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Abstract Sparse model updating problems, considered in this paper, focus on updating the constructed second-
order finite element model under the sparsity constraint, that is, the updated model should have the desired eigen-
values and eigenvectors, and preserve the symmetry, positive semi-definiteness, and sparsity of the original model.
In the process of performing model updating, sparsity of the model, which implies the inner connectivity and other
physical properties of the updated system, plays a critically important role in the model updating problems. How-
ever, very few results in the earlier literature have paid attention to this important constraint due to the difficulty
associated with it. In this paper, an alternating projection method, which is versatile enough to solve a huge class
of sparse model updating problems, is presented. A distinct practical feature of this method is that it is easy to
design and develop because, in the process of applying this method, one only needs to alternatively find the optimal
solutions of some matrix approximation problems arising naturally from the requirement of practical application.
And our numerical results demonstrate that alternating projection is an effective tool for sparse model updating
problems.
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1 Introduction

Many physical applications arising from applied mechanics, circuit analysis, electrical oscillation, vibro-acoustics,
or finite element model of PDEs can be mathematically modeled by a second-order ordinary differential system

My + Cy + Ky =£(1), (1)
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where y(¢) € R" is a function of t and M, C, K € R"*" are constant matrices. And if y(¢) = ve* is a fundamental

solution of (1), then the scalar A and the vector v must solve the following quadratic eigenvalue problems:
OXM +1C + K)v =0.

Moreover, coefficient matrices M, C, K are often required to be real, symmetric, and positive semi-definite. The
model updating problem (MUP) is, for a given quadratic pencil 22M,+)1C, + K,, where M,, C,, K, are matrices
in R™*" with specified structure, to seek a new quadratic pencil

A2M +1C+ K )

so that the function ||(M, C, K)—(M,, C4, K,) ||%r is minimized subject to the constraints that the resulting quadratic
pencil (2) has prescribed eigenpairs, and the coefficient matrices M, C, K have the specified structure.

The MUP with the requirement that M, C, K are symmetric and positive semi-definite has been well studied
and there exists a large amount of literature on its solution [1-11]. A good exposition about general principles of
model updating and the Lagrange multiplier approach for solving MUPs can be found in the book by Friswell and
Mottershead [1]. Bai, Chu and Sun in [2] presented a quadratically convergent Newton-type method which is needed
to solve a linear system by the conjugate gradient method in each iteration. In [3], Kuo, Lin and Xu proposed two
efficient direct methods via dimension reduction to solve the MUP with the coefficient matrices being symmetric.
Liu and Yuan in [4] proposed a gradient-based iterative method. Gauss—Seidel method and the steepest descent
method were also employed by Chen in [5] and Ye in [6], respectively.

The MUPs arising from practical applications are often structured due to the inner connectivity of elements in
the original physical configuration. It is important from practical view point to keep the sparsity of the coefficient
matrices, which implies the partial inner connectivity of the original system. For example, the zero entry ¢;; in the
coefficient matrix C means there is no damping between the ith mass and the jth mass in a vibro-acoustics system.
In [12], Bai proposed the tridiagonal case, where M is an identity matrix of size n, C and K are both tridiagonal
matrices defined by

1 —ay ki —by
—ar —a3 by ko —b;3
c= . K= , 3)
—ay_1 Cph_1 —ay by kn1 —by
—a, o b, ky

In the four-degrees-of-freedom mass—spring system in Fig. 1, see [13], the corresponding coefficient matrices
M, C, K take the following zero-pattern:

* 0 0 0 * 0 * 0 * * * 0
0 * 0 0 0 0 0 0 * * * 0
M = 0 0 * ol €= * 0 * * |’ K= * * * *
0 0 0 * 0 0 * * 0 0 * *

on the assumption that the restoring force follows Hooke’s law and that the damping is negatively proportional to
the velocity.

Now, for given matrices M,, Cq, K, € R"*" and eigenpairs (X, A) € R"*P x RP*P_ denoted in the following
real-valued form:

. o1 131 Ok, ﬂkv
A = dia S A2kdds s Ayt € RPXP,
g[ (_ﬂl 0‘1) (_,Bkc Olkc) Hetd p]

. X
X = [XiR. X117, , Xk.Rs Xk s X2k, - - » Xp] € RT7P,
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Fig.1 A four-degrees-

of-freedom mass—spring sol
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as was characterized in [14], the sparse MUP is to find the optimal solution (M, C, K) € R™" x R"*" x R"*" of
the following optimization problem:

MXA?>+CXA+KX =0,

in M = Mol2 4+ IC — Cal> + IK — Kal? suchthae | =M €=CLK=KL, @)
min — — — Suc a
air air anr M>0C>0K>0,

sparsity(M, C, K) = sparsity(M,, C,, K,),

where “M > 0,C > 0,K > 0” means M, C, K are all positive semi-definite matrices, and the constraint
“sparsity(M, C, K) = sparsity(M,, C,, K;)” means the matrices M, C, K have the same sparsity as the matrices
M,, C,, K, respectively.

Of all the above-mentioned articles or the most in the literature, however, very few have paid attention to
the sparsity of the coefficient matrices. In [13], Chu, Buono and Yu dealt with the quadratic inverse eigenvalue
problems generated from a physical system with a special structure. In [15], the quadratic inverse eigenvalue
problem, where the coefficient matrices M, C, K are all symmetric tridiagonal, with the constraint of nonnegative
physical parameters was discussed. The existent methods aim at special structures and can hardly be generalized to
other systems. In [16], a general purpose and robust numerical approach for solving the structured quadratic inverse
eigenvalue problems, in which the coefficient matrices require to be sparse, are presented; however, it ignores the
constraint that the coefficient matrices are positive semi-definite. In this paper, we consider to solve the sparse MUP
by the well-known alternating projection technique through alternatively finding the projections of a given matrix
onto some sets. In [17], the alternating projection method has been applied to solve the MUP with the fixed mass
matrix M; however, it ignores the constraints that the coefficient matrices are sparse and positive semi-definite,
which ensure the availability of the updated model.

The organization of this paper is as follows. The essentials and related work of the alternating projection method
are introduced in Sect. 2. The details on applying the alternating projection method to solve sparse MUPs are
presented in Sect. 3. Numerical examples are given in Sect. 4 to demonstrate the efficiency of our proposed
algorithms.

2 Alternating projection method

The alternating projection method is a numerical algorithm which alternatively finds the optimal solution of a
constrained optimization problem. There exists an extensive literature on the alternating projection method and its
variants. In [18], von Neumann presented the 2-subspace version, that is, for a given point Py, if the sets S; and
S» are closed, linear subspaces of the Hilbert space, then the alternating projection of Py between these two sets
converges to the approximation in S; N Sy nearest to the point Py. Halperin [19] proved the m-subspace version,
where the sets S;(1 < i < m) are required to be closed subspaces in the Hilbert space. It can be described as
follows:
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Theorem 1 [19] If M1, M>, ..., M, are closed subspaces in a Hilbert space H, then

Tim [Py, P,y -+ Pag)"(¥) = P ()] =0, Vx € H,
where M = (\;_; M;, and Py, (x) (1 < i <) is the projection of x onto the set M;.

Also there are fruitful results on the projection onto closed, convex subsets of a Hilbert space [20], see [21] for
the 2-subspace version and [22,23] for m-subspace version. The theoretical results on the alternating projection
between non-convex sets are still very weak, see [24] for some weak convergence results and applications.

The alternating projection method also have been successfully applied to solve many problems in a wide variety of
applications, see, for example, the computation of channel capacity and rate-distortion functions [25], image recon-
struction [26], the nearest correlation matrix [27], linear systems arising in the discretization of partial differential
equations [28], and the other applications in articles [29-33] and the extensive references collected therein.

In this paper, we mainly consider to apply the alternating projection method to find the approximation, which
lies in the intersection of several sets S; (1 < i < m) and is nearest to the given coefficient matrices M,, Cq, K.

3 Alternating projection method for sparse MUPs
In this section, we consider solving the sparse MUPs. Before going in detail, it is essential to transform the sparse
MUPs to another simpler form. Define

M M, XA?
T = C , T, = Ca , A=, 1,I), B=| XA
K K, X

Then the problem (4) is reduced to the problem of finding the solution 7 to the optimization problem
ATB =0,

min ||T —T,|lp suchthat {7 =TT >0, 3)
sparsity (T') = sparsity ().

Applying the alternating projection method to solve the optimization problem (5), we find the projections of
T, = (ti(]fl)) 3nx3n onto the following sets:

S| = {T eR¥M | T =TT ATB = o},
52:{T€R311X3H|T:TT20}’
Sy = {T e R3S | 7 =TT sparsity (T) = sparsity (Ta)} .

S1 and S3 are linear subspaces in the Hilbert space, and S, is a closed and convex set. Therefore, the convergence
theory of the alternating projection method guarantees that the alternating projections among these three sets
S1, 82, S3 can converge to the optimal solution of the problem in (5). Therefore, the main work on applying the
alternating projection method to solve sparse MUPs is to find the projections of 7, onto these three sets Sy, Sz, S3.

Firstly, it is not difficult to find that the projection of the matrix 7, onto the set S3 is T = (f;)3nx3n, Where
(a) (a) (a)
i + 152 1) #0,
fij = @
0 t;; =0.

Secondly, we consider the projection of the matrix 7, onto the set Sy, which is to find the nearest approximation of
T, in the set of symmetric and positive semi-definite matrices. Let
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S = T“JF_THT

2
where P is orthogonal. In [34], Higham presented the unique projection:
T = Pdiag (B1, ..., B)P ",

where 8; = max{«;, 0}.

Lastly, we come to the problem of finding the projection of the given matrix 7, onto the set S1. We firstly apply
the canonical correlation decomposition to find the general form of the elements in the set S; and then find the
projection of the matrix 7, onto the set Sj.

Without loss of generality, we suppose the matrix X is nonsingular. In (5), rank(A) = n, rank(B) = p, and we
suppose n > p. Here, we must stress that the assumption of n > p is just for the convenience of discussion; in
fact, if n < p, then in the following discussion, BT, AT, B'TAT =0 play the same roles as A, B and AT B =0,
respectively. Let the canonical correlation decomposition of matrix pair (A, B) be

AT =03Z4x7', B=0%pX:, (6)

where Q € R¥>3 jg orthogonal, X4 € R"™" and Xp € RP*? are nonsingular, ¥4 € R3%1 and £ € R3M*P
are of the form

= Pdiag(«y, ..., an)PT,

(1)
" 0 o
0 'a 0
0 0 Ig
4= 0 o | EB=(O), (7N
0 A 0
o o 1Y

where Ilgl), If), Ip are the identity matrices of size rq, r3, p, respectively, I'4 and A 4 are diagonal matrices of size
ro, and satisfy Fi + Ai which is an identity matrix of size r,. Here,

r1 = rank(A) 4 rank(B) — rank(AT, B),

ry = rank(A T, B) + rank(AB) — rank(A) — rank(B),

r3 = rank(A) — rank(AB).

Substituting (6) into AT B = 0, we have

X, '2lo'Tossx;' = 0. (®)

Partition the matrices 7 = QT TQ and 3 into two block matrices:

) (1)
~ A A A A ~ 1 0 0
T T, T3 Ty Ts Ti6 ry B
T R A SR SR 0o 1P 0
Ty Ipy) 123 T4 Tys Ty r B
T T T T T T o o0 1
T=|1 T2 T D4 Bs = N S B |, 9)
Ty Ty Ty3 Ty Tys Tys r4 0 0 0
Tsi Ts Ts3 Tss Tss Ts6 r 0 0 0
T, T, T T T T, 0 0 0

T i) Ts3 T4 Tes T 3

where r4 = 3n — ri — 2rp — 2r3 and /T\ji = fl;r forl <i < j <6, Ig‘) is a matrix of the form

ng

I(k)z(l) ni
B £
0 Ik — Nk
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where [ is the identity matrix, for k = 1, 2, 3, and ny = min {rk, p— Z];;(l) rj}, ro = 0.
Substituting the expressions (7) and (9) into Eq. (8), we get
it ot ot
(TaTo + AAﬁl)Il(gl) (TaTon + AAfsz)Iéz) (TaTx + AAT53)I§;3) =0;
Toily Tealy Tty
thus, the submatrices in T should satisfy
(CaTor + AaTs)Ip) =0, (Caln+ AaTs)I) =0, (PaToz + AaTs3) 1) =0, (10)

Tl =0, Tl =0 Tl

Therefore, the following theorem holds.

Theorem 2 The general form of the matrices in the set S| can be expressed as Q_TTQ_l, where T has the form
(9), and the block entries satisfy (10). In the special case of p = n, the elements in the set S1 can be expressed as

r 2 r3 r4 r r3

0 0 0 T4 0 0 r
0 T» T T4 (—A,XlFA?zz)T 0 r2
0 fg T3 T34 (—AZIFA@3)T 0 r3
le TZZ T;‘ Ty Tys Tye r4
0  —A,'TaTy  —A 'TaTs T Tss Tss |
0 0 0 T 7o Teo) 73

where Ty, T33, Taa, Tss, Tee are all symmetric square matrices, and T4, Ta3, Tr4, T34, Tuas, Tas, Tse are arbitrary

real matrices.

Next, for a given matrix T, we consider finding its nearest matrix in the set S. Partitioning the matrix Q ' T, 0

into a block matrix (i‘}-)@x6 consistently according to blocks of QT T Q, we get

IT- 1.5 =010 - 0T T.0]}

= T = TR+ T2 = TG + 175 = TG + 1T = T 5 + 175 - T

~ 02 BT _ 50 |2 To1 — TO |7 T — 1%
Pt = T VT = T+ 1T = T+ 75— Tl
1T = TG} + 175 = ThI; + 1o =TI} + 175 - TS
T2 = TH | + T2 = 79| 7 + | T - TX

7o = TR + 175~ TR + e = T3+ 175 - 31
1T~ TRl + 1T~ Tl + 1o~ T8 + oo~ T
+[Ba = T41 + 175 - T + 1B - TR 15 + 17 - 7315
#| = T8I+ 1T = TR+ [T - TH 1 + 175 - 7

1 7as = T + 173 = Teal[z + 175 = Tl + 1755 = T3 |-
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Lemma 1 For the given real matrices X| = (X1ij)sxss X2 = (X2ij)sxs» Y1 = V1ij)sxss Y2 = (32ij)sxs, D1 =
diag(diii, - - -, diss), and Dy = diag(da1y, . . ., dass), where D1 and D; are diagonal matrices, there exists a unique
matrix

T = QI+ D} 4 D3) "' (X1 + Xz + D1Y| + DyY2),
such that
2 2 2 2 .
|7 =Xz + |7 = X[ + [D1T = 11} + | D2T = 2 [ = min.
Furthermore, if the matrix T is required to be symmetric, then the matrix can be expressed as
T=®0 X +X{ +X2+X, + DY)+ D+ D:Ys+Y, D),

where © denotes the Hadamard product of two matrices, and
1

) ) ) 7
4+dijj; +dig +dyj; A+ dyy

D = (Pjr), Pjk =

Proof If the matrix T is not symmetric, then

I7 = X5+ [T = Xa|3 + [ D17 = 1[5 + | DT = 1o

S
= Z ((tii —x1ii)* + (i — x2i)* + (duiitii — y1ii)* + (daiitii — y2ii)2)
i=1
+ Z ((tjk — x1j0)? + ik — x2507 + (@dyjjtix — y1ji)” + (dajjtjx — y2jk)2) ,
1<j#k<s
and therefore, applying the first-order condition, we get the expression
_ Xjk X2k +dijiyije + dajjyojk

Jk = 2 2
2+dij; +dy;

If the matrix 7 is required to be symmetric, then
2 2 2 2
|7 = Xul[p + 17 = Xa[ + [ D17 =11 [ + [ D2T = Yo
S
=> ((lii — x1i)> + (G — x2i0)* + (duiitii — y1ii)® + (aiitii — )’2ii)2)
i=1
+ Z ((tjx — xljk)2 + (tjk — xlkj)2 + (tjk — xzjk)2 + (tjk — xzkj)2
1<j<k<s
+(dyjjtix — 1) + (it je — i) + (dojjtie — y20* + (ot ji — y2kj)2),
and therefore, applying the first-order condition, we get the expression
_ Xjk + Xikj X2k +xokj +dijivije + dikkyikg + d2jjyajk + dokk yakj

Jk = 2 2 2 2
Atdi+dYy +d3; +dd,

Thus the lemma holds. m]

All submatrices of 7 can be divided into eight classes due to conditions (10) they have to satisfy; the following
is the classification of submatrices and the procedure for finding all submatrices:

— The submatrix 71; satisfying

T =Ty}, Tulél) =0, ||7A"11 - T"Pl”i = min.
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Partition the matrices YA} B f’lol as follows:

np rp—n ni ry —nj

- 71 72 - oI 702

T = (Tll Tj ) e Th = (Tn Ty ) e
- ~ ~ o4
Tl3l Tll ry —ni TPE Tlol ry —nj

thus we get

T = O T= DT = Oy, Tt = 5 (T2 + A7),
— The submatrix ﬁﬁ, ’7:61 satisfying

Ter = (Tie) fmll(;) =0, ||f61 - (ﬁ6)T”§;‘ + ||?(,1 -3 ||i_ = min.

Partition the matrices 7\"6], fé’l as follows:

noori—m noor—n

R =1 ) 01 502

T, :(Tij T ) L :(Tij T ) e
73 T4 703 704
Ly Ty Joni—m L T Jni—m

From fml él) = 0, we can obtain
Teh = Onrxnrs Tg) = Oy (r—ny)-
From [Ty — (T)" |2 + [ Tor — T3 2 = min, we ge
T=s (TR @R)7), Th=5 (T +T)).
— The submatrices T‘zl, T"sl satisfying
Tin =T, Tnh@ =0, (Talor+ AAfs1)11(;1) =0,
[P TR + [Fio = TOIE + [T — 712 + | Fis — T2 = min

1. If np # 0, then Ig) = I, xr, - Partition matrices 7”21, /T\zol, @1, 7O

ny,  rp)—np ny, r)—nn

. =1 2 N 701 702

T =(Tij T; ) S ) =(Ti,/ T;j ) n2
73 T4 703 704
Ly Ty Jrn—m Ly Ty ) rnnmm

AZIFA _ (Al 0 ) no
0 Ao r —no

From flzléz) =0and (FAT"zl + AAT"51)1§31) =0, we get

TZII =0, ?221 =0, TB] = —AZIFA@L

From | Tor = T [ + | Tra = Th1 7 + | Ts1 = T [ + | Tis = T 7 = min, we get

175 =T34 1T = (T3) [+ | = 22T = TP + | = 22T — (%)

1T = T35 + 1T = (T3 5+ | = 22T =T + | - 22T — (7))

@ Springer
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Therefore, the matrices @31 , /]:241 have the following forms:
T3 2 2\—1 (703 702\ T 703 702\ T
=1+ 83+ 8) 7 (T +(TD) - 075 - ma(TB)7).

T = @1+ a3+ 837 (T + (7)) - 2o - 22(T) ).

2. np = 0. Partition matrices @1, ?201’ ?51, ’7:501 T"loz, ?105 AZIFA in the following form:

ni re—ni ni ry —ni
ﬁ,:(fi} ﬁ?)"l ,f;;=(ff‘}l ff}z)”‘ ,
G N I
ni r —n
AgerZ(Al 0 )n1 '
0 Az ry —nj

From (I“Aﬁl + AAT}-])IS) =0, we get
TJ T) AT
,\531 = —ApTl'4 ,\231 = —( 1331).
T3, T3 Ar T3
From | Tor = 75 [ + | Ti2 = T35 + [ 751 = T |5 + | Tis = TS| - = min, we get
1 ~ 1/~
T; = 3 (?2012 + (ﬁf)T) . Ty = 3 (Tzof1 + (?1024)T) ;

1 Y ~ 1/~
T3 = 3 (Tsol2 + (Tl()SB)T) RS 3 (TSOI4 + (Tl()'s4)T) .

|7 = T+ 1T — FD) T+ | = a1 B — T2+ - AT — FT |2 = min,
T2
2

||@1 - @013 ”i + ||f;1 - (T]Ozz)Tva + ” - A2?21 - TSOIS ”?v + ” - AZ?Z] - (Tlosz)
Therefore, the matrices ?211 , @31 have the following forms:

=1+ ai+ o)™ (T + (7)) - add - ai)'),

~ =1 /- ~ ~

T; = (21 + A5+ A%) (Tzol3 + (?1022)T — ATy - AZ(T1052)T) :

— The submatrices T’l3, ﬁ,z, ﬁg
Partition the matrices 773, Tlo3 as follows:

n3  r3—n3 n3  r3—n;3

N A _ 01 0

Tis :(T13 T3 ) (I ) Z(Tm T3 ) n3 o
73 74 703 704
T3 15 r3 —nj3 T3 T3 r3 —nj3

From Tis 1) = 0, |Tis — T2 + |75 — 75 | = min, we ge

1 o T
z(lT\los“‘*‘(Tffl) )

o~ 1/~ ~ .
| 72 02 703\ T 3 4
T3=0. Ti3=3 (T13 +(T31) ) » Ti3=0, Ti3=

Similarly, we can get T62, 7:(,3.
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— The submatrices 7\”22, T’sg satisfying

= = =\ 4@
T =Ty, (TaTon+ AaTs) 1;;) =0,

| T2 — 13 + | Ts2 — T3 + || Ty — T3 113 = min.

Partition the matrices T"zz, T‘sz, /T\ZO2, T"ZOS, 7\"502, 1 1(32), AZIF 4 in the following form:

nj ry —nz n rp —n3

R =1 ) R Fo1 02

e Y= Ty
73 T4 703 704
Ly Ty Jn—m Ly Ty Jrnmm

n r—n2

AZIFA _ (A] 0 ) ns
0 Ap r —ny

From the condition T’zz = j’;—g, we can get
72 73\T
T =(T3)

From the condition (FA fzg + Ay T’52) Iéz) = 0, we can get

71 71 71
Ts, —1 Ty ATy
3 == _AA FA 3 = — =3 .
Ts, ) AnTy,
From the condition || Ty — T}OZH%: + || Tsy — 7:502”% + || T;TQ — T}%II% = min, we get

= = ~on T
T522 1 T5022 + (T2053) =4 Lsoa | mon T
74 172\ 504, 00T | =3 (T22 +(122) ) ’
52 sy + (To%)

17 = TR+ | = M Th =T+ | = AT — (T3) [ = min.

7~ T + 17— (7 [+~ aaT T+ — e — (E) 3 = min.

Therefore, the submatrices /7:212 @32 have the following form:
73 2 2\—1 (703 702\ T 703 702\ T
Ty = (21 + A3 + A3) (Tzz + () — ATy — Ax(Dn5) ) ;
=1 701 701\ T 701 701\ T 701 701\ T
T=®0 (Tzz +(Tn) —AiTsy —(Tsy) A1 —Tos A1 — Ai(Tos) ) ;

1

L 24D+ AD] (A +(AD]
— The submatrices 753, T53 satisfying

where @ = (¢u), P =

(FAfB + AA?53) 12;3) =0,

|73 =TI + |75 — TR l5 + [ 753 = T311% + | 75 — Tzl = min.
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Partition the matrices 7A“23, f’s3, @03 7A“305, 7\”503, AZIF 4 in the following form:

n3  r3—n3 n3 13 —nj3
_ 71 72 _ 701 702
Tij :(Tij T ) " . T Z(T’j i ) " :
73 T4 703 704
Uy Ly r3—n3 T; T; r3 —n3
n3  r3—ns

AZIFA _ (A] 0 ) n3
0 Ao r3 —nj3

From the condition (FA fzg + Ay ?53) 11(5.3) =0, we get

fslz —1 ?213 A1’T\213
= )= "8aTal &5 ) =— = ]
T T35 Ar T35
From || Tos — T3 1% + | T35 = T3 + | 53 = T3 + | 755 — T3 1% = min, we get

72 702 | (F03\T 72 702 | (F03\T
(T53) 1T+ (T5F) (T23) 1 [ T3+ (T55)
—~ iy,

Ts; T

o T o T
2\ 7Y+ (T%) 2\ 7Y+ (T
|75 - T3) ||?v + |75 - (T3) +-ATs-TY ||fv + |- AT - (?3051)T||?v

|7~ TR+ 17 (T |~ AT~ TP+ | - o — ()T = min.

T2 .
2 = min,

Therefore, the submatrices @13, 7“233 have the following form:
71 2 2—1 (701 701\ T 701 701\ T
Ty = (21 + A7 + A7) (T23 +(T) — AiTsy — A(Tas) )
73 2 2\—1 (703 702\ T 703 702\ T
T3y = (21 + A3 + A3) (T23 +(T33) — ATy — Ax(T55) ) .

— The submatrices ?33, im, T"55, T”@f,.
The matrix 733 satisfies

=~ =~ =~ =0 112 .
Ty =Ts3, 1755 - T3, | = min,
thus we get

~ 1 A0\ T

=5 (Th+(T)").
Similarly, we can get ﬁ4, f55, YA"66.

— The submatrices T14, Th4, T34, T4s, Ta6, T56.
The matrix Tj4 satisfies

[T = T4 + [ 7h = T [ = min.

thus we get
~ 1 T
Ta =3 (?104 + (7)) ) :

Similarly, we can get ?24, T"34, ﬁ5, 7”46, Tsﬁ.

Through the above discussion, we show how to produce the projections of the given matrix 7, onto the different
sets S1, S, 53 and propose an alternating projection among the sets Si, S», S3 to solve the sparse MUP.
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Table 1 Numerical results of Example (1.1)

n k APM Yalmip

Time It. |T —Ta|, |ATB| . Time It. |T —Ta|, |ATB| .
5 2 0 1 6.42 x 10713 6.09 x 10713 0.16 13 1.04 x 10711 2.45 x 107
10 8 0 1 4.67 x 10715 9.09 x 10713 0.19 13 3.46 x 10712 3.06 x 1072
20 10 0.05 1 6.30 x 1013 3.39 x 10713 0.28 14 1.21 x 10713 1.28 x 107°
50 32 0.09 1 1.58 x 10714 2.86 x 10713 0.48 16 3.56 x 10712 6.74 x 10710
100 56 0.53 1 2.02 x 10714 8.74 x 10712 1.91 16 498 x 10712 1.57 x 107

Table 2 Numerical results

of Example (1.2) k Time It. |T —Tal, |ATB| .
5 2 4.41 10, 000 1.10 x 1073 5.69 x 1074
10 8 20.72 10, 000 3.84 x 1073 2.92 x 1073
20 10 70.67 10, 000 4.44 x 107 7.01 x 1073
50 32 664.61 10, 000 1.61 x 1073 2.17 x 1072
100 56 426491 10, 000 7.74 x 1073 1.1415

4 Numerical experiments

In this section, we implemented the alternating projection method and compared our software with the well-known
software Yalmip [35]. Two numerical examples, which were run in MATLAB 7.6.0 on a machine with Windows XP
operation system, Intel(R) Core(TM) i3 CPU M370 @2.40GHz processor, and 2GB of memory, will be described
to show the efficiency of our method.

For convenience, it is necessary to explain notations we use in this section. “APM” is the alternating projection
method, “Yalmip” is the software Yalmip, n is the size of the problem, & is the number of given eigenpairs, time is
the elapsed time, and It. is the number of iterative steps. In our procedure, we set the largest number of iterations
to be 10000, and set the initial point to be (M, C,, K,).

Example 1 Similar to the article [12], in this example, we consider solving the sparse MUP with the constraints
that M is an identity matrix, C and K are both tridiagonal matrices as (3). Here, the given symmetric tridiagonal
matrices C,, K, are all randomly generated. Suppose (A, X) € Rk x R"*K is the eigenpairs of the quadratic
eigenvalue problem (A>M,, + 1C, + K,)x = 0, the following three tests are performed:

1.1. Applying the exact eigenpairs (A, X) to update the coefficient matrices M,, Cy, K4

1.2. Perturbing entries of eigenpairs (A, X) with ¢ = 107>, Applying the perturbed eigenpairs to update the
coefficient matrices M, C,, K.

1.3. Perturbing the coefficient matrices M,, C,, K, with ¢ = 107>, Applying the eigenpairs (A, X) to update the
coefficient matrices.

Tables 1, 2, and 3 present the efficiency of the alternating projection method for solving the sparse MUP. From
these three tables, we can obtain the following information:

— If (A, X) consists of several exact eigenpairs of the quadratic pencil 22M, + 1C, + K,, since the initial point
M,, C4, K, is exactly the solution of the problem, then the alternating projection method converges to the
required accuracy by only one step. Therefore, the test (1.1) states that this method can exactly reconstruct the
quadratic model rapidly based on the exact eigeninformation. The software Yalmip also can find the quadratic
model; however, it needs more iterations and CPU time.
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Table 3 Numerical results of Example (1.3)

n k APM Yalmip

Time It. |T —Ta|, |ATB| . Time It. |T —Tal, |ATB| .
5 2 0 1 1.34 x 107 4.63 x 10~* 0.08 6 1.52 x 107 423 x 1074
10 8 0 2 2.57 x 107 5.62 x 107* 0.11 7 2.11 x 1079 2.56 x 1074
20 10 0.073 1 1.56 x 107 6.12 x 10~* 0.19 9 1.72 x 107 5.15x 1074
50 32 0.16 2 1.43 x 107 3.12 x 1074 0.37 11 1.67 x 107 4.95 x 1074
100 56 0.94 2 2.44 x 1073 291 x 107* 1.51 12 231 x 1079 6.34 x 1074

— If (A, X) consists of perturbed eigenpairs of the quadratic pencil A2M, + AC, + K, still it is not clear at all that
any quadratic pencils could have (A, X) as its eigenpairs, then maybe there does not exist one solution satisfying
the quadratic pencil, and thus the alternating projection method reaches the maximum number of iterations.
Therefore, the test (1.2) states that the alternating projection method can provide a numerical justification for the
existence of such a quadratic pencil. The software Yalmip can only find a solution approximate to zero matrix,
which is meaningless.

— If (A, X) consists of several exact eigenpairs of a quadratic pencil MM + AC + K, and M,, C,, K, are the
perturbed coefficient matrices of M, C, K with ¢ = 107, then the alternating projection method can find a
solution, which is of the almost same order 10> as that of the perturbation to coefficient matrices, in few steps.
Therefore, the test (1.3) states that the alternating projection method can solve the sparse MUP and serve as a
tool to reconstruct the quadratic pencil with the constraint of sparsity. The software Yalmip also can find the
quadratic model; however, it needs more iterations and CPU time.

Example 2 Taking the four-degrees-of-freedom mass—spring system coming from the engineering application into
consideration, we randomly generate positive real values as the physical parameters, where

0.2967 0 0 0 0.3480 0 —0.2625 0
0 0.3188 0 0 0 0 0 0
Ma = ’ Ca = ’
0 0 0.4242 0 —-0.2625 0 1.0635 —0.8010
0 0 0 0.5097 0 0 —-0.8010 0.8010

1.5366 —0.9289 —0.5785 0
K, — —0.9289  1.6592 —0.7303 0 ’
—0.5785 —-0.7303 1.7975 —0.4886
0 0 —0.4886  0.4886
the quadratic pencil has 2 real eigenvalues and 3 pairs of complex conjugate eigenvalues

—2.2523, —0.9839, —0.1740 £ 2.7786i, —0.8098 = 1.7182i, —0.0266 £ 0.1337i,

and the associated eigenvectors
—0.0415 0.4091 —0.1259 £0.2103i  0.0286 £ 0.40581  0.8619 F 0.10811
—0.1066  0.4312 0.0142 £ 0.3261i  —0.0422 £0.22511  0.8726 F 0.1054i
—0.4256  0.6416 0.0070 £ 0.08031 0.1835F0.17921  0.8794 F 0.1038i
0.4440 —1.0000  0.0449 £0.00961  —0.1696 F0.2073i 0.8972 F 0.1028i
where i = +/—1. We consider the model updating problem with different numbers of eigenpairs in Example 2, see

Table 4 for the numerical results, which state that our method has no requirement on the number of the prescribed
eigenpairs, and is more efficient than the software Yalmip.
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Table 4 Numerical results with different numbers of eigenpairs

n k APM Yalmip

Time It. |T —Tal, |ATB| . Time I. |7 —Tal, |ATB| .
5 1 0.033 1 4.13 x 10715 6.74 x 10713 0.12 12 5.76 x 10713 1.77 x 10710
5 2 0.043 1 3.29 x 10713 3.93 x 10713 0.16 12 1.02 x 10°1 2.78 x 107
5 3 0.047 1 7.15 x 10713 5.41 x 10713 0.17 13 1.70 x 10712 5.69 x 107
5 4 0.052 1 1.32 x 10714 3.26 x 10713 0.17 12 2.15 x 10712 3.95 x 107
5 5 0.053 1 4.64 x 10715 246 x 10715 0.16 12 1.31 x 1013 3.10 x 10710

From these numerical results, we can make the conclusion that the alternating projection method is an effective
tool for sparsity-preserving model updating problems.

5 Conclusions

Sparse damped model updating problems play an important role in the applications arising from engineering.
However, very few results have paid attention to this problem due to the difficulties associated with the sparsity
constraint. And also the existent work aims at the special sparse structures, such as the tridiagonal, and can hardly
be generalized to other structures.

In this paper, we consider applying the alternating projection method, which is powerful and easy to be imple-
mented, and solving the sparse model updating problems. To our convenience, we firstly transform the sparse
damped model updating problem into another optimization problem with a simpler form and then solve this trans-
formed problem through alternatively finding the projections of the given matrix onto some convex sets or closed
linear subspaces of a Hilbert space. The numerical experiments show that this method is very efficient for sparsity-
preserving model updating problems. Furthermore, the so-called no spill-over is very important in many application;
however, our method cannot maintain this property and we leave this as our future research topic.
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