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Abstract The dynamic fracture of a thin-walled structure that is mainly due to impact and explosive loading is
studied. Use is made of a meshless SPH shell formulation based on Mindlin–Reissner’s theory. The formulation is
an extension of the continuum-corrected and stabilized SPH method allowing a thin structure to be modelled using
only one particle characterizing the mean position of the shell surface. Fracture is based on an effective criterion
similar to that of the visibility method. Four numerical examples are studied among which tearing of pre-notched
plates, fracture due to impact loading and dynamic fracture of cylindrical shells.

Keywords Dynamic fracture · Explosion · Impact · Shell · Smoothed Particle Hydrodynamics (SPH)

1 Introduction

Modeling of cracks [1] in thin structures poses particular challenges for numerical methods, particularly in extreme
events such as structures undergoing blast and detonation loading [2]. Meshless methods are good candidates to pre-
dict complex phenomena involving large deformations and fracture. The authors believe that, due to the absence of a
mesh, meshless methods have advantages over finite-element methods since they do not rely on a background mesh
making them attractive for analyzing problems involving large deformations including complex failure patterns and
fragmentation [3,4]. Connectivities between neighboring nodes are easily and efficiently broken.

The origins of meshless methods were laid in the seventies [5] and these methods have grown in popularity
since, especially in the nineties. One of the earliest and most efficient meshless methods is the Smoothed Particle
Hydrodynamics (SPH) method [6]. Since SPH is based on the strong formulation of the problem, it has two major
disadvantages, namely numerical instabilities and insufficient polynomial order of completeness. While the first
drawback is attributed to the collocation procedure, the second drawback is SPH-specific. Classical SPH formu-
lations cannot represent even a constant function properly and results deteriorate when unstructured meshes are
used. Therefore, corrected SPH methods have been developed that address this inconsistency [7–10]. Most of these
referenced contributions improved the consistency of the SPH method up to first-order. In other words, corrected
SPH versions are capable of reproducing linear fields at least for a gradient correctly. Numerical instabilities were
extensively studied, e.g. by [11–18], and there exist different techniques to get rid of them. Two very popular
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techniques are stabilized conforming nodal integration and adding stress points to the collocation points where the
linear momentum equation is enforced. Different implementations exist for the latter method.

Classical SPH is a continuum-based method. However, in the case of thin structures, three-dimensional con-
tinuum formulations are inefficient. Some meshless formulations for thin structures exist [19–24] but they are all
based on weak formulations and computationally more expensive than SPH.

In this paper, we study detonation-driven fracture of thin pipes with a SPH shell method. Therefore, we adopt a
normalized and stabilized continuum formulation [13] (see also [25]) in the context of the Mindlin–Reissner shell
theory [26]. We present an effective fracture model similar to the visibility method [27]. The most pertinent features
of our method are its robustness, simplicity and computational efficiency.

The main contribution is the development and the implementation of a new and simple fracture method into an
SPH shell formulation. To the best of our knowledge, this is the first time that such a fracture-based shell formulation
has been applied to the failure of thin shells due to blast loading.

2 SPH method

An approximation of a function u at the position XI in the SPH formulation is given by

u(xI ) = uI =
M∑

J=1

NIJuJ , (1)

where u(XI ) = uI is the node of interest, uJ are neighboring nodal parameters, M is the number of neighboring
particles and N (XI − XJ ) = NIJ are SPH shape functions; see Fig. 1; capital indices refer to node numbers and for
the sake of conciseness we introduce the following abbreviations for a quantity f : f (XI ) = f I , f (XI −XJ ) = fIJ .
In the classical SPH theory, the shape functions NIJ are calculated as the product of the particle volume VJ asso-
ciated with particle J and the weighting function W (rIJ , h) that depends on the distance rIJ = XI − XJ between
particles I and J :

NIJ = VJ W (rIJ , hIJ). (2)

The parameters hIJ = hI − h J , hI and h J determine the size of the domain of influence of particles I and J ,
respectively (Fig. 1); hIJ is called the dilation parameter. Generally, compactly supported kernel functions are used
in order to optimize efficiency. The volume VJ at particle J , needed in Eq. 2, can be obtained from Voronoi tech-
niques as illustrated in Fig. 2 for the special case of a structured equispaced particle arrangement. Details on the
construction of Voronoi cells can be found in the literature on meshfree methods [17,28].

Our weighting function is the commonly used cubic B-spline:

W (rIJ , h) = W (s) =
{

1 − 6s2 + 8s3 − 3s4 s ≤ 1
0 s > 1

, s = XI − XJ

2h
(3)

that has circular support size; XI and XJ denote the material coordinates of particle I and J . The description of
the weighting function in material coordinates is essential for the stability of a particle method [17]. Gradients of
functions in SPH formulation are approximated by

∇uI =
M∑

J=1

∇NIJ ⊗ uJ , (4)

where M denotes the number of neighboring particles with NIJ �= 0 and ∇NIJ are the derivatives of the shape func-
tions. Since SPH does not even fulfill zero-order completeness [29–31], a so-called symmetrization is performed
by adding the term −∇NIJ ⊗ uI to Eq. 4 yielding

∇uI =
M∑

J=1

∇NIJ ⊗ (uJ − uI ) ; (5)
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domain of influence

Fig. 1 Domain of influence of particle I Fig. 2 Voronoi diagram for a structured equispaced particle
arrangement

this obviously ensures that SPH fulfills zero-order completeness for the derivatives. First-order completeness is not
achieved in classical SPH. This means that the gradient of a constant field cannot be enforced at the boundaries of
the volume and that linear strain fields cannot be reproduced exactly. The corrected SPH formulation we adopted is
based on re-normalization of derivatives of the shape functions [13] and modifies Eq. 5 with a correction matrix B:

∇uI =
M∑

J=1

∇NIJ ⊗ (uJ − uI ) · B, (6)

B = H−1, (7)

H =
M∑

J=1

(XJ − XI ) ⊗ ∇NIJ , (8)

which is constructed so that (6) fulfills first-order completeness. Defining

∇ N̂IJ = ∇NIJ · B, (9)

we can rewrite (6) as follows:

∇uI =
M∑

J=1

∇ N̂IJ ⊗ (uJ − uI ) . (10)

The conservation of linear momentum in the absence of body forces is given by

�ü = ∇ · P, (11)

where � denotes the density in the current configuration, P is the stress tensor, u the displacement vector and
superimposed dots denote material time derivatives. The corrected formulation is given by

�üI =
M∑

J=1

(PJ − PI ) · ∇ N̂IJ . (12)

Since the early studies of [5,6,10,32,33], it is well known that numerical instabilities occur in collocation-
based meshfree methods as shown e.g. by [17,28]. This instability is comparable to the numerical instability due
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Fig. 3 SPH shell particle
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to under-integration in the weak formulation [28]. Adding additional points, so-called stress points eliminate this
instability. As the name may suggest, only stresses are computed at the stress points. Kinematic quantities such as
the displacement field or the velocity field are interpolated. We adopt the stress-point technique described in [13]
and add stress points in order to avoid numerical instabilities. Stress points are moved by simple approximation
with the meshfree shape functions. The linear momentum equation is then enforced at the stress points rather than
the particles:

�üI =
NS∑

K=1

(PK − PI ) · ∇ N̂IK . (13)

In Eq. 13, NS denotes the set of all stress points.

3 SPH shell formulation

We now present the SPH Mindlin–Reissner shell formulation. Therefore, only particles on the mean surface are
discretized. The particles have two rotational (no drilling rotation) and three translational degrees of freedom; see
Fig. 3. Each point on the mean plane is assigned a thickness. The position vector in the initial configuration X of
any point M located at a distance ξ from the mean plane can be expressed as

X = XM + ξn0 (14)

with ξ ∈ [−0.5t, 0.5t], t being the thickness of the shell; n0 is the initial normal vector that represents the orien-
tation of the material with respect to the mean plane and XM are points on the mean surface. Similarly, we obtain
the displacement vector as follows,

u = uM + ξ (n − n0), (15)

with n0 being the pseudo-normal vector in the initial configuration. The technique for updating n will be described
later.

Firstly, we define the local coordinate system associated with the shell in the initial configuration that will be
subsequently denoted by L0. The initial local coordinates xL0 of each point are defined from the general initial
coordinates x0 through a rotation matrix,

x0 = G−1
0 · xL0 , (16)

where the rotation matrix is obtained via the matrix multiplication G = Rx Ry Rz with

Rx =
⎡

⎣
1 0 0
0 cos α sin α

0 − sin α cos α

⎤

⎦ Ry =
⎡

⎣
cos β 0 sin β

0 1 1
− sin β 0 cos β

⎤

⎦ Rz =
⎡

⎣
cos γ − sin γ 0
− sin γ cos γ 0
0 0 1

⎤

⎦ . (17)

With these definitions, the displacement vector in (15) can be rewritten as
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u(xL0 , yL0) = uM (xL0 , yL0) + zL0

(
n(xL0 , yL0) − n0(xL0 , yL0)

)
. (18)

In L0 , one calculates the total Lagrangian NSPH shape functions NL0 leading to the expression of the gradient of
a field in the global coordinate system LG :

∇u = G0 · ∇L0 u, (19)

(∇u) j = G0 j i · (∇L0u)i = G0 j i ·
N∑

k=1

(N,xi L0)k · uk =
N∑

k=1

(N ′
,x0)k · uk (20)

with

(N ′
,x0)k = G0ji · (N,xiL0)k . (21)

Now, one can define the gradient matrix F for any point in the shell including for a point on the mean plane
(zL0 = ξ = 0):

F = G0 · F3 (22)

with

F3 =
⎡

⎣
x,xL0

x,yL0
nx

y,xL0
y,yL0

ny

z,xL0
z,yL0

nz

⎤

⎦ . (23)

We now express the Cauchy strain tensor for small strains:

Ei j = 0.5
(
ui, j + u j,i

) = EMij + EBij(ξ) (24)

with

EMij = 0.5
(
uMi,j + uMj,i

)
(25)

and

EBij(ξ) = ξ

2

(
�ni, j + �n j,i

)
(26)

with �n = n−n0. As indicated by the above equations, E is divided into a part EM which is constant throughout the
thickness, associated with membrane and transverse shear effects, and a part EB(ξ) which is linear throughout the
thickness, associated with bending effects. For geometrical nonlinear applications (especially for large rotations),
the usual nonlinear membrane strains are added to the linear membrane ones. The nonlinear bending and shear
strains are neglected. Then, strains must be written in the local coordinate system of the current position of the mean
plane of the plate, denoted by LC , in order to calculate the stresses in agreement with the plane-stress assumption.
In order to define this coordinate system, one determines two vectors n′

2 and n2 of the mean plane. The normal n3

to the plane is obtained by the vector cross-product of n′
2 and n2

n′
2 = ∂X(xL , yL)

∂xL
, (27)

n2 = ∂X(xL , yL)

∂yL
, (28)

n3 = n′
2 × n2. (29)

The basis is completed with a third vector:

n1 = n3 × n2. (30)

Using these three basis vectors, a rotation matrix GL is defined that connects the current local system LC to the
global system LG . One should note that in the case of an updated Lagrangian formulation in which the reference
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configuration is regularly updated, the equality G0 = GL holds. The expression of the local membrane shear strains
εL M and bending strains εL B are as follows:

εL M = GL · F−t · EM · F−1 · GT
L , (31)

εL B = GL · F−t · EB · F−1 · GT
L , (32)

where F is the deformation gradient which can be rewritten, still in the LC coordinate system, in the form of
generalized strain vectors εg and εs defined by:

εg =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

εLmxx

εLmyy

εLmxy

εL fxx

εL fyy

εL fxy

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, εs =
⎛

⎝
εLsxz

εLsyz

0

⎞

⎠ . (33)

The generalized stress vectors σg and σs are obtained accordingly. The membrane and shear-stress resultants Nij

and Si , along with the bending moments mij, are obtained by integration through the thickness which leads to the
following relationship between the stress resultant and the generalized stress vector:

Nij = tσLmij
, i, j = x, y,

Si = tσLsiz
, i, j = x, y, (34)

mij = t3

12
σLbij

, i, j = x, y.

With Hooke’s law for plane-stress conditions, we can express the nominal stress tensor P by

P = GT
L · S · GL · FT = s · FT (35)

with

S =
⎡

⎣
Nxx Nxy Tx

Nxy Nyy Ty

Tx Ty 0

⎤

⎦ . (36)

Similar to the 3D case, the membrane and transverse-shear equilibrium equation are as follows:

PT · ∇ = �ü, (37)

where superimposed dots denote material time derivatives. Next, the angular accelerations θ̈xL and θ̈yL are calculated
using the two moment equilibrium equations defined in the local coordinate system by

I · θ̈xL = myy,y + mxy,x + t · σyz, I · θ̈yL = mxx,x + mxy,y − t · σxz (38)

or in matrix form

I · θ̈L = L div (m) + TL = L · mT · ∇L + TL , (39)

with t being the shell’s thickness and the rotation moment of inertia I and

L =
⎡

⎣
0 1 0
1 0 0
0 0 0

⎤

⎦ , TL =
⎡

⎣
t · σyz

−t · σxz

0

⎤

⎦ , m =
⎡

⎣
mxx mxy 0
mxy myy 0

0 0 0

⎤

⎦ . (40)

Equation 39 can be also obtained in the LG coordinate system by

I0 · θ̈ = MT · ∇0 + T0, (41)

with I0 = I and

M = J · F−1 · GT
L · m · LT · GL , T0 = J · GL · TL . (42)
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Thus, M is the equivalent for the bending stresses of the nominal stress tensor P for the stresses that are constant
throughout the thickness. Hence, we finally obtain:

I0 · θ̈ =
N∑

J=1

(MJ − MI ) ∇N0IJ + T0, � · ü = (PJ − PI )∇N0IJ . (43)

The vector of angular accelerations θ̈ thus obtained is used to update n. Now we consider the rotation of n with
respect to its initial position n0. Therefore, a different rotation matrix (compared to GL ) is needed that is denoted
here by Gt

n . Its increment �Gn expresses the rotation of n during a time step. Using θ , one determines the incremen-
tal rotation vector �θ that defines the rotation of n during a time step, owing to time integration. The corresponding
rotation matrix �Gn is then calculated using the Rodrigues formula:

Gt+�t
n = �Gn · Gt

n, nt+�t = Gt+�t
n · n0. (44)

4 Artificial viscosity

For problems involving shock waves, additional numerical problems occur. Shock waves result in discontinuities
in the velocity field at the shock front as well as discontinuities in the pressure (and energy) field. Although it is
theoretically possible to capture the shock waves, we decided to use an artificial viscosity that smears the shock front
over a very small region. The artificial viscosity also eliminates oscillations at the shock front and was extensively
studied in the context of the SPH method [6,7,10,13,32,34]. Meanwhile, several different artificial viscosities are
used in SPH methods. We adopt the artificial viscosity proposed by [35] defined by

PvIJ = �2
IJ

(
−α d c μIJ + β d2 μ2

IJ

)
, (45)

where the parameters α and β are set equal to 0.1 and 1.1, respectively; c is the speed of sound and

μIJ = (vI − vJ ) · rIJ

r2 + ε
, rIJ = XI − XJ

|XI − XJ | , (46)

where r is the distance between particles I and J and the parameter ε is set to 0.1 times the square of the dilation
parameter h in order to avoid singularities; vI and vJ denote the velocity vector of the particles I and J , respectively.
The force on the particle I due to the viscous pressure is then computed by

fv = mi

�i
· ∇ Pv = h · Si · F−1∇ Pv = h · si · F−1

N∑

j=1

Pvij∇Nij. (47)

More details on the derivation of the viscosity are given in the above-mentioned SPH literature.
Within the shell-formulation framework, the effect of this viscosity concerns the membrane alone and it does

not involve the out-of-plane component of the velocities. This type of damping constitutes the right choice for
fluids because one should not create artificial shear stresses that could perturb the flow. In the case of shells, this
type of viscosity cannot control instability modes involving the normal velocities with respect to the tangent plane.
Therefore, Monaghan’s viscosity was expanded to generate viscous shear stresses as well. In the simple 2D case of
a beam, this viscous stress is

τ = η
∂(v · n3)

∂x
(48)

with η = γ �h c, where γ is a calibration parameter set to 0.2. The simplified expression of this transverse shear
stress is

τij = η

(
vi − v j

) · n3)

xi − x j
. (49)
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In the case of a 3D plate, τij becomes a tensor τij involving only transverse shear stresses. Thus, it can be expressed
in the local coordinate system by

τij = η

(
vi − v j

) · n3)

xi − x j

⎡

⎣
0 0 1
0 0 0
1 0 0

⎤

⎦ . (50)

The viscous force can be expressed by

fsij = h · Si · F−1 · τgij · ∇Nij, (51)

where τgij corresponds to the viscous stress tensor expressed in the global coordinate system. It can be shown that
for the total viscous force ftv = fv + fs, fvij �= fvji and hence we use a symmetrization:

f̂vij = 0.5
(
fvij + fvji

)
. (52)

5 Constitutive model and fracture criterion

In this manuscript, we use a standard elasto–plastic constitutive model as explained in detail in many references
[36,37], [38, Sect. 5], [39,40]. The main assumption here is that the entire section becomes plastic at once; this
assumption is true when the shell is subject to membrane loads alone.

We now propose an effective fracture model that is similar to the visibility method [29,41–45]. Since only one
particle is used over the thickness, fracture occurs over the entire thickness. The Rankine criterion is used to detect
the onset of fracture [46–52] although more-complex criteria, such as loss of stability, might be studied in the future
[53,54]. We do not use cohesive-zone models after a discrete crack is introduced which will be a subject for future
study as well. Subsequently, we propose an effective implementation of discrete cracks in the context of meshfree
methods.

The discontinuous displacement field is achieved by excluding particles on the opposite side of the crack surface
as in the visibility method; see Fig. 4. Therefore the crack is considered to be opaque and the SPH approximation
becomes:

uh(X) =
∑

W+
NI (X)uI , (53)

where W + is the set of particles on the same side of the crack. As noted in (53), we choose the initial config-
uration that facilitates the re-approximation that can be difficult when quantities are considered in the deformed
configuration. The major difficulty with problems involving moving cracks is due to re-approximation and the
re-configuration of the material. The visibility method [44] is one of the most widely used methods to model and
represent cracks in meshless methods among others [55,56]. However, the visibility method has certain drawbacks.
First of all, the visibility method introduces undesired discontinuities [57,58] that fortunately do not affect the
convergence of the method [29]. Secondly, while the implementation of the visibility method in two dimensions is
straightforward, it can become cumbersome in three dimensions. To conclude, the major source of these drawbacks
is related to the search algorithm and the re-approximation. Therefore, we propose a simpler method that is very
similar to the visibility method since it considers the crack as opaque as well.

Since we assume only through-the-thickness cracks, we take advantage of the 2D implementation. For cylindrical
shells we will be concerned with later, we use the visibility method in the parent domain. Moreover, we use a simple
node-splitting algorithm to represent the crack surface. Therefore, the two-dimensional crack surface is represented
by pairs of piece-wise straight lines as shown in Fig. 5. The nodes on the crack surface are marked as square black
boxes, except at the crack tip, whereas the other nodes are represented as hollow circles. In previous meshless
approaches, when a crack grows, the crack surface is reconstructed by adding new nodes. Here, we propose to
attach the crack tip to an existing material/interpolation node which simplifies the implementation tremendously.
A similar approach was proposed by Rabczuk and Belytschko [46] with the cracking-particle method. However, in
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crack

Fig. 4 Modification of domain of influence in order to model
a discontinuous displacement field

new crack tip

crack surface

crack surface

mid surface
old crack tip 

Fig. 5 Numerical scheme to model crack growth

new crack tip

old crack tipcrack centerline

Fig. 6 Crack splitting scheme Fig. 7 Effective implementation of the visibility criterion

contrast to Rabczuk and Belytschko [46], we preserve the continuity of the crack surface. As shown in Fig. 5, the
crack tip only moves from one particle to another.

Subsequently, we describe the splitting scheme in more detail. We first have to distinguish between crack nucle-
ation and crack propagation. A crack propagates from an existing crack tip, when the cracking criterion is fulfilled
at a certain distance from that crack tip. We opt to check this criterion within a radius r around the crack tip. For
crack nucleation, we control the crack length that is coupled to the underlying discretization.

For crack propagation that is the usual case for the applications discussed in this manuscript; we also control the
crack length and the orientation of the crack is determined by the Rankine criterion although more-complex criteria
than stated above can be used. Once a new crack tip is obtained, we split the old crack tip into two points that have
the same values of the field variables at that particular time. The kinematic quantities such as the displacement field
of the added node are then given by

unew1 = uold + β, unew2 = uold − β (54)

with β � uold. The value β serves only the purpose of making a physical distinction between the two new nodes
once they are separated; see also Fig. 6.

As stated above, the discontinuous displacement field is achieved through exclusion of nodes located on the
opposite side of the crack surface and therefore the crack is considered to be opaque as shown in Fig. 7. Here, we
propose an effective implementation of this check (whether or not a node is located on the same side of the crack)
with respect to a given straight crack segment. Therefore we check whether or not the straight crack segment, shown
as dashed line in Fig. 7, intercepts different particles in the vicinity of the crack.
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Fig. 8 Tearing of a
pre-cracked plate

pre−crack

203mm

203mm

F
F

Since the crack propagation is incremental, one only needs to check and modify a limited number of nodes in
the current crack-tip area, which is defined as the union of two circles centered at the current crack tip and at the
next crack tip. To modify the meshless connectivity map, this check needs to be performed only inside the union of
two circles, R = R1

⋃ R2.
Let us consider Fig. 7 and let us assume that we want to modify the connectivity relation between particle X3 ∈ R

and the rest of the particles inside R. Let an arbitrary point inside R be X4 and the new and old crack tip be X1 and
X2, respectively. The equations of the straight line that connects the points X3 and X4 are given by:

X = X3 + λ1 (X4 − X3) (55)

and the equations of the straight line that connects the points X1 and X2 are given by:

X = X1 + λ2 (X2 − X1) (56)

with the two unknown parameters λ1 and λ2 used to identify whether or not the two lines have intersections. The
above equations can be solved with respect to the unknown parameters. When 0 < λ1 < 1 and 0 < λ2 < 1,
then the two lines have intersections. When the two lines (from X1 to X2 and from X3 to X4) are parallel, then the
determinant of the 2 × 2 matrix from the above system of equations is zero. If the above condition is met, then
one should disconnect the connection between these two points and the node is no longer in the set of nodes W +,
Eq. 53.

6 Numerical results

6.1 Tearing of pre-cracked plate

Tearing of plates was experimentally studied by [59]. The experiment consists of pre-crack elastic plates with
different pre-crack lengths, Fig. 8. The test involves large displacements and rotations. The thickness of the plate is
0.8 mm. The material parameters are Young’s modulus E = 210 GPa, Poisson’s ratio ν = 0.3 and yield strength
is 306 MPa.

We show results for two pre-crack lengths: 30 and 60 mm. Different meshes were studied, starting from 10,000
nodes up to almost 100,000 nodes. The force–displacement curves for the pre-cracked plates with 60 mm pre-crack
and different particle arrangements are shown in Fig. 9b. The displacement is measured at the location where the
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Fig. 9 Tearing of pre-cracked plates; a Results of the 30 and 60 mm pre-notched crack and mesh-refinement study

load is applied. When more than 64,000 nodes are used, the results become independent of the discretization. In the
context of the FEM, this is usually referred to as mesh-independence. Figure 9a compares the experimental result
with the numerical simulation for the finest discretization. The agreement is excellent.

6.2 Impact problem

This problem shows the power of our method when applied to more-complex situations. We study the impact of
a spherical projectile onto a 20 mm thick square plate. The velocity of the impactor is 400 m/s and the material
parameters are taken from the previous section.

Different discretizations were studied, starting from 10,000 nodes up to almost 100,000 nodes. The displaced
plate after 200 µs is shown in Fig. 10. We see that the results do not depend on the number of nodes. The diam-
eter of the crater is almost the same for 10,000 nodes and 100,000 nodes. Also four petals are observed in both
discretizations. This is a remarkable result that was not observed for certain finite-element methods [60].

6.3 Fracture of cylindrical shell

Experimental studies of detonation-driven dynamic fracture of cylindrical thin shells were reported in [61]. In the
experiments a thin-walled cylindrical shell made of aluminium was attached to a rigid detonation tube. The rigid
detonation tube had a length of 1.52 m and the cylindrical aluminium tube (inner radius of 1.975 cm and constant
shell thickness of 0.089 cm) had a length of 89.6 cm. Different aluminium tubes with different notch lengths were
studied: 2.54, 5.08 and 7.6 cm. In the experiment, Chao [61] sealed up the upper end while the lower end of the
device was closed. Then, combustible gas was introduced in the tubes and thermally ignited. The combustion quickly
turned into detonation. Since this is very difficult to model in numerical simulation, we modelled the detonation
by pressure–time history on the inner walls of the cylinder as given by [61]. Rabczuk et al. [62] carried out FSI-
simulations of those experiments and noted that it is crucial to take into account the effects due to fluid–structure
interaction. When the same load is applied to all three specimens with different notch lengths it is not possible
to predict or replicate the experimental data of [61]. Therefore, the loading has to vary in those experiments as
also noticed of [61]. Since the loading, i.e., the pressure–time history is difficult to measure experimentally, a full
coupled FSI simulation is highly desirable. Although we were not able to fully cover all major fracture mechanisms
observed Chao [61], the qualitative agreement between our uncoupled simulations and the experiments using the
loads as recommended Chao [61] is still sufficient, also concerning the extensive computational costs for fully
coupled simulations. This aspect will be studied in the future.
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(a) 10,000 nodes (b) 10,000 nodes

(c) 100,000 nodes (d) 100,000 nodes

Fig. 10 Displaced plate for two different meshes after having been impacted by a spherical projectile

The material parameters for the aluminium tube are: density � = 2780.0 kg/m3, Young modulus E = 69.0 GPa,
Poisson ratio = 0.30, yield stress of 275.0 MPa.

6.3.1 2.54 cm notch

Cracks propagated from the tips of the pre-notch in the axial direction before the crack moving towards the location
of ignition slightly curves and propagates in the combined axial/circumferential direction. This crack propagates
only a short distance in the circumferential direction. The other crack is arrested soon. The deformed configuration
at the end of the simulation is shown in Fig. 11a, c and compares well to the experimental failure pattern (Fig. 12a).

6.3.2 5.08 cm notch

Cracks again propagate initially straight in the axial direction before they start branching and both propagate mainly
in the circumferential direction. The circumferential cracks propagate a long distance but do not fragment the tube;
see Fig. 11e, f. The experimental crack pattern was similar although one side of the tube did not branch; see Fig. 12b.
Overall, this failure pattern is predicted with sufficient accuracy.

6.3.3 7.68 cm notch

Again, cracks propagate from the tips of the pre-notch in a straight line in the axial direction. Then, both cracks
branch and change direction mainly in a circumferential direction. This time they encompass the entire circumfer-
ence and fragment the tube into three large pieces. The middle piece contains many smaller internal cracks. Also,
the tube in the experiment showed this behavior, meaning it was divided into three larger pieces and the middle piece
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(a) 2.54cm (b) 7.6cm

(c) 2.54cm (d) 7.6cm

(e)  5.08cm (f) 5.08cm

Fig. 11 Displaced configuration of cylindrical shell

contained internal cracks. The displaced tube at the end of the simulation is shown in Fig. 11b, d. It is shown next to
the tube with the short notch to emphasize the difference. A complete failure was also observed in the experiments
(Fig. 12c).

6.4 Cylinder under internal pressure

The last example is a cylinder under internal pressure; see Fig. 13 for the configuration. The axial length of the
cylinder is 1.2 m, mean radius is 22.575 cm and thickness 0.15 cm. The cylinder is clamped at both ends and was
studied previously by other authors [63,64], so we have results to compare with. The discretization for 30,000
nodes and 150,000 nodes is shown in Fig. 14; the mesh is only created for illustration purposes; the method is
purely meshfree. We have chosen this problem since different failure mechanisms occur at different load rates, i.e.,
a single crack grows at static load while crack branching occurs under dynamic load. We check whether our method
is capable of capturing this phenomenon. Therefore, we increased the internal pressure linearly: for the slow load
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(a) 1”

(b) 2”

(c) 2”

Fig. 12 Experimental results

thickness 1.5mm

0.2m

1.2m

0.225m

Fig. 13 Dimension of the pressurized-cylinder problem

(a) 30,000 nodes (b) 150,000 nodes

Fig. 14 Structured nodal arrangement and background mesh of the pressurized-cylinder problem; initial configuration

rate, the pressure is increased at a rate of 15.2 Pa/s and for the fast load rate, the pressure is increased at a load rate
of 15.2 kPa/s [64].

The displaced cylinder for slow load rate is illustrated in Fig. 15; see also Fig. 16 for a close-up. The crack
propagates straight. For fast load rate, the crack propagates first straight but then branches. This was also observed
by other authors [46,65–68]. The maximum radial displacements measured from the simulation data for different
meshes are shown in Fig. 17. They converge towards a constant value. The displaced cylinder and the crack patterns
are also very similar and therefore we conclude that our method can capture the basic phenomenon of branching
cracks independent of the discretization. Figure 15 shows the displaced cylinder for the simulation with 100,000
particles. The results agree well with the results obtained by other authors.

7 Conclusion

The fracture of thin-walled structures was studied with the SPH shell formulation based on the Mindlin–Reissner
theory. Therefore, the continuum SPH formulation is modified such that the behavior of the shell is determined using
a model discretized only on the mean surface alone. The mean surface consists of a single layer of particles in which
each point on the mean plane is assigned a thickness that varies in space and time. Correction and stabilization of
the classical SPH formulation is adopted from [13]. Moreover an elasto–plastic constitutive model is employed for
the SPH shell in the bulk while a discrete-crack method is used to model fracture. Therefore, we have presented an
effective method to describe the discontinuous displacement field based on a simple node-splitting algorithm. The
Rankine criterion is used for crack propagation, although more-realistic fracture methods based on enrichment and
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(a) temperature distribution (b) von Mises stress

(c) Slow load rate; temperature (d) Slow load rate; temperature

(e) Fast load rate; von Mises stress

Fig. 15 Displaced configuration of the cylinder under internal pressure

(a) (b)

Fig. 16 Close-up of the crack

cohesive models [69,70] will be implemented in the future in order to reach our final goal: a robust and accurate
simulation of dynamic fracture in thin structures. The main characteristics of our method is its robustness, simplicity
and computational efficiency.

We have studied four problems. Firstly, tearing of pre-notched plates was considered and we showed accurate
results that were independent of refinement of discretization for our method. Secondly, impact simulation is studied
and we showed again that our method is not dependent on refinement of discretization. We also considered the
detonation-driven fracture and experiment studied in [61]. We modeled all experiments from [61] and obtained
similar fracture patterns as in their experiments. Finally, we showed that we were able to capture the complicated
phenomenon of branching cracks for fast load rates. Hence, we developed a very promising and efficient method
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Fig. 17 Maximum radial
displacements for different
meshes
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for dynamic fracture in thin-walled structures that will particularly be improved for fracture events: our final goal.
In the future, we might develop a hybrid formulation as proposed, for instance, in the review paper [71].
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