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Abstract This paper describes a procedure for the analytical solution of Riemann problems for multi-component,
two-phase flow in general stream tube geometries in porous media. The procedure is first described for a scalar
hyperbolic conservation law modeling waterflooding of an oil reservoir. Thereafter, it is easy to generalize the
procedure to Riemann problems for multi-component, two-phase systems of hyperbolic conservation laws, for
which the associated 1D Riemann problem has a known solution. The procedure is described for both constant flow
rate and constant boundary pressures as imposed Riemann data. In the latter case, the flow rate is time-dependent
and its novel analytical solution is constructed in this paper, clearly demonstrating a non-trivial impact of the flow
geometry on the solution.

Keywords Constant pressure data · Reservoir simulation · Riemann problems · Stream tubes · Waterflooding

1 Introduction

In this paper we will first consider the immiscible displacement of oil by water in an isotropic and homogeneous
porous tube as depicted in Fig. 1a and b. The entire stream tube volume is composed of a space filling family
of non-intersecting, time-independent, smooth streamlines connecting the inlet boundary ∂Ωi and outlet boundary
∂Ωo. For an isotropic medium (for which the permeability is a scalar as opposed to a rank 2 tensor for an anisotropic
medium) the equipotential surfaces are everywhere perpendicular to the streamlines. Therefore, we choose the arc
length of an arbitrary streamline in the tube as the space variable x , which uniquely defines the surface A(x) and,
therefore, the propagation of waves within a stream tube. We will see later that the geometry A(x) influences this
propagation. In Fig. 2 we have shown four streamlines orthogonal to the equipotential surface A(x). In numerical
stream tube simulation, an elliptic (time independent) pressure equation is first solved numerically based on which
the stream tubes are generated. When the boundary conditions or the flow field change, this is repeated and stream
tubes are re-generated.

Changing flow fields occur for example when new wells in an oil reservoir are opened or old wells are closed.
At such instances, the entire flow field including the stream tubes must be re-generated. Depending on the accuracy
required, stream tubesmay also have to be re-generated evenwithout such large-impact type of changes. An example
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Fig. 1 a 3D stream tube, b 2D stream tube Fig. 2 Stream line geometry A(x) in an isotropic medium.

on this occurs during the propagation of an unstable displacement front. However, frequent updating of the stream
tubes counteracts the advantage of computational efficiency over conventional simulation methods.

Wewill treat the displacementwithinfixed stream tubes by analyticalmeans byfirst considering the corresponding
1D Riemann problem. A general discussion of Riemann problems can be found in Refs. [1,2]. When the flow rate is
constant, this 1D Riemann solution can be applied in the tube using appropriate scaled dimensionless variables, as
shown in Sect. 3. If we instead consider the situation when the pressures on the inlet and outlet boundaries ∂Ωi, ∂Ωo

are given constants, the flow rate in the tube will no longer be constant and a dimensionless analysis will not provide
the solution directly. Nevertheless, one of the main results of this paper is to construct the Riemann solution for the
tube also for the case of constant pressure boundaries through the determination of the time-dependent flow rate.

A solution of a 1D Riemann problem with A(x) = constant for waterflooding of an oil reservoir and with a
constant flow rate was described in Ref. [3]. The model for this process is a scalar hyperbolic conservation law for
which the global Riemann problem with constant flow rate has a unique solution in the weak sense. This follows
for example as a special case of the model considered in Ref. [4]. For a constant flow rate, the fluid pressure in
the waterflooding process will vary with time, since the mobility of the fluid system changes as the two different
fluids progress through the medium, i.e. the pressure distribution required to maintain the constant rate will be
different at different times. If instead of using a constant flow rate the pressures on the boundaries ∂Ωi, ∂Ωo are
kept constant, the flow rate will change as the fluid system moves through the medium. This flow rate q(t) was
determined in closed form in Ref. [5] for constant A(x). Since it was also shown there that the elementary waves
for the Riemann problems with constant rate and constant boundary pressures are identical (modulo propagation
velocities), it follows that the global 1D Riemann problem for waterflooding with constant pressure boundaries and
A(x) = constant has a unique solution.

In the case when the medium (oil reservoir) is a stream tube as in Fig.1a and the flow rate q in the tube is constant,
the flow velocity q/A(x) varies with x . As we shall see in Sect. 3, this enables the use of scaled dimensionless
variables which transforms the Riemann problem for the tube to a 1D Riemann problem with a known solution.
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Riemann problems in stream tubes 139

In the case of constant pressures on ∂Ωi, ∂Ωo, q varies with time. The solution of this problem is constructed in
this paper. This is precisely formulated and proved in Sect. 4. In Sect. 4, we also generalize this main result to
two-phase, multi-component Riemann problems in the tube, for which the associated 1D Riemann problem has
a known solution. These multi-component flows are in general governed by non-strictly hyperbolic systems of
conservation laws, which are not genuinely non-linear in the sense of Lax [2].

In Sect. 5, the theory of Sect. 4 is applied to three special cases: Linear flow, showing that the theory of this paper
reduces to known 1D solutions; Radial flow; Spherical flow. We also give calculated examples.

2 Riemann problems for flow in porous media

Consider a system of non-linear conservation laws

ct + [u f (c)]x = 0, (1)

where (x, t) ∈ R × R
+, c(x, t) = (c1, c2, . . . , cn) ∈ R

n , u ∈ R and f = ( f1, f2, . . . , fn) : Rn → R
n is twice

continuously differentiable. The flow of n + 1 fluid components with
∑n+1

i=1 ci = 1 and
∑n+1

i=1 fi = 1 in a porous
medium can in general be represented in the form (1) when ci represents component concentrations. In other words
the model for n + 1 components reduces to an n × n system since only n of the components ci , fi are independent.
Such flows must in general be driven by a pressure gradient px that balances the resistance to flow (friction), i.e.
the total flow rate q is given by

q = −λ(c)A(x)px . (2)

The volumetric flux is then u = q(t)/A(x).
In other words, the system of conservation laws (1) in general is incomplete as a model if (2) is omitted. Equation

(2) is Darcy’s Law for flow without gravity. The pressure p is continuous and piecewise smooth (with possible
discontinuous px at locations x of shocks in c). The quantity λ(c) ∈ R

+ is the total mobility of the fluid system. The
oil and water pressures are assumed equal (p) throughout the paper. We will discuss these physical aspects in more
detail in Sect. 3. Here, our intention is to relate Riemann problems for porous media flows to standard mathematical
texts such as Ref. [1], where Eq. (2) is not discussed as part of a complete model, i.e. it is silently assumed that u
is constant in (1).

In Eq. (1), u fi (c) = ui represents the volumetric flux (velocity) of component i as a fraction fi (c) of the total
volumetric flux for the entire fluid system. A constant rate Riemann problem for the above model is an initial-
boundary value problem of the following form with u = constant:

ct + [u f (c)]x = 0,

u = −λ(c)px ,

c(x, 0) = cR; 0 ≤ x ≤ L ,

c(0, t) = cL ; t ≥ 0.

(3)

A constant pressure boundary Riemann problem is

ct + [u f (c)]x = 0,

u = −λ(c)px ,

c(x, 0) = cR; 0 ≤ x ≤ L ,

c(0, t) = cL ; t ≥ 0,

p(x, 0) = pR, 0 ≤ x ≤ L; p(L , t) = pR, t ≥ 0,

p(0, t) = pL ; t ≥ 0. (4)
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Table 1 Summary of
theories

A = Constant A = A(x)

q = Constant From published literature Transform scaled variables

�p = Constant Johansen and James [5] This paper

In (3) and (4), cL , cR ∈ R
n and pL , pR ∈ R

+ are constant. When A(x) = constant, these Riemann problems
are 1D. For the constant rate problem, u is then also constant, and we may assume u ≡ 1 without loss of generality.
Problem (3) for A(x) = constant and constant rate q can then be solved by first solving

ct + [ f (c)]x = 0,

c(x, 0) = cR,

c(0, t) = cL ,

(5)

and if a solution is obtained, the pressure can subsequently be evaluated as

p(x, t) = pL −
∫ x

0

dx

λ(c(x, t))
. (6)

However, problem (4) for constant pressure boundaries does not yield u constant even if A(x) = constant.
Although u is always constant as a function of x for incompressible flows, it will be a function of time for constant
pressure boundaries. The explicit construction of u(t) of (4) for constant pressure boundaries with A(x) = constant
is given in Ref. [5]. It is also proved there that the solutions of (4) and (5) are identical if represented in the state
space of weak solutions, although the parameterizations are different because u ≡ 1 for (5) and u = u(t) for (4).
In other words, to solve the constant pressure boundary Riemann problem (4) for A(x) = constant, one would first
solve (5) where u(t) can be constructed as in Ref. [5], and subsequently obtaining the pressure from (6).

In this paper we consider flow in stream tubes with arbitrary A(x). We will see in Sect. 3 that the solution of the
constant rate Riemann problem (3) can be obtained using scaled variables.

The final question to be answered then becomes: Can the constant pressure boundary Riemann problem (4) be
solved in the case of a general stream tube geometry (with variable A(x))? We will prove in Sect. 4 that the answer
is affirmative. However, the solution cannot be obtained simply by using scaled variables as for the constant rate
Riemann problem (3). This is summarized in Theorem 1 of Sect. 4 for a scalar conservation law and by Theorem 2
for systems.

The relationship between the method for solving Riemann problems (3) and (4) for A = constant and general
A(x) is summarized in Table. 1.

The complete theory of Riemann problems for strictly hyperbolic, genuinely non-linear systems with local data
was described in Ref. [2]. The hyperbolic models for porous media flow are typically not strictly hyperbolic and
genuinely non-linear, and the solution of Riemann problems may not be possible to represent by a wave train with
elementary waves corresponding to distinct eigenvalues. This means that global solutions of Riemann problems (4)
for porous media flow must be constructed on a case by case basis by varying uL , uR and pL , pR systematically
until all cases are covered as required by a global solution. Although the existence of known global Riemann
solutions for non-strictly hyperbolic systems is limited, a brief summary of such literature is given below.

In Ref. [6] and references therein, the Riemann problem for polymer flooding of an oil reservoir was analyzed.
The polymer is added to the water phase to increase the viscosity of the water. This was generalized to polymer
flooding with non-linear polymer adsorption on rock surface in Refs. [7,8]. The latter is a generalization of Ref.
[9] where a single-phase multi-component Riemann problem with non-linear adsorbing components was solved.
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Riemann problems in stream tubes 141

Similar problems for two-phase flow with components partitioning between two phases were analyzed in Refs.
[10,11]. Analyses of Riemann problems for three phase flow was presented in Ref. [12]. Such systems may also be
parabolic/elliptic in certain regions of state space.

3 Streamline simulation using Riemann solutions

Streamline modeling has gained its popularity in the oil and gas industry because of computational efficiency
and flow visualization for communication between injection and production wells (well placement). It is based
on a decoupling of the flow problem assuming incompressible fluids and rock, and also dispersion-free flow (i.e
negligible mechanical dispersion and capillary dispersion). In the near-well regions where flow velocities are large,
convection will dominate, assuming zero capillary pressure (as in this paper) is adequate. In inter-well regions this
may not be true. In such cases, the results of this paper may nevertheless be used within individual stream tubes
by employing an operator splitting scheme, where the results of this paper is used on the convective part and a
numerical solution on the dispersive (diffusive) part [13]. In addition to zero capillary pressure, equal densities
between injected fluid (water) and displaced fluid (oil) is assumed. A discussion on the practical implications of
this decoupling can be found in Ref. [14]. In particular, see Ref. [15] on inclusion of gravity effects in streamline
modeling. The method of stream tube simulation belongs to a larger class of methods, namely those that use a
fixed-flow field in any given time interval to advance fluid motions during that time interval according to the given
flow field. Another example on this approach is front tracking [16], which also uses analytical solutions of Riemann
problems to advance fluid motions.

Based on the above assumptions the pressure p decouples from the other unknown quantities (fluid saturation
of oil (so) and water (sw)). The pressure equation reduces to the material balance equation for incompressible
flow

∇ · u = 0, (7)

where u ∈ R
3 is the total volumetric flux uo + uw of oil and water given by Darcy’s Law (including gravity)

u = −λ∇Φ; Φ = p − ρgz, (8)

where λ is the total fluid mobility, ρ is fluid density, g is the acceleration of gravity, Φ : R3 → R is continuous and
piecewise differentiable and z is depth below a horizontal plane. In an isotropic medium,

λ(s) = K

[
krw(s)

μw
+ kro(s)

μo

]

, (9)

where s = sw, sw + so = 1; kr : [0, 1] → [0, 1] is relative permeability; μ is phase viscosity and K ∈ R
+ is

absolute permeability. The equation Φ = constant defines a level surface A in the tube, and λ∇Φ ⊥ A, since
the medium is isotropic. Therefore, all streamlines are perpendicular to A. This is not true in an anisotropic
medium since then K is a rank 2 tensor. In particular, ∂Ωi and ∂Ωo are level surfaces of Φ. If x ∈ R is
the arc length along any one streamline in the tube, A(x) is the area of the unique level surface at x , and the
unique flow velocity associated with x is u = q/A(x). The stream tubes can be numerically generated in dif-
ferent ways. For one such approach, see Ref. [17]. For a comprehensive treatment of streamline simulation see
Ref. [18].

The next step in streamline simulation is to solve the displacement problem within each stream tube, thereby
reducing a 3D flow problem to a number of simpler problems along stream tubes. For this, one approach is to
use existing solutions of Riemann problems. As mentioned above, for constant flow rates in the stream tubes such
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solutions exist. For constant pressure boundaries, this paper provides new analytical solutions which can be used
in stream tubes, thereby expanding the applicability of streamline simulation.

For the case when the injection flow rate is kept constant over time, we can define scaled variables

ξ = V (x)

V
; τ =

∫ t
0 q(t)dt

V
, (10)

where V (x) = ∫ x
0 A(x)dx; V = V (L) = ∫ L

0 A(x)dx .
The conservation of water within the stream tube is described by

st + 1

A(x)
[A(x)uw]x = 0, (11)

where s ∈ [0, 1] is water saturation and uw ∈ R is water velocity.We define the fractional flow function f (s) ∈ [0, 1]
of water by f = uw/(uo + uw) = uw/u where uw, uo and u is water, oil, and total fluid velocity, respectively.
Supported by a vast amount of experimental evidence (see Ref. [19]), f is a smooth, monotonically increasing
function (in the absence of gravity) with the following additional properties: f ′(0) = f ′(1) = 0; there exists a
unique s̄ ∈ (0, 1) such that f ′′(s̄) = 0, f ′′(s̄) > 0 for s ∈ (0, s̄) and f ′′(s̄) < 0 for s ∈ (s̄, 1). A typical f is shown
in Fig. 3. Specifically, the function plotted is based on the parameters from calculation example Case 1 shown in
Table 1.

From Darcy’s Law u = −λpx it follows that f is related to the phase mobilities by

f (s) = λw(s)

λw(s) + λo(s)
, (12)

where λw(s) = −Kkrw(s)/μw and λo(s) = −Kkro(s)/μo; krw, kro being the relative permeability of water and
oil, respectively. See also Eq. (9).

The conservation of oil is modeled by q = constant as a function of x , since fluids are assumed incompressible.
If we consider the case when q is also constant as a function of t as in (3), (11) becomes

st + 1

A(x)
[A(x)u f (s)]x = st + 1

A(x)
[q f (s)]x = st + q

A(x)
[ f (s)]x = st + u f (s)x = 0. (13)

Using the transform (10), the model (11) reduces to

sτ + f (s)ξ = 0. (14)

This is a 1D conservation law, for which the (constant rate) Riemann problem (5) with s = c has an analytical
solution. This can then be applied within each stream tube. The same is true if q(t) is known.

The transform (10) is applicable as a practical procedure only if q is constant both in space and time. If the
pressures on the boundaries ∂Ωi, ∂Ωo are given constants, then q = q(t) is a function of time, although it remains
constant as a function of x because of the incompressibility assumption. The main result of this paper is to solve
the constant pressure boundary Riemann problem (4) and determine q(t) for any given stream tube geometry A(x).
To keep boundary pressures constant is a very common operating strategy both in field application and laboratory
experiments. Thereby, the applicability of the streamline approach is extended to also allow constant pressure
boundaries.
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Fig. 3 Fractional flow function Fig. 4 Saturation profiles

4 Solution of the Riemann problem with constant pressure boundaries and arbitrary stream tube geometry

In Sect. 3, we briefly discussed the solution of the Riemann problem for

st + u(x) fx = 0, (15)

with data

s(x, 0) = sR, (16)

s(0, t) = sL , (17)

where

u(x) = q0
A(x)

, (18)

with q0 > 0 being a given constant flow rate in a stream tube geometry represented by A(x). Denoting this solution
s0(x, t) we can write

s0(x, t) = S0(ξ, τ ) = S0

(
ξ

τ

)

, (19)

where

ξ = V (x)

V (L)
; τ = q0t

V (L)
, (20)

and S0 is the self similar solution of the Riemann problem for

sτ + fξ = 0 (21)
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144 T. E. Johansen, X. Liu

with data

s(ξ, 0) = sR, (22)

s(0, τ ) = sL . (23)

This is the constant rate Riemann problem (5), which, as discussed above, has a unique solution S0. This solution
is depicted in Fig. 4 for the case sL > sR , and consists of a leading shock with shock saturation s∗ and a trailing
smooth wave connecting s∗ to sL .

If instead we impose given constant pressures on the boundaries ∂Ωo, ∂Ωi, the flow rate in the stream tube will
be time-dependent and hence, the above solutions s0, S0 are not explicit in t since q(t) is not known.

In this section we prove the following

Theorem 1 The stream tube constant pressure boundary Riemann problem for

st + u(x, t) fx = 0, (24)

u = −λ(c)px . (25)

with constant data

s(x, 0) = sR; x ∈ [0, L], (26)

s(0, t) = sL ; t � 0, (27)

p(x, 0) = pR, 0 ≤ x ≤ L; p(L , t) = pR, t � 0, (28)

p(0, t) = pL ; t � 0. (29)

and where

u(x, t) = q(t)

A(x)
, (30)

has a unique solution, s(x,t), q(t), p(x,t).

Proof of Theorem 1 This proof is constructive and the solution forq(t) and s(x, t) is given by (38) togetherwith (60),
and (50) together with (64). Once q(t) and s(x, t) have been determined, the pressure p(x, t) is easily determined
by integration of Darcy’s Law (25).

As for u = constant it is straight forward to see that the characteristics are given by

dx

dt
= u(x, t) f ′(s), (31)

and that s is constant on these (non-linear) characteristics.
Recall that s0 is used for the constant rate solution of (15)–(17) and s is used for the unknown function in

Theorem 1. Also, we let v0(σ, t), v(σ, t) be the corresponding propagation velocity for any saturation value σ ,
using an arbitrary q0 in (18). (If σ is inside a shock, these velocities are the corresponding shock velocities).
Furthermore, let x0(σ, t) and x(σ, t) be the position of the saturation value σ on s0 and s at time t , respectively.

The outline of the proof is as follows:

1. We first relate s uniquely to s0 for any given flow rate q(t) and any given constant rate q0.
2. As we have seen in (21), s0 can be uniquely represented by a self similar solution S0, and from this fact and 1.

above, a relationship between s and S0 is established.
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3. It is then verified that the relationship between s and S0 is independent of the arbitrary constant rate q0, as it
must be to provide uniqueness.

4. The unique relationship between s and S0 does depend on q(t). The main part of the proof is therefore to
determine the flow rate q(t) in closed form from given model parameters, upon successful completion the proof
is complete.

1. We first relate s uniquely to s0 for any given flow rate q(t) and any given constant rate q0. Then,

dx(σ, t)

dt
= v(σ, t); dx0(σ, t)

dt
= v0(σ, t), (32)

or

dx(σ, t)

dt
= f ′(σ )

q(t)

A(x(σ, t))
; dx0(σ, t)

dt
= f ′(σ )

q0
A(x0(σ, t))

, (33)

i.e.

V (x(σ, t)) = f ′(σ )

∫ t

0
q(τ )dτ ; V (x0(σ, t)) = f ′(σ )q0t. (34)

Since V is a monotonically increasing function of x , we can then express x(σ, t) in terms of x0(σ, t) as

x(σ, t) = Z(t)x0(σ, t), (35)

where (since we temporarily assumed q(t) is known), Z(t) is the known function

Z(t) =
V−1

[
f ′(σ )

∫ t
0 q(τ )dτ

]

V−1[ f ′(σ )q0t] . (36)

Therefore,

s(x(σ, t), t) = s0

(
x(σ, t)

Z(t)
, t

)

. (37)

2. We also have (see (21))

s0

(
x(σ, t)

Z(t)
, t

)

= S0(ξ, τ ) = S0

(
ξ

τ

)

, (38)

where (see (10))

ξ =
V

(
x(σ,t)
Z(t)

)

V (L)
; τ = q0t

V (L)
. (39)

3. Therefore,

ξ

τ
= V (x0(σ, t))

q0t
= f ′(σ ) (40)
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on rarefactions and ξ/τ = shock velocity for shocks. The second equality in (40) where q0 cancels follows from
(37).

This leaves s independent of the constant q0, and determines s(x, t) once q(t) is known.
4. We next determine q(t), leaving (37) as the unique solution s(x, t). We denote the shock position at time t by

x∗(t) and the time when the shock reaches x = L by t∗. Furthermore, s∗ denotes the saturation value on the
upstream side of the shock. Also, the location of a given s ∈ [s∗, sL ] at time t is denoted x(s, t). We first prove
two lemmas.

��
Lemma 1 Let t � t∗, then for any s ∈ [s∗, sL ],
∫ x(s,t)

0

dx

A(x)λ(σ (x, t))
= −V (x(s, t))

f ′(s)
J (s, t), (41)

where

J (s, t) =
∫ sL

s

f ′′(σ )dσ

A2
[
V−1

{
V (x(s, t)) f ′(σ )

f ′(s)

}]
λ(σ)

. (42)

Proof of Lemma 1 We know that the propagation velocity of any σ ∈ [s, sL ] is given by

dx(σ, t)

dt
= q(t)

A(x(σ, t))
f ′(σ ), (43)

which, integrated from 0 to t , gives

V (x(σ, t)) = f ′(σ )Ψ (t), (44)

since q is constant with respect to x . In (44), Ψ = ∫ t
0 q(τ )dτ . Then,

x(σ, t) = V−1{ f ′(σ )Ψ (t)
}
. (45)

Differentiating (44) with respect to σ ,

A(x(σ, t))
dx(σ, t)

dσ
= f ′′(σ )Ψ (t). (46)

Starting with the left hand side of (41), we then get

∫ x(s,t)

0

dx

A(x)λ(σ (x, t))
= −Ψ (t)

∫ sL

s

f ′′(σ )dσ

A2[x(σ, t)]λ(σ)
. (47)

Using (45), this becomes

−Ψ (t)
∫ sL

s

f ′′(σ )dσ

A2
[
V−1{Ψ (t) f ′(σ )}]λ(σ)

. (48)
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From (44) we also have

Ψ (t) = V (x(s, t))

f ′(s)
. (49)

Using this in (47), (48), we get (41), (42) which proves the Lemma. ��
Lemma 2 Let s > s∗ be arbitrary and let ts > t∗ be the time when x(s, ts) = L. Let x(s, t∗) be the location of s
at time t∗. Then,

ts = t∗ − V (L)2 − V (x(s, t∗))2

2p f ′(s)2
J (s), (50)

where �p = pL − pR and J (s) is

J (s) =
∫ sL

s

f ′′(σ )dσ

A2
[
V−1

{
V (L)

f ′(σ )
f ′(s)

}]
λ(σ)

. (51)

Proof of Lemma 2 Recall that s(x, t) is the saturation s ∈ [s∗, sL ] at location x < x∗, at time t . The variables in
the Lemma are illustrated in Fig. 4 together with s at t < t∗.

From Darcy’s Law (2)

q(t) = −λ(s)A(x)px , (52)

integration of (52) from x = 0 to x = L at an arbitrary t between t∗ and ts gives

�p = q(t)
∫ L

0

dx

A(x)λ(σ (x, t))
. (53)

According to Lemma 1,

�p = −q(t)
V (x(s, t))

f ′(s)
J (s), (54)

where J is given by (51). We also have from (44),

dV (x(s, t)) = q(t) f ′(s)dt. (55)

Combining (54), (55),

V dV = −�p f ′(s)2

J (s)
dt. (56)

Integrating this from t∗ to ts ,

1

2
[V 2(x(s, t∗)) − V 2(L)] = �p f ′(s)2

J (s)
(ts − t∗), (57)

from which Lemma 2 follows. ��
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We now proceed with the proof of Theorem 1. At any time, Darcy’s Law integrated from x = 0 to x = L is

�p = q(t)
∫ L

0

dx

A(x)λ(σ (x, t))
. (58)

Assume first t < t∗, i.e. x(s, t) < L . Then, (58) is

�p = q(t)

[∫ x(s∗,t)

0

dx

A(x)λ(σ (x, t))
+ 1

λR

∫ L

x(s∗,t)

dx

A(x)

]

, (59)

where λR = λ(sR) is constant. The first term is for the smooth part of the solution, the second term is for the
constant state sR .

Using Lemma 1, this can be written

q(t) = �p

− V (x(s∗,t))
f ′(s∗) J (s∗) + 1

λR

∫ L
x(s∗,t)

dx
A(x)

. (60)

This defines q(t) for t � t∗.
It remains to determine q(t) for t > t∗, in which case the shock is no longer present in the stream tube. First, we

need to determine t∗ from (60). For this, let x∗ be an arbitrary given shock location in [0, L] and let the time when
the shock (s∗) is at this location be t (x∗). From (60), we can calculate q(t (x∗)) explicitly, since V (x∗) and J (s∗)
are known, see (42). We then have

dt (x∗)
dx∗ = A(x∗)

f ′(s∗)q(t (x∗))
. (61)

At x∗ = 0, A(0) = Area(∂Ωi) �= 0. From (60) we see that q(t (x∗)) is smooth and bounded. The ordinary
differential equation (61) with initial data t (0) = 0, therefore, has a unique solution t (x∗), and t∗ = t (L). Having
determined t∗ uniquely, Lemma 2 yields the time ts when an arbitrary s ∈ [s∗, sL ] reaches x = L , i.e. when
x(s, ts) = L . Also,

�p = q(ts)
∫ x(s,ts )

0

dx

A(x)λ(σ )
, (62)

which by Lemma 1 can be written

�p = −q(ts)
V (x(s, ts))

f ′(s)
J (s) = −q(ts)

V (L)

f ′(s)
J . (63)

Combining (57) and (63), we find

q(ts) = V 2(L) − V 2(x(s, t∗))
2V (L) f ′(s)(ts − t∗)

. (64)

Since ts in known from Lemma 2 and s is arbitrary, this defines the flow rate for ts > t∗.
The flow rate for an arbitrary s ∈ [s∗, sL ] and the time when s reaches x = L are uniquely given by (50) and

(64) for t > t∗, i.e. after the shock has reached x = L . This completes the proof of Theorem 1, since the case t ≤ t∗
was completed previously.
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We also note that the flow rate is continuous at s = s∗. To see this we write V 2 − V (x(s, t))2 = (V +
V (x(s, t)))(V − V (x(s, t))) and we find from (60) that

lims→s∗q(ts) = dV

dt

1

f ′(s)

∣
∣
∣
s=s∗

. (65)

which is the same as (61) since dV/dt = (dx∗/dt)A(x∗). However, q(t) is in general not differentiable at t = t∗, see
Ref. [5] where the 1D Riemann problem (4) with A(x)=constant was solved for any two-phase, multi-component
hyperbolic n × n system of conservation laws for the case of constant boundary pressures, provided that the
associated 1D Riemann problem (5) with constant flow rate has a known solution. With reference to Ref. [5], it is
shown how q(t) can be determined before and after each elementary wave of the n × n Riemann problem (with
A(x) = constant) reaches x = L . Following the same procedure as in Ref. [5]; however, with calculation of q(t)
replaced by the techniques used in this paper, we can formulate the following more general result:

Theorem 2 If the Riemann problem for a hyperbolic system of conservation laws modeling flow in 1D has a known
solution for the case of a constant flow rate, the associated Riemann problem for an arbitrary stream tube also
has solutions both with constant flow rate and with constant pressure boundaries. These solutions are unique if the
associated 1D constant rate Riemann solutions are unique.

5 Application to special geometries

In this sectionwe demonstrate the theory developed above to three special situations. Firstly, wewant to demonstrate
that the stream tube solution of the waterflooding Riemann problem reduces to the 1D solution for the case when
A(x) = constant , i.e. a linear flow geometry. Secondly, we consider a radial geometry, typically encountered when
water is injected in a vertical well into a horizontal isotropic oil reservoir. Thirdly, we consider spherical flow, which
may occur in a local water injectivity test or a fluid sampling test with oil/water flow. These examples have one
thing in common, namely the analytical basic solution S0 of the 1D Riemann problem for waterflooding, (21)–(23).

In the previous Sects. 1– 4, we used scaled water saturations s ∈ (0, 1) given by

s = s − swc
1 − swc − sor

, (66)

where swc is irreducible water saturation and sor is residual oil saturation, satisfying 0 ≤ swc ≤ 1 − sor ≤ 1. In the
calculated examples below, we used non-zero values for swc and sor, see Tables 1 and 2.

For a Riemann problem with a constant flow rate q0, the only influence from the geometry A(x) on the velocity
is the trivial one, i.e. u = q0/A(x).

When the boundary pressures are constant there is a non-trivial influence on the velocity u(t) from the basic 1D
Riemann solution even when A = constant [5].

In this paper, we have considered the Riemann problems with arbitrary geometries and constant boundary
pressures. As we can see from (60), (64), in these cases, q(t) also varies with time in a non-trivial manner. This is
exemplified in the specific cases of radial and spherical flow below and the calculated examples.

In the case of general A(x) (including radial and spherical flow below), we have to evaluate the integrals J in
(60), given by (42). This is done by the following numerical procedure before the shock reaches x = L . First, we
choose an equidistant partitioning (xi−1, xi ] of [0, L], where xi is the position of the shock saturation s∗ at times
ti . Second, we calculate the times ti from (61) using the forward Euler method (or any other ODE solver). Then
the discrete functional dependency of t on q(t) is calculated from (60) using the given partition points xi for x∗,
together with ti obtained as the solution of (61).
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Table 2 Parameters for
radial geometry sample case Viscosity ratio μw/μo Case 1 0.001 Pa S/0.005 Pa S

Viscosity ratio μw/μo Case 2 0.005 Pa S/0.001 Pa S

Permeability 0.1 × 10−12 m2

Reservoir thickness 1m

Radial flow geometry angle 2π

rw 0.1m

re 10m

Inlet pressure 3.5MPa

Outlet pressure 1.7MPa

swc 0.1

sor 0.1

krw(1 − sor) aw = 0.3

kro(swc) ao = 0.8

krw aw
( s−swc
1−sor−swc

)2

kro ao
( 1−s−sor
1−sor−swc

)2

We observe from (60) that as the shock approaches x = L , the influence from the initial state sR on the flow rate
vanishes as the second term in the denominator approaches zero. From (64) we observe that after the shock has left
the medium, the influence of sR on the flow rate is absent, since x(s, t∗) < L for ts > t∗.

As we saw in the discussion of (65), the two rates q(t) for t < t∗ and q(ts) for ts > t∗ meet continuously at t∗.

5.1 Linear geometry

Linear flow occurs for example in laboratory core floods with long cores of constant cross section A(x) = A0. Then
in (60), (42),

J (s∗) = 1

A0
2

∫ sL

s∗
f ′′(σ )dσ

λ(σ)
, (67)

and

q(t) = �p

− A0x∗
f ′(s∗)

1
A2
0

∫ sL
s∗

f ′′(σ )dσ
λ(σ)

+ 1
λR

L−x∗
A0

, (68)

or

u(t) = �p f ′(s∗)
−x∗ ∫ sL

s∗
f ′′(σ )dσ

λ(σ)
+ L−x∗

λR

, (69)

where x∗ = x(s∗, t). This is the same solution as derived in Ref. [5], where calculated examples of linear flow are
also presented.
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Fig. 5 Radial geometry

5.2 Radial geometry

This geometry is shown in Fig. 5 for an arbitrary angle α ∈ [0, 2π ].
In this case we put x = r − rw, where rw is the well bore radius, i.e. x = 0 on ∂Ωi. Then, A(x) = αh(x +

rw), V (x) = αh(x2/2 + rwx) and V−1(y) = √
r2w + 2y/αh − rw.

Substituting in (60), (42) and re-arranging, we arrive at

q(t) = 2pαh

−[
(x∗ + rw)2 − r2w

]J (S∗) + 1
λR

ln
(

re
x∗+rw

) , (70)

where

J (s∗) =
∫ sL

s∗
f ′′(σ )dσ

{
r2w f ′(s∗) + [

(x∗ + rw)2 − r2w
]
f ′(σ )

}
λ(σ)

. (71)

It is clear from (71) that the geometry of the problem has a non-trivial impact on the solutions. This is also seen from
the calculated example below where we used α = 2π , i.e. the stream tube is the entire circular disk with streamlines
being the radii. Two cases are calculated: μw/μo = 0.2 for Case 1 and μw/μo = 5.00 for Case 2. For the sample
calculation, parameters are shown in Table 2. The analytical solutions are shown in Figs. 6a and 7. For the numerical
solution, we used an explicit first order upwind scheme using equidistant space and time discretization x j = j�x
( j = 0, . . . , M) and tn = n�t (n = 0, . . . , N ).

First, the initial flow rate q0 is calculated using (2) and the fact that λ = λR = constant initially,

q0 = pL − pR

λR
∫ L
0

dx
A(x)

. (72)

The initial velocities, saturations, and pressures are, respectively,

u0j = q0

A(x j )
, (73)

s0o = sL , s0j = sR ( j = 1, . . . , M), (74)

p0o = pL , p0j = pR ( j = 1, . . . , M). (75)
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Fig. 6 a Flow rate solution of radial flow case (viscoscity ratio = 0.20). b Consistency between the radial flow and spherical flow cases
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Fig. 7 Flow rate solution of radial flow case (viscosity ratio =
5.00)

Fig. 8 Spherical geometry

These quantities are updated on each time step, see (6), (15), (2), respectively:

pn+1
j = pL −

j∑

i=0

uni
λ
(
sni

)�x, (76)

sn+1
j = snj − unj

�t

�x

[
f
(
snj

)
− f

(
snj−1

)]
, (77)

un+1
j =

λ
(
sn+1
j

)[
pn+1
j+1 − pn+1

j−1

]

2�x
. (78)

Using this, the time step must satisfy the Couraut–Friedrich–Lewy condition�t < �x/unj ( j = 1, . . . , M; n =
1, . . . , N ).

When water is the least viscous fluid (μw/μo = 0.2), the flow rate increases with time as the most viscous fluid
(oil) is exiting the system in Fig. 6a. When the injected fluid (water) is the most viscous (μw/μo = 5.00), the total
flow rate decreases with time as the amount of water between the inlet and outlet boundaries increases in Fig. 7.
We also observe in Fig. 6a that the numerical solution approaches the analytical solutions as the grid is refined and
that a very fine grid is required to give a satisfactory result.

It is observed that the rates of change in flow velocities are different in these two cases. This is because for
viscosity ratio 0.20 (Fig. 6a) the effect of viscosity and relative permeability of the fluids are counteractive on the
velocity change, while in the case of viscosity ratio 5.0 (Fig. 7) these effects are both enhancing the velocity change.

5.3 Spherical flow

This geometry is depicted in Fig. 8 for a semi-sphere (α = 2π ).
We put x = r − rw, i.e. x = 0 on ∂Ωi. In this case we get A(x) = α(x + rw)2; α ∈ (0, 4π ], V (x) =

(α/3)[(x + rw)3 − r3w] and V−1(y) = 3
√
r3w + 3y/α − rw. Substituting in (60), (42),

q(t) = 2pαh

−
[
(x∗+rw)3−r3w

]

f ′(s∗) J (s∗) + 1
λR

[
1
re

− 1
x∗+rw

] , (79)

123



154 T. E. Johansen, X. Liu

where

J (s∗) =
∫ sL

s∗
f ′′(σ )dσ

[
r3w + (

(x∗ + rw)3 − r3w
) f ′(σ )
f ′(s∗)

] 4
3
λ(σ)

. (80)

The analytical solution of the spherical case using the entire sphere as a stream tube is shown in Fig. 8 and the
calculation parameters are shown in Table 3. The flow rate will also level out and stay bounded as indicated in Fig.
9. Qualitatively, the behavior displayed in Fig. 9 is analogous to the low viscosity case for radial flow shown in Fig.
6a and b: as the less mobile fluid is displaced from the medium by the more mobile fluid, the flow rate increases.
Eventually in both cases, the shock will break through at the outer boundary at t = tBT . At this point in time, the
derivative of q(t) is discontinuous. This is because the fluid saturations change discontinuously at tBT , and hence
also the fractional flow function f . The pace of these evolutions are different in the radial case (Fig. 6a) and the
spherical case (Fig. 9). This is because of the data used in these cases, the volume of the medium in the spherical
case is larger than in the radial case. Furthermore, the area of the inflow boundary is smaller than the inflow area for

Table 3 Parameters for
spherical geometry sample
case

Viscosity ratio μw/μo 0.001 Pa S/0.004 Pa S

Permeability 0.1 × 10−12 m2

Spherical flow geometry angle 4π

rw 0.1m

re 10m

Inlet pressure 3.5MPa

Outlet pressure 1.7MPa

swc 0.25

sor 0.3

krw(1 − sor) aw = 0.2

kro(swc) ao = 0.8

krw aw
( s−swc
1−sor−swc

)2

kro ao
( 1−s−sor
1−sor−swc

)2

Fig. 9 Flow rate solution of
spherical flow case
(viscosity ratio = 0.25)
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the radial case while the boundary pressures are the same. Together, these differences will cause a slower evolution
in the spherical case compared to the radial case.

A comprehensive analysis of the solution properties, including parametric studies, is beyond the scope of the
paper, where the main objective was to develop new analytical solutions to practical Riemann problems in general
stream tube geometries. For the purpose of illustrating the complexity of the analytical solutions, a few calculated
examples accompanied by qualitative discussions were presented.
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