Journal of Elasticity (2024) 156:525-548
https://doi.org/10.1007/s10659-024-10059-8

RESEARCH W U

()

Check for
updates

Classical Elastodynamics as a Linear Symmetric Hyperbolic
System in Terms of (uy, u;)

Dimitris Sfyris'

Received: 6 December 2023 / Accepted: 7 March 2024 / Published online: 3 April 2024
© The Author(s), under exclusive licence to Springer Nature B.V. 2024

Abstract

Motivated from standard procedures in linear wave equations, we write the equations of
classical elastodynamics as a linear symmetric hyperbolic system in terms of the displace-
ment gradient (uyx) and the velocity (u,); this is in contrast with common practice, where
the stress tensor and the velocity are used as the basic variables. We accomplish our goal
by a judicious use of the compatibility equations. The approach using the stress tensor and
the velocity requires use of the time differentiated constitutive law as a field equation; the
present approach is devoid of this need. The symmetric form presented here is based on a
Cartesian decomposition of the variables and the differential operators that does not alter the
Hamiltonian structure of classical elastodynamics. We comment on the differences of our
approach with that using the stress tensor in terms of the differentiability of the coefficients
and the differentiability of the solution. Our analysis is confined to classical elastodynamics,
namely geometrically and materially linear anisotropic elasticity which we treat as a linear
theory per se and not as the linearization of the nonlinear theory. We, nevertheless, comment
on the symmetrization processes of the nonlinear theories and the potential relation of them
with the present approach.

Keywords Linear theory - Hyperbolicity - First order system - Elastodynamics -
Hamiltonian structure

Mathematics Subject Classification 74B05 - 74B99 - 35102

1 Motivation

When writing the system of classical elastodynamics as a linear symmetric hyperbolic sys-
tem ([7]) it is a common practice to use the stress tensor and the velocity field as the basic
variables. Such an approach requires the time differentiated constitutive law to be used as
a field equation ([12, 21, 22]). We here present an alternative path for writing the system
of classical elastodynamics as a linear symmetric hyperbolic system using the displacement

X D. Sfyris
dsfyris@iacm.forth.gr

1" Foundation for Research and Technology (FORTH), Institute of Applied and Computational

Mathematics (IACM), 100 N. Plastira str, GR-70 013, Vassilika Vouton, Heraklion, Crete, Greece

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10659-024-10059-8&domain=pdf
mailto:dsfyris@iacm.forth.gr

526 D. Sfyris

gradient, uy, and the velocity, u,, as the basic variables. Our motivation stems from stan-
dard procedures in linear wave equations: in order to accomplish our goal we judiciously
use linear combinations of the compatibility equations. Our analysis is confined to classical
elastodynamics, namely geometrically and materially linear anisotropic elasticity.

In order to present our motivation and our strategy clearly we start from the classical
linear wave equation. When the unknown field u is scalar and we are limited to one space
dimension the wave equation reads ([5] p. 402)'

Uy —a'uy =0. @)
Setting
vi=u,, v =u,, )
we have from the differential equation
v?, — a“v}1 =0, 3
and
vl —v3 =0, “

from the compatibility relation. The compatibility Eq. (4) is multiplied by a'' and this new

equation is used together with Eq. (3) to form a system of first order for q = (v!, v?)7 in the
form
dq dq
Ald-W_ Bld-w_ — 07 5
ot + 0x1 )

with

11 11
dw_ [ @ 0 ld-w _ 0 —a
A _(O 1)’3 _<—a“ 0 ) ©)

By this judicious multiplication of the compatibility relation with a'' the system is brought
into symmetric form ([5]): both matrices A'*" and B'd" are symmetric and A'%Y is positive
definite when a'! > 0.

For a scalar unknown function u in a two dimensional space the situation is analogous.
The differential equation is

2
Uy — E a’u;;=0—

i,j=1
1 12 21 2
Uy—a Uy —a up—a up —a“uxy=0~0. (@)
Setting

1 2 3
vVi=ug, VvV =u, UV =u,, (®)

n line with common practice, time and space derivatives of a quantity () are denoted by (),; = 33# and

0. = §i

dx; °
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the differential equation render

3111 12,1 20,2 2.2 _
vi—a v, —a‘v,—a vy—a"v,;=0. O]

The compatibility relations are two in this case:

3 1 3 2
vi=vl, )= (10)

11

Multiplying the first by a'' and the second by a'? (using that a'?> = ¢?') and adding them

one obtains

1,1 12,2 11,3 21,3 _
av,+avi—a v;—a v,=0. (11)

Starting from the same compatibility Eqs. (10) one can multiply the first by a'?> and the
second by a?? and add them to get

12,1 2 2 12,3 2.3 _
a‘v,+a"v,—av;—av,=0. (12)

So, instead of working with Eqgs. (9, 10) one may use Egs. (9, 11, 12) and write them as a
system in terms of q = (v, v, v*)7 of the form ([5] p. 402)

2
aq aq
AxwId N paw T 13
at ; ! ax; (13
where
a@ a2 0 0 0 —a"
ANv | 412 422 ,BIZd'W= 0 0 —a? |,
0 0 1 —al' —q2 o
(14)
0 0 —a
BZZd—w= 0 0 _a22
—a? —a2 o

With this writing matrices A2, B2, B2 are symmetric. Note that a'? = a?! is impor-
tant for the symmetry of matrix A%¢Y. Keep also in mind that matrix Blz‘jl'w is related with
derivatives with respect to x; while matrix B3¢ with x,. One can generalize this procedure
straightforwardly to a scalar unknown function in R” (see [5] p. 402) and a vector function
in any space dimension with similar outcomes.

What can one infer from this analysis is that by judiciously substituting the compati-
bility relations with independent sum and/or subtractions of them, the system can be put
into symmetric form. Certainly, for the examples above the used compatibility relations are
independent as linear combinations of the initial compatibility relations.

Note that this analysis is confined to the linear case; when nonlinear differential equations
are studied a similar goal is accomplished using entropy-flux pairs. Systems of conservation
laws which possess entropy functions ([4, 5, 9]) are equations (commonly of mathematical
physics) that can be written in a symmetric form which retains the conservation properties
of the system. It seems that the existence of an entropy-flux pair for a system of conserva-
tion laws for the specific case of Euler fluids starts with the work of Godunov ([10]) who
shows that a system which can be symmetrized has an entropy function (see also [1, 8]).
Conversely, Mock ([16]) shows that when a system has an entropy function then it can
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be symmetrized. In the relativistic case the symmetrization procedure is done by Ruggeri
and Sturmia ([19], see also [20]) and for the specific case of nonlinear elasticity by Boil-
lat and Ruggeri ([2], see also, [3]). For the nonlinear elastic case, symmetrization is also
accomplished in the work of Qin ([18]): the author starts from a polyconvex stored energy
function and writes the system in a symmetric hyperbolic conservation law type.

In the next two sections we put the equations of classical linear elasticity in symmet-
ric form. The strategy is very similar with the above described cases for the linear wave
equation: we seek for the right substitutes of the initial compatibility relations in order to
accomplish our goal. This is done in an inverse way: we start by writing our initial equations
as a first order system of the form

9 ~— . 9q
A— B;— =0, 15
at + ; ax,- ( )

with n = 2, 3 depending on whether we are in 2 or 3 dimensions. We then check what are
the symmetric forms of matrices B; and which combinations of the compatibility equations
should be used in order the symmetric form of matrices B; to appear into the system. This
“symmetrization” process alters matrix A and if the resulting matrix A is symmetric our
goal is accomplished. We only have to check whether the new compatibility relations are
independent.

Compared to the classical wave equation (see e.g. [5]), the equations of elasticity are
slightly different, since the strain appears in the momentum equation which in the linear
case is related with the displacement gradient by the relation

1
e,-jzz(u,-,j—f—uj,,-). (16)

Our analysis is similar with that of [12, 21, 22] in the sense that the ultimate purpose is
to write the equations as a linear symmetric system. But there is a fundamental difference:
these authors use the stress tensor and the velocity as the basic variables, while we use the
displacement gradient and the velocity. The approach using the stress tensor instead of the
displacement gradient requires the time differentiated constitutive law to be used as a field
equation instead of the compatibility relations which are used in our approach.

Our starting point is the momentum equation which, in the absence of body forces and
with a unit density, has the form

’:ii:(fij,jv )
where o is the classical Cauchy stress tensor. Classical elasticity utilizes the energy

1
W= Eeijcijklekh (18)
where C are the elasticities of a generically anisotropic material which satisfy minor and

major symmetries C;jx = Cjixs = Cijix = Cuij- The stress tensor is then

ow
0ij = @ = Cjjki€ki, (19)
so the momentum equation reads
ii; = Cijueu,j- (20)
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If one furthermore uses Eq. (16), then the momentum equation written with respect to the
displacement has the form

1
Uiy = Ecijkl (Wppj +upg) —>
1 1
Wi — Ecijkl”k.lj - Ecijklul,kj =0. 2D

In Sects. 2 and 3 we write Egs. (21) as a linear symmetric hyperbolic system in terms of uy
and u, in two and three space dimensions, respectively.

Writing the elasticity equations in the symmetric form of Eq. (15) essentially uses a
Cartesian decompositions of the variables and the operators which does not alter the Hamil-
tonian structure of linear elasticity ([12, 14, 15]). We comment on the Hamiltonian structure
of classical elastodynamics in Sect. 4. In Sect. 5 we compare our analysis with the one using
the stress tensor in terms of the differentiability of the coefficients and the differentiability of
the solution. In doing so, we use a standard theorem for linear symmetric hyperbolic systems
([6, 7]). In the same section we present the two alternative writings, i.e. the one using the
displacement gradient and the other using the stress tensor, in the one dimensional setting
for a non-homogeneous body, where one can see more clearly the differences that appear
in the requirements on the coefficients. In Sect. 6 we put our per se linear theory under the
perspective of the nonlinear approach by commenting on the potential relation of the linear
theory with two prominent symmetrization processes of nonlinear elasticity: that of Boillat
and Ruggeri ([2]) and that of Qin ([18]). The article ends up with some concluding remarks
in Sect. 7.

The present framework for the 2d and 3d case is valid for homogeneous materials in the
sense that the elasticity tensor, C, does not depend on the spatial coordinate. When such
a spatial dependence is introduced lower order terms should be added in the first order
systems; these terms are related with the spatial gradient of the material parameters but do
not alter the analysis (see [13] p. 48) since they remain lower order terms that have no effect
on the principal part of the first order system. Nevertheless, they play an important role in
the differentiability of the coefficients which can be better seen in the 1d case presented in
Sect. 5.

The linear theory we work with stands on its own: we develop the linear theory on its own
footing, rather as the linearization of the nonlinear theory. We do not examine the adopted
linear approach as the limit of the nonlinear theory, but as a linear theory per se. To the best
of our knowledge the symmetrization process established here is not reported in the literature
of linear elasticity, when it is treated as a linear theory per se. This, we believe, constitutes
the main novelty of our approach with respect to the existing literature of linear elasticity
when treated as a linear theory on its own. In order to promptly infer to which nonlinear
framework our linear approach corresponds one should carefully linearize the framework of
Boillat and Ruggeri ([2]) and that of Qin ([18]) and then examine to which framework our
approach corresponds.

2 Elasticity in 2d

In the two dimensional case there are two equations, one for each of the two components of
the displacement vector. Summing the dummy indices in Eq. (21) for i = 1 we get the first
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equation which reads
1
wy —Cunurn — Canity 2 — E(sz + Cii20)u 1,21
1 1 1
—5(01212 + Cia)u1,22 — 5(01121 + Cri2uz1 — 5(01121 + Cri2uz, 1
1
_5(C1221 + Ci212)u2,12 — Crinauz,21 — Cranoutz 20 = 0. (22)
For i =2 and summing all dummy indices we obtain the second equation
1
uz s — Corner, 11 — Conity 12 — 5(62112 + Co120)u 121
1 1 1
_E(sz + Cop)t1,22 — 5(62]2] +Coni)uz 11 — E(CZIZI + Con12)uz, 11

—5(02221 + Ca212)uz,12 — Carnautn 21 — Coapatn 22 = 0. (23)

While in the realm of classical elasticity C has the major and minor symmetries, we choose
not to use these symmetries at this stage.
Setting

1 2 3
vV =uy1, UV =Urp, VUV =Ulg,

4 5 6
Vi=uoy, vV =upn, V) =Up,, (24)

Equation (22) reads
3 ! 1 2
v, —Cunvy —Cianv, — 5(01112 +Ci21)v;
l 2 1 4
_E(sz + Cia)v, — E(CIIZI +Cr)v|
1 4 5 5
—5(61221 + Cra)u’y — Cripu’} — Cionpu’, =0, (25)
while Eq. (23) takes the form
6 1 1 2
v, —Canv —Convy — 5(02112 + G20V
1 2 1 4
—E(szlz + Con1)v5, — 5(02121 + Co12)v]
1
) (Con1 + C2212)uf‘2 - C2122M,51 — Coxpptsp =0. (26)

The compatibility relations read

I
<
(4
FRR VI ¥
I
<

(SRR SR

27)

<
I
<
<
I
<
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So, as a system with respect to q = (v', v2, v, v*, v°, v%)T Egs. (25-27) are of the form

2
aq aq
AMZ BX 2 =0, 28

ot + Z ! ax; ( )

i=1

with A% = I, the 6 by 6 unit tensor,

0 0 -1 0 0 0
0 0 0 0 0 0
a_ | —Cunt —3Cun+Cia) 0 —3(Cia+Cii) —Ciz 0
Br=1 o 0 0 0 o -1
0 0 0 0 0 0
—Cun —3Ca+Ci1) 0 —3Ca +Cu2) —Caz 0
and
0 0 0 0 0 0
0 0 -1 0 0 0
g _ | —Cn —1(Co+Cm) 0 —3Ci2+Con) —Con 0 (30)
2 0 0 0 0 0 0
0 0 0 0 0 -1
—Coiit —3(Con+Co) 0 —3(Con +Cni2) —Cop 0

Keep in mind that matrices B and B3 are related with derivatives with respect to x; and
X, respectively.

In line with the wave equation described in the motivation section, the idea is to built the
symmetric form of the matrices B and B3¢ in the system by judiciously multiplying and
adding the compatibility relations. To see how this can be done we start with matrix Blz“‘: its
symmetric form is

0 0 —Cii11 0 0 —Can
0 0 —3 €2+ Ciar) 0 0 —3(Can2+Cor)
pRdsym _ —Cimn =€+ Cian) 0 —ICi21 +Cip) —Cum 0
1 0 0 —5(Cra +Cui2) 0 0 =3(Ca21 +Co1)
0 0 —Ci122 0 0 —Cam
—Cott —3(Carrz + Car2n) 0 —1Cara1 + Ca112)  —Caima 0
€1y}
. . 2d, sym . [
In order to built the first line of B, ™™ into the system, we start from the compatibility
1 3 1 3
v, =v; = Ciinv, —Cinv; =0, (32)
which is added to
4 6 4 6
v =v = Cunv, —Canvy =0, (33)
in order to get
Cllllv,],-i-czlllvft—lev,}l —(321111),61 =0. (34)

When Eq. (34) replaces the compatibility relation Eq. (27);, then the first line of B12d in its
symmetric form appears in the system. This change affects the matrix A%¢ by changing its
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first line as

Cint

(e}
%)
=

(35)

(=N eNole)

S oo o ~O
SO O~ OO
SO = OO
=N el Ne el
- O O O OO

For building the second line of the symmetric form of matrix B into the system we start
from the compatibility

1 1
U,lt = U,3| — E(sz + C1121)U,1, - E(sz + C1121)U,31 =0, (36)
which is added to
4_ 6 1 s 1 6
v, =v) —> 5(02112 + G2V, — 5(62112 + Caa)v) =0. (37)

When the last two equations are added we obtain
1 1 4
E(sz +Ci2v, + E(Cznz + Con)v)

1 1
_E(sz + Cria)v) — E(Czuz + Cona =0, (38)

which when substitutes the compatibility relation Eq. (27),, the second line of the symmetric
form of the matrix B3 is built into the system and matrix A?¢ is changed into the form

Cin 0 0 Cain 00
FCun+Cia) 0 0 3Cun+Cun) 0 0
0 0 1 0 0 0
24 _
AT = 0 0 0 1 0 0 (39)
0 0 0 0 1 0
0 0 0 0 0 1

Now, there is an important question that appears: we substitute the compatibility relation
Eq. (27), by an equation which does not contain the initial variables. So, the new compat-
ibility relations are really independent? To answer this question, we finish the scheme of
producing the symmetric matrices and then check under what conditions the newly used
compatibility relations are independent.

Working in an analogous fashion for building each line of the symmetric form of Bl2d we
arrive at a matrix A%¢ of the form

Cllll 0 0 62111 0 0
HCun+Cia) 0 0 1Can+Cun) 0 0
0 0 1 0 0 0
AM = 40
YChm +Ci) 0 0 1(Coz+Cui) 0 0 “0)
Ciiz 0 0 Coi 00
0 0 0 0 0 1
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Matrix B3¢ is related with derivatives with respect to x,, so one should do an analo-
gous procedure using the compatibility relations that contain derivatives with respect to x,
namely

23 56
vy =0, v =05 (41)

As an outcome of this building of the symmetric form of matrix BZZd, matrix A% has the
form

Cin Cia11 0 Cain Caani 0
FCun+Cia) 3Ci2+Ci2) 0 3(Can+Cun)  3Coi2+Caa1) 0
o 0 0 1 0 0 0
T 2Cia+Ci2) 3Ci21+C12) 0 3(Carzi +Caii2)  3(Ca221 +Ca212) O
Ciin Ciox 0 Coi Conn 0
0 0 0 0 0 1
(42)
When major and minor symmetries are enforced matrix A?® has the symmetric form
Cinn Con 0 Cun Con O
Ciiz Ci2zt 0 Gz Coon O
2 0 0 1 0 0 0
AT = Ciz Criz2 0 Cuiz Conp O “3)
Ciizz Co» 0 Cuxm Cox O
0 0 0 0 0 1

Additionally, when the matrix A?¢ is positive definite the system is symmetric hyperbolic.

As we claimed, we need to show that the compatibility relations used in this procedure are
independent. Since the third and sixth line of the system are the momentum equations and
all other lines are the compatibility relations, independence of the compatibility equations
used is equivalent to

Cunt Ciant Gt Coun
Ciiz Ciz1t Cazr Cooz

0. 44
Cinz Ci2iz Canz Con2 7 “4)
Cun Ciz Cun Cox

det

Essentially, these are the 2% = 16 components of C for the two dimensional case, so, Eq. (44)
equals to the invertibility of C.

Note that an alternative symmetric writing of the equations of isotropic linear elastody-
namics in 2d is presented by Morando and Serre ([17]).

3 Elasticity in 3d

In the three dimensional case, the situation is analogous; the difference lies in the fact that
there are three equations, so the first order system is a 12 by 12 system at the end. The first
of the momentum equations stems from Eq. (21) for i = 1 by summing all other indices:

1
ui —Cunur,n — Conttr, 12 — Cianey, 13 — E(sz + Cii20)u i 21
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1 1 1
—5(01212 + Cio)u1,22 — §(C1312 + Ciza)uy 23 — E(Cms + Cri31)u,31

1 1 1
—5(01213 + Cro3uy 32 — 5(01313 +Ci33)u1 33 — E(sz + Ci12)uz 11
1 1
—§(C|221 + Ci212)uz 12 — 5(01321 + Ci1312)u2,13 — Crizouz,21 — CronoUs.22
1 1
—Ci3nU223 — E(C1123 +Crizuz 3 — §(C1223 + Ci232)u2 32 (45)
1 1 1
—5(61323 + Ci1332)uz33 — 5(01131 +Ci113)uz, i — 5(61231 + Ci213)u3 12

1 1 1
_E(le + C1313)u3,13 — 5(01132 + Cr123)uz 21 — 5(01232 + Ci223)U3.22

_5(61332 + Ci323)u3,23 — Cia33u3,31 — Cia33u3,32 — Ci333u3,33 = 0.

The second of the momentum equations stems from Eq. (21) for i =2 by summing all other
indices:

1

uz — Cornter, 11 — Cozniteg, 12 — Coznieg 13 — 5(62112 + Ca21)u 21
1 1 1

_5(62212 + Cop)ut1,20 — 5(62312 + Cozo)u1,23 — 5(C2113 + Co3n)uy 31
1 1 1

_E(sz + Conz)up 32 — 5(02313 + Caz3)u1 33 — 5(02112 + Cai2)uz, 11
1 1

—5(02221 + Co12)uz 12 — E(Czszl + Cp312)uz,13 — Co122Uz,21 — CoooUn 22

1 1

—Casnottn 23 — 5(C2123 + Corz)un 3 — 5(02223 + Co32)us 3 (46)
1 1 1

—E(sz + Ca332)Uz,33 — 5(02131 + Cor13)uz 1 — 5(02231 + Ca213)u3,12

1 1
—5(02331 + Co313)U3,13 — E(sz + Ca123)uz 21 — 5(C2232 + Cax3)u3 2

_E(sz + C323)u3,23 — Ca33u3 31 — Cao33u3,30 — C333u333 = 0.

The third of the momentum equations stems from Eq. (21) for i = 3 by summing all other
indices:

1
w3 — Cainer, 1 — Caonitey 12 — Caanig 13 — E(Csnz + Ca121)u 121
1 1 1
—§(C3212 + Ca)up 22 — E(sz + Can)uy23 — §(C3113 + C3131)u1,31
1 1 1
—5(63213 + Cao3)u1 32 — 5(03313 + Ca33)u1,33 — 5(63112 + Ca112)uz 11
1
—5(63221 + Ca12)up 10 — 5(03321 + C3312)u2,13 — Ca120U2,21 — C300U2. 22
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1 1
—C33nU223 — §(C3123 + Ca132)u231 — E(Csm + Ca32)u2 32 47)
1 1 1
—5(03323 + C3332)uz,33 — 5(03131 + Ca113)uz, 11 — 5(63231 + C13)u3 12
1 1 1
—5(03331 + C3313)U3,13 — 5(03132 + C3123)u3 21 — 5(03232 + C3223) 13,22

1
—5(03332 + C3323)u3,23 — C3233u3 31 — C3233U3,32 — C3333u3,33 = 0.

‘We now set
1 2 3 4
vV =Uuyy, UV =Ujz, VUV =U13, V =Ujy,
5 6 7 8
v=uy, VUV =uzp, V' =uz3, VU =uy,, (48)
9 10 11 12
vV-=usy, vV =U3p, UV =U33, VUV =U3;.

So, the first of the momentum equation reads
1

V4 — Crinvin — Cranvi2 — Cianivi 3 — E(sz +Cii21)v2,1
1 1 1

—E(sz +Cin)vzo — E(sz +Ci)v23 — E(CIIIS + Cii3)v3
1 1 1

_E(CIZB + Ci231)v30 — 5(61313 + Ci1331)v33 — E(sz + Ci112)us

1
—5(01221 + Ci212) V50 — §(C|321 +Ci312)v53 — Ci122V6,1 — C1222V6 2
1 1

—Ci322v6,3 — 5(61123 + Criz)uz,1 — 5((31223 + Ci232)u72 (49)
1 1 1

—5(61323 + Ci332)v73 — 5(61131 +Ci113)v9,1 — 5(61231 +C1213) V92

1 1 1
—5(01331 +C1313)v93 — E(sz + Cr123)v10,1 — 5(01232 + C1223) V10,2

1
—5(01332 + Ci323)v10,3 — Ci33tt 1,1 — Ciozstgy2 — Crazsuegg3 = 0.

The second momentum equation reads
1
vg; — Co111v1,1 — Caan1 V1,2 — Cosni V1,3 — 5(62112 + Co121) 02,1
1 1 1
—5(02212 + Co21) V20 — E(Czuz + Cr321) 023 — E(C2ll3 + Co3)v3,1
1 1 1
—5(62213 + Ca3)v3 — E(sz + Ca331)v33 — E(Cznz + Car12)us
1
—5(62221 + C12)v52 — 5(62321 + C2312)v53 — C212206,1 — C2222V62
1 1
—C320V63 — E(sz + Coz)ur, — 5(02223 + Com)ur (50)
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536 D. Sfyris
1 1 1
—§(C2323 + Ca332)v7,3 — §(C2131 + Ca113)v9,1 — §(C2231 + C2213) V92
1 1 1
—§(C2331 + C313) V93 — E(sz + Ca123) V10,1 — 5(62232 + C223) V10,2
1
—5(02332 + C2323) V10,3 — Conzatt 11,1 — Consatt1,2 — Cozsatg 3 =0.
The third momentum equation reads
1
V12, — C3inivr,r — Ca2nivi2 — Ca311v1,3 — 5(03112 + G202
1 1 1
—§(C3212 + C3221) 020 — 5(63312 + C3321) 023 — 5(63113 + C3131)v3,1
1 1 1
—5(03213 + C331)v32 — 5(63313 + C3331)v33 — 5(6'31 12+ Ca112)us 1
1 1
—5(03221 +C312)v5,2 — §(C3321 + C3312)v5,3 — C312206,1 — C322206,2
1 1
—C3320063 — 5(C3123 + Ca3)ur,1 — 5(03223 + Cao3)u72 (5D
1 1 1
—5(C3323 + C3332)v7,3 — E(le +C3113)v9,1 — 5(03231 + C3213) 09,2
1 1 1
—5((33331 +C3313)v9,3 — §(C3132 + C3123)v10,1 — E(sz + C3223) V10,2
1
—§(C3332 + C3323)v10,3 — Ca33tt 11,1 — Canzstty 2 — Cazzzuegg 3 =0.
The compatibility relations are
v =0l vi=0h, vl =0,
v5, = vSI, vﬁ = vfgz, v, = v%, (52)
=02 0= p2 oyl =2,

Equations (49-52) is a 12 by 12 first order system in terms of q = (', v2, 3, v, 03, 00, 07,

US! U9! UIO, U”, le)T

3
aq Z
3d 3d
i=1
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where matrix A3 is the identity matrix. Matrix Bj¢ is related with the derivatives with

respect to x; and has the form

-Cin
0
B = g
—Com
0

0
0
~Can

Matrix B3 is related with the

0
—Cin
0
B} = g
~Conl
0
0
0
-Can

Matrix B3 is related with the

0 0

0 0

0 0
—3@Cin+Cia =5 Cui+Cusn

0 0

0 0

0 0
—3Can+Co2) —3(Caz +Caiz)

0 0
0 0
0 0

3 (Caiz +Can) — 1 (Caus + Caiz)

0 0

0 0

0 0
-3@Cu+Ci) —5Cui+Cusn)

0 0

0 0

0 0
—3(Cain+Cm) —1(Cain+Con)

0 0
0 0
0 0

—3(Can2 +Cani) =1 (Caus + Casi)

0 0

0 0

0 0
—3Cr+Cim) —1(Cui+Cin

0 0

0 0

0 0
—3(Cu+Co) -5 (Coais + Coszt)

0 0

0 0

0 0

—3(Cxi2+Can) =5 (Canz + Can)

-1 0
0 0
0 0
0 -1 Cin+Cn)
0 0
0 0
0 0
0 —3(Cai +Can)
0 0
0 0
0 0

0 =3 (Csizi +Can2)

—Cix

0

0

0
~Can

0

0

0
~Ciiz

-3 Cis+Cun)

0

0

0
—3(Caizs + Cain)

0

0

0
—3(Cai23 + Cain)

0 0 0
0 0 0
0 0 0
0 —3Cna+Cii) —5(Cns+Cun)
-1 0 0
0 0 0
0 0
0 —3(Caus +Can) 5 (Cas + Caiz)
0 0 0
0 0 0
0 0 0

0 —3(Can+Cauy) -5 (Cas+Can)

derivatives with respect to x, and has the form

0 0
-1 0
0 0
0 —1(Ciu+Crn)
0 0
0 0
[ 0
0 —1(Coni +Cnn)
0 0
[ 0
0 0

0 —1(Cxa +Cam2)

~Com
0
0
0
~Can

0
0
—1(Cis +Cin)
0
0
0
~ 1 (Cms + Conm)
0
0
0
— 3 (Caa3 + Caan)

0 0 0
0 0 0
0 0 0
0 —1(Ciy+Cuim) —1(Cims+Cun)
0 0 0
-1 0 0
0 0 0
0 =3 (Cus +Coni3) —5(Coxs+Cn)
0 0 0
0 0 0
0 0 0

0 —3(Causi +Cai3) -5 (Cans+Can)

derivatives with respect to x3 and has the form

0 0
0 0
-1 0
0 =3 (Cii+Cun)
0 0
0 0
0 0
0 —1(Cani +Cosi2)
0 0
0 0
0 0

0 =1 (Casi +Casn)

~Cxnn
0

0
0
—Cin

—3(Cis +Cin)

0

0

0
—5(Cons + Com)

0

0

0
—1(Cs33 + Casn)

0 0 0
0 0 0
0 0 0
0 =3 Ci+Cui) —5(Cixs+Cun)
0 0 0
0 0 0
-1 0 0
0 —1(Coxi +Coi3) = (Cass + Cosn)
0 0 0
0 0 0
0 0 0

0 —1(Can +Cai3) — 1 (Cans + Can)

0
0
—Cuss
0
0
0
—Coi
0
0
0
~Can

—Cons
0
0
0
—Can

0

0

0
—Ciz

0

0

0
~Co

0

0

0
—Cis

0

(54)

-1
0

(56)
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~
o~
N
r o 0 0 0 0 0 —Con 0 0 0 —C3in
0 0 0 0 0 0 —1(Cana + Canan) 0 0 0 —1(Csi2 + Canan)
0 0 0 0 0 -3z +cann 0 0 0 —1(Cus+Cus)
—3(Cnn+Cia) 3z + Criar) —3Ciar+Cni) —Cuz —3(Cuz+Cnxn) 0 —3(Ci31+Cuiz) —3(Cus+Cnxn) —Cusn 0
0 0 —3(Cria1 + Crin2) 0 0 0 — 3 (Caia1 + Cai12) 0 0 0 —3(C3121 + Ca112)
wwa;s: _ 0 0 —Cn2 0 0 0 —Can 0 0 0 —Can
0 0 0 —3(Cus+Cun) 0 0 0 — 3 (Caz + Cain) 0 0 0 —3(C3123 + C3132)
—Caii —%(Caiz +Ca121)  — % (Canz + Caian) 0 —3(Cazi +Cou2) —Cam — % (Caizs + Coiz) 0 —3(Cai31 + Co113)  — % (Cais +Coim2)  —Caizs 0
0 0 0 — 1€z +Cina) 0 0 0 —1(Caiz1 + Canz) 0 0 0 —1(C3131 + Ca113)
0 0 0 —1(Cuzn+Cim) 0 0 0 —1(Caz + Cain3) 0 0 0 —1(C3132+ Ca123)
0 0 0 —Cn3 0 0 0 —Ca3 0 0 0 —Ci3s
L-Cain —3(Caia+Caiz1) =3 (Cai3 +Caia1) 0 —3(Cam +Can) —Camm —3(Ca23+ Ca1m2) 0 —1(C3131 + C3113)  —(C3123 + C31:2)  —Caizs 0

The symmetric form of the matrix B¢ is

pringer
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In order to built the first line of Bl3d' ™ into the system, we have to substitute the first
compatibility equation (Eq. (52),) with a judicious combination of some of the compatibility

relations. We start with

1 _ .4 1 4
v, =v = Cinv, —Cinvy =0, (58)

and add it to the two equations

5.8 5 8
v, =0 = Cnv;, — Canvy =0, (59)

9_ 12 9 12
v, =v{ —> Canv,; —Cnvy =0, (60)

to get

1 5 9
Ciinv; +Caunvy, + Cnv,

—C1111U,41 —szv,sl - Csmv,l]z =0. (61)

This equation substitutes the compatibility Eq. (52); and affects the first line of the matrix
A3: instead of only 1 in the first slot, now matrix A3 has three non null components. These

are Cq11; in the first slot, Cy;1; in the fifth slot and C311; in the ninth slot.
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NES
(62)

3d

Continuing in this vein, building each term of the symmetric form of matrices B;

1

>
w
&
|

1,2, 3, we arrive finally at matrix A3 of the form

Ciin
$(Ciz2 +Crian)
Tn 13+ Cui31)

0
L(Crai +Ciin)
Cun
L (Cras +Cimn)
0

$(Ci31 +Ciiiz)
$(Ciiz2 +Ci123)
Cii3s
0

Ciiai
WAQ_N_N +Ci221)
WAQ_NG +Ci231)

0
1(Ci221 +Ci212)

Cion
1(Ci223 + Cion)

0
3(Ci231 + Cr213)
TQ_&N +Ci223)

Ci233

0

Ciizi
WAG:B.TQ_S:
Tn::.,rn:w:

0
1(Ci321 +Ci312)

Ci3n
$(Ci323 + Cizx)

0
3(Ci331 + Ci313)
Wa_wﬁ.,rn:mv

Ci333

0

SO OO o OO O —0O 00O

Cont
TGN:N +Ca121)
Wﬁw:w +Ca131)

0
1(Can21 + Ca112)

Cain
$(Ca123 + Ca13)

0
TGE_ +Ca113)
TGN:N + Ca123)

C2133

0

Coo1i
WGBS + Co21)
TGNN; + C231)

0
$(Can21 + Co212)

Coo
$(Ca223 + Coo32)

0
$(Ca231 + C2213)
$(C2232 + C2223)

C2233

0

Cazii
WAGB_N + Ca321)
Waﬁ: + C2331)

0
3 (Caza1 + Ca312)

Caz

1 (Co323 + Ca33)
0
$(Ca331 + C2313)
$(Ca332 + Ca323)

Ca333

0

SO OO~ OO0 OO C OO

Csini
TS__N.TS_N:
Tnf:;.n,ﬁ,ﬁv

0
wam_m_ +C3112)
Cain2
0
0
3(C3131 + Ca113)
3 (C3132 + C3123)
C3133
0

Ca1i
3 (C212 + C3221)
wﬁw“: + C3231)
0
WAQSN_ +C3212)
Cam
0
0
3 (C3231 + C3213)
3 (C3232 + C3223)
C3233
0

Cs311
wam; + C3321)
anw: + C3331)

0
1 (Caz21 + C3312)
C3322
0
0
3(C3331 + C3313)
TQMSN + C3323)
C3333
0

-0 0 00 oo oo oo
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When major and minor symmetries of C are enforced, matrix A3¢ takes the symmetric form

Ciii Cnizt Cisit 0 Cont Coit C3it O G Caair Gz O
Cinz Ci2ziz Cizsiz 0 Coiiz Ca2iz C312 0 Caiiz Ca2iz Caziz O
Ciuizs Ciaiz Ciziz 0 Gz Cooiz Cxiz 0 Gz Caaiz Caziz O
0 0 0 1 0 0 0 0 0 0 0 0
Ciizi Ci2z1 Cizzt 0 Cazr Comi Cwzo1 0 G321 G Cazpr O
A% — Ciuz Ciz Cizz 0 Couz Caoz Cuz 0 Caizp Cap Cazz O
Ciizs Cizz Cizz 0 Coz Cooz Czp3 0 G313 Caopz Cazpz O
0 0 0 0 0 0 0 1 0 0 0 0
Cisi Ciozi Cizzt 0 Cozi Caxzi Cazzr O Caizr Cazr Cazar O
Cuzz Cioz2 Cizz 0 Cozz Caxzz Cz2 0 Caizz Caaz Cazz O
Cizz3 Ci23z Cizzz 0 Cozz Coxzs Caz33 0 Caizz Csozz Cazaz O
0 0 0 0 0 0 0 0 0 0 0 1|
(63)

When matrix A is also positive definite we speak about a symmetric hyperbolic system.
Since the fourth, eighth and twelveth line of the system are the momentum equations,
independence of the compatibility relations used is equivalent to the condition

Ciit Cuzt Cisnt Cant Cont Cosit Cain Caanr Casnn |
Cinz Ciaiz Ciziz Caiz Ca2iz Ca3iz Gaiz G2z Casne
Ciizs Ciaiz Ciziz Gz Coiz Coziz Caiiz Caaiz Casns
Cizi Cizz1t Ciz2t Gzt Caoar Cozor Gz Caoor o Cazog
det| Crizz Ciaz Cisz Coiz Cooo C;zzo Caizz Caozn Cazan | #0. (64)
Cizz Cizz Cizs Coizz Coxoz C;3z G312z Caaxz Casos
Cizi Cizt Cizar Coazt Coo3t Cosst Gz Caoar Cassg
Cizz Ciz2 Cizaz Cazz Cooxz Cozzz Gz Cazza Casa
| Ci133 Ci233 Cizzzs Caizz Cazzz Cozss Caizz Cazzs Cazas |

This essentially equals to the invertibility of C.

4 Hamiltonian Structure

In this section we highlight the Hamiltonian structure of linear elastodynamics; our approach
relies heavily on the fundamental works of Marsden and Hughes ([14, 15]). The classical
elastodynamics problem can be phrased as a Hamiltonian system when the linear momen-
tum p = p%—‘t‘ and the strain e = %(Vu + VTu) are used as independent variables with the
Hamiltonian

1

1
H=§/<— ||p||2+eCe)dS2, QCR, d=1{1,2,3}. (65)
Q \pP

The elastodynamic problem can be rewritten as a Hamiltonian system

A (p\_( 0 div\(§H\_( 0 div)[(v 66)
gt \e) \Grad O 8H ) \Grad 0 o)’
v being the velocity, Grad = %(V + VT) the symmetrized gradient and &, the variational
derivative with respect to .
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The operator

0 div
I = (Grad 0 ) 67

defines a Poisson bracket being a formally skew-adjoint operator. The system can be re-
written in terms of the velocity and stress as

p 0 NI (vy_( 0 div) v
(0 C*'> ot <a) - (Grad 0 o)’ (68)
The Hamiltonian structure is encoded in the skew symmetry of the matrix J.

For the classical case, using the Voigt notation, for the velocity and the stress tensor, the
operator J is rewritten in the 2D case as

0 0 8 0 d
0 0 0 9 o

J=|a 0 0 0 0 (69)
0 a 0 0 0
9% d 0 0 0

y

The symmetry of this matrix implies the skew symmetry of the operator. To see this, consider
the case of the simple 1D wave equation setting all constants equal to one; then the matrix

J has the form
(0 o
J= < 9. 0 ) . (70)

The operator 9, is formally skew adjoint: given two smooth functions with compact support
f, g € CZ° for any interval I C R of the real line it holds

/ (0, f)gdx = — / F(3,g)dx. (71)
I I

In terms of the L? inner product (3, f, g); = —(f, 3:£), so the operator J is a formally
skew-adjoint operator and the same is true for linear elasticity. In the 2d case given above
the operator can be written in a skew symmetric form as

(0 D\ . (3 0 b
(5 D)3 00

where D* denotes the adjoint operator defined via integration by parts as illustrated above
for 0,.

The calculations presented above are for the classical approach using the velocity and
the stress tensor when writing the system in a first order form. When (u,, u,) are used the
corresponding operator J is skew symmetric from its construction. For the 2d case, it has
the form

0 2d, sym 0

J=B" *y“‘a—xl +B (73)
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where BlZd’ Y™ is given by Eq. (31) and 822CL ™ is the symmetrized form of the matrix

Eq. (30). A similar analysis holds for the 3d case, where again, by construction

0 d ad

3d, sym 3d, sym 3d, sym

J=B —4+ B —+B —. 74
! oxy + 5 0x> + 5 9x3 (74)
The symmetry of the matrices B;* ™™, i = 1,2,3 implies the skew symmetry of the opera-

tor, so all in all, the Hamiltonian structure of the system is not affected when this Cartesian
decomposition of the operator J is used.

5 Comparison of the Approach Using the Displacement Gradient
Versus the One Using the Stress Tensor

In this section we compare the classical approach using the stress tensor versus the approach
presented here where the displacement gradient is used. The comparison is with respect to
the differentiability of the coefficients and the differentiability of the solutions and is based
on a theorem by Fischer and Marsden ([6]) attributed to Friedrichs ([7]). Before presenting
this comparison we give the one dimensional analogues of both approaches in the inhomo-
geneous case where the coefficients involved are presented more clearly.

5.1 Elasticity in 1d with Respect to (u;, u,)

The starting point is the elastic energy which for the one dimensional case has the form
L
W(u,) = Eaux. (75)

The momentum equation in the absence of body forces with unit density gives

= Uy, + Uy, (76)

Uy =0y =
RIT

o being the material parameter of the model. Setting u, = v, u, = e the momentum equation
renders

v =oe, +oye, 77)
while the compatibility equation renders
vy=¢ —> v, —e =0. (78)

‘We multiply the compatibility relation by « to obtain

av, —ae; =0. (79

So, as a system Eqs. (77, 79) are
v — e, =ae, (80)
ae; —av, =0. (81)

@ Springer



544 D. Sfyris

This system can be written in the form

dq dq
Alnu) 22 4 pluux) 22 (ur,ux)’ 82
ot + dx f 82)

with respect to q = (v, e)” with

1 0 0 —« e
(up,ux) (U ux) (U ux) x
(o o)r= (G )= () e

5.2 Elasticity in 1d with Respect to (u;, o)

Using again as a starting point the energy of Eq. (75), stress is

= = X 84
o o ou (84)

Now, we need to time differentiate the constitutive law. If this is done directly in the last
equation one obtains

0 =du, + aliy. (85)

If we set u, = v then the first term in the right hand side of the last equation cannot be trans-
formed to the new system of variables, (u,, ). To by-pass this issue we write the constitutive
law of Eq. (84) in the form

alo = Uy, (86)

which requires that the material parameter « can be inverted. By time differentiating the last
equation we obtain

Ol[_lO' +alo, =u,. 87)
When we set u, = v this equation can be written in the new system as
at_la +olo, = v,. (88)

If to this last equation we add the momentum equation we are essentially working with the
system

v, —o, =0, (89)
alo,—v, =—da"o. (90)
This system can be written in the form

dq dq
Awno) 2 4 pluo) 22 (um)’ 91
ot * ax f e

with respect to q = (v, o)T with

U, 1 0 u;,o 0 -1 up,o 0
A(z,):<0 a‘l>’B(h):<—l 0>7f< ’):<_d—la>' (92)
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5.3 Comparison with Respect to the Differentiability of the Coefficients

We compare the present approach with the classical one using the stress tensor instead of
the displacement gradient by using a theorem of Fischer and Marsden ([6], Theorem 1.1 p.
3). These authors work with a linear symmetric hyperbolic system of the form

R d
ATM(x, t)a—b; =Y AV, z)a—; + B"™M(x, u 4+ C™M(x, 1), (93)
i=1

and they assume that

)s>n/2+1,

(i) A>FM js symmetric positive definite and 7 > AY™™(x) — I = A%FM(x 1) — I is a
C! map from R to H*(R",R"") and a C° map from R to H*+'(R", R""), I being the
identity matrix,

(iii) AFM is symmetric, i = 1,2,...,n and 1 > A"TM(x) = APFM(x 1) is a C° map
from R to H*(R", R’"z),

(iv) t > BfM(x) = B¥M(x, 1) is a continuous curve from R to H*(R", R,

(v) t > CTM(x) = CFM(x, 1) is a continuous curve from R to H*(R", R™).

Under these assumptions, for any uo € H’ there is a unique continuous curve ¢ — H°*
which is differentiable as a curve in H*~' and equals u, at = 0 and is a solution of Eq. (93).
We adopt the assumptions of this theorem and examine what effect do they have in the
differentiability of the coefficients when (u,, uy) and (u,, o) are used.

For the one dimensional case, we see that the assumptions on the differentiability of the
coefficients should be placed on terms «, «,; namely, on the material parameter and its
spatial gradient, when (u,, u,) are used as the new variables. When (u,, o) are used, one
has to make the assumptions of differentiability on !, ¢~'. The main difference lies in
the fact that use of the writing with respect to (#,, o) places differentiability requirements in
the inverse of the material parameter ' and its temporal gradient & ~'. When (u,, u) are
used, the differentiability requirement should be placed on « and its spatial gradient.

So, when we are dealing with discontinuous in space material coefficients the writing
using (u;, o) should be preferable since it avoids problems related with discontinuous ma-
terial coefficients. On the other hand, when discontinuous in time material coefficients are
involved (e.g. aging phenomena) the writing using (u,, u,) seems to be preferrable.

In the 3d case, the differentiability requirement for the coefficients should be placed again
on C~! when the stress is used as the new variable; to see this let us consider the approach
of Yakhno and Akmaz ([22]): in the homogeneous case, they write the system in the form

’;
ou - ) du
AOYA(x 1) — A Ay, 1) — =0, 94
(x )aﬁ; (1) (94)
where

ova_ [ B O3\ giva_ [ O Al
A _<06x3 o A= (AD* Ogxs ) ©5)

(A}), (Ai')* being hard numbers, any requirement on differentiability should be placed on
C~!'. In contrast to that when (u,, u,) are used the requirement of differentiability should be
placed on C and not on its inverse. Nevertheless the existence of C~! is required from the
condition for the independence of the compatibility relations used (Eq. (64) for the 3d case).
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When the material is no longer homogeneous, in line with the 1d case, terms of the form ¢~
appear when the stress tensor is used, while terms of the form Cy appear when uy is used.

5.4 Comparison with Respect to the Differentiability of the Solution

Say that the assumptions (i-v) of the theorem of Fischer and Marsden described above are
met; then for the solution one has u(x, t) € H*. When (u,, u,), are used this means that
u,,u, € H°. When (u,, o) are used it gives u,, 0 € H*. So, the first approach places restric-
tions in u,, while the second in . Thus, the second framework can describe discontinuities
in space since it does not involve u, at all. In the linear regime, Hooke’s law relates this two
field in a linear way: for the one dimensional case, 0 = «u,; so, when « is well behaved, o
and u, belong essentially to the same space.

This is also true in the three dimensional case, where o;; = C;jiew, when C is well be-
haved. If we worked with inhomogeneous materials, we would arrive at the fact that in
case of discontinuous in space material coefficients, use of the writing with the stress tensor
avoids the problem of discontinuities in space material coefficients. On the other hand, use
of the writing with the displacement gradient avoids the problem of discontinuous in time
material coefficients.

6 Symmetrization in the Framework of Nonlinear Elasticity

In this section we put our per se linear theory under the perspective of the nonlinear frame-
work, by commenting on two prominent symmetrization processes of the nonlinear theory.
The first uses the notion of entropy-flux pairs ([1, 3, 8, 10]) for a system of conservation
laws, while the second is the work of Qin ([18]) who starts from a polyconvex function.

6.1 Entropy-Flux Pairs in Nonlinear Elasticity

Systems of conservation laws which possess entropy functions ([4, 5, 9]) are equations (com-
monly of mathematical physics) that can be written in a symmetric form which retains the
conservation properties of the system. It seems that the existence of an entropy-flux pair for
a system of conservation laws for the specific case of Euler fluids starts with the work of
Godunov ([10]) who shows that a system which can be symmetrized has an entropy function
(see also [1, 8]). Conversely, Mock ([16]) shows that when a system has an entropy function
then it can be symmetrized. In the relativistic case the symmetrization process is done by
Ruggeri and Sturmia ([19], see also [20]) and for the specific case of nonlinear elasticity by
Boillat and Ruggeri ([2], see also, [3]).

In their fundamental paper Boillat and Ruggeri ([2]) write the equations of nonlinear elas-
ticity in symmetric form in two ways. The first one uses (u,, F) (F being the deformation
gradient) as the basic variables. The second way of writing utilizes a Legendre transforma-
tion and uses (u;, —T) (T being the first Piola-Kirchhoff stress tensor) as the basic variables.
This is for the nonlinear theory.

For the linear theory (as a theory per se) there are two approaches: the one presented
here using (u,, uy) as the basic variables and the other one ([15, 21, 22]) using (u,, o) as the
basic variables. In order to promptly infer to which linear way of writing the two nonlinear
ways of writing by Boillat and Ruggeri ([2]) correspond one has to carefully linearize and
examine the outcome. We, nevertheless, state that it seems our framework to be closer to the
(u,, F) of [2], while the (u,, —T) seems to be closer to the approaches of ([15, 21, 22]). Since
in general entropy-flux pairs are non-unique one has to carefully examine all possibilities
when linearizing the nonlinear theory.
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6.2 The Work of Qin ([18])

Qin ([18]), in his valuable paper, starts from a polyconvex stored energy function and writes
the system in a symmetric conservation law type. He uses (F, cofF, detF, v) as the basic
variables (F being the deformation gradient of the nonlinear theory, cof the cofactor matrix,
det the determinant and v the velocity). For linearizing this framework one may use the
formula detF — 1 = diva 4+ O(e?) (p.30 [11]) and replace detF with diva to within first
order and F by Vu.

It seems that, even if such an approximation is used the present framework is differ-
ent from the one of Qin conceptually: Qin uses the compatibility relations without pre-
multiplying them by a quantity and adding/subtracting them (see Eq. (3.12) in his paper); he
uses as basic equations the time derivatives of the cofactor matrix and the determinant in-
stead. We here, on the other hand, pre-multiply the compatibility equations judiciously and
add/subtract them in order to accomplish our goal. Nevertheless, in order to give a precise
answer one has to linearize Qin’s framework systematically and then check exactly what it
gives.

A comparison of Qin’s work with that of Boillat and Ruggeri ([2]) would also help in the
better understanding of the symmetric writing of the equations of nonlinear elasticity. From
these possible ways of writing the equations of nonlinear elasticity one should linearize in
order to examine under what conditions the present framework and that of [15, 21, 22] result
and if these two approaches are the only possible one’s for the linear elastic case.

7 Conclusion

The main achievement of the present approach is to offer an alternative path for writing the
system of classical elastodynamics in a symmetric linear format. Instead of the stress tensor,
the displacement gradient is considered to be the new dependent variable. Such a writing
utilizes a Cartesian decomposition of the variables and operators that does not alter the
Hamiltonian structure of classical elastodynamics. By means of the calculations, certainly,
the present approach is more laborious than the one using the stress tensor. Mixed finite ele-
ments consider the velocity and the stress tensor as independent variables to avoid problems
related with discontinuous in space material coefficients; in such cases the approach using
the stress tensor seems superior to the present approach.

All in all, what the present approach teaches us about the subject is that an alternative way
of writing the equations of classical elastodynamics exists using the displacement gradient
instead of the stress tensor. While it is not perfectly clear what use of this approach enable
us to do going forward in real calculations, it seems to be preferable when discontinuous in
time material parameters are involved.
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