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Abstract

This paper is concerned with a linear theory of thermoelasticity without energy dissipa-
tion, where the second gradient of displacement and the second gradient of the thermal
displacement are included in the set of independent constitutive variables. In particular, in
the case of rigid heat conductors the present theory leads to a fourth order equation for
temperature. First, the basic equations of the second gradient theory of thermoelasticity are
presented. The boundary conditions for thermal displacement are derived. The field equa-
tions for homogeneous and isotropic solids are established. Then, a uniqueness result for the
basic boundary-initial-value problems is presented. An existence theorem is established for
the first boundary value problem. The problem of a concentrated heat source is investigated
using a solution of Cauchy-Kowalewski-Somigliana type.

Keywords Second gradient theory - Constitutive equations - Boundary conditions -
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1 Introduction

Green and Naghdi [1, 2] developed a thermomechanical theory of deformable continua that
relies on an entropy balance law rather than an entropy inequality. The linear theory of ther-
moelasticity based on the new entropy balance law has been established in [3]. This theory
does not sustain energy dissipation and permits the transmission of heat as thermal waves
at finite speed. An account of the development of the subject as well as references to var-
ious contributions may be found in various works (see, e.g., [4—6] and references therein).
The deformation of non-simple materials was extensively studied. The equations and the
boundary conditions of the nonlinear strain gradient theory of elastic solids were first estab-
lished by Toupin [7, 8]. The linear theory has been developed by Mindlin [9] and Mindlin
and Eshel [10]. The interest in the gradient theory of elasticity is stimulated by the fact that
this theory is adequate to investigate problems related to size effects and nanotechnology
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[11]. The gradient theories of thermomechanics have been studied in various papers (see,
e.g., [4, 6, 12] and references therein). The motivations for introducing temperature gradient
effects in thermomechanics were presented in [12].

This paper is concerned with a linear theory of thermoelasticity without energy dissipa-
tion where the second displacement gradient and the second thermal displacement gradient
are included in the set of independent constitutive variables. In the first part of the paper we
establish the basic equations of the theory. Following Toupin [8] we derive the boundary
conditions for thermal displacement. In the case of homogeneous and isotropic solids we
present the field equations and show that the present theory leads to a fourth order equation
for temperature. Then, we establish a uniqueness result for the basic boundary-initial-value
problems. In the case of the first boundary-initial-value problem, an existence result is es-
tablished. The solution of the concentrated heat source problem is presented using a solution
of Cauchy-Kowalewski-Somigliana type.

2 Basic Equations

In this section we establish the basic equations of the second gradient theory of thermoe-
lasticity. We consider a body that at time #, occupies the region B of Euclidean three-
dimensional space. The motion of the body is referred to the reference configuration B and
to a fixed system of rectangular cartesian axes Ox;, (j =1, 2, 3). We shall employ the usual
summation and differentiation conventions: Latin subscripts, unless otherwise specified, are
understood to range over the integers (1,2, 3), whereas Greek subscripts are confined to
range (1,2); summation over repeated subscripts is implied and subscripts preceded by a
comma denote partial differentiation with respect to the corresponding cartesian coordinate.
Boldface characters stand for tensors of an order p > 1 and if v has the order p, we write
vij..x (p subscripts) for the components of v in the cartesian coordinate frame. We denote
by d B the boundary of B. We assume that the boundary d B consists in the union of a finite
number of smooth surfaces, smooth curves (edges) and points (corners). Let C be the union
of edges. In what follows, we use a superposed dot to denote partial differentiation with
respect to the time 7.

Green and Naghdi [1, 3], presented a treatment of thermomechanical theory of de-
formable media which differs from the usual one and, in particular, makes use an entropy
balance. Let P be an arbitrary material volume in the continuum, bounded by a surface 9P
at time . We suppose that P is the corresponding region in the reference configuration B,
bounded by a surface d P. In [1] the authors postulated an entropy balance in the form

/pr']dv:/p(s+$)dv+/ oda, 1)
P P ap

for all regions P of B and every time. Here, we have used the following notations: p is
the reference mass density, n is the entropy per unit mass, o is internal flux of entropy per
unit area; s is the external rate of supply of entropy per unit mass; & is the internal rate of
production of entropy per unit mass. Using the well-known method, from (1) we obtain

o=Ajnj, @
and

pn = A+ p(s +§), 3
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where 7 is the outward normal of d P and A is called entropy flux vector.
Following Green and Naghdi [1, 3] we introduce the thermal displacement o by

a=6, 4

where 6 is the absolute temperature.
Following [1, 8], we postulate an energy balance in the form

/,o(u,u,—i—e)dv:/p(f,u,—I—mt)dv—l—/ (Z,M,+MJ,M,/+UO{+H,OlJ)dll, (5)
P P aP

for all regions P of B and every time. Here we have used the notations: u; is the displace-
ment vector, e is the internal energy per unit mass f; is the body force per unit mass, #; is
a part of the stress vector associated with the surface 3P but measured per unit area of 9 P.
Each of terms pj;i; ; and H;c; is a rate of work per unit mass. According to Green and
Rivlin [13], uj; is a dipolar surface force and H; is a monopolar entropy flux, per unit area.
In [9], j; is called double force per unit area. We assume that the dipolar body force and
the spin inertia per unit mass are absent (see [8]). From (5) we obtain

/piiidv:/,of,-dv—i-/ t;da, (6)
P P apP

for all regions P of B. Under suitable continuity assumptions, this conservation law yields
Cauchy’s relations

i =tjnj, (7
and the equations of motion
tiij + pfi = pii;, 8)

where 1;; is the stress tensor. In view of (2), (3), (7) and (8), the relation (5) becomes
/ pédv = / [l‘jil;t,',j + Aj()'l,j + ,0(7) - S)a]dv +/ (Mj,‘l:ti‘j + HjO‘l,j)d(,l. (9)
P P aP
From (9) we obtain

(Wji — mjinu,j + (Hj — Hygng)a j =0, (10)

where p;j is the dipolar stress tensor and Hy; is the entropy flux tensor. If we use the relation
(10) and the divergence theorem, then from (9) we find the local form of energy balance

pe=1ju;;+Ia;+ Hjaj + o0 —§)a, Y
where
Tji =i + Pjik, 1j = Aj + Hijke (12)

Let us consider a motion of the body which differs from the given motion by a superposed
uniform rigid body angular velocity, and assume that p, ¢, 7;;, wijx, I1;, H;; and 6 are not
affected by such motion. From (11) we get [13]

Tij = Tji- (13)
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It is usual in the current literature to obtain an equation for balance of energy in terms of the
Helmholtz free energy i introduced by

Y=e—0n. (14)
We consider the following strain tensors from the linear theory (Mindlin and Eshel [10])
2eij =uij+uji, Kijk = Ug,jj- (15)
The relation (11) can be written in the form
P + i) + pa€ =16 + pijikiyi + Tjcej + Hijor i (16)
We require constitutive equations for ¥, 7;;, wijk, 1, Aj, Hy; and & and assume that these
are functions of the set of variables A = (e;;, «iji, 0, @ j, a x;). For simplicity, we regard the

material to be homogeneous and assume that there is no kinematical constraint. If we take
into account the relations

Y =U(A), 5 =T(A), ... & =&(A), (17)

then the equation (16) implies that

oU s U - U " ..
o —Tj ) eij T — Mijk | Kij - o
de;; J)cii ik Mijk | Kijk aq TP

+8UH‘+8UH‘+'§O (18)
— . ) — —H;; )&, GE =0,
801,1- / K Ba,,-j / o p

where we have introduced the notation U = pf/; . Using the method in [3], we find that the
necesary and sufficient conditions for equation (18) to be satisfied according to the consti-
tutive assumptions above are

aUu oUu aUu
Tij = 7> Mijk= 7> =5
J Be,-_,» Hijk al(,'jk on oo
m=2Y p -2Y £=0 (19)
J_Bot,j’ U_Ba,,-j’ o

For a given deformation, #; ; and ¢ ; in (10) can be chosen arbitrarily so that, on the basis
of the constitutive equations, we get

Wji = pkjing, Hj = Hyjng. (20
‘We denote
a(x, to) = ao, a(x, to) = To, (21)

and assume that oy and Ty are given constants. Let us introduce the notations
t
T:9—To,g0:/ Tdt. (22)
T
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From (21) and (22) we get
a=¢+To(t —t) +ag,a;=¢;,¢=T. (23)

In what follows we assume that u; = eu/j, @ = e¢’, where ¢ is a constant small enough for

squares and higher power to be neglected, and u; and ¢’ are independent of ¢. In the linear

theory, we assume that U is a quadratic form of the variables e;;, «;jx, @, ¢ ; and ¢ ;;. In the
case of materials possessing a center of symmetry we have

2U = Ajjrseijers + BijpgrkijiK pgr + 2Cijrs€ij @ rs
+ Dijrs@,ij®.rs + 2Eijkskijnps + Kij@,i,
—a¢2—2b,-je,-j¢—26,-jga,,-j¢. 24)
The coefficients from (24) have the following properties
Ajjrs = Ajirs = Arsijs Bijipgr = Bpgrijk = Bjikpgrs Cijrs = Cjirs = Cijsr,
Dijjrs = Djirg = Dysij, Eijrs = Ejirs, Kij = K i, bij = bji, cij = cji. (25)
From (19), (23), and (24) we find that
Tij = Ajjrsers + Cijrs@.rs — bij @,
Wijk = Bijkpqripgr + Eijks®.s,
pn=bje; +cijp; +ap, (26)
i = Epgrikpgr + Kij@.j,
H;j = Cygijers + Dijrs@ rs — Cij .
In view of (12) and (19), the equations (3) and (8) can be written in the form
Tji,j — Mjikj + pfi = piii,
I1; — Hyjxj + ps = p1. (27

The linear theory is characterized by the following system: the equations of motion (27),
the constitutive equations (26) and the geometric equations (15). To derive the form of the
boundary conditions we use the method of Toupin [8]. In view of (2), (7), (12) and (23), the
surface integral from (5) can be written in the form

/ (tit; + it ; +o¢ + Hijp j)da = / [(thi — Mskis)thi + Mijithi,
aP aP
+ (I — Hy 5)@ + Hij ¢, jlmida. (28)
In the last integral from (28), u; ; is not independent of 1;, on d B; only its normal component
Du; = u; jn; is independent. If we introduce the surface gradient D; = (6;; — n;n;)9/0x;,
then we get
Mkjithi, jg = g Dit; — i D (uging) + D (gjingit;),

Hyi¢ing = Hyjngn j Do — ¢ D j(Hijne) + D (Hyngg). (29)
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Following [8] we obtain
f (tiu; + Mjill,'.j +o¢+ Hj(ﬁ,j)da :/ (Piut; + RiDu; + X9 + QD¢)da
aP aP
+/(Z,-L2,- + Yo)ds, (30)
c

where we have used the notation
Py = (tji — pjidnj — Dj(ugjing) + (Djnj)pginphg,
R; = pysingng, Z; =< MpgiftpyYq >

Y =I0; — Hyj)n; + (Djn;)Hynin, — D;j(Hgny),

3

Q= H[jl’l,'l’lj, Y =< ijnkyj >,y =EjriliSr.

In this equation, &;;; is the alternating symbol, s; are the components of the unit vector
tangent to C, and < f > denotes the difference of limits of f from the both sides of C. The
first boundary-initial-value problem is characterized by the following boundary conditions

uj=1u;, Duj=w;,9=¢, De=T, ondB x I, (32)

where U;, w;, ¢ and T are given functions, and I = (0, c0). In the case of the second
boundary-initial-value problem the boundary conditions are

P=P,R=R,5=%,Q=QondBx1, Z=Z,Y=Y onCxI, (33)
where Fi, ﬁ,-, i, EZ, Z-, Y are prescribed functions. The initial conditions are

i (6, 0) = u? (), i1;(x, 0) = 00 (1), (x, 0) = (1), §(x,0) = x°(x). x € B, (34)
where the functions u?, v°, ¢ and x° are prescribed. We assume that: (i) f; and s are
continuous; (ii) p is a prescribed positive constant; (iii) the constitutive coefﬁcients satisfy
the symmetry relation (25); (iv) #; and ¢ are continuous on 3 B R I; (v) @i, T, P,, R,, s,
€2 are continuous in time and piecewise regular on 8B x I (v1) Z; and Y are continuous in
time and piecewise regular on C x [; (vii) u,- ) vl- , % and x° are continuous on B.

In the case of homogeneous and isotropic solids the constitutive equations become [10]

Tij = Aeprdij + 21ei; — bpdii + B18i; Ap +260.),

1

it (terriBjk =+ 2607y 8ij + KrrjOik) + 02 (Kirr 8k + K jrr8ik) + 200301184
+ 2046k + as(kgji + kiij) + V18ij0.k + V28 x0,i + 0ire,;), (35)

Mijk =

pn=be, +ap+chAg,
I1; = yikgsi + 2p2Kiss + k@i,
Hij = pidijerr +2Bseij + di6ij Ap + drp ij — c@dij,
where A is the Laplacian, §;; is the Kronecker’s delta and A, u, a, b, c, k, a,,, (m =

1,2,...,5), By, vp» d, are constitutive coefficients. If we use (16) and (29), then we can
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A Second Gradient Theory of Thermoelasticity 635

express the equations (27) in terms of unknown functions u; and ¢. The resulting equations
are

(n—viA)Au; + A+ p —vDuj ;i + (B —y)AP ; —bo; + pfi = pii;,
dAAp —kAp+ (B —y)Au; ;+ap+bij ;= ps, (36)

where we have used the notation

vy =2(a3 +0g), vy =2(0; +ap +as),
B=PB1+2B,y =y1 +20n,d=d +d,. 37

The second equation in (36) implies the following coupled heat equation
dAAT — kAT + (B — y)Aii; j +aT + biij ; = ps. (38)

In the case of rigid heat conductors we obtain a fourth order equation for temperature.

3 Uniqueness

In this section we present a uniqueness result in the context of the dynamic theory. By an
admissible process p = {u;, ¢, eij, kijk, Tij, Mijk, 0, I1j, H;;} we mean an ordered array of
functions u;, @, e;;, Kijk, Tij» Mijk» 11, I1; and H;; defined on B x [0, 0o) with the following
properties: (i) u; € C*%; ¢ € C*%; e;j, ki € C*°; wj, T, Hji € C10 pyij € €205 e €01
on B x I; (1) u;, s, i, @, @, @, Wi j» Wi ji> P.ij» Tij» Tijuis Kijks Kijk.ij» s T, Hijy Hiji,
n and 7 are continuous on B x [0, 00). By a solution of the first boundary-value problem
we mean an admissible process which satisfies the equations (15), (26) and (27) on B x 1,
the boundary conditions (32) and the initial conditions (34). Similarly, we can define the
solution of the second boundary-initial-value problem.
We define the functions W and E by

2W = Aijrseijerx + Bijkpquiijpqr + 2Cijr.s‘eij(p.rs
+2Eijirkijk.r + Kij@,i@,j + Dijrs@.ij@.rss (39)

1
E= Ef(puiu,- +a@? +2W)dv.
B

Theorem 1 Assume that

(i) p and a are strictly positive;
(i1) the relations (25) hold,
(iii) W is a positive semidefinite quadratic form.

Then, the boundary-initial-value problems have at most one solution.
Proof Let us denote
F=1;éj + wijkije + one + ;¢ ; + Hjig ;. (40)
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By using (25), (26), and (39) we obtain

3
F = E(agbz—l—ZW). (41)

N =

On the other hand, by (15) and (27) we get
F=[(tjx — tjix)ix + pijtie; + ;0 + Hijo — Hyi i@l j + p(fitj +s@) — pidji;. (42)

From (12), (41) and (42) we find that

| @

(@@® +2W) = [tjctix + pjritiix + Ao + Hi @il j + p(fiiej + s¢) — piiiie;.  (43)

N =
<5

t

If we integrate the relation (43) over B and use the divergence theorem and the relations (2),
(7), (20) and (39) then we obtain

E= (tiu; + ,le[I;t,"j +o¢p+ Hj(ﬁ’j)da +/ ,O(fjl;lj + s@)dv. 44)
9B B

With the help of (30) we arrive at

E:/ (Piit,-+RiDui+2gb+QD¢)da+/(ZiL'ti+Y¢)ds+/ p(fiu;+s@)dv. (45)
9B c B

Suppose that there are two solutions. Then, their difference p* = {u}, ¢*, el.*j, K;‘}k, rl.’;, ufjk
n*, IT%, H} corresponds to null data, so that

J
Pruf + R Du; + X*9* + Q*D¢* =00ndB x I, Zu; +Y*¢*=0,onC x I, (46)
and

u(x,00=0, u’(x,00=0, ¢*(x,0=0, ¢*(x,0)=0o0nx € B. 47)

The functions W and E associated with process p* will be denoted by W* and E*, respec-
tively. The conditions (47) imply the following relations

e;(x,00=0, «;(x,00=0, ¢;(x,00=0, ¢7(x,0)=0. (48)
It follows from (39) and (48) that
W*(x,0)=0. (49)
With the help of (39), (47) and (49) we get
E*(0)=0. (50)
From (45), (46) and (50) we obtain
E*(t)=0,tel. (5D

By using the hypotheses of the theorem we find that & =0 and ¢* =0 on B x I. Since u;
and ¢* vanish initially we conclude that 7 =0 and ¢* =0on B x I. O
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A Second Gradient Theory of Thermoelasticity 637

4 Existence Theorem

In this section we provide an existence theorem of solutions for the problem determined by
equations (15), (26) and (27) with the initial conditions (34) and the boundary conditions

u; =0, Du;=0, ¢=0, Dp=0o0nadB xI. (52)
In this section we assume that conditions (i) and (ii) of Theorem 1 are maintained and
instead of condition (iii) we assume that:
(iii”) The function W defined at (39) is strictly positive definite.

We will transform our problem into an abstract Cauchy problem on the Hilbert space
defined by:

H=W*(B) x L*(B) x Wg*(B) x L*(B), (53)

where Wi (B) = [W.2(B))® and L2(B) = [L%(B)]®. Here WZ*(B) and L*(B) are the
usual Sobolev spaces. Then, we will show the existence of a semigroup of linear operators
defining the solutions of the problem (see [14]). This kind of arguments are usual in the
study of well posed thermoelastic problems.

An element in this Hilbert space has the form (u, v, ¢, 6). In this space we consider the
inner product associated with the norm

1
1. v, ¢.0)|> = 5/ (pviv: + a6 +2W) dv. (54)
B

It is clear that (54) defines a norm which is equivalent to the usual one in the Hilbert
space. We define the operator

=

(55)

D8 < =
|
z o X

where M; and N are given by
M; = p ' [(Aijrsttrs + Cijrs@.rs — bij0).; — (Bijipgritr, pg + Enjis®.s) ki1,
and
N =a "[(Epgrittr pg + Kij9.; — bijv ;)i — (Crggjttrs + Dijrs@.rs) ij]-

It is worth noting that ve Wg*(B), 8 € W, >(B), (M;) € L*(B), N € L*(B). It is clear
that the domain of the operator is a dense subspace of the Hilbert space.
We can write the basic equations and initial conditions as

du

— =AU+ FD, UO) = @, v%, 0,07, (56)
where F is given by
0
s
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638 D. lesan, R. Quintanilla

Now, we will prove that the operator defines a contractive semigroup of linear operators
and the existence, uniqueness and continuous dependence of solutions will be concluded.

Lemma1 Forevery U = (u,v, ¢, 0) at the domain of the operator (A), the following equal-
ity

<AU,U >=0,
holds.

Proof If we apply the definition of the operator and the boundary conditions, after the use
of the divergence theorem we obtain the desired equality. ]

Lemma 2 Zero belongs to the resolvent of the operator A.

Proof Let us consider (g, g, g3, g4) an element in our Hilbert space. We have to solve the
system

V=g17 M=g27 9=g3a N=g4'
We can obtain v and 6 directly. Then, we obtain the system

(Ajjrsttr,s + Cijrs@.rs),j — (Bijipgritr,pg + Ekjis®.s) kj = 0&2i + bij g3,
(Epgrittr,pq + Kijo j — bijvj) i — (Crskjtrs + Dijrs®,rs) kj = aga + bijg1i

To solve this system we can apply the Lax-Milgram lemma (see [15]). To this end, we define
the bilinear form

Bl(u, v, ¢, 0), (@*, v, ¢*, 0%)] =/ Idv.
B
where [ is given by
I = Ajjrstti juty  + Bijipgritiijity, g + Cijrs Wi j@7 + U7 ;90.r5)
+ Eijir (urij @’ +up ;;9.) + Kij@i9" + Dijrs®.ij¢ 7

It is clear that B is bounded on Wﬁ‘z X WOZ’2 and, in view of the assumption (iii’), it is
coercive in this space. On the other side, it is clear that

(pg2i +bijgs,j, ags+bijgui ;)

belongs to W22 x W22, The Lax-Milgram lemma allow us to conclude the existence of
solutions. Indeed we can obtain that the solutions (u, v, ¢, 0) satisfies the estimate

[l(w, v, 0, 0)|| < K|l(g1, &2, &3, &)l

where K is independent of the solution. Therefore, we have proved the lemma. a
Thus, we have

Theorem 2 The operator A generates a contractive semigroup on the Hilbert space.
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A Second Gradient Theory of Thermoelasticity 639

Theorem 3 Assume that (£, s) are smooth on L*(B) and continuous in W*>2(B) and that
Uy belongs to the domain of the operator. Then, there exists a solution U (t) to the Cauchy
problem which is smooth in the Hilbert space and takes values in the domain of the operator.

Since the solutions are defined by means of a semigroup of contractions we can conclude
the estimate

IIU(t)IlfllU(O)II-i-f0 [(E(), s(2)]]2d .

This inequality gives the continuous dependence on the solutions with respect to initial
data and supply terms. Therefore, under our assumptions the problem of the second strain
gradient thermoelasticity without energy dissipation is well posed in the sense of Hadamard.
The results presented in this section extend those established in [4] for the strain gradient
theory in the case that we do not consider high order effects in the thermal displacement.

5 General Solution of the Field Equations

In this section we establish a solution of the field equations that is analogous to Cauchy-
Kowalewski-Somigliana solution in the dynamic theory of classical elasticity [16]. In the
case of isothermal elasticity, the solutions of Galerkin type in the context of strain gradient
elasticity have been presented in [9, 17]. The field equations for isotropic and homogeneous
materials can be expressed in terms of the functions #; and ¢ in the form

LiAu+ Lrgraddivu + L; grade + p f = pii,
Lydivu + Lsg = ps, (57)
where we have used the notations
d
Li=p—viA,Ly=A4+p—1»nA, Ly=(p —)/)A—ba,

2

a a
Li=B—-y)A+b—,Ls=dAA—kA —. 58
4=B-y)A+br.Ls tass (58)

Let us introduce the notation

Ai=LA— pa—:z, Ay =L3L4sA — LsAz, A3 = (L, + Ly)A — pa—;. (59)
Theorem 4 Let
u=—AF + (L3Ls— LyLs)graddivF + L3 grad G,
¢ =—AL4ydivF — A5G, (60)
where the fields F; of class C 12 and G of class C® on B x I satisfy the equations
AAF=pf, A,G =ps. (61)

Then u and ¢ satisfy the equations (57).
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Proof A straightforward calculation yields

82
LyAy + L3L4Ay = A3(L3Ly — LoLs), (L1 + L) A — Az = Py
As+ LsAy = (L3Ls— LyLs)A. (62)

If we substitute u and ¢ given by (60) into the equations (57) and use (58) and (62), we
obtain

LiAu+ L, graddivu + Ly gradg — pii = —LA,AF + AzpF
4+ {(L3Ly — LyLs)As — LyAy, — L3L4A;} graddiv F

2

+ L3[L1 A+ LyA — Az — FYo)

Jgrad G (63)
=—A A F,

Lydivu + Lsg = La[(L3Ls — LyLs)A — Ay — LsA]div F + (LsL4A — LsA))G = A,G.

If we use (61) and (63), then we obtain the desired result. O

The solutions of Galerkin type are used to study the deformations produced by concen-
trated loads [9, 16].

6 Effects of a Concentrated Heat Supply

In this section we use the solution (60) to investigate the effects of a concentrated external
heat source in an infinite space. We consider an isotropic and homogeneous solid subjected
to the following loads

f=0, ps=0(1), (64)

where r = [(x; — y;)(x; — y;)1"/2, y is a fixed point, and Q is a given function. The condi-

tions at infinity are given by
up —> 0,u; ;= 0,u; jx — 0,0 —> 0,0 ; = 0,9 jx — 0 forr — oo.
In view of (61) and (64) we can take F =0 and G = x (r, t), where x satisfies the equation
Arx = 0. (65)
In what follows we consider the case of steady vibrations. We assume that
0 =Ne[Q"(r) exp(—iwt)], (66)

where w is the frequency of vibration, i is the imaginary unit, Re[ f] is the real part of f,
and Q* is a prescribed function. Let us introduce the notations

A =LiLIA — LIAL L = (B —y)A+ibw, L= (B — y)A — ibo,
LE=dAA —kA —aw?, As = (E —CA)A + po E=A+2u, L =v 41, (67)
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If we assume that
x =Relx"(r, w) exp(—iwt)], (68)
then from (58), (59) we find the following equation for amplitude x*,
Asx* =0 (69)
We denote by K]2~, (j =1,2,3,4), the roots of the equation
dé’x4 + p1x3 + p2x2 — p3x + paa)4 =0, (70)
where we have introduced the notation
pr=&d+tk—(B—y)’ pr=kE — po’d —atw’ ps =’ (0’ + pk+ag).  (T1)
Then, the equation (69) can be expressed in the form
(A+ DA+ DA+ A+ 1)) =eQ", (72)
where we have used the notation e = (£d)~!. In what follows we denote by «;, (s =
1,2,3,4), the roots with positive real parts and assume that these roots are distinct. If the
functions xy, (k =1, 2, 3, 4), satisfy the equations
(A+K)xj=eQ", (nosum; j=1,2,3,4), (73)

then the function x* can be expressed in the form

4
X= hixs, (74)
s=1
where
4
hl= [ =D s=1.2.3.4). (75)
J=10#s)

Let ua assume now that Q* = §(x — y), where § is the Dirac measure and y is a fixed point.
Then, from (73) we obtain

X = — —— explin,r), (s=1,2,3,4). (76)
4y

It follows from (74) and (76) that

4
x* = —4:[;” ;hs exp(ik,r). (77)

If we seek the solution of the form

u = Relu* (r, w) exp(—iwt)], p = Rel[p*(r, w) exp(—iwt)],
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then from (60) and (68) we find that
u*=Ligrad x*, ¢" = —A3x".

It is easy to see that the conditions at infinity are satisfied. In classical thermoelasticity, the
problem of concentrated loads in the case of steady vibrations has been studied in various
works (see, e.g., [18, 19] and references therein).

7 Summary

The results presented in this paper can be summarized as follows:

(a) We use the Green-Naghdi theory of thermomechanics to establish a second gradient
theory of thermoelasticity that leads to a fourth-order equations for the temperature.

(b) We establish boundary conditions for thermal displacement and formulate the boundary-
initial-value problems.

(c) We present the field equations for homogeneous and isotropic solids.

(d) We establish a uniqueness result for the basic boundary-initial-value problems.

(e) We establish an existence result for the first boundary-initial-value problem.

(f) We investigate the problem of a concentrated heat source.
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