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Abstract
Spreading of liquid drops on cold solid substrates is a complicated problem that
involves heat transfer, fluid dynamics, and phase change physics combined with
complex wetting behaviors at the contact line. Understanding the physics behind the
non-isothermal spreading of droplet is of utmost importance due to its broad appli-
cations in diverse areas of industry such as in additive manufacturing processes. This
workmainly focuses on determining the important physical parameters involved in the
non-isothermal spreading of droplets with low contact angle (θ < π/2) as well as con-
trolling the post-solidification geometry of impinging droplets with moderate impact
velocity where spreading is driven by impact velocities, but fingerings or instabilities
do not occur at the contact line. Using analytical modeling, a possible explanation
for contact-line arrest is produced that demonstrates that the final radius of droplets
of moderate impacting velocity is independent of the initial conditions including the
impact dynamics and temperature gradients. The predictive capacity of this model is
confirmed with experimental results.
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1 Introduction

Three-dimensional (3D) printing technology has been around since the 1980s. This
technology is able to create complex parts via different deposition techniques. To
fabricate mechanically robust and stable structures using 3D printing with material
properties well suited to the application, total control of droplet size, solidification rate,
temperature gradients in the substrate and droplet, adhesion between the layers, and
droplet impact velocity and direction are required. The complexity of the physics of 3D
printing, involving cooling down frommelting point of molten material, emerges from
the intertwined effect of droplet impact dynamics and solidification [1]. As molten
droplet being jetted and spreads on previous layer of same or different solidified
material, a process involving spreading and solidification/remelting of contact line of
a new layer, while substrate temperature as well as surface wettability have been found
to play a role in ripple formation at periphery of splat [2]. To enhance the resolution
and integrity of the printed parts, it is essential to have a thorough understanding of
the physical phenomena involved so as to determine and control the maximum spread
factor, ε � R∗/R0 where R0 is the pre-impact droplet radius, R∗ is the maximum
radius during spreading, as well as the relevant physical properties such as surface
tension, σ , viscosity,μ, fluid density, ρ, thermal conductivity, k, etc [1–8].

Despite the wide range of experimental and numerical studies performed in this
field, the physics of non-isothermal spreading and solidification arrest are still rela-
tively unknown. Most of the work done in this field is based on solving the energy
conservation equation between the pre-impact kinetics and interfacial energies and the
final energy loss to viscous dissipation and surface deformation [9]. For example, one
of the first analytical studies considering coupled fluid spreading and solidification of
impinging metal droplets was done by Madejski [10]. In his attempt to find the maxi-
mum spread factor, he used the axisymmetric two-dimensional radial flowmodel with
solidification emerging from the centerline and assumed that droplet forms a cylinder
of radius R enlarging with time. His analytical model was based on the balance of
the initial kinetic energy of the droplet and change in surface energy due to droplet
deformation andwork done in overcoming liquid viscosity during impact. In his calcu-
lations, he failed to include the effect of undercooling, surface wetting, and advancing
contact angle, all of which lead to significant discrepancies between his theoretical
model and experiments. Collings et al. [11] also studied the impact dynamics and
solidification of liquid droplets analytically. One modification that they implemented
in their analysis was considering the effect of contact angle. However, they made the
assumptions that viscous dissipation and initial surface energy are negligible and the
advancing and equilibrium contact angles are inseparable, so as a result, the obtained
values from their analytical modeling did not bear out in experiments.

Watanabe et al. [12] employed a simple numerical simulation method neglecting
the effect of viscous dissipation to predict the maximum droplet deformation and
solidification progress on a cold target. They considered the fluid dynamics and phase
change process to be uncoupled and occurring independently. In other words, they
assumed that solidification occurs after the droplet deformation is complete regardless
of the impact conditions and the temperature gradients. Pasandideh-Fard et al. [13]
studied the impact of droplet on solid surface both experimentally and numerically.
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Measured values of dynamic contact angle from experiment were used as boundary
conditions for the numerical model. In order to find the effect of droplet solidification
on the maximum spread diameter, they assumed that all kinetic energy stored in the
solidified layer is lost.

The scope of the experimental work done on the evolution of the impacting drop
base diameter during simultaneous spreading and solidification is quite limited. Most
of the previous research is focused on bouncing and splashing effects of liquid droplets
[14–17], and others remain limited to isothermal spreading [18, 19] which is funda-
mentally different from the solidifying dynamic contact-line problem as solidification
plays a crucial role in controlling the molten contact line arrest. Schiaffino and Sonin
[20, 21] performed an experimental study of the behavior of a deforming contact line
as the flow spreads and solidifies on a sub-cooled target. They realized that, prior
to arrest, the relationship between the dynamic contact angle and contact-line speed
appears to obey the Tanner-Hoffman law [22, 23] assuming the equilibrium contact
angle is zero. However, their study was limited to non-isothermal spreading of liquid
over the solid of the samematerial and had approximately the same thermal properties.
Their assumptions were not supported experimentally including (1) the solidification
initiates from the basal plane at the trijunction and (2) the droplet would stop spreading
when the contact angle at the solidification front reaches the dynamic contact angle
of spreading. Bhola and Chandra [24] performed an experimental study on molten
wax droplet impact. Aziz et al. [25] studied the impact and solidification of molten
metal droplets experimentally under different initial impact velocity and target tem-
peratures. They also used the energy balance criterion to assess the maximum spread
factor for metal droplets. Their focus was to study the spray coating process and to find
a prediction for the number of fingers created by the impact of molten droplets, and
more importantly, they were only interested inmetal droplets with high contact angles.
More recently, Koldeweij et al [26] utilized total internal reflection to study the arrest
of spreading sessile droplets. They hypothesized that crystal growth rate predicted
the pinning of the contact line. Their work represent a lesser degree of subcooling
than other works but may present a new mode of contact line arrest. A similar work
by Herbaut et al. [27] made a similar observation where the growth of the dendritic
structure caught the triple line and pinned it. Similar to the work by Koldeweij this is
a much lower degree of subcooling and may represent a different form of contact line
arrest.

Tavakoli et al. [28] performed an experimental and theoretical studyon the dynamics
of spreading drops on undercooled glass substrate. They proposed a new hypothesis
to explain the arrest of solidification layer during spreading. They believed that the
droplet stops spreading when the volume of the solidified region reaches a critical
value. Their hypothesis is based on the initiation of solidification at the contact line and
its progression through the liquid following the isotherms. They were able to show that
the spread factor is proportional to Ste−1/3, where Ste � Cp(Tm−Tw)/L f, andCp, Tm,
Tw, and L f are the specific heat, the melting temperature of the liquid, the temperature
of a solid substrate, and the latent heat of fusion of the liquid, respectively. Higher
Stefan number indicates a lower substrate temperature, or more significant subcooling.
Tavakoli showed this relation for low velocity deposition of droplets using scaling
analysis and verify their results with experiments; however, their analytical results
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Table 1 The previous studies on
different regimes of impact
velocities for droplet spreading
on solid substrate followed by
solidification

We � 1 We ∼ 1 We � 1

Schiaffino et al. [20] Bennett et al. [38]

Clanet et al. [36] Bhola et al. [24] Aziz et al. [25]

Tavakoli et al. [28] This work Dhiman et al. [39]

Ruiter et al. [37] Thiévenaz et al. [40]

are justified mathematically with unexplained mechanism involving critical volume.
Meanwhile, their work is limited to low velocity, forced spreading.

Therefore, themodels of droplet impact and solidification to this date either have not
been validated by experimental results or cannot adequately explain the physics behind
the non-isothermal spreading. Furthermore, the majority of the analytical studies are
based on solving the energy balance equation, which is not sufficient for describing the
motion and dynamics of impinging droplets [29]. It should also be noted that the prior
works in this field focus on either low impact velocity deposition where the impact
dynamics are negligible or the very high impact velocities in the splashing regime, both
ofwhich are extremely hard to control and predict. This study focuses on filling the gap
between the very low and very high impact velocities, a region which is referred to as
the moderate impact velocities in Table 1. In this work, we aim to examine the coupled
solidification and spreading for a droplet of impact velocity in the intermediate region
where the deposition velocities are still high but no splashing is observed and explain
the process both analytically and experimentally. The ultimate goal of this paper is to
fully control and predict the final shape of the droplet and maximum spread factor in
order to maximize the resolution and efficiency of 3D printers.

We present, here, a new hypothesis explaining the arrest of spreading droplets of
moderate impact velocities, and a set of experiments to verify the validity of this
hypothesis. Based on our analysis, for a droplet impinging on a sub-cooled surface at
moderate velocities, the final spreading diameter is determined by liquid and surface
properties and is independent of impact velocity and degree of sub-cooling. First, we
start by analyzing the governing equations for flow in this regime and obtain the final
diameter of spreading based on the proposed hypothesis. The analytical modeling
is followed by a series of experiments for different alkanes with properties listed in
Table 2, all of which show great agreement with the model predictions. The details of
the analytical model and experiments are presented in the following section.

2 Formulation and estimates

Figure 1 shows the droplet configuration before and during droplet spreading and
solidification on a flat plate. In our proposed mathematical model, it is assumed that
droplet of initial diameterD0 strikes a surface perpendicularly with the free fall impact
velocity V i. The fluid flow during droplet impact and spreading is formulated using
the axisymmetric coordinate system. The liquid is assumed to be incompressible. The
droplet is characterized by initial temperature T i, density ρ, dynamic viscosity μ,
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Table 2 Properties of the fluids at room temperature

Fluid Density
(kg/m3)

Absolute
viscosity
(kg/m s)

Surface
tension
(mN/m)

Latent
heat
(J/kg)

Specific
heat
capacity
(J/g K)

Thermal
Conductivity
(W/m K)

Melting
point
(°C)

n-Hexadecane 773 3.34 ×
10–3

29.23 2.29 ×
105

2.31 0.21 18.6

n-Pentadecane 769 3.70 ×
10–3

25.90 2.05 ×
105

2.23 0.17 9.9

Fig. 1 Sequence of droplet
deposition and spreading on a
solid substrate of temperature
lower than its melting point
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thermal diffusivity α, and the substrate has a fixed temperature of Tw which is lower
than the droplet melting temperature. Any effect from the ambient air on the droplet
including the convective heat transfer is considered negligible. As the droplet hits
the surface, it starts spreading in the r-direction; however, because of the temperature
gradient near the substrate, liquid near the surface at the trijunction starts solidifying

123



    6 Page 6 of 15 R. McGuan et al.

as it spreads (dynamical contact angle < 90 degrees near onset of contact line arrest for
most our experiments). As the liquid at the contact-line solidifies, the solidified region
gets pinned to the surface and stops the spreading. The solidification onset mode can
be either basal or lateral [30] depending on the droplet contact angle where 90° is
the threshold value. Here, we focus on the motion and arrest of the contact line for
fluids of contact angle less than 90° where solidification mode is lateral, suggesting
the solidification front that induces a mechanism effective for contact line pinning
initiates from the trijunction and freezing propagates inside the droplet perpendicular
to the isotherms.

Todetermine the arrest diameter andquantify the effect of different initial conditions
such as impact velocity, degree of substrate subcooling, fluid properties, on spreading
of the droplet experiencing phase-change, we have performed scaling analysis of the
governing equations. We start with the momentum equation at the contact line:

[
∂
−→
V

∂t
+

(−→
V .∇

)−→
V

]
� −∇P

ρ
+ −→g + ν∇2−→V (1)

Based on the scaling analysis of the continuity equation, it can be shown that
V ∼ Uh/R where U and V are the velocity in the r and y directions, respectively. We
plugged this result into the r-momentum equation combined with the assumption that
h/R � 1, valid for wetting liquids. In the limit of moderate impact velocities, where
spreading is driven by impact-induced forces but no fingering or instabilities occur
at the trijunction, i.e. We � ρV 2D/σ > 1 and Re � ρV D/μ > 1, the flow at the
contact line is driven by the impact and resisted via inertia and capillary pressure at
the contact line. The upper limit of this regime can be established with the commonly
used splash parameterWe

√
Re ≤ 3000 which corresponds to aWeber number of 114

for the n-hexadecane and 121 for the n-pentadecane used in this work [31]. Here, we
have neglected the viscous effects on the grounds that at relatively low Ohnesorge
numberOh, where Oh � μ/

√
ρσD, the thickness of the boundary layer is very small

compared to other flow dimensions; hence, the inviscid flow assumption [21]. For
inviscid flow inside the droplet, νU

h2
is comparably smaller than 
P

ρR , so that the force

balance at the contact line becomes:

U 2

R
∼ 
P

ρR
(2)

At the free surface, the normal stresses are replaced by an equivalent surface
pressure, calculated from the interface mechanical equilibrium condition given by
Laplace’s equation, 
P � σκ , where σ is the liquid–gas surface tension, and κ is
the interface mean curvature at the trijunction. This curvature can be easily estimated
using the geometry of droplet, κ � R0/R2, where R0 � D0

2 . Using these equations,

we can simply and find the spreading radius as a function of time and fluid properties
as follows:
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R ∼ 4

√
σ R0

ρ
t
1
2 (3)

It should be noted that Eq. (3) corresponds to the inertial spreading, which is the
initial stage of spreading after the droplet hits the substrate. For moderate impact
velocities the onset of solidification, the solidified front growth, and its subsequent
arrest happen during the kinematic spreading stage.

3 Theory and hypothesis

As the droplet is spreading over the surface, the liquid near the surface at the trijunction
begins solidifying. Prior to the onset of solidification, the droplet spreadingmirrors the
isothermal spreading dynamics regardless of the degree of undercooling. As the liquid
starts solidifying and solidification front grows, it pins the contact line to the surface
and halts the spreading. The solidification front grows in time following the well-
known solidification equation [32], δ � √

4αt Ste. It should be noted that since the
size of the droplets is small, no nucleation consideration is necessary [33, 34]. There
are different hypotheses regarding the contact-line pinning due to solidification, all
with limited successes.

Our hypothesis for solidification arrest is that as the mass of solid is enlarging, the
friction force increases (the friction force is proportional to the mass of the solidified
region), and eventually, the friction force will reach the static friction force, f s, which
stops the movement of the contact line and spreading of droplet on the surface (Fig. 2).
In other words, the arrest of contact line in non-isothermal spreading occurs due to
the increase in the friction force applied to the solidified material, which further stops
the spreading of the liquid behind it. To entertain this hypothesis, we have studied the
force balance at the solidified region:

d

dt
(msU ) � μmsg (4)

Fig. 2 a The axisymmetric view
of the growth of solidification
front following the isotherms for
a droplet on a surface with
contact angle smaller than 90°.
b The force balance on the
solidified region
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ms � πRρsδ
2tanθ (5)

where R,θ , ρs , and μ are spreading radius and contact angle, density of solidified
material, and friction coefficient. Equation (4) is the force balance for the solidified
material. The solidified material is growing and moving at the contact line as a result
of droplet spreading, while the friction between the solidified material and substrate
is resisting this motion. Equation (6) is the result of applying the order of magnitude
analysis to Eq. (4), which shows the balance of inertia and friction force for the
solidified region.

U

t
∼ μg (6)

Taking the scaling analysis one step further, the contact-line velocity in r-direction
is scaled by the ratio of spreading radius divided by time of spreading as shown in
Eq. (7).

R

t2
∼ μg (7)

Finally, combining the previously derived equation for spreading dynamics, Eq. (3),
with Eq. (7), the time factor is eliminated.

σ R0

ρR3 ∼ μg (8)

Based on our hypothesis, the spreading stops when the friction force reaches its
maximum value, the static friction, characterized by maximum coefficient of friction,
μmax . Thus, to find an order magnitude estimate for the final arrest radius, R∗, the
friction coefficient is replaced by maximum coefficient of friction, μmax � 0.15 as
described in previous work [35] which results in the following:

σ R0

ρR∗3 ∼ μmaxg (9)

By rearranging Eq. (9), we can then obtain Eqs. (10) and (11), which shows the
arrest radius and spread factor, respectively, for the droplet impinging onto a solid
substrate with moderate impact velocity. It should be noted that based on these results,
the arrest radius is independent of impact velocity and/or the degree of undercooling,
and it only depends on solid and fluid physical properties as well as the initial volume
of the droplet.

R∗ ∼ 3

√
σ

ρμmax g
3
√
R0 (10)

ε ∼ 3

√
σ

ρμmaxgR2
0

(11)
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To verify the results of the analytical modeling, experimental measurements for
two different liquids of similar properties and same initial volume are performed over
a variety of dynamic and thermal conditions. The predicted value for ε based on the
materials is found to be approximately 3.

4 Experimental results and discussion

Experiments are carried out inside Krüss DSA 100 at various combinations of the sub-
strate temperature, droplet impact velocity, dispensing needle position, and dispensing
flow rate. Krüss DSA100 is also used for recording the droplet spreading dynamics
and subsequent data evaluation. In principle, the Krüss DSA 100 machine consists of
threemain components (i) the specimen table with threemanual knobs for accurate 3D
positioning (ii) the video system with CCD camera, prism, light source and aperture
(iii) a software-controlled multiple substance dosing unit. This state-of-the-art appa-
ratus provides accurate measurement of the dynamic contact angle and base diameter
of the spreading fluid. The intelligent dosing system of Krüss DSA 100 allows liquid
to be dispensed without the risk of contaminating the sample. The bright light with
extremely low radiated heat provides us with the illumination required for measuring
drop radius evolution. The drop is illuminated from one side and a camera at the oppo-
site side records images of the drop spreading and solidification. Temperature of the
solid targets can be adjusted by a Peltier element situated in Krüss DSA100 machine
from − 30 °C to 160 °C.

The free fall impact experiments of single drops are conducted for a range of We
from 1 to 95 which corresponds to Re ranging from 62 to 637 and Ste from 0.1 to 0.3
on glass slides with dimensions of 50× 24× 0.15mm3 (VWRmicrocover glass). The
substrate is rinsed successively in acetone, methanol, and DI water. Different impact
velocities are obtained by changing the height of the needle with respect to the solid
target. Higher elevations of the injection needle correspond to higher Weber numbers.
During the liquid discharge from the injection needle, the drop becomes larger in size
and eventually falls under its own weight. The volume of droplet is set to 5 μl and
kept constant for all the experiments. In all experiments, the arrested base radius, R∗
is measured at the moment that the spreading drop gets pinned due to solidification
initiation.

In these experiments n-Hexadecane and n-Pentadecane are used as test fluids. The
fluid characteristics are listed in Table 2. The reported values for the fluid properties
are provided by the manufacturer. The contact angle values, both equilibrium and
advancing, are measured for each set of experiments, and all the values were found to
be consistently below 90°, which is the criterion for the analyticalmodeling. Impacting
speeds and non-dimensional parameters of impact We and substrate Ste are tabulated
in Table 3.

Figure 3 shows a comparison between the isothermal and non-isothermal spreading
under the same impact conditions. It can clearly be seen how solidification pins the
spreading contact line to the surface, and changes the profile and final shape of the
solidified droplet. Based on the experimental data presented in Figs. 4, 5, and 6, as
the impact velocity increases, the arrest radius becomes entirely independent of Ste
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Table 3 Droplet impact speeds and non-dimensional parameters in experiments

Impact speed V [m/s] We (n-Hexadecane) We (n-Pentadecane) Ste

0.14 1.10 1.23 0.124

0.84 39.6 44.5 0.161

0.90 45.1 50.6 0.182

0.95 50.6 56.8 0.202

1.05 61.6 69.2 0.222

1.14 72.6 81.5 0.242

1.22 83.6 93.9 0.262

1.30 94.6 106.6 0.283

Fig. 3 The video sequence of the
impact and spreading of an
n-Hexadecane droplet on with
and without solidification. The
drop has the initial volume of
5 μl. The comparison of
non-isothermal and isothermal
spreading of impinging drops
under the same impact dynamics
shows the effect of lateral
solidification on the arrest of
contact line. The substrate
temperatures for non-isothermal
and isothermal experiment are −
20 °C and 20 °C, respectively

Pre-
impact

Pre-
impact

t=0.0025

Non-isothermal

t=0.0025

t=0.005 t=0.005

t=1 sec t=1 sec

1 1 

andWe, which is aligned with the prediction of our analytical model. Figure 4 shows
the spread factor versus Ste for different impact velocities of a n-Hexadecane droplet
on a glass substrate. Each point on this plot is the average of five sets of experiments.
It is clear that for low We experiments (We � 1.10), the radius of droplet is changing
rapidly with Ste; however, asWe increases and the droplet impact velocity falls within
themoderate velocity regime, the plot becomes a plateau, and the arrest radius becomes
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Fig. 4 Spread factor as a function of Ste for free fall of n-Hexadecane on glass substrates. The values of
impact velocities corresponding to different We are the following: 0.14, 0.84, 0.90, 0.95, 1.05, 1.14, 1.22,
and 1.30 m/s

Fig. 5 Spread factor as a function ofWe for free fall of n-Hexadecane on glass substrates at moderate impact
velocities with and without solidification

independent of both Ste and We. Figure 5 shows the results for droplets of moderate
impact velocities with and without solidification. For sub-cooled substrates it is shown
that as We increases, all the lines merge into one single value for one spread factor
of the droplet. This outcome is consistent with the prediction of our analytical model
(dashed line on Figs. 4, 5, and 6) and prior experimental data. Certain discrepancy
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Fig. 6 Spread factor as a function of Ste for free fall of n-Pentadecane and n-Hexadecane on glass substrates.
The dashed lines on all figures represent the predicted value by the analytical model which is in good
agreement with the experimental results. The values of impact velocities for both fluids are the following:
0.14, 0.84, 0.90, 0.95, 1.05, 1.14, 1.22, and 1.30 m/s

between model and experiment may be resulted from the fact that the scaling does
not include the onset of freezing at contact line to create freezing-induced friction
and that the estimation of μmax at contact line may differ from its actual value in
experiments. However, the concise model provides an asymptotic prediction while
neglecting complexity in modeling, matching reasonably well with the experiment.
For the isothermal spreading on the other hand, the final radius is clearly increasing
with increasing impact velocities and is much higher than the final radius of spreading
coupled with solidification, all of which highlight the importance of solidification on
controlling the spreading dynamics in the moderate regime.

As both n-Hexadecane and n-Pentadecane droplets have similar properties and
initial volume, the measure of arrest radius should be approximately the same based
on the proposed hypothesis. To test our hypothesis further, same sets of experiments are
performed using n-Pentadecane and the results are plotted and superimposed with n-
Hexadecane data in Fig. 6. For lowWe experiments of both fluids, it is shown that arrest
radius is decreasing as Ste increases and the measured values of arrest radius for n-
Pentadecane are considerably different in comparison to the n-Hexadecane. However,
at moderate impact velocity experiments, the spread factor becomes approximately
the same and in great agreement with the predicted value from the analytical model.

5 Conclusion

To summarize,wehave performed an experimental and theoretical studyon the dynam-
ics of non-isothermal spreading of impinging dropletswithmoderate impact velocities.
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In this range of velocities, the impact velocities are high enough that the impact-
induced forces play an important role in droplet spreading and cannot be neglected,
but the velocities are low enough to ensure fingering instabilities and/or break-ups do
not occur.

A new hypothesis is presented, aiming to explain the physics behind the spreading
dynamics attenuated by solidification. This hypothesis is based on the initiation of
the solidified layer from the contact line and ascending through the liquid bulk. We
have shown that as the mass of the solid is growing due to solidification while the
measure of kinetic friction also grows the same rate and, eventually, the kinetic friction
reaches the value of static friction which stops the movement of the contact line. The
scaling analysis suggests that in the case of moderate impact velocity deposition of
droplets, the arrest radius of the drop only depends on fluid and surface properties and
initial volume of droplet and is independent of initial impact velocity and temperature
difference between the solid substrate and droplet.

To verify the analytical results, a series of experiments are performed using different
liquids under a variety of initial conditions. The values of arrest radius for moderate
velocities are measured using a high-speed photography. The results show that the R∗
for moderate impact velocity experiments (no fingering or breakup instabilities) and
small arrested contact angles (less than 90°) is independent ofWe, Ste, and other initial
conditions. Therefore, the effect of solidification on the spreading dynamics in this
region is very important as it limits the spreading to a certain arrest radius that cannot
be altered by merely changing the impact velocities and/or temperature gradients.

Thus, there exists a stable non-isothermal spreading regime independent of ini-
tial conditions, which allows us to entirely control and adjust the footprint which is
applicable to many areas of industry for such as additive manufacturing and inkjet
printing.
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