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Abstract. Heat-transfer characteristics of mixed electro-osmotic and pressure-driven flows are obtained in a two-
dimensional straight microchannel by solving a steady-state energy equation. Both thermally developing and fully
developed regions are considered for hydraulically fully developed mixed flows under isoflux channel wall condi-
tions. The steady temperature distribution is obtained from the superposition of homogeneous solution and partic-
ular function. The particular solution is derived based on the constant heat-flux condition in the fully developed
region, while the homogeneous solution is presented in terms of infinite series containing Kummer confluent
hypergeometric functions due to the existence of non-self-adjoint eigenvalues. The coefficients of the homogeneous
solution are found by utilizing the Gram-Schmidt orthogonalization procedure, and the Secant method is utilized
to obtain the corresponding eigenvalues. Our analytical techniques are verified by obtaining an excellent agreement
with existing literature for slug, pressure-driven, and pure electro-osmotic flow cases. In the fully developed region,
the Nusselt number of mixed flow is independent of the thermal Peclet number for a particular Joule heating and
imposed surface heat flux. The entry length of mixed flow significantly depends on the applied/induced pressure
gradient to the electro-osmotic flow.
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1. Introduction

Microfluidics is one of the most rapidly growing fields in micro-electro-mechanical systems
technology due to its applications in medical science, biology, and analytical chemistry [1–4].
Microchannels or capillaries are basic components of all microfluidic devices, and they have
the potential of reducing the fabrication costs and consumption of chemicals as well as short-
ening the time of biochemical analysis. Over the last ten years, capillaries have been mainly
used for capillary electrophoretic (CE) methods due to the high separation efficiencies and
peak resolution. Microchannels have recently attracted the researchers’ attention because they
are less expensive, simpler and faster to fabricate complicated networks for “lab-on-a-chip”
devices than capillaries.

In order to transport and control fluids in microchannels, electrokinetic pumping is the
most popular technique due to its ability of dispensing a wide (conductivity) range of work-
ing fluids [5]. Electro-osmosis, one of the most common electrokinetic phenomena, is the bulk
motion of an ionized fluid with respect to a stationary charged surface under the action of an
external electric field [6, Section 6.4]. In recent years, a number of research groups have dem-
onstrated electro-osmotic microflows in various shaped microstructures [7, 8]. Electro-osmotic
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flows mainly originate from the interaction between an electric double layer (EDL) and an
externally applied electric field. This interaction of the electric field and the charged ions
results in thermal energy generation such as Joule heating.

Joule heating can cause perturbation of the sample band during iso-electric focusing and
loss of biological activity during biochemical assays due to thermal diffusion [9–12]. The
experimental study by Burgi et al. led to the conclusion that, in CE, the internal tempera-
ture increases by 1·1◦ C for an thermal energy generation of 0·1 W [13]. In typical electro-
osmotic flows with a fluid of 300 �S/m electrical conductivity and an applied electric field
of 10 V/mm, the Joule-heating term contributes 3 × 104 W/m3. This thermal energy genera-
tion and associated dissipation mechanisms have received very little attention in research on
microfluidic channels. Recently, Maynes and Webb studied the thermal behavior of the fully
developed pure and mixed electro-osmotically driven micro-flows [14,15], but their analysis is
not valid in the entrance region. The entrance region is very important in many electropho-
retic separation processes, such as temperature-gradient focusing where a constant tempera-
ture gradient is required throughout the channel [16].

In this article, the Joule-heating effects of mixed electro-osmotic and pressure-driven mi-
croflows are analyzed in a two-dimensional straight microchannel under isoflux wall thermal
conditions. Our study assumes a hydrodynamically fully developed behavior from the chan-
nel entry. However, in thermal analysis, both thermally developing and fully developed regions
are considered. Analysis of the energy equation in the developing region is particularly chal-
lenging due to the presence of both inertial and viscous terms. Graetz solved the classical
laminar convection heat-transfer problem in thermally developing regions for the parabolic
velocity distribution under the isothermal wall condition [17]. This original Graetz problem
was solved for circular pipe flows by neglecting both axial-conduction and heat-generation
terms from the energy equation. Later on, a number of research groups have considered the
contribution of the axial-conduction terms in the analytical treatment of energy equations
when the Peclet number is less than 100 [18–23]. This particular problem is known as the
extended Greatz problem. Solving the extended Graetz problem is mathematically challenging,
since the associated eigenvalue problem is non-self-adjoint when compared to the standard
Sturm-Liouville problem. Based on the extended Graetz problem, various kinds of flows, such
as liquid metal flow in compact heat exchangers [24] and magnetohydrodynamic flows [25]
have been analyzed. However, none of these previous studies have, until now, dealt with elec-
tro-osmotic flow in which the flow velocity distribution is different from pressure-driven flows.
Moreover, none of the above analytical studies have considered the thermal-energy generation
in the system due to volumetric Joule heating. In a seminal work, Sparrow and co-workers
studied the effect of an arbitrary generation term in pressure-driven thermally developing
flows, and they obtained analytical solutions for the heat-transfer characteristics [26]. Recently
we presented the heat-transfer characteristics of pure electro-osmotic microflows in a two-
dimensional straight channel with volumetric Joule heating [27]. However, in most electroki-
netically driven microflows, mixed electro-osmotic and pressure-driven flows result instead of
a pure electro-osmotic flow. In this analysis heat-transfer characteristics of mixed electro-
osmotic and pressure-driven flows are obtained in both (thermally) developing and fully devel-
oped regions. This analysis considers the interaction of the advection, diffusion, and Joule
heating terms in order to obtain the temperature distribution of the fluid in microchannels.
Due to the presence of the pressure-driven component of the velocity in the advection term,
the energy equation is not separable for mixed flow cases.
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Table 1. Nomenclature.

Ac cross-sectional area of a Greek letters
microchannel αij constant, 〈fi, fj 〉/‖fj‖2

An coefficients �T dimensional temperature difference, Ts −T
Bn coefficients �θ normalized temperature difference, θs − θ
cp specific heat at constant ε permitivity of the medium

pressure � viscous dissipation
D half channel height η normalized cross-stream distance, y/D
DH hydraulic diameter λ Debye length
�E applied electric field λn eigenvalues
Ex electric-field component µ dynamic viscosity

in the streamwise θ normalized temperature, (T −Te)k/(Dq
′′
s )

direction ρe electric charge density
e electron charge ρf fluid density
fn eigenfunctions σ electrical conductivity of the buffer fluid
G normalized generation 
 normalized pressure gradient, −(1/2)(dP ∗/dξ)

term, σ( �E· �E)D/q ′′
s ξ normalized streamwise distance, x/D

gn orthogonal functions ψ electrokinetic potential
h local heat-transfer coefficient ζ zeta potential
k thermal conductivity
kB Boltzmann constant
no average number of positive/ Subscripts

negative ions in the buffer c centerline
Nuξ local Nusselt number e inlet
P pressure f d thermally fully developed region
P ∗ normalized pressure, g general solution

PD/�uHS m mean
PeT thermal Peclet number p particular solution
Pr Prandtl number s surface
q ′′
s surface heat flux

Re Reynolds number based on
Helmholtz-Smoluchowski
velocity

Rev ratio of Joule heating to
viscous dissipation

T temperature
U normalized streamwise

velocity, u/uHS
u velocity component in the

streamwise direction
uHS Helmholtz-Smoluchowski velocity
�V velocity field
v velocity component in the

cross-stream direction
W channel width
x streamwise distance
y cross-stream distance
z valence



162 K. Horiuchi et al.

2. Mathematical treatment

2.1. Electric double layer

Most surfaces acquire a net electric charge when they come in contact with a polar medium
via ionization, ion adsorption, or ion dissolution. For example, a glass surface immersed in
water undergoes a chemical reaction in which a fraction of the surface silanol group SiOH are
changed to SiO− or SiOH+

2 , resulting in a net negative or positive surface potential depending
on the pH of the solution [28]. This influences the distribution of the ions in the buffer solu-
tion as shown in Figure 1. Here the positive ions cluster right next to the negatively charged
wall forming the Stern layer, a layer of typical thickness of a few ionic diameters. The ions
within the Stern layer are attracted to the wall by very strong electrostatic forces (107 ∼ 109

V/cm) [29]. Hence, ions in this layer are mostly immobilized. Right next to the Stern layer,
thermal movement of ions plays an active role, and develops the diffuse layer that contains
both co-ions and counter ions. Stern and diffuse layers form the EDL. The ion distribution
within the diffuse layer is governed by the Poisson-Boltzmann equation, which is

∇2ψ=−ρe

ε
, (1)

where ψ is the electrokinetic potential, ε is the permittivity of the medium, and ρe is the
electric-charge density (see Table 1). For a symmetric univalent electrolyte, the electric-charge
density can be presented as [6, Section 6.4]
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Figure 1. Electric double layer next to a negatively charged surface.
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ρe =−2n0ez sinh
(
ezψ

kBT

)
, (2)

where n0 is the average number of positive or negative ions in the buffer, e is the electron
charge, z is the valence, kB is the Boltzmann constant, and T is the temperature.

Now consider a two-dimensional straight microchannel as depicted in Figure 2(a). In most
microfluidic channels, the channel width is much larger than the channel height (W >>2D).
Although it is possible to fabricate microchannels of different aspect ratio (W/2D), a planar
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Figure 2. (a) Schematic view of electro-osmotic flow in a planar microchannel. Due to geometric, electrokinetic
and thermal symmetry only upper half of the channel is analyzed for heat transfer characteristics. (b) Favorable-
pressure-gradient mixed flow (
=0·5) and (c) adverse-pressure-gradient mixed flow (
=−0·5).
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channel is preferred from a diagnostic point of view [7]. For a planar channel, the variation
of any variable in the width direction can be neglected. Therefore, in a two-dimensional mi-
crochannel, Equations (1) and (2) can be combined to obtain electrokinetic potential as [28]

ψ= 4kBT

ez
tanh−1

{
tanh

(
ezζ

4kBT

)
exp

[ |y|−D
λ

]}
, (3)

where ζ is the zeta potential, y is the cross-stream coordinate system, and λ is the Debye
length. The Debye length is an estimate of the EDL thickness, and it is a function of ion
density (n0). For aqueous solutions at 25◦C, ion densities of 1 mM and 100 mM correspond
to Debye lengths of 10 nm and 1 nm, respectively [6]. Typical ranges of electrokinetic, flow
and thermal parameters are presented in Table 2.

2.2. Electro-osmotic flow

Figure 2(a) shows an electro-osmotic flow in a straight microchannel, where the channel walls
contain net negative charges. In this particular case, the EDL has net positive charges. There-
fore, the streamwise component of the externally applied electric field interacts with the EDL,
and creates a net movement of positive ions in the downstream direction. The steady incom-
pressible electro-osmotic flow is governed by the modified Navier-Stokes equations as follows
[28]:

ρf ( �V ·∇) �V −µ∇2 �V +∇P −ρe �E=0, (4)

where ρf is the fluid density, P is the pressure, µ is the dynamic viscosity, �E= (Ex,Ey) is the
applied electric field, and �V = (u, v) is the velocity field. The incompressibility of the working
fluid is expressed by the continuity equation, ∇ · �V =0. The first and second terms of (4) show
inertial and viscous forces, while the third and the fourth terms represent pressure and electro-
kinetic body forces, respectively. The main simplifying assumptions and approximations used
in defining the flow equations are:

1. The fluid viscosity is independent of the shear rate. Hence, we assume a Newtonian fluid.
2. The fluid viscosity is independent of the local electric-field strength.
3. The ions are point charges and their convection effects are negligible. Hence, our analysis

is valid for Stokes flows or for (hydraulically) fully developed channel flows.
4. The solvent is continuous and its permittivity is not affected by the overall and the local

electric-field strength.

Table 2. Typical length scale, flow, and electrokinetic parameters
considered in this theoretical work.

Parameter Range

Half channel height, D (�m) 10–100
Electrolyte concentration, no (mM) 1–100
Debye length, λ (nm) 1–10
Characteristic length ratio, D/λ 1000–100,000
Axial electric field, Ex (V/mm) 10–500
Zeta potential, ζ (mV) −100–100
Reynolds number, Re=uHSDρf/µ 0·002–0·700
Thermal Peclet number, PeT =RePr 0·01–5
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5. Fluid properties are independent of temperature change. This can be justified for smaller
temperature changes (less than 10K).

6. The zeta potential is uniform throughout the channel wall.

2.3. Analysis of mixed flows

Recent experimental results show that electro-osmotic velocities in microchannel are generally
slow, having very low Reynolds number, Re<1. Therefore, the inertial term in (4) is negligi-
ble compared to the viscous term. In the case of pure electro-osmotic flow there is no pres-
sure gradient, and the electrokinetic body-force term is counter-balanced by the viscous term.
Thus, in a two-dimensional straight microchannel, the pure electro-osmotic velocity can be
presented as [28]

uEOF =−ζεEx
µ

{
1− ψ

ζ

}
=uHS

{
1− ψ

ζ

}
, (5)

where uHS =−(ζ εEx)/µ is the Helmholtz-Smoluchowski velocity.
Although electrokinetic flow is desired in many bio-analytical applications, there may be

pressure variations along the channel for the following reasons:

• higher or lower electric-field strength at any particular location of the flow;
• presence of alternative pumping mechanism;
• placement of a mechanical valve in the flow path.

The resulting pressure gradient may distort the plug-like velocity distribution as shown in Fig-
ure 2(b) and (c). The velocity distribution in the mixed flow regions can be obtained from a
linear superposition of electro-osmotic and pressure-driven flows [28]:

u(x, y)=uEOF +uPois =uHS

{
1− ψ

ζ

}
− D2

2µ
dP
dx

{
1−

( y
D

)2
}
, (6)

where uPois =−D2/(2µ)(dP/dx){1− (y/D)2} is the plane Poiseuille-flow velocity.
Equation (3) shows that the electrokinetic potential, ψ , decreases abruptly from the wall

toward the center of the channel. For a two-dimensional straight microchannel, the electro-
kinetic potential diminishes within the effective EDL thickness, δ99, (δ99/D≤4%) [28]. There-
fore, we neglect the effect of electrokinetic-potential distribution in the velocity distribution.

2.4. Energy transfer in the mixed flow

The governing equation for steady-state thermal-energy transport in mixed electro-osmotic
and pressure-driven flows can be presented as

ρfcp( �V ·∇)T −∇ · (k∇T )−�−σ( �E · �E)=0, (7)

where cp is the specific heat capacity, T is the temperature, k is the thermal conductivity, �
is the viscous dissipation, and σ is the electrical conductivity of the buffer fluid. The first and
second terms of (7) indicate the thermal-energy transfer due to convection and thermal diffu-
sion, respectively. The third and fourth terms represent thermal energy generation in the sys-
tem due to viscous dissipation and Joule heating, respectively. For incompressible flow in a
two-dimensional straight channel the viscous dissipation term can be expressed as

�=µ
(
∂u

∂y
+ ∂v

∂x

)2

+2µ

{(
∂u

∂x

)2

+
(
∂v

∂y

)2
}
. (8)
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Since we have modelled the electrokinetic component of the flow velocity with a Helm-
holtz-Smoluchowski slip velocity, the viscous-dissipation term is active mainly due to the
pressure-driven component of the velocity. Therefore, for hydraulically fully developed mixed
electro-osmotic and pressure-driven flow in a two-dimensional straight channel, the ratio of
Joule heating to viscous dissipation can be expressed as

Rev =
∫ +D
−D σE2

x dy∫ +D
−D µ(

y
µ

dP
dx )

2 dy
∼= 3

4
µσ

(
D


εζ

)2

, (9)

where 
 is the normalized pressure gradient (
= − 1
2

dP ∗
dξ ) and P ∗ is the non-dimensional

pressure (P ∗ = PD
µuHS

). From Equation (9), it is clear that the ratio of generation terms,
Rev, is independent of the externally applied electric field, but it depends on characteristic
dimensions, pressure gradient, zeta potential, and conductivity. For the flow and electroki-
netic parameter ranges considered for this study, as shown in Table 2, the above ratio varies
between 10 and 10000. Hence we neglect the viscous-dissipation term in this analysis. There-
fore, for hydraulically fully developed mixed flow, the two-dimensional temperature equation
can be written as

ρfcpu
∂T

∂x
= ∂

∂x

(
k
∂T

∂x

)
+ ∂

∂y

(
k
∂T

∂y

)
+σE2

x in 0≤x <∞, 0≤y≤D, (10a)

where Ex is the electric field along the channel. For the constant wall-heat-flux case, our mi-
crochannel system is subjected to the following boundary conditions

T =Te at x=0, 0≤y≤D, (10b)

T <∞ at x→∞, 0≤y≤D, (10c)
∂T

∂y
=0 at y=0, 0≤x <∞, (10d)

∂T

∂y
= q ′′

s

k
at y=D, 0≤x <∞, (10e)

where Te is the inlet temperature and q ′′
s is the surface heat flux. When thermal energy enters

into the channel, q ′′
s is positive and vice versa. If we consider a case where the fluid comes

into the microchannel from a reservoir, then the inlet temperature, Te remains constant.

2.5. Normalized energy equation

We normalize Equation (10a) and present the non-dimensional temperature equation as

PeT U
∂θ

∂ξ
= ∂2θ

∂ξ2
+ ∂2θ

∂η2
+G in 0≤ ξ <∞, 0≤η≤1 (11a)

and the corresponding non-dimensional boundary conditions are

θ =0 at ξ =0, 0≤η≤1, (11b)

θ <∞ at ξ→∞, 0≤η≤1, (11c)
∂θ

∂η
=0 at η=0, 0≤ ξ <∞, (11d)

∂θ

∂η
=1 at η=1, 0≤ ξ <∞, (11e)

where θ is the non-dimensional temperature, which is given by θ= (T −Te)k/(Dq
′′
s ). The nor-

malized generation term, G, is presented as G= σ( �E · �E)D/q ′′
s , and it represents a ratio of
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heat generated by Joule heating to surface heat rate. Hence, G is positive for heat addition
into the channel and vice versa. The streamwise and cross-stream coordinates (x, y) are nor-
malized with respect to the half channel height, D, as (ξ =x/D, η=y/D), and the microflow
velocity is normalized with respect to the Helmholtz-Smoluchowski velocity, uHS, as

U = u

uHS
=UHS +UPois =1+


(
1−η2

)
(12)

and the corresponding mean velocity is

Um= 1
Ac

∫
Ac

UdA=
∫ 1

0
Udη=1+ 2

3

, (13)

where Ac is the cross-sectional area of the channel (Ac = 2WD). The positive values of the
normalized pressure gradient (
> 0) show a favorable pressure gradient in the system (Fig-
ure 2(b)) and negative values of 
 indicate an adverse pressure gradient in the channel (Fig-
ure 2(c)). Note that in the no-pressure-gradient case, 
= 0, the resultant velocity becomes a
Helmholtz–Smoluchowski electro-osmotic velocity. The thermal Peclet number, PeT, is defined
as

PeT =RePr=
(
ρf uHSD

µ

)(
µcp

k

)
, (14)

where Re= ρf uHSD

µ
is the flow Reynolds number based on the Helmholtz-Smoluchowski veloc-

ity and Pr = µcp
k

is the fluid Prandtl number. Here, D is used as the characteristic length as
opposed to the hydraulic diameter, DH (DH =4D). Hence, Reynolds, Nusselt, and Peclet num-
bers in this study will be one fourth of their conventional values, where those numbers are
calculated based on hydraulic diameter.

3. Analysis of the normalized energy equation

3.1. Fully developed temperature distribution

In the fully developed region, the constant-heat-flux condition at the wall yields

∂θ

∂ξ

∣∣∣∣
fd

= dθs

dξ

∣∣∣∣
fd

= dθm

dξ

∣∣∣∣
fd

= const, (15)

where the subscript fd indicates the fully developed region, θs is the normalized surface tem-
perature, and θm is the normalized bulk mean temperature. In the fully developed region, the
governing equation for the constant-wall-heat-flux case becomes

PeTU
dθm

dξ

∣∣∣∣
fd

= ∂2θ

∂η2

∣∣∣∣
f d

+G in 0≤ ξ <∞, 0≤η≤1 (16a)

and corresponding boundary conditions are

∂θ

∂η

∣∣∣∣
fd

=0 at η=0, 0≤ ξ <∞, (16b)

∂θ

∂η

∣∣∣∣
fd

=1 at η=1, 0≤ ξ <∞. (16c)
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Integrating (16a) twice with respect to η, we obtain

θfd =PeT
dθm

dξ

∣∣∣∣
fd

{
1
2
(1+
)η2 − 


12
η4

}
− G

2
η2 +C1η+C2, (17)

where C1 and C2 are constants or functions of ξ . Applying boundary conditions, (16b) and
(16c), yields C1 =0 and (dθm/dξ)|fd = (1+G)/(PeTUm), respectively. Therefore, the normalized
mean temperature in the fully developed region becomes

θm|fd = 1+G
PeTUm

ξ +C3, (18)

where C3 is an arbitrary constant, and for simplicity we assume C3 =0. Now substituting (18)
in (17) gives

θfd = 1+G
Um

{
1
2
(1+
)η2 − 


12
η4

}
− G

2
η2 +C2. (19)

Again from (19), we can obtain an expression for the mean temperature in the fully developed
region as

θm|fd = 1
UmAc

∫
Ac

Uθfd dA= 1
Um

∫ 1

0
Uθfd dη

= 1+G
U2

m

(
70+91
+26
2

420

)
− G

6Um

(
1+ 2

5



)
+C2. (20)

By equating (18) and (20), C2 can be obtained as

C2 = 1+G
U2

m

(
ξ

PeT
− 70+91
+26
2

420

)
+ G

2

(
5+2

15Um

)
. (21)

Therefore, the normalized temperature in fully developed region is

θfd = 1+G
U2

m

{
1
2
(1+
)η2 − 


12
η4 + ξ

PeT
− 70+91
+26
2

420

}
+ G

2

(
η2 − 5+2


15Um

)
. (22)

Since we set C3 = 0 in (18), the fully developed temperature expression presented by (22) is
not a unique solution, but rather a particular solution. This particular solution will be used
in the next section to obtain a unique solution for the whole domain.

3.2. Heat transfer characteristics in the mixed flow

Since Equation (11a) is not separable, due to the presence of η in the velocity distribution,
the standard separation of variables technique cannot be applied. Hence, the extended Gra-
etz problem is considered to obtain the temperature distribution in both developing and fully
developed regions. The total temperature solution can be decomposed as

θ = θp + θg, (23)

where θp is the particular solution, and it has been chosen such that the homogeneous solu-
tion, θg, satisfies a homogeneous equation. Note that a particular solution, θp, can be any
function as long as a general solution exists. For this particular study, let us take the fully
developed temperature obtained in the previous section as the particular solution (θp = θfd).
Thus, the associated governing equation for θg becomes

PeTU
∂θg

∂ξ
= ∂2θg

∂ξ2
+ ∂2θg

∂η2
in 0≤ ξ <∞, 0≤η≤1 (24a)
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and the corresponding boundary conditions are

θg =−θfd|ξ=0 at ξ =0, 0≤η≤1, (24b)

θg <∞ at ξ→∞, 0≤η≤1, (24c)
∂θg

∂η
=0 at η=0, 0≤ ξ <∞, (24d)

∂θg

∂η
=0 at η=1, 0≤ ξ <∞. (24e)

Suppose the solution to the boundary-value problem (24) is of the form [22]:

θg =
∞∑
n=1

Anfn(η) exp

[
− λ2

n

PeT
ξ

]
in 0≤ ξ <∞, 0≤η≤1, (25)

where An are the coefficients, fn are the eigenfunctions, and λn are the eigenvalues. Substitut-
ing (25) in (24), we obtain the following nonlinear eigenvalue problem

d2fn

dη2
+λ2

n

{(
λn

PeT

)2

+U
}
fn=0 in 0<η<1, (26a)

dfn
dη

=0 at η=0, (26b)

dfn
dη

=0 at η=1. (26c)

The solution of (26a) subject to the symmetric boundary condition, (26b), can be expressed
as

fn= exp
[
−1

2
λn

√

η2

]
1F1(a;b; z) (27)

where 1F1(a;b; z)=
∑∞
n=0(a)n/(b)nz

n/n! is the Kummer confluent hypergeometric function,
and

a= −λ3
n−Pe2

T{λn(1+
)−√

}

4
√

Pe2

T

, b= 1
2
, z=λn

√

η2.

Here (a)n and (b)n are known as the Pochhammer symbols. The eigenfunctions {fn} presented
by (27) has a sequence of eigenvalues {λn}, and {fn}∞n=1 form a base for the function space
L2(0,1). Our next goal is to find the eigenvalues {λn} from (27) by utilizing the wall boundary
condition given in (26c). For this nonlinear eigenvalue problem, the Secant method is utilized
to find out the corresponding eigenvalues. Note that the eigenfunctions {fn} are not mutually
orthogonal (when compared to the standard Sturm-Liouville problem) since the eigenvalues
{λn} occur nonlinearly in (26a). We use the Gram-Schmidt orthogonal procedure [30, Chap-
ter 9] in order to determine the coefficients, {An}, from a set of linearly independent eigen-
functions {fn}∞n=1 as follows:

An=Bn−
N∑

j=n+1

αjnBj (28)

with

Bn=−
(∫ 1

0
gnθf d |ξ=0 dη

)/(∫ 1

0
g2
n dη

)
, gn=fn−

n−1∑
j=1;n≥2

αnjfj , αij = 〈fi, fj 〉
‖fj‖2

,
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where N is a sufficiently large number to represent infinity, ‖·‖ represents the norm of L2(0,1)
space, and gn is a series of orthogonal functions.

The complete solution to the original governing equation (11a) can be obtained as follows
by combining (22), (23), and (25)

θ = θfd + θg = 1+G
U2

m

{
1
2
(1+
)η2 − 


12
η4 + ξ

PeT
− 70+91
+26
2

420

}

+G
2

(
η2 − 5+2


15Um

)
+

∞∑
n=1

Anfn exp

[
− λ2

n

PeT
ξ

]
(29)

and the corresponding normalized bulk mean temperature becomes

θm = θm|fd + θm|g = 1+G
PeTUm

ξ + 1
Um

∞∑
n=1

An exp

[
− λ2

n

PeT
ξ

]∫ 1

0
Ufndη. (30)

The imposed heat flux at the wall can be found from Newton’s law of cooling as

q ′′
s =h(Ts −Tm), (31)

where h is the local heat-transfer coefficient and Ts is the wall temperature. The normalized
surface temperature can be expressed as

θs = θs|fd + θs|g = 1+G
Um

(
1
2

+ 5
12

+ ξ

PeT
− 70+91
+26
2

420

)

−G
2

(
1− 5+2


15Um

)
+

∞∑
n=1

An exp[− λ2
n

PeT
ξ ]fn|η=1. (32)

The Nusselt number can be derived from (30) to (32) as

Nuξ = Dh

k
= 1
θs − θm

=35(3+2
)2×
[

105+14(12+G)
+4(17+3G)
2+35(3+2
)
∑∞
n=1An exp[− λ2

n
PeT

ξ ]{(3+2
)fn|η=1−3
∫ 1

0 Ufndη}
]−1

. (33)

4. Discussion of results

The heat-transfer characteristics of mixed electro-osmotic and pressure-driven flows are quan-
tified by (29–33). The eigenfunctions used in this study are not orthogonal and they contain
hypergeometric functions. Hence, the Gram-Schmidt orthogonalization procedure is consid-
ered in order to find the coefficients, An. The first 20 values of the eigenvalues, λn, and cor-
responding coefficients, An, for 
= 0, 0·5, and −0·5 are listed in Table 3 for PeT = 5. Even
though our solution can be used for any values of the Peclet number, we have presented only
low-Peclet-number cases primarily due to their relevance to the microdevices. All temperature
distributions are presented in this study for de-ionized water at PeT =5, Pr=7, and D>1000λ.
Therefore, the hydrodynamic entry length is negligible, and the fully developed velocity is jus-
tified right from the beginning of the channel.

In our previous study [27], we have reported results on the thermal behavior of pure elec-
troosmotic flow in both (thermally) developing and fully developed regions. Here we pres-
ent the heat-transfer characteristics in mixed flow cases. Two different mixed flow cases are
considered for this study: favorable pressure-driven and adverse pressure-driven. For favorable
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Table 3. First 20 terms of coefficients (An) and corresponding eigenvalues (λn) for PeT =5.


=−0·5 
=0·0 
=+0·5
n λn An λn An λn An

1 3·064 +1·9×10−1 −3·3×10−2G 2·752 +2·0×10−1 2·521 +2·1×10−1 +1·5×10−2G

2 4·915 −4·6×10−2 +9·7×10−4G 4·616 −5·1×10−2 4·355 −5·4×10−2 −1·3×10−3G

3 6·287 +2·1×10−2 −1·9×10−4G 6·021 +2·3×10−2 5·776 +2·4×10−2 +2·5×10−4G

4 7·420 −1·1×10−2 +6·5×10−5G 7·181 −1·3×10−2 6·955 −1·3×10−2 −7·4×10−5G

5 8·406 +7·5×10−3 −2·8×10−5G 8·187 +8·1×10−3 7·978 +8·5×10−3 +2·9×10−5G

6 9·289 −5·3×10−3 +1·4×10−5G 9·087 −5·6×10−3 8·892 −5·9×10−3 −1·3×10−5G

7 10·096 +3·9×10−3 −7·9×10−6G 9·908 +4·1×10−3 9·724 +4·3×10−3 +7·0×10−6G

8 10·845 −3·0×10−3 +4·7×10−6G 10·667 −3·1×10−3 10·493 −3·3×10−3 −3·9×10−6G

9 11·545 +2·4×10−3 −3·0×10−6G 11·376 +2·5×10−3 11·212 +2·6×10−3 +2·4×10−6G

10 12·206 −2·0×10−3 +2·0×10−6G 12·045 −2·0×10−3 11·887 −2·1×10−3 −1·5×10−6G

11 12·832 +1·6×10−3 −1·4×10−6G 12·678 +1·7×10−3 12·527 +1·7×10−3 +9·9×10−7G

12 13·430 −1·4×10−3 +9·9×10−7G 13·282 −1·4×10−3 13·137 −1·4×10−3 −6·8×10−7G

13 14·002 +1·2×10−3 −7·2×10−7G 13·860 +1·2×10−3 13·720 +1·2×10−3 +4·8×10−7G

14 14·551 −1·0×10−3 +5·4×10−7G 14·414 −1·0×10−3 14·279 −1·1×10−3 −3·4×10−7G

15 15·081 +8·8×10−4 −4·1×10−7G 14·948 +9·0×10−4 14·817 +9·2×10−4 +2·5×10−7G

16 15·593 −7·7×10−4 +3·2×10−7G 15·464 −7·9×10−4 15·337 −8·1×10−4 −1·9×10−7G

17 16·088 +6·9×10−4 −2·5×10−7G 15·963 +7·0×10−4 15·840 +7·1×10−4 +1·4×10−7G

18 16·569 −6·1×10−4 +2·0×10−7G 16·448 −6·3×10−4 16·327 −6·4×10−4 −1·1×10−7G

19 17·036 +5·5×10−4 −1·6×10−7G 16·918 +5·6×10−4 16·800 +5·7×10−4 +8·5×10−8G

20 17·491 −5·0×10−4 +1·3×10−7G 17·376 −5·1×10−4 17·261 −5·2×10−4 −6·7×10−8G

pressure-driven mixed flows (
>0) the pressure gradient,
dP
dx

, is negative, while the pressure

gradient is positive for adverse pressure-driven mixed flows (
<0). Based on the thermal con-
ditions, three different scenarios (G=1,−1 and −2) are explored. For G=1 and G=−1, the
amount of heat addition to the channel and heat rejection from the channel is same as heat
generation, respectively. On the other hand, G=−2 presents the case where heat generation is
twice the amount of heat rejected. It is important to note that our analytical results are valid
for any finite value of normalized source term including negligible generation term for which
G→0.

4.1. Mixed flow with favorable pressure gradient

Figures 3 and 4 show the temperature distribution for favorable pressure-gradient flow at

= 0·5. This is a representative case where external pressure head is applied along the elec-
tro-osmotic flow direction. In this case, the contribution of pressure-driven flow is one-third
of the pure electro-osmotic flow. Therefore, the discharge of mixed flow is 1·333 times higher
than that of pure electro-osmotic case. Due to the geometric, hydrodynamic, and thermal
symmetry, the results are presented for only the upper half of the channel.

The normalized wall-temperature distributions for favorable pressure-gradient mixed flow
(
= 0·5) are illustrated in Figure 3 for different normalized source terms. The dimensional
surface temperature (Ts =Te +θsq

′′
s D/k) changes along the downstream direction of the micro-

channel. For positive value of G, the surface temperature will increase due to both heat gen-
eration in the entire volume and heat addition through the top and bottom walls. However,
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Figure 3. Normalized wall temperature, θs, distribution along the channel in pure (
= 0) and favorable-pressure-
gradient mixed (
=0·5) flows for PeT =5·0.

for negative values of G, the surface temperature may increase or decrease depending on the
relative magnitude of energy generation to heat rejection. For example, for G=−2 the dimen-
sional surface temperature increases in the downstream direction since the amount of heat
rejection is half of the heat generation due to Joule heating. On the other hand, at G=−1,
the amount of Joule heat is equal to the surface heat rejection. Therefore, for the G=−1 case,
the surface temperature does not change after the entry region. In all cases, the slope of the
surface temperature becomes constant once the flow becomes thermally fully developed and
for that reason the wall temperature has been plotted up to ξ =5. Although the non-dimen-
sional wall temperature can change a few orders of magnitude in the downstream direction
(for G �=−1), the dimensional temperature change (Ts −Te) is less than 5K due to the conver-
sion factor q ′′

s D/k=5×10−4K, even for an external electric field, | �E|=10 V/mm, and electri-
cal conductivity, 300 �S/m in a 20 �m deep channel. Therefore, temperature independence on
fluid properties can be justified at any section of the channel.

The normalized surface temperature distributions for pure electro-osmotic flow (
=0) are
also shown in Figure 3. At any particular position and for a particular value of the normal-
ized source term, the dimensional wall temperature (Ts) in a favorable-pressure-gradient mixed
flow case is smaller than that of pure electro-osmotic flow. This is primarily due to a higher
volume flow rate associated with the mixed flow case considered here.

For the above-mentioned mixed flow case, the normalized temperature difference, �θ =
θs −θ , distributions across the channel are plotted in Figure 4 at different axial locations. The
convergence of the infinite series is very slow at ξ =0, and hence we have plotted our results
from ξ = 0·1. Unlike pure electro-osmotic flow [27], the �θ distribution is dependent on the
generation term, but the general trend of the normalized temperature difference distribution
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Figure 4. Non-dimensional temperature difference, �θ=θs −θ , across the channel in favorable-pressure-driven mixed
flow (
=0·5) at different downstream locations, ξ , for PeT =5·0 and for (a) G=1, (b) G=−1, and (c) G=−2.

remains the same for both positive and negative values of G. It is noteworthy to mention that
the dimensional temperature difference, �T =Ts −T , profile should not be identical for both
positive and negative values of the normalized source term. For positive values of the normal-
ized source term (G>0) at any particular section, the surface temperature is higher than the
fluid temperature to maintain a positive heat flux. However, for negative values of the normal-
ized source term (G<0), the surface temperature is less than the fluid temperature to remove
heat from the system. As the flow proceeds along the channel, the non-dimensional tempera-
ture difference increases, especially at the centerline (y= 0), until it reaches a constant value
in the fully developed region as shown in Figure 4. However, the dimensional temperature,
T (x, y), distribution changes along the channel since the wall temperature, Ts(x), varies in the
downstream direction.

The fully developed �θ at the centerline increases with the normalized source term. This is
mainly due to the net difference in the heat generation and heat transfer at the top and bot-
tom walls. Analytical results (not shown in the figure) also indicate that the value of the nor-
malized temperature difference at the centerline (�θc = θs − θc) will be even larger for higher
values of 
. This indicates weaker heat-transfer characteristics for higher values of the applied
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Figure 5. Normalized wall temperature, θs, distribution along the channel in pure (
=0) and adverse-pressure-gra-
dient mixed (
=−0·5) flows for PeT =5·0.

pressure gradient in the flow direction. The weaker heat-transfer performance can be attrib-
uted to the parabolic velocity profile obtained from the applied pressure gradient. As the
pressure gradient increases, the parabolic contribution becomes dominant, which affects the
temperature profile, especially at the center of the channel.

4.2. Mixed flow with adverse pressure gradient

Figure 5 shows the normalized surface-temperature distribution along the channel for 
=
−0·5. A negative value of 
 corresponds to an adverse pressure gradient flow where there is a
net gain in the pressure head. This net pressure gain could be used to drive the micro-flow in
the electro-osmotically suppressed region [28]. Moreover, in the absence of any external forc-
ing mechanism, the adverse-pressure-gradient case is used to compensate any pressure drop in
the corners and turns. Even though adverse-pressure-gradient flow provides net pressure head
in the microfluidic systems for additional pumping, the resulting net discharge is less than in
the corresponding pure electro-osmotic case. For example, at 
=−0·5, the discharge is only
66% of the pure electro-osmotic flow. Like in the favorable-pressure-gradient case, three differ-
ent normalized source term values (G= 1, −1 and −2) are presented in Figure 5. The over-
all trend in the wall temperature remains the same as in the favorable-pressure-gradient case.
However, in this case the dimensional surface temperature at any particular position is higher
than that of pure electro-osmotic flow. This is due to the lower flow rate associated with the
adverse-pressure-gradient mixed flow.

The normalized temperature difference, �θ = θs − θ , for the above-mentioned mixed flow
case (
=−0·5) is illustrated in Figure 6. Like in the favorable-pressure-gradient mixed flow,
the non-dimensional temperature difference at any lateral location (y) keeps increasing until
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Figure 6. Non-dimensional temperature difference, �θ = θs − θ , across the channel in adverse-pressure-driven mixed
flow (
=−0·5) at different downstream locations, ξ , for PeT =5·0 and for (a) G=1, (b) G=−1, and (c) G=−2.

the flow becomes thermally fully developed. Moreover, the normalized temperature difference
at any particular location is a function of normalized source term. Here a positive value of
the normalized source term (G= 1) provides less non-dimensional temperature difference in
the fluid than that of a favorable-pressure-driven flow (
=0·5) case. This implies that, at any
particular location, the difference in surface and fluid temperature (Ts − T ) is less than that
of a favorable-pressure-gradient flow. Hence, for G=1, the fluid temperature at any position
will be higher in an adverse-pressure-gradient mixed flow than that of pure electro-osmotic
or favorable-pressure-gradient mixed flow. Similarly, for the G = −2 case, the dimensional
fluid temperature at any location is higher for the adverse-pressure-gradient case than that of
favorable-pressure-gradient case. In other words, the effects of Joule heating becomes more
dominant as the flow rate becomes smaller. For this reason, the thermal entry length is much
shorter when an adverse pressure gradient is imposed on pure electro-osmotic flow. Note that,
in the fully developed region, the dimensional temperature difference (�T ) is independent
of 
 for G= −1, although the entry region is longer when a favorable-pressure-gradient is
applied to electro-osmotic flow.
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Figure 7. Local Nusselt number distribution along the channel for different normalized generation terms at various
Peclet numbers for (a) 
=−0·5, (b) 
=0·0, (c) 
=0·5, and (d) 
=5·0. In pure electro-osmotic flow, the Nusselt
number is independent of normalized generation term.

4.3. Nusselt number

The local-Nusselt-number distributions along the channel for different mixed flow cases (
=
−0·5, 0, 0·5, and 5·0) are presented in Figure 7 for a normalized source term G= −1 and
1 and for various Peclet numbers. Due to the constancy of the local Nusselt number after
reaching the fully developed condition, they have been presented for up to five character-
istic lengths (D). For all cases, the Nusselt number is very high at the entry and it decays
abruptly as the flow proceeds. The rationale for abrupt decay of the Nusselt number is that
the thermal boundary layer develops very fast along the flow direction in the microchannel.
The local-Nusselt-number distribution along the channel identifies the thermal entry length,
where the temperature keeps developing with ξ . In the mixed flow case, this entry length does
not depend on the non-dimensional source term, G, but depends on the Peclet number, PeT,
and the non-dimensional pressure gradient, 
. Figure 7 indicates that a large PeT or 
 makes
the entrance length longer. In case of pure electro-osmotic flow (
= 0), the Nusselt-num-
ber distribution is independent of G in both the fully developed and the developing region.
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Table 4. Comparison of Nusselt number (based on hydraulic diameter) in the fully developed region for
low Peclet number (PeT =5) with the existing literature.

G=−1 G=0 G =+1

This study Reference This study Reference This study Reference

Mixed flow (
=−0·5) 13·33 – 14·74 – 16·47 –
Pure electroosmotic flow 12·00 12·00 [15], [27] 12·00 12·00 [31] 12·00 12·00 [15]
Mixed flow (
=+0·5) 11·43 – 10·87 – 10·37 –
Mixed flow (
=+1·0) 11·11 – 10·26 – 9·54 –
Mixed flow (
=+5·0) 10·40 – 8·95 – 7·85 –
Pure Poiseulle flow 10·00 – 8·24 – 7·00 –

However, for favorable-pressure-gradient mixed flow (
>0), higher values of G yield less heat
transfer, but for adverse-pressure-gradient mixed flow (
< 0), a higher value of G provides
higher heat transfer.

In the fully developed region, the Nusselt number becomes independent of the Peclet num-
ber and its specific values are given in Table 4 for different values of G and 
. The fully
developed Nusselt numbers are also compared with the existing values for identical geomet-
ric, electrokinetic and thermal conditions. In Table 4, our Nusselt number values are com-
puted based on hydraulic diameter (NuDh =4NuD). For the pure electro-osmotic case (
=0),
the fully developed Nusselt number reaches a value of 12·0 for any value of the non-dimen-
sional generation term, G. On the other hand, for the mixed flow case the fully developed
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Figure 8. Local-Nusselt-number distribution along the channel for both slug flow and pressure-driven flow for PeT =
100 with no Joule heating (G=0).
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Nusselt number depends on the magnitude of the source term. The Nusselt number of pure
electro-osmotic flow is much higher than the Poiseuille flow due to the plug-like velocity pro-
file in the pure electro-osmotic flow. For a particular value of G, the Nusselt number of
favorable-pressure-driven mixed flow is located between that of pure electro-osmotic flow and
pressure-driven flow. But for adverse-pressure-driven mixed flow, the fully developed Nusselt
number is even higher than that of pure electro-osmotic flow. There are two causes contrib-
uting to such high heat-transfer coefficients in adverse-pressure-gradient mixed flow. First, the
velocity distribution next to the wall is plug-like. Second, the flow rate in adverse-pressure-gradi-
ent flow is less than that of pure electro-osmotic flow. Table 4 shows that in the fully developed
region our results exactly match with the other existing studies for pure electro-osmotic flow.

In Figure 8 we have plotted the Nusselt-number distribution along the channel for the
no-Joule-heating case at high Peclet number (PeT = 100). Both slug and Poiseuille flows are
considered in this case. We also compared our Nusselt-number distribution in the develop-
ing region with the existing results of Burmeister [31, Chapter 6] and Cess and Shaper [32]
for slug flow and Poiseuille flows, respectively. An excellent agreement is obtained between
existing data and our results in both the developing and the fully developed regions. Thus,
our technique can be used to analyze macro flows where the axial conduction term can be
neglected due to the very high thermal Peclet number. Figure 8 also confirms that our math-
ematical techniques can be used for any kind of velocity distribution with or without volumet-
ric Joule heating. Here it is important to note that the Nusselt number of slug flow is higher
than that of pressure-driven flow even in macroscale laminar flow.

5. Conclusions

We obtained analytical solutions for the heat-transfer characteristics of mixed electro-osmotic
and pressure-driven flow in two-dimensional straight microchannels. The extended Greatz
problem was considered to obtain the thermal behavior of low-Peclet-number microflows. Our
thermal analysis under constant wall heat flux resulted in the following:

• In a mixed electro-osmotic and pressure-driven flow, the local fluid and wall tempera-
ture increase along the channel for a positive source term. On the other hand, the local
fluid and wall temperature can increase or decrease for a negative source term, except for
G=−1.

• For mixed flow of G=−1, both wall and fluid temperatures stop developing in the fully
developed region due to the thermal-energy balance between heat generation and heat
rejection.

• In mixed flow, the Nusselt number is a function of the normalized source term. But in
pure electro-osmotic flow, the Nusselt number does not depend on the magnitude of the
source term.

• The fully developed Nusselt number for mixed flow is independent of the thermal Peclet
number if the generation term remains the same.

• For favorable-pressure-gradient mixed flow, a higher value of the non-dimensional pres-
sure gradient makes the thermal entrance length longer, while in adverse-pressure-gradient
mixed flow the entrance length will be shorter as the pressure gradient increases.

• Under a no-heat-generation case, our results verify the Nusselt number of classical slug
flows and Poiseuille flows in two-dimensional straight channels.

• The Nusselt number of favorable-pressure-gradient mixed flow is less than that of pure
electro-osmotic flow, but higher than that of Poiseuille flow.
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• For a particular source term, the Nusselt Number in adverse-pressure-driven mixed flow
is higher than that of pure electro-osmotic flow.
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