volume
development parameter [-] and f(Vy4) = 1.7V;! +2.5—
2.4V4+0.2373.

Or, by simply assuming that the volume above the depth
z has the average area of 4,,.x and A(z), the integral can be
approximated as:

Amax + A(Z)> (6)

V() = Vinax —z( !

This is a linear approximation of the area between the two
depths (see equation (2)) and it yields an overestimation of
the volume when the area—depth distribution curve is con-
cave and an underestimation when it is convex. Note that a
partially concave or convex hypsographic curve does not
necessarily imply that the basin shape is concave or convex.

To determine how accurately the Simpson approximation
(equation (5)) and the linear approximation (equation (6))
estimate the volume of the generated area—depth distribu-
tion curves from equation (3), they have been compared to
a third, “more exact”, volume approximation, where the
integral in equation (4) was divided into parallelograms
with a thickness of 1/1,000 of the maximum depth (i.e.,
1 cm thick slices in a lake with a maximum depth of 10 m).
The sum of the areas of these parallelograms, from the
maximum depth up to z, then gives the volume of the lake
under z. Comparisons have been made for lakes with Vy
values between 0.05 and 3 with a resolution of 0.05.

Another useful morphometric variable, which can be
approximated by using the areas at different depths from
equation (3), is the bottom slope. Compared to Vy, the
bottom slope gives more information on the real dimensions
of the basin shape. The reason for this is that lakes with
identical V4 do not necessarily have the same slopes since Vy
only expresses the lake form and does not provide any
information about the real length scales. The bottom slope,
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on the other hand, includes information about real length
scales. The bottom slope in percent is, according to Hakanson
[22], s=100dy/dx, where dy is change in depth and dx
represents horizontal change. Assuming circular area sec-
tions with a radius 7 gives the slope at any chosen depth z:

s1 = 100dz/dr (7)

For mathematical reasons, it is not possible to derive z(r)
from equation, (3), i.e., s; can not be calculated in this case.
The mean slope (s,) between depths z; and z; - |, on the other
hand, can be calculated as:

Zi = Zit1 Zi — Zitl
i Zi1) = 100 7—"—= =100 ————= ’
$2(2i,Zit1) Fi— Fipl A(z) Azis1) ®
P T

Note that s, is the mean slope of a linear approximation of the
area between two depths and not a measure of the mean slope
of the continuous area—depth distribution curve between the
two depths.

2.3.2 The Hypsographic Development Parameter
and Corresponding Area—depth and Volume—depth
Distribution Curves

The aim of the second approach is to find a geometric body
whose volume, surface area and the maximum depth should
equal a lake. From this, it is necessary that the radius
description of the 3D circular geometric body can obtain a
non-linear description with depth. This gives the possibility
to describe the form of concave or convex geometric bodies.

In a following section, we will show that a lake-specific
value for a new parameter, the hypsographic development
parameter (Hy), will emerge when the empirically deter-
mined volume of a lake and the volume of the corres-
ponding geometric body equal each other. The result of this is
also a volume—depth distribution function that describes the
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geometric 3D body with depth. Since volume—depth and
area—depth distribution curves depend on each other, it should
also be possible to derive an area—depth distribution function
from Hy.

To obtain identical boundary conditions, it is important
that we first normalise the features of the geometric body
(i.e., the idealised lake), both vertically and horizontally. It
is then possible to postulate a function for the radius
description with depth, which only attains values between
one and zero. To describe the radius with lake depth, #(z),
the following expression is given:

(_Z/Zmax) (_Zmax /Zmax)

H —H

r(Z) - rCirCIe ( ?720 /Zmax) d( 7Zmax/zmax) > (9)
H, —H;

where 7irete=(Amax/m)"" is a scaling factor which equals the
radius of a circle with the same area as the lake surface area
(Amax), z is the depth, z;,,, is the maximum depth, z, is the
depth at the lake surface from which the depth is measured
(i.e., zo=0), Apnax 1s the surface area (at zg) and Hy is the
hypsographic development parameter [—]. For any lake-
specific Hy, the area—depth distribution function A(z) can be
determined from:

H(fz/zmax) _ H(*Zmax/zmax)

2

A(z) = 7(Feirele) < Ejfzu/zmm() d(fzmax/zmax)
Hy —H,

(*Z/zmaX) (*Zmax/Zmax) 2

H —H

= Amax ( Zj—zo/z ) d(—z /z )) (10)
Hy ) g :

An additional morphometric parameter, which can also be
addressed with the Hy approach, is the bottom slope. The
bottom slope can be derived from s=100dz/dr, where 7 is the
radius of a circular area section. Depending on whether
the aim is to calculate the bottom slope between certain
depths or at any chosen depth, the following expressions
may be used (multiplication with the factor 100 gives the
slopes expressed in percent):

HéZ/zmaX7l)Zmax(Hd - 1)
Peircle IN (Hd)
HE D (Hy — 1)

= —100—¢ -
(dner /) In (Hy)

s1(z) = —100

52(2i,2i41) = —100
Zrznax<1 — Hd*I) (H§Zi+l/zxnax) o Héz,-/zmax))
X

Tcircle (Zi+1 - Zi) lll(Hd)2

= —100

Zrznax (1 — del ) (Hézﬁl /zmax) _ Hc(lzi/zmax))

(Amax/ﬂ')o5 (Zi+1 - Zi) ]n(Hd)z

(12)

where s, is the bottom slope in percent at lake depth z and
s, is the mean bottom slope in percent between lake depths
z; and z;,1, respectively. In comparison to the Vy-approach,
here it was possible to derive an expression for s, that gives
a measure of the mean slope of the continuous area depth
distribution curve between two depths.

To facilitate the determination of Hy for a given lake, we
can first derive a general expression to calculate the volume
of the 3D geometric body. This can be achieved by
recognising that the volume of the 3D geometric body
with the radius from equation (9) can be expressed as
Vo=l [r(z))?dz- The following expression results:

- (—2/Zmax) (~Zmax /7max) \| 2
O B e/ " dz
max (20 me) (e [2mar)
Zi d d

Amax [2ZmaxHéZ/ZInaXI>
= 2 (13)
(1 _ Hsm) In(Hy)

(—22/2max) Zitl
Zmade

cmax’d o 4 g2
Yin(Hy) 4 F

Zi

where V(z) is the volume—depth distribution function. By
means of numerical iterations, lake-specific Hy values can
be found for any lake with a known volume (V},,,x), surface
area (Amax), maximum depth (z,.x) and where z; and z;4
equals zg and zp,., respectively. Since Vg = (3Vnax)/
(AmaxZmax ), We can further substitute ¥(z) in equation (13)
with (VgdmaxZmax)/3. The resulting function, equation (14),
however, cannot be solved analytically for Hy:

o3 3+ H32 —4Hy + 21n (Hy)
’ 21n (Hy)(Ha — 1)?

(14)

An illustration of the relationship between Hy and V4 from a
numerical solution of equation (14) is given in Fig. 4.
Solving equation (14) numerically is both time-consuming
and impractical. By means of statistical methods such as reg-
ressions, it is, however, possible to find practical equations
that can be used to recalculate V4 into Hyq with an acceptable
accuracy. The allowed maximum deviation in percent,
between numerically determined Hy from equation (14) and
estimated Hy from V7, calculated as 100 ’Hdﬂnumm-cal — Hdﬁmted‘
/ H g numerical, Was set to £0.55% during this procedure. Note
that no solution exists for any of the derived equations (9)—
(14) when Hy=0 or Hy=1. When Hy=1 (implies that Vy=1,
see Fig. 4), the lake geometrically takes the shape of a cone
and the volume expression for a cone can be used.
V4-values below 0.33 or above 2.70 seem to be very
unlikely, see Fig. 5, or Neumann’s study [58], including
over 100 lakes, or from our morphological database with
398 additional lakes. This explains why equations that can
be used for recalculations of Vy-values outside of this range
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Fig. 4 Numerically determined Hy for different idealised lake basin shapes, and its correlation with V. Correlation for the whole Vg-definable
range (see solid frame), whereas dashed frame visualises the Vj-range, which most likely covers the main portion of lakes in the world

have not been derived. To estimate Hy from Vg4, the
following equations may then be used:

Hy(b) = 10(1.6b“—2.1b3—1,2b2—3.92b)

(0.20 < ¥y < 0.55)

Hy(b) = 10( 340" —185* 630" ~1.96*—4b)

(0.55 < V4 < 1.85)

Hy(b) = 10(—19261554271795* 155066 +4432.66* ~639.515-+36.442)
(1.85 < Vg < 2.40)
(17)
Hd (b) =1 0(73077645[)5 +6028981b*—4728714.56°+1855729.6h* —364329.44b+28621 .94)

(2.40 < V4 < 2.70)
(18)

where b=log(Vy4) [-]. Thus, based on equations (15)—(18),
Hy may be determined from the much more easily
determined V4 value with an accuracy of +0.55%. The
accuracy of the recalculation procedure, however, depends
on the given number of digits for the V4 value. To minimise
this dependency, V4 should be given with at least two
decimal digits.

3 Lake Morphometric Database
The empirical data originates from a number of Swedish

lake studies. The lakes are distributed approximately from
56° to 68°N (lat.) and from 1° to 22°E (long.) and they
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cover an area of about 400,000 km?. Most of the lakes
belong to the in Sweden [26] and worldwide [55] pre-
dominating glacial lakes.

3.1 Lake Bathymetric Data Quality Selection Criteria

Depending on the lake form and the number of contour
lines in bathymetric maps, the empirical volume may be
more or less accurately determined using the linear volume
calculation formula (Section 2.2). To compare empirical
area—depth and volume—depth distribution curves and
modelled ones, it is necessary to remit lakes with
unacceptably large errors in the volume determination from
the lake database. To select lakes with an error less than
+2% in the empirical volume, we compared the volumes of
idealised area—depth distribution curves with volume
estimations made with the linear volume calculation
formula (equation (2)). The idealised area—depth distribu-
tion curves were generated from Hy (equation (10)). This
procedure was carried out for different basin shapes (V3=
0.05-3) and different numbers of equidistant strata (n=2—
100). In this way, it was possible to determine how large the
probable error would be given a certain number of strata in
a lake and a certain basin shape (V). From this, it was then
possible to identify and remove lakes that probably yield
larger volume errors than +2%.

3.2 Lake Database for Comparisons of Area—depth
and Volume—depth Distribution Curves

Based on the criterion that each hypsographic curve should
yield a volume error less than +2%, we removed 18 lakes
from the original database, leaving 105 lakes for further
analyses. The selected lakes and their characteristics are
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Fig. 5 Histograms of morphometric characteristics of the lakes used in this work. (a) Surface area (4,ax), (b) volume (Vp,ax), (¢) maximum depth
(Zmax), (d) volume development parameter (V3=(3z,/zmax)) and (e) mean depth (z,,=V/4). Data from 105 lakes

summarised in Fig. 5. They originate from Anderson [1],  these lakes range from about 1.7x10* to 5.6x10° m? and
Andersson et al. [2], Bengtsson et al. [3], Bodbacka  2.1x10%to 1.5x10'"" m?, respectively; the maximal depths
Féltman [6], Elert et al. [13], Grahn et al. [18], Henrikson = range between 2 and 106 m. Compared to the variation in
and Nyman [37], Henrikson et al. [38], Hékanson [20] (and V4 (0.33-2.30) in Neumann’s study [58], these lakes range
references therein), Jansson [45, 46], Persson (personal  from 0.54 to 2.42 with an average of 1.19 compared to
communication) and Rhode [67]. Areas and volumes for =~ Neumann’s 1.40.
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Fig. 6 Comparisons of values estimated from the V4 approach and empirical values, including the resulting 95% prediction interval. (a) Relative
area. (b) Relative volume. Based on data from 105 area—depth and volume—depth distribution curves

4 Results

4.1 Estimations Based on the Volume Development
and Comparisons with Empirical Data

4.1.1 Area—depth Distribution Curves

Figure 6a shows that the approximation based on Vy
estimates the area quite well. Analysis of the residuals
gives a 95% confidence interval for individual values, i.e.,
the prediction interval, of £17.9% in the units of the
estimated value. The confidence interval for individual
predicted values gives the range of values within which an
additional observation of the predicted variable can be
expected to be located with a 95% level of certainty. The
coefficient of determination (%) is 0.924 (see Table 2). The
slope and the intercept of the regression line are 0.950 and
—7.550, respectively. This indicates that the approach gives
an overestimation in many cases.

A regression analysis was also carried out without the
endpoints, i.e., relative areas 0% and 100%, to study the
influence of these values. Since the endpoints always are
modelled correctly, there is a risk that these values will
influence the results. However, excluding the endpoints

only alters the regression equation and 7 slightly (Table 2).

@ Springer

4.1.2 Volume—depth Distribution Curves

The volumes estimated with the Simpson approximation
(equation (5)) and the linear approximation (equation (6))
were first compared to the “more exact” volume approxi-
mation, introduced in Section 2.3.1, of the area—depth
distribution curves generated by the FVy-approach. To
determine which of these equations gives the best volume
estimations for different V4-values and at different relative
depths, their relative errors, calculated as 100|Vore exact —
Vestimated!/ Vimore exact» Were compared. The relative errors in
the volumes calculated using the Simpson approximation
and the linear approximation could then be compared to
determine the intervals in V4 and relative depth where one
or the other approximation estimates the volume most
accurately. Results are summarised in Fig. 7 (see Appendix
for more details about the specific intervals). In Fig. 7, it
can be noted that the linear approximation (equation (6)) is
generally best at very small, relative depths as well as
towards greater depths in lakes with a somewhat concave
basin shape, i.e., when approximately 1.5<V34<2.5, where-
as the Simpson approximation gives better results at the
opposite relative depths and Vy-values. Using the different
volume formulas within the recommended limits in Fig. 7
thereby gives the smallest possible errors.
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Table 2 Slope, intercept, number of observations () and *-value for
the regression line between empirical and estimated relative areas from
the Vy-approach with and without endpoints (i.e., 0% and 100%)

Table 3 Slope, intercept, number of observations () and r*-value for
the regression line between empirical and estimated relative volumes
from the V4-approach with and without endpoints (i.e., 0% and 100%)

2

2

Model Endpoints ~ Slope  Intercept n r Model Endpoints  Slope  Intercept n r
Relative area  Yes 0.950 -7.550 1,007  0.924 Relative volume  Yes 0.870 -3.487 1,007  0.907
Relative area  No 0.903  -7.985 797 0.913 Relative volume  No 0.735 -1.573 797 0.884

Using the different volume formulas recommended in
Fig. 7, we compared estimated volumes with empirical ones
(see Fig. 6b). The * is 0.907 and the 95% prediction interval
is £19.9% in units of the estimated value. The slope and the
intercept of the regression line are 0.870 and —3.487,
respectively, and indicate that the model mostly gives an
overestimation. In this case, exclusion of the endpoints only
alters the regression moderately (see Table 3).

4.2 Estimations Based on the Hypsographic Development
Parameter and Comparisons with Empirical Data

4.2.1 Area—depth Distribution Curves and Volume—depth
Distribution Curves

Comparisons between calculated relative areas and volumes
and empirical data in Fig. 8 show that the Hy-approach gives
both the relative area (equation (10)) and, in particular, the
relative volume (equation (13)), with a very high accuracy.
For each lake, H4 has been estimated by recalculation of the
empirical Vg-value through equations (15)—(18).

Regression analysis in Fig. 8 gives information about the
interval within which it is expected that 95% of all data
points fall for an individual estimation. For the relative area
and volume, it is expected that individual estimations with a
95% level of certainty would fall £7.0% and +3.2% in units
of the estimated value, respectively, from the respective

regression line. The /?-values for relative area and relative
volume estimations are 0.988 and 0.996, respectively (see
Table 4). Since the slopes and intercepts of both models are
very close to 1 and 0, respectively, these models give
estimations with very small deviations from empirical
values. As with the Vy-approach, we examined how
exclusions of the endpoints alter the 7*-values, slopes and
intercepts of the regression lines. The changes are very
small (see Table 4).

4.3 Correction Factor for Volume Determinations

In Section 3.1, we introduced an approach to identify and
omit lakes whose empirical volumes cannot be determined
with satisfactory accuracy. To determine if and when it is a
necessity to make corrections, we generated idealised area—
depth distribution curves with known volumes by means of
the Hy-approach (equation (10)). Volumes of Hgy-derived
lake bodies (Viue) Were compared to volume estimations
(Minear) from the linear volume formula (equation (2)) for
different basin shapes and numbers of strata. Results are
visualised in Fig. 9 in terms of a correction factor (Cy=Viue/
Vinear) that represents the values with which empirical,
linearly estimated, volumes should be multiplied to yield
more correct volumes.

These results can be summarised in a few equations.
However, due to statistical limitations and practical reasons,

Simpson approximation

I:l Linear approximation

Fig. 7 An illustration showing 100
which model (Simpson approxi- 90
mation or linear volume ap-
proximation) gives the best 80
volume estimations of the “more = 70
exact” volume of the area—depth <
distribution curves generated by '-E_ 60
the V4-approach. The different S 50
patterns indicate which of the e
two models, for the given com- = 40
binations of relative depth and T 130

. x
V4-values, gives the best vol-
ume estimation 20

10 +

vd (-)
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Fig. 8 A comparison between empirical and modelled values for area and volume from the Hy-approach, including the resulting 95% prediction
interval for individual estimations. (a) Relative area. (b) Relative volume. Based on data from 105 area— and volume—depth distribution curves

these equations were only derived for cases when the
number of strata equals five or more and when Cg-values
deviate more than 0.5% from the ideal value of one. To
estimate Cr for empirical, linearly estimated Vy-values in
the range 0.35-2.75, the following equations were derived:

Co — 1/10(10(3.Uslog(Vd)2,031og(sma)+0,29mg(vd)log(Sua'a)0.69))
' (19)

(0.35 < V4 < 1.46 and 5 < Strata < 35)

10(5:4874+0.57Strata~0.32V g Strata~14.87) )
Cr = 10(
(20)

(2.38 < V4 <2.75 and 5 < Strata < 9)

Table 4 Slopes, intercepts, number of observations (1) and * for the
regressions between empirical and estimated relative areas and relative
volumes from the Hy-approach with and without endpoints (i.e., 0%
and 100%)

Model Endpoints  Slope  Intercept n r

Relative area Yes 0968 1.173 1,007  0.988
Relative area No 0.948 1.715 797 0.908
Relative volume  Yes 0.993 1.063 1,007  0.996
Relative volume  No 0.994 1.228 797 0.991

@ Springer

where Vg is the empirical volume development factor for
which the volume has been determined with the linear
volume calculation formula (equation (2)) and Strata is the
number of existing strata on the corresponding bathymetric
map. Note that given empirical V4-ranges for the equations
represent Vy-values that after correction with Cy include
0.33 and 2.70, i.e., the lower and upper boundaries for the
worldwide range of Vy-values identified in this work. A
comparison of estimated Cy-values from equations (19) and
(20) to correct Ceg-values (i.e., Ct=Viue/Viinear) Shows that
these equations can be used to successfully estimate Cy for
the given ranges of V4 and strata. The deviation in percent
between estimated and correct Cy, defined as 100|C¢, correct —
Crt estimated/Cr, corrects 1NCreases the more the correct Cy-
value deviates from the ideal value of 1. For equation (19),
the deviation is ~0.03% for Cy=~0.998, whereas the
deviation is ~3.2% for Cy=~0.75. For equation (20), the
deviation is ~0.05% for Cy=~1.002, whereas the deviation
is ~3.7% for Cy=~1.11. Our findings further indicate that

Table 5 Mean depth (z,,,), maximum depth (z;,,,x), surface area (4yax),
maximum volume (V,.x), change in water level (z), relative depth of
the new lake level (z,1=2/zmax) and volume development (Vy) in Lake
Kinneret (modified from Hakanson et al. [31])

Vinax= z Zrel Va=
ZmAmax (mS) (m) (%) 3Zm/zmax (_)

Zm Zmax Amax

(m) (m) (m%)

26 42 170x10°%  442x107 40 95 1.86
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Fig. 9 An illustration of how

the magnitude of the correction 1.2
factor (Cy) deviates from the
ideal value of 1, as a function of 1

differences in lake basin shapes
(V4=0.10-2.90) and number of
existing strata (n=4-50) in lake
bathymetric maps

0.8

C ()

Strata (-)

there is no need to correct empirical volumes determined
with the linear approximation formula (equation (2)) in the
following cases, (a) V4=0.35-1.46 and Strata>35, (b) V4=
1.46-2.38 and Strata>5, and (c) V4=2.38-2.75 and Strata>9.

5 Example of Practical Use

Assume that we want to calculate the new surface area and
volume of Lake Kinneret for the dry season (July—
September) when water level is lowered by 4 m. The mean
depth, maximum depth and surface area of Lake Kinneret
can be found in Hékanson et al. [31], and from these
values, the maximum volume and the volume development
parameter can be calculated (see Table 5). We then have all
the variables needed to calculate the new area and volume
using either of the two approaches introduced in this work.

5.1 The V4-approach

With the Vy-approach, the new surface area corresponding
to a water level change of 4 m is calculated from equation
(3). We then use the information in Fig. 7 to determine
which approximation to use for the volume calculation. For

Table 6 Results from applying the Vy- and Hy-approaches to Lake
Kinneret. Area corresponding to a water level change of 4 m,
A (z=4 m), and volume below 4 m depth, V' (z=4 m)

Method A4 (z=4 m) (m%) V (z=4 m) (m®)
V4-approach 165x10° 375x107
Hgy-approach 166x10° 376x107

a relative depth of 9.5% and a volume development
parameter of 1.86, one finds that the linear approximation
(i.e., equation (6)) should be used. The new volume from
equation (6) and the new surface area are given Table 6.
The 95% prediction intervals for this approach, 17.9% for
area and 19.9% for volume, correspond to 30.4x10° m?
(0.179A41max) and 88.0x 107 m® (0.199¥;.).

5.2 The Hy-approach

We begin by calculating Hy from equations (15)—(18).
Since Vg in this case is 1.86, we use equation (17) and
derive a Hy of 0.0326. The new surface area corresponding
to a water level change of 4 m is then calculated from
equation (10). Finally, by putting z; to 4 m and z;1; to 42 m
in equation (13), the new volume is obtained. The resulting
area and volume are given in Table 6. Here, the 95%
prediction intervals of 7.0% for area and 3.2% for volume
correspond to 11.9x10° m* (0.070A4nay) and 14.1x10” m?
(0.032Vax)-

6 Discussion and Conclusions

The models presented in this work are meant to provide a
morphometric basis for the development of ecosystem
models that are capable of describing the vertical extension
of physical processes and associated chemical, biological
and physical properties important to lake ecosystems. We
have developed two new approaches to mathematically
describe differences in basin shapes both among and within
lakes. The similarity between the two approaches is that
they are based on volume, surface area and maximum
depth. The first model is derived from the volume
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development (V4) and the second model from a new
morphometric parameter, the hypsographic development
parameter (Hy). Both models give quite good correlation
both for area and volume when compared to empirical data,
although the Hy-model gives more accurate and precise
estimations. The evaluations of the two approaches were
made using lakes with Vy-values in the range 0.54-2.42
and are therefore only valid within these ranges. However,
the models are meant to be applied to all lakes, although
most of the lakes used in testing the approaches in this
work are of glacial origin, most lakes on earth belong to the
glacial type as well and the given range of Vy-values cover
a large portion of the existing range of Vy-values in the
world.

With the Hg-model, any individual estimation of area
and volume at any depth in a lake would, with a 95% level
of certainty, fall within +7.0% and £3.2%, in the units of
the estimated value, respectively, from respective regression
line for empirical versus modelled data. Estimations from
the Vy-approach, on the other hand, are easier to derive and

A ppendix

can be used when tolerance to deviations is greater, e.g., in
models not so sensitive to errors in area and volume. For
the V4-model, it can be expected with a 95% level of
certainty that any individual estimation of area and volume
would fall £17.9% and £19.9% in the units of the estimated
value, respectively, from respective regression line.

Recognising that both the Vy- and especially the Hy-
approach describe the lake form quite well, it is expected
that the bottom slope formulas presented in this work
would also prove to be useful.

We were further able to use the Hy-model to determine
when it is necessary to revise the empirical volume of a
lake. In these cases, the derived equations, based on the
number of strata and information on basin shapes (¥Vy), can
be used to estimate the correct volume.

Acknowledgements We would like to express our gratitude to
Gunnar Persson at the Swedish University of Agricultural Sciences for
giving us access to several unpublished lake hypsographic curves
from a database maintained by the Department of Environmental
Assessment.

Table 7 Limits in Vy and relative depth within which the Simpson approximation (equation (5)) or the linear approximation (equation (6)) is
recommended for calculations of the volume below the relative depth in question

V4 Recom. Limit Recom. Vg4 Recom. Limit Recom. V4 Recom. Limit Recom.
approx. (relative  approx. approx. (relative  approx. approx. (relative  approx.
below depth) above below depth) above below depth) above
limit limit limit limit limit limit

0.05 Linear 0.057 Simpson 1.05 Linear 0.120 Simpson 2.05 Linear 0.579 Simpson

0.1 Linear 0.071 Simpson 1.1 Linear 0.136 Simpson 2.1 Linear 0.575 Simpson

0.15  Linear 0.073 Simpson 1.15  Linear 0.152 Simpson 2.15  Linear 0.567 Simpson

0.2 Linear 0.074 Simpson 1.2 Linear 0.165 Simpson 2.2 Linear 0.556 Simpson

0.25  Linear 0.076 Simpson 1.25  Linear 0.172 Simpson 2.25 Linear 0.542 Simpson

0.3 Linear 0.079 Simpson 1.3 Linear 0.169 Simpson 2.3 Linear 0.525 Simpson

0.35  Linear 0.080 Simpson 1.35  Linear 0.145 Simpson 2.35 Linear 0.507 Simpson

0.4 Linear 0.081 Simpson 1.4 Linear 0.066 Simpson 2.4 Linear 0.488 Simpson

0.45  Linear 0.08 Simpson 1.45  Linear 0.196 Simpson 2.45  Linear 0.470 Simpson

0.5 Linear 0.078 Simpson 1.5 Linear 0.447 Simpson 2.5 Linear 0.453 Simpson

0.55  Linear 0.075 Simpson 1.55  Linear 0.461 Simpson 2.55  Linear 0.247 Simpson

0.6 Linear 0.070 Simpson 1.6 Linear 0.478 Simpson 2.6 Linear 0.099 Simpson

0.65 Linear 0.066 Simpson 1.65 Linear 0.496 Simpson 2.65  Linear 0.135 Simpson

0.7 Linear 0.061 Simpson 1.7 Linear 0.513 Simpson 2.7 Linear 0.167 Simpson

0.75  Linear 0.059 Simpson 1.75  Linear 0.530 Simpson 2.75  Linear 0.172 Simpson

0.8 Linear 0.060 Simpson 1.8 Linear 0.546 Simpson 2.8 Linear 0.164 Simpson

0.85  Linear 0.065 Simpson 1.85  Linear 0.559 Simpson 2.85  Linear 0.151 Simpson

0.9 Linear 0.075 Simpson 1.9 Linear 0.569 Simpson 2.9 Linear 0.134 Simpson

0.95  Linear 0.088 Simpson 1.95 Linear 0.576 Simpson 2.95  Linear 0.116 Simpson

1 Linear 0.103 Simpson 2 Linear 0.579 Simpson 3 Linear 0.099 Simpson
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