J Elast (2021) 143:337-358
https://doi.org/10.1007/s10659-021-09818-8

®

Check for
updates

Null Lagrangians in Cosserat Elasticity

Basant Lal Sharma!@® - Nirupam Basak?

Received: 4 July 2020 / Accepted: 21 January 2021 / Published online: 8 February 2021
© The Author(s), under exclusive licence to Springer Nature B.V. part of Springer Nature 2021

Abstract In the framework of nonlinear theory of Cosserat elasticity, also called micropo-
lar elasticity, we provide the complete characterization of null Lagrangians for three dimen-
sional bodies as well as for shells. Using the Gibb’s rotation vector for description of the
microrotation, this task is possible by an application of a theorem stated by Olver and Sival-
oganathan in ‘the structure of null Lagrangians’ (Nonlinearity 1:389-398, 1988). A set of
necessary and sufficient conditions is also provided for the elasticity tensors to correspond
to a null Lagrangian in linearized micropolar theory.
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Polyconvexity - Calculus of variations
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1 Introduction

According to Theorem 7 of Olver and Sivaloganathan in [41], for a star shaped Q2 C R”,
with

xeqQ, u:Q— R, F:Q — M™™,

a function L(x, u, F) (with F = Vu = [0u;/dx;] € M"™™) is a null Lagrangian if and only
if there exist an m-tuple of C! functions

P:Q x R" x M™" — R™
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such that
L(x,u,Vu)=V-P(x,u,Vu) Yu € C'(Q),

where the arbitrary scalar potential functions on € x R” participating in the divergence
above via the presence of P can be also specified while their total number is given by the
binomial coefficient ().
In the familiar case of three dimensional theory of elasticity, the number of arbitrary
scalar potentials is known to be (3*7) (with m = 3, n = 3), i.e., 15. For our purpose in this
note, as another example, in the case of three dimensional Cosserat (micropolar) theory
[14], the number of arbitrary scalar potentials in the sum appearing in Theorem 8 of Olver
and Sivaloganathan [41] is anticipated to be (S;Ef) (withm=3,n=34+3=06), ie.,
36, whereas for two dimensional shell theory (embedded in three dimensional space), this
number is (*1°7), ie., 8 (withm =2,n =3 +3=6).

For the benefit of some readers, we recall that a null Lagrangian (see [5, 7, 39, 41]; [15,
17, 19, 21, 33, 46]) is defined by the condition that its Euler—Lagrange equation is trivially

satisfied; in other words, the so called functional £ given by the expression
Llu] = / ZL(x,u(x), Vu(x))dx
Q

satisfies
Llu+ @] = Llu] Vo € C°().

In the nonlinear theory of elasticity, the null Lagrangians have been found to have special
importance in the questions of existence of solutions [6, 7, 16, 29, 44] as well as in the
surface potentials and handling certain boundary data [11, 18, 19]. The connection with the
construction of polyconvex functions has a practical value as it is helpful in developing the
rigorous framework for a rich class of elastic models [38, 50] and also in the presence of
various additional physical effects [28, 49]. From the viewpoint of shell theories and plate-
like bodies, we refer [43] and the references cited therein for some ‘paradoxes’ related to
the null-lagrangian contribution to stored energy. Besides these applications, the role of null
Lagrangians in Noether symmetries is also well known [9, 35, 36]. Last but not the least, in
the classical framework of calculus of variations [24], the null Lagrangians occupy a distin-
guished role in the field theory as any researcher can easily find out during an expedition on
the ‘royal road of Caratheodory’.

In this short note, we apply the above mentioned Theorem of [41] to a Cosserat [14], or
so called, micropolar elastic body [2, 3, 23, 26, 37] in three dimensional framework as well
as for shells.

2 Nonlinear Cosserat Media

We consider a body of Cosserat type with the reference configuration assumed to be a
bounded domain denoted by & C R* (with a Lipschitz boundary 92). However, it suffices
to consider any smooth portion of the body as we are interested only in the characterization
of the null Lagrangians on the lines of that in the nonlinear theory of elasticity [48]. Follow-
ing the standard notation for vectors and tensors in continuum mechanics [27], we denote
the microdeformation (vector field), or placement, of a micropolar body by

X:Q—>R3 Q.1
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Fig. 1 Kinematics for a Cosserat
(micropolar) body

€2

Q

€

and the microrotation (describing the rotation of each particle in the micropolar body) with
R:Q — SO(3). (22

A schematic is provided in Fig. 1 which illustrates the manner in which the microrotation
field captures the rotation of an orthonormal triad of directors from reference configuration
Q2 to the current configuration x (£2).

Here, we denote the standard basis vectors for R? by the triplet e;, e,, e3. The physical
space R? is assumed to be equipped with the cross product x corresponding to an orientation
such thate; x e, -e; = +1. In (2.2), we use the symbol SO(3) to denote the set of all rotation
tensors in three dimensions, i.e., for Q € SO(3), QTQ =1, det Q = +1, where I stands for
the identity tensor and T denotes the transpose. For a skew tensor W (i.e., W' = —W)
the axial vector w = axIW, is defined by Wa = wxa, Ya € R3. The relation W = —ew
provides the skew tensor corresponding to a given vector, where € is the three dimensional
alternating tensor which plays the role of a linear map from vectors R to tensors M>*? here;
in components, the skew tensor W corresponding to a vector w is given by W;; = —¢;j,wy
with €;;, = e; - ¢; x ;. In other words, skew(w) := —ew. We also employ a very convenient
notation [48] for a related entity, sometimes called vector invariant (or Gibbsian Cross), A
with the components

(A ==eijrAjx (2.3)

for any second order tensor A. Thus, axIW = — %WX for skew tensor W. The differentiation
of a function f (which depends on position vector x) with respect to the x; coordinate is
written as f ;. Note that Q'Q ; is a skew tensor field for a given rotation tensor field Q on
Q.

With above notation in place, the deformation gradient corresponding to (2.1) is ex-
pressed as

F=Vx=x,R®e, Vx € 2, 24

while the nonsymmetric right stretch tensor is defined as

U:=R'F. (2.5)
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We use the notation ® to denote the tensor product operator between two vectors [27]. We
define the relative Lagrangian stretch tensor as strain measure by [42]

E:=U-L (2.6)

In micropolar media, an additional dependent field is the axial vector of RTR ; (for each j).
The second order tensor

Y:=axI(R'R ;) ®e;, 2.7

is a Lagrangian measure for curvature [42], called the wryness tensor. In the nonlinear theory
of Cosserat, i.e., the micropolar elasticity, the strain energy density function (in terms of the
tensors of stretch E and wryness Y) is

W(E,Y). (2.8)

Remark 1 Denoting x ; by u;, we can re-write (2.4) as F = u; ® ¢;. In terms of the role
of F as gradient, u; can be interpreted as the tangential derivative of x (akin to trans-
lation velocity, treating x; as time) along ith coordinate, see Fig. 2(a) for i = 3. For
small a, x(x +a) = x(x) + u;(x)(e; - a) + o(a) = x(x) + F(x)a + o(a). Similarly, with
v; =axl(R"R ;) in (2.7), we can express Y as Y = v; ® e;. For a given vector d, placing a
vector Rd, at every point, on the deformed curve as image of a straight line in the reference
configuration along x; direction (with R(x) at given material point x). Then, in this manner
v; can be interpreted as the referential angular velocity of Rd, treating x; as time. This is
also illustrated graphically in Fig. 2(b) for j = 3. In terms of the role of gradient, for small
a, R(x+a)d=Rx)d+R;(x)d(e; -a) +o(a) so that RT (x)R(x +a)d = d + Y(x)a+o(a).
This is one way to see Y as Lagrangian measure for ‘curvature’ (associated with the micro-
rotation R (2.2)).

In order to proceed further for the characterization of the null Lagrangians, it is useful to
employ the local coordinates, in SO(3), for the microrotation R (2.2). We utilize the Gibb’s
rotation vector (or coordinates) to express the rotation R,

1
R=R(0) := 4+—02((4 — 09I+ 20 ® 0 — 4 skew(9)), 0*=0-6. (2.9)
It is easy to show that
axiaR"R ;) = —L(40 i +20 %0
Jga) 4 + 92 N /s

so that

1
Thus, Y can be defined in terms of the Gibb’s rotation vector and its gradient. Recall that
the symbol x stands for the cross product operator between two vectors.
In the context of the energy functionals (based on (2.8), for example) for a micropolar
elastic body, we consider the null Lagrangian for the corresponding class of functionals

E[x,O]:/.Z(x,x,ﬂ,Vx,Vﬂ)dx. (2.11)
Q
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In current
e2 configuration
In reference X X
configuration 3
G
X \\
S~ \ \\\\\
€3
e
T1,T2 1
constant
(a)
In current
configuration

In reference
configuration

ez Rd

T1,T2
constant

(b)

Fig. 2 A schematic illustration of the measures of geometric changes for x and for R, deformation gradient
and wryness tensor as explained in Remark 1. Recall also Fig. 1.

Remark 2 Tt is possible to combine y, @ together as a single vector field taking values in R®
however we refrain from doing this in the first and second section. We insist on retaining the
original fields so that the analysis yields a decomposition of the terms which can be utilized
directly by the reader in various applications of interest.

3 Null Lagrangian in Three Dimensional Cosserat Theory

Due to the presence of three different vector entities namely, x, x, and @, it is convenient to
employ a more delicate indicial notation. Henceforth, let the local coordinates be denoted by
x4 for x and y; for x. The local coordinates for @, essentially for R as explained above, are
0. In the assumed framework for three dimensional Cosserat body, we have the following
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identification of the local coordinates with components
X =xu€4, y=x)=ye, 0 =6ye,,

where except for the indices the orthonormal triad of vectors {ey, e;, €3} can be chosen to be
the same.

Remark 3 In indicial notation, according to (2.9),

Rup (4 — 6,0,)80p + 26, @ O + 4eup,6,),

T 4+10,0,

while the inverse relation can be easily found to be

€apyRpy,

o

T 1+R,,

provided R,,, # —1. With € in the role of a linear map from second order tensors to vectors,
this can be also expressed as § = (2/(1 + trR))eR.

The following is based on the result of [25, 41] for null Lagrangians (occasionally termed
as variationally trivial Lagrangians). Let

w=ddx)AdxyAdx3 + Ddy, Ady, Adys

1 1
+ EEABCBAidyi/\de/\dxC + EeijkCiAdyj/\dyk/\dxA

1 N 1 N - 3.1
+ EGAchAadea/\de/\dxC + EeiﬂyCiAdeﬂ /\dey Adx s+ 2d6, /\d@z/\d93
1 ~ | PN
+ EeaﬁyBaidyi/\dOﬁ/\dgy + EeijkCiadyj/\dyk/\dO‘x + Jajcdga/\dyj/\dsz
which involves a total 84 arbitrary functions (as expected this number equals (**3*%)) of x,

X,and 6. Let
F=Fi e;®es, G=Gyae, ey, where Fip=y;a, Goa=04a4. (3.2)

With details provided in Appendix A, the null Lagrangians are described by the general
expression:

o +BT -F+C-cof F+ 2detF+B' -G+ C-cof G + 7 detG

. . 3.3)
+B - (cof GF +C-(cof )G +T e, ®e; ® (G e, AF'e)),
where
B=Bse; ®e,, B=B.ie,®es, B=Be ®e,,
C:CiAei®eA, a:aaAe(,@eA, ezaiaei®eu, (34)

J:Jajcea®ej®ec‘

We seek to obtain necessary and sufficient conditions on the coefficients in (3.3) so that it
prescribes any arbitrary null Lagrangian (given the hypothesis on 2 for the applicability
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of Poincaré Lemma [25, 41]). Indeed, the general form of the null Lagrangian of the form
(2.11) is obtained by the exterior derivative of the 2-form

1 1
¢ = zeapcladxpndxc + Kiadyindxp + € M;dy; Ady
2 2
l 3.5)
+ IZQAdQQ/\dXA + Eeaﬁyﬂadgﬁ/\dey + Hajdea/\dyj,

where the coefficients are functions of x4, y;, 6,, which form a total number of 36 functions
of x4, y;, 0. With details provided in Appendix B, we find that the characterizing condition
o =d¢ (and the Poincaré Lemma [41]) implies

=Ly, P=My,  T=Mya,  Jujc=Kjca—Kaoc;+Hajo),
1 1 1 1
EGABCBA:‘ = (EEABCLAJ —Kic,p), EfijkCiA = (Kya,j + EfijkMi,A),
1 ~ 1 ~ 1 ~ ~ 1 ~
~€apcBae = (z€aBcLla,e — Kuc ), =€y Cia = (Kya g+ =€y My 4),
2 2 2 2
1 -~ 1 ~ 1 ~ 1
EeaﬁyBai = (EeaﬂyMa.i + Hyi,ﬁ)7 Eeijkcia = (EeijkMi.ot + Hotj,k)-

Using the properties of the alternative tensor, moreover, starting from the second line above,
the relations can be simplified as

1
Bai = EABC(EEPBCLPJ —Kic,8) =L, — €ancKic,s, (3.6a)
1

Cia =¢€iji Kya,j + EepjkMp,A) =¢€;xKia,j + M; 4, (3.6b)
~ 1 ~ ~

B = GABC(EEPBCLP,(: —Koc,8) =Lae — €apcKac, s, (3.60)
~ ~ 1 ~ ~ ~

Cia =€y, (Kyap+ EeaﬂyMot,A) =€, Kya,5 + M 4, (3.6d)
—~ 1 ~ ~

Bai = €apy (5 €apyMs.i + Hyip) =Mai + €apy Hyip. (3.6¢)
Ciu = M; oy + €;jiHaj k- (3.6f)

Remark 4 (Notation) Let Vy, Divy, Curl, denote the gradient, divergence, and rotation with
respect to x keeping y, 8 fixed. Similarly, we suppose that Vy, Div,, Curly are the gradient,
divergence, and rotation with respect to y keeping x, 0 fixed and Vy, Divy, Curly are the
gradient, divergence, and rotation with respect to € keeping x, y fixed. In the case of indicial
notation the same, we adopt the notation such that the comma followed by a subscript A
(resp. i and «) denotes the derivative with respect to x4 (resp. y; and 6,). Thus the useful
definitions of curl are given by

(CurlyC);4 = €apcCig,c» (CurlyD)Ai =¢€;xDajx, 3.7)
(CurlyE) 4 = €upy Eapy- '
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Based on the arguments provide so far, which fulfil the main ingredients of its proof
following Olver and Sivaloganathan [41], we state the characterization theorem for null
Lagrangians.

Theorem 1 The Lagrangian ¥  for the functional of the form (2.11) is a null Lagrangian
if and only if there exist </, 9, 9 as scalar functions of (x, x,0), B, B,B,C,C,Cas3x3
matrix functions of (x, x,0), and J as a 3 x 3 x 3 matrix function of (x, x,0) such that

L= +BT -F+C-cof F+ ZdetF
+BT-G+C-cof G+ ZdetG (3.8)
+B-(cof GFT +C- (cof HGT +J e, ®¢; ® (GTe, AF e)),

where the 84 scalar functions appearing as coefficients (or its components) depend only
on 36 scalar functions (as components of L, M, M, K, K, H), in terms of the notation de-
scribed in Remark 4, in the following way:

o =Div,L, 2 =Div,M, 2 =DivyM, (3.92)
T=e, 9K, —e,® (V,K'e,)" +V,H (3.9b)
B" =Cur,K+ (V,L)", C=V,M — (Cur,K")", (3.9¢)
=CurkK+ (V,L)", €=V, M — (CurlyK")7, (3.9d)
B=V,M — (Cul,bH)",  C=V,M + (CurlyH)". (3.9¢)

Here F = VX, G= V0, i.e., F,'A = Xi,A> GaA :Qa,A~

Remark 5 In (3.9a), (3.9b), Q.9c), (3.9d) and (3.9¢), L, M, M are 3 component vector val-
ued functions of x, x, #; K, K, H are 3 x 3 matrix functions of x, x, 6. In indicial notation,
(3.8) is alternately expressed as

f=42{+BAiEA +C,'A(COfF)iA + Q(detF)
+ BuaGan + Cia(cof G)ia + Z(det G) (3.10)
+ Bui(cof G)yaFia 4 Cig(cOf F); 4G un + JojcGaaFjpecas,

while, (3.9a), (3.9b), (3.9¢), (3.9d) and (3.9¢), is equivalent to the conditions

Z=Las,  P=My,  F=Mu,, (3.11a)
Jojc = Kjco — Eac,j +Hyj.0), (3.11b)
Bai =La,; —€ancKic.p, Cia =€ijiKya,j + M a, (3.11¢)
B =Lao — €ancKac 5. Cia=e€ipyKyap + M, (3.11d)
ﬁai = MA,:‘ +eapyHyig, aia =M, o +€jxHoji. (3.11e)

Remark 6 Using the characterization of the null Lagrangians via the 2-form (3.3), it is nat-
ural to define the class of polyconvex functions relevant for a Cosserat elastic media as
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follows: A polyconvex Lagrangian function for a Cosserat elastic media is given by

\\ (F cof F, detF, G, cof G, det G,
(3.12)
(cof GF ', (cof F)G, e, ®e; ® (G e, A F%,-)),

where W : R® — R is a convex function in each of its argument [6, 16]. Thus, a strain
energy density function (2.8) for a Cosserat elastic media is polyconvex if and only if there
exists W of above form. At this point, it is also useful to list a special sub-class of above via
additive decomposition, i.e.,

@, (F) + @, (cof F) + ®3(detF) + &4(G) + ®s(cof G) + Dy (det G)
(3.13)
+ @7((cof G)F ") + D3 ((cof F)G ') + Dy(e, @ e; ® (G'e, AFTe))),

where the nine functions {®;};_, are convex functions of their arguments.
3.1 Divergence Representation

The characterization theorem, stated above as Theorem 1, can be further applied to obtain
a divergence representation of the null Lagrangians akin to Theorem 7 of Olver and Sivalo-
ganathan in [41] (see also [40]). In fact, we find that

P=L+ F'K*+ (cof ))'M + (GTK)*
~ 1 (3.14)
+ (cof G)'M — E(FTHTG —G'HF)",

where we used the symbolic notation * (2.3). In indicial notation, (3.14) can be expressed

as
Py =Ly +eapc FipKic + (cof F)iaM; + €xpcGapKac s
~ (3.15)
+ (cof G)yaMy + €4pcGyp FicHyi-

By a direct calculation, it is easy to verify that
ZL=V-P

in (3.8) of Theorem above with P = P(x, x(x), #(x)). The detailed steps justifying this
identity are provided in Appendix C.

Remark 7 Tt is easy to recognize that in the special case of nonlinear elasticity, i.e., absence
of effect of microrotation, the expression of P stated in (3.14) reduces to the well known
one (Eq. (13.6.3) of [48]), i.e., L + (FTK)* 4 (cof F) T M.
4 Null Lagrangian in Micropolar Shell Theory

In this section, due to the requirement of curvilinear coordinates (local coordinate chart
for two dimensional manifold embedded in three dimensional space [1, 4, 12]), we employ
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dy /‘\X_\'l/ R(x)d,
X \v/v —
R(x)ds

d; X x(x)

R(x)d;

7

Fig. 3 Kinematics for a micropolar shell

upper and lower indices in this section for contravariant and covariant components [31,

47]. It is natural to utilize the parameter space for the shell in place of €2 in this section;
this also enables us to avoid the covariant derivative (but it can be easily incorporated by
multiplying the Lagrangian by a factor [31]). It is emphasized that in this section the capital
Latin indices A, B, ..., range over 1, 2. Here (x', x?) (in place of the symbols (s',5?) as
shown in Fig. 3) are local coordinates on the reference configuration of the shell. In the
assumed framework for micropolar shells, we have the following identification of the local
coordinates with components

x=x%, =s%,, y=ye;, 0 =06%,. 4.1

Remark 8 Here, e® - e, = 85, where e, are identified with the tangent vectors and

9
asA
e? are the dual basis vectors (essentially corresponding to the 1-forms ds?). The normal
n to the shell in the reference configuration can be easily constructed using the standard
procedure in terms of {€4}4—; 2 (caution: not same as e;, e, as shown in Fig. 3, which are
also expressed as {e;};—;2). At this point, on the lines of §2, we recall the shell model [4,
34, 45] within the micropolar theory. Similar to the previous section, we continue to use the
notation

F=) e®e'=ye Qe
4.2)
G=0%,®e" =05e, Qe”,

while, as analogue of (2.7), we have
Y:=axl(R'R,) ®@e”, 4.3)

which can be related to G via a relation (omitted) of type (2.10) using (2.9). The stored (elas-
tic) energy density for the shell (in local chart coordinates s4) can be written as W (E, Y),
where E=RTF — I, withI, = —n®n and Y is given by (4.3). In accordance with (4.1),
we use x“ in place of s in the following. Also, whenever we write any of e;, e, we imply
the corresponding vectors from the set {€4} 4= -
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With <7, B, C, B, C, and B as local functions of xZ, y, §#, (so that the total number of
the scalar functions is (2+§+3), i.e., 28), the general expression of a 2-form on the shell (as
the counterpart of (3.1)) is found to be

= ddx"Adx? 4+ Bdy Adx? + B pod6® Adx”
1 o 1~ ~ 4.4
+5enCldy’ Ady* + EeaﬂyC"‘dGﬂ/\dG” + Byidy' Ad6”,

which leads to a ‘horizontal’ form

. 1 . 1 ~
A +BaivierB 4 —e. CiylyEeAB 4 ¢ CaeﬂQVGAB
(7 +Buiype™ + 5 €k Vg + 5 Capy a0 @.5)
—|—]§Aa9g6AB —I—ﬁmygegeAB)dxl/\dxz,

where the two dimensional Levi-Civita symbol is denoted by €42, i.e.,

+1 if (A, B)=(1,2),

AE=L 1 A B =2 1), (4.6)
0 ifA=B.
Note that
Viei = Fiae; =Fe, = Fip(e; ® e®ea, “.7)

while a similar relation holds for . The description of needed entities presented so far
enables us to write the general expression capturing the form of null Lagrangians, as the
counterpart of (3.3) for the micropolar shell,

~ 1 1, .~
¥ = + ¢[BF] + ¢[BG] + Ee“‘c -Fe, AFep + EEABC -Gey A Geyg

4.8)
+ 8B - (Fe, ® Gep),
which can be further simplified to
£ = o + €[BF] + ¢[BG]
+C -Fe; AFes + C - Gey AGe, (4.92)
+B- (Fe, ® Ge, — Fe; ® Ge)),
where
B=B,e'®e¢,B=Be' @, B=B ¢ ® e,
. (4.9b)
C=Ce;,C =C%,,
and
€[Al=Ae; -e; — Ae; - e;. (4.9¢)

Here recall the last sentence of Remark 8.
The coordinate expression of the relevant 1-form ¢ (as counterpart of (3.5)) is written as

¢ =Pudx* +Prdy* +P,do”, (4.10)

@ Springer
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where P, ﬁk, and ﬁ are local functions of x 2, y", 0#. The total number of the scalar func-
tions is 8, as expected (*171?). Using this expression, the exterior derivative of ¢ (4.10) can
be written as

Adx?

3P, aP.
dt = —ZdxBadx? + =2do0P AdO* + d b ady*
= guB @ N s Haea
~ N @11
aPA 8Pk P aPk

96

Ydy* AdB®.

Using above expression of d¢ and the expression of w (4.4), we find that the conditions
corresponding to a null Lagrangian are

aP, P, P, ~ aP, oP,
o = ,Bai = - — — ), Bavn=(— — —),
gt <o Bar = (o = 570 Baa = (G = 53
R N 9 R (4.12)
1 9P, 1~ P, ~ aP, 9P
—€ixC' = —, ¢, CD{:—V,BMZ—<— .
2 €k 9y 2 Br PYE (By’ 20
In direct notation, the set of conditions (4.12) can be re-written as
o =Py, — Py =€[Vy P,
B=V,P - (V,P).B=V,P—(V, P)7,
C =Curl, P, € = Curl, P 4.13)
~ 9P
B=—2¢"®¢ ——¢"Qe =V, P —(V, P)T
oy ¢ B¢ Tgge® B =W

Theorem 2 The Lagrangian £ for the functional of the form (2.11) for a micropolar shell
is a null Lagrangian if and only if there exist </ as a scalar functions of (x, x, ), B, B as
2 x 3 matrix functions of (x, x,0), Bas3x3 matrix function of (x, x,0), and C and C
as 3 component vector valued functions of (x, x, @) such that (4.9a), (4.9b) and (4.9c) hold
where the 28 scalar functions appearing as coefficients (or its components) depend only on
8 scalar functions (as components of P, P P) in the following way:

o = €[Vy P], B=V,P—(V,P), (4.14a)
B=v,P-(V,P)", B=V,P—(V, P)7, (4.14b)
C=CurlyP, C=Cul,P. (4.14¢)

Remark 9 Using the characterization of the null Lagrangians (4.9a), (4.9b) and (4.9c) via
the 2-form (4.4), it is natural to define the class of polyconvex functions for micropolar
shells [10, 13] as follows. A polyconvex lagrangian for a micropolar shell is given by

L(x,x,0,Vx,V0):= W(F G,Fe; AFe,, Ge; AFe,,
(4.15)
Fe1 ®Ge2 —Fez ®Ge1>,

where W : R — R is a convex function in each of its argument [6, 16]. Recall the last
sentence of Remark 8.
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4.1 Divergence Representation

We expect to reduce the expression of .# in above Theorem 2 as P, | + P, for a 2 compo-
nent vector field P (~ (P, P,)). The expression (4.11) leads to a ‘horizontal’ form

aPg Pz 9P, Py 9P,
=B _ g 4 (B 7k
(axA T g s 0 T Gur T )V

" (4.16)
0B, 5 . 9B, oB ) o
+89/39 9 +(a—yk_89a)yA B+8hyAyB>dx Adx®.

Using (4.16), the local expression of a null Lagrangian for micropolar shells is found to be

dPg 3Py 9P, Py 9P,
L=—+(—= - —2)0% +(— — —
(BxA *(Gee 8x3) *A+(a ko 9xB @
+3Pa9i90%+(31): ) YA B+ 0P )’AYB> A8
008 dy ayh

Indeed, (with | as a decoration to denote the ‘total’ derivative) by a repeated application of
the product rule and chain rule of differentiation,

3 — 9P, P,
$=<—|PB——0“ Kyk

x4 axB A 9xB 9xB A
B . (4.18)
3P N o« 9P
— o ~0% + o A| P.6% +(——)y,"A0’B WyhBy,kA>€AB’
which can be further written as
L= i|133 +5a |P 0% + — 0 [Py, )ert
axA ox A s
. 4.19)
8 1 | <PB +§09le +)13ky.kB>EAB.
Above expression (4.19) motivates the definition
Py = e*P (P +Po8% + Pryy). (4.20)
Thus, in direct notation,
Z=V.P, P=¢c[P+F P+GP], 4.21)

where P = P(x, y(x),0(x)), and P, i’\, P are functions ofx,y,6.

5 Nilpotent Energies in Linearized Micropolar Theory

In the special case of homogenous, linearized micropolar theory [20, 22, 23, 30] (see also
[32, 51] for a treatment based on classical linear elasticity, and [8] for certain generalized
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models), using the standard notation for fourth order tensors [27], we are looking for La-
grangians of the form

%(Vu—i—ed))'A(Vu—l—ed))—i-%Vd)'IB%Vd)

(5.1)
+Vu+ep)-DV¢,
with A, B, D constant tensors such that
Aiji = Auijs Biji = Buij; (5.2)

in indicial notation,

%Aijkl (i j + €ijsby) (Upg + € dr) + %Bijk[d’ij(f)kl + Djjr (i j + €ijsds) i
Here u represents the (infinitesimal) displacement vector field while ¢ represents the (in-
finitesimal) rotation vector field. In the context of the Lagrangian .% in (2.11), with x (resp.
0) replaced by u (resp. ¢), according to the characterization theorem for first order null La-
grangians in the micropolar theory, by comparison of (5.1) and (3.8), thus, we find that only
those terms are needed which are bilinear in F (= Vu) and ¢, quadraticin F, G = V¢ and ¢,
as well as the terms of mixed type which are bilinear in F, G, and G, ¢. Indeed, we conclude
that <7 (x, u, ¢) is bilinear in ¢ and independent of u and x, Z(x, u, ¢) = é(x, u,¢)=0,
B(x,u,¢), ﬁ(x, u, ) is linear in ¢ and independent of u and x, C(x, u, ¢), E(u,¢) isa
constant tensor, ﬁ(x, u,¢)= é(x, u,¢$) =0, J(x, u, @) is a constant tensor.

Resorting to the indicial notation prescribed in Remark 4, here F;4 = u; a4, Goa = P 4,
and ey, e;, e, are used to denote the same basis vectors e, e,, e3. However, in the following
sometimes we follow ordinary indicial notation while other times we stick to Remark 4.

Theorem 3 A function of the form (5.1) (with the conditions (5.2)) is a null Lagrangian if
and only if A, B and D satisfy (no sum over repeated indices for last two conditions)

A=0
Bijki = — B,
Dijxy = —Dji;, (5.3)

Djjji = —Dji fori # j #k #1,
Djjjx = Dirirk + Djiji fori # j #k #1i.
For the proof of above theorem, the sufficiency can be checked by direct substitution in
the Euler-Lagrange equations; the details of the same are provided in [8]. Therefore, the

only non-trivial part is the necessity which we establish in the following.
Using (A6), CiA (COf F)iA = C,‘j %eimnequ Fmpan = C,‘j %e,’,,,,,e_,-,,qum.pun,q, i.e.,

1
AiAjB :Cmn §€n1ij€nAB~ (54)

= Ajajp+Aipja=0,Vi,j, A, B,
(5.5)
in particular (no sum over repeated indices), Ajsj4 =0, A;j4i5 =0.
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A similar argument leads to the result for B, i.e.,

= Bjajp + Bipja =0,

in particular (no sum over repeated indices), Bjaja =0, Vi, j, A, Bisjp =0,Vi, A, B.
(5.6)
Comparing (5.1) with (3.8) and using (3.11a), (3.11b), (3.11c), (3.11d) and (3.11e) we get

Djjoneijs®sta,a =Laa — €apcKac,B)Pa,a»
Dijqaeijsts =Lao —eapcKac,n

La.wa =€apcKac,a = €apcKac,aB

= —epacKac.ap = —eapcKac,pa = 0.
AsLaa=31Aueijserdsdrs
Ajjneijsera®s =Laae =Lawa =0 Va. (5.7)
We fix B € {1, 2, 3}, then we put
oefp 1o

Therefore we get (Ajju — Ajik)era =0 Ya(i # j # B #i). Putting o = i, the only possi-
bility for k, [ is B, j, (no sum over repeated indices)

Aijgj — Ajipj — Aijjp + Ajijp =0 (5.9
(5.5)2,(5.5)3 = Aijjp + Ajigi =0
Ajpij = —Ajipj- (-10)

Again comparing (5.1) with (3.8) we get
AiariensPsitia = (Lai — eapcKic p)uia
= Aianensds =Lai —eancKicp (5.11)
Dijuneijsds =Lao —eancKac,s (5.12)
JojcGaaFipecap = Djpaallj BPa,A»
Digor = ecre(Kjco — IZaC,j + Hyj0)- (5.13)
From (5.13), we have
Diji = —Diy;- (5.14)
From (5.13) we get (no sum over repeated indices)

Djaowa =0 Va, j, A. (5.15)

If E # F then C has exactly one value for which RHS of (5.13) is nonzero, so that there
is no sum on C. Differentiating (5.13) with respect to xz we get
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KjcaB — Koc,jB +Hujcp =0 (5.16)
But
eABCHaj,CB = eABCHaj.BC = _eACBHajA,BC = _eABCHaj,CB =0.
Therefore,
eascKicas = eascKac.is- (5.17)

Differentiating (5.11) with respect to ¢, and (5.12) with respect to u; we get
Lo — Aiakieria = €apcKic.as = eanc Kac.ip =L ai
= Ajauera =0  asLlaei =Laje
= Ajau = Aiak Vi, Ak,
(54) = Aiga = Aia Vi, Ak,
Aji = Aiti = —Au =0 by (5.10)
= A;iji=0=Ajy Vi, j,l
= Ay;i=0=A4y Vi, j, 1.
Therefore we get A;j; = 0 if any two of its subscript are equal as (no sum over repeated
indices)
Auij=0,A11; =0, Ajiji =0, Ai; =0, Ayyji =0, Aijj =0, (5.18)
where in view of the symmetry A;;; = A;j; and A;y; = Ayj;. Hence A =0.

We expand and rewrite (5.1) as

1 1 1
L= EAijklui,j”k.l + AjjueijsPstr + EAijklé’ijsekzr(ﬁs(Pz + EBijszl)i.j(ﬁk,l

+ Dijuitti, j$r1 + Dijueijs s r.i
=L+ L+ L+ L+ L5+,

(5.19)

where the terms are assigned sequentially. Applying the Euler operator (the sum on index ¢
ranges over 1, 2, 3)

9 d B
= - — (withr =1,2,3 foru; r =4, 5,6 for ¢)
0z, dx; \ 0py;

on (5.19), where 7 refers to components of u and ¢ while p refers to the components of their
gradients. Then forr =1, ..., 6, (%)) = 6.(%) = &.(Z) = 0 identically, as A = 0; and
& (%) =0. So if (5.19) is a null Lagrangian then for r =1, ...,6, &.(% + %) = 0. For
r=1,2,3,

E(Ls+ L) =6(L5) =0
= Drudri =0. (5.20)

Fixi,j,h €{l,2,3}. Put ¢, ;; =1 (so that ¢, j; = 1), while let other components of ¢ ;; =
0. Then from (5.20) we get, D,;x; + D,jx; = 0 which implies

D,ixj = —Dyjii (5.21)
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= D,y; =0. (5.22)
Forr =4,5,6,(h =r-3),
E(Ls + %) =0, = Dijnui ji + Dijneeijs@s, t — Djjueijndrs = 0. (5.23)

With proper choice of u we again get (5.21). Therefore, as a result of (5.23), we get
(Dijhr(fijs — Dijgeijn) ¢s.0 =0, (5.24)
ie., D[jhfe[js = D,-jste,-jh Vh,s,t. (5.25)

With (h, s, t) =r(1,2,3), with the notation that 7 stands for the circular permutation map,
then (5.25) gives (no sum over repeated indices)

Dinne — Diine = Dytst — Digst (5.26)
= Dipne = — Dyt by (5.22). 5.27)

If (h,s,t) = —m(1,2,3) then by same calculation (5.27) holds. With s =¢ # h, we assume
that (s, h, k) =m (1,2, 3). Then (5.25) gives (no sum over repeated indices)

Diikns — Dinns = Disss — Dikss (5.28)
= Dinns = Dhns + Dyiss by (522) (529)

If (s, h, k) = —m(1,2,3) then by same calculation (5.29) holds. For & =t # s, by similar
argument (5.29) holds.

Remark 10 Some other aspects pertaining to the sufficiency part of the Theorem 3 are dis-
cussed in [8] along with a few other generalizations of linearized theory of elasticity.
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Appendix A: Expansion of »

For the purpose of convenience of derivation, we assume that detG # 0, let Vox =T =
FG~!. With (3.2), then

1
w = ﬂQU + EEABCBAiF}deM/\de/\dxC
1
+ EeijkCiAdyj/\dyk/\(F_l)Ald)’l + 2dyAdyNdy;
1 ~ 1 ~ ~
+ EGAchAaGamdxM/\dXB/\dxC + Ee,-ﬂyCiAdGﬂ/\dO}, /\(Gil)Aadea + 2d0, ANdOy;NdO;

1 ~ 1 =~
+ EeaﬁyBaiTiadeot/\deﬁ/\dey + Eeijkciotdyj/\dyk/\(T_l)aldyl

+ JajCGaAFJ'BdXA/\de/\dXC,
(A.1)
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where
Q, :=dx; AdxyANdx3. (A2)

Expanding further,
1 1 | .
=9+ EEABCGMBCBAiFiMQv + EeijkCiA(F )ai€ju(detF)Q, + 2(detF)L,
1 ~ 1 ~ ~
+ EGABCGMBCBAaGaM Q, + EGiByCiA(Gil)Aaeaﬂy (detG)2, + Z(det G)L2,

1 ~ 1 ~
+ EeéﬂyeaﬂyBSiTia (detG)£2, + Eeijkcia (T Hweju(detFQ,

+€apctujcGanFjpS2y.
(A.3)
Simplifying above expression, we find that
0= (A + B Fia +Cia(F )4 (detF) + Z(detF)
+ B agGau + Coa(G™") 4o (det G) + Z(det G) (A4)
+ BuiTi det G + Cig (T™"),,; (det F) + JujcGuaFjpecan)Siv,
which can be written as
w=(Z+BT -F+C-cof F+ 2detF+B" -G + C-cof G + 7 detG
(A.5)

+B7 -FG'(detG) 4 C - cof (FG™")(det G) + Jujc ()ujc) R,

where (.)ojc = GoaFipecan =G e, AFej-ec, () =e,®e; ® (G"e, ANF'e;). Replac-
ing the inverse of G by the cofactor, we get the form (3.3) which does not depend on the
invertibility of G. The components of the cofactor of A are given by

1
(COf A)ij = zeimnequAmpAnqa (A6)

Appendix B: Expansion of d¢
The expression (3.5) leads to its exterior derivative

1 1
d; = EEABCdLA/\de/\dxC + dKiA/\dy,-/\dxA + Eeijdei/\dyj/\dyk
1 (B.1)
+ dRoa A dOyndxs + Eeaﬁydﬁla A dOgAdO, + dHy; A dOyndy;,

which can be expanded further given that L, M, M K, ﬁ, H are functions of (x, x,0) so
that
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1 1
d{ = EEABCLA,Dde/\de/\dxC + EEABCLA,idyi/\d-xB/\dxC

+ %GABCLA,adGQ/\de/\dxC + Kia pdxpAdy; Adx 4

+Kia,jdyindyindx s 4 Kia pdOs Adyi Adx 4

+ %EijkMi,AdxA/\dyj Ny, + %GijkMinyl/\de/\d)’k + %EijkMi,adea/\d}’j/\dYk

+ KoasdxpndOyndxy + Ron jdyjAdOyAdx s + Kon pdOs AdOuNdx o

+ leaﬁyMa_AdxA AdOyNdO, + %eaﬁyﬁ[a,ldy,/\deﬂmey + %eaﬁyﬂa,sdewdeﬁmey

2

+ Haj,Ad)CA A d@a/\dyj + Haj,kdyk A d@a/\dyj + Hajyﬂdgﬁ A d@a/\dyj.
(B.2)
Collecting the terms accompanying the same exterior product of differentials, we get

1
di =L A0, + (EGABCLAJ — Kic.p)dyindxpndxc
1 ~
+ (Kia,j + zeijkMi,A)dyj/\dYk ANdxg +M; i 2y + Mg o2
1 1 ~
+ (EeijkMi,oc +Hyj)dy; Adye AdOy + (EeABCLA,a — Ko, )dOs NdxpAdxc

~ 1 ~ ~
=+ (KyA,ﬁ + —EaﬁyMa,A)dQﬁ/\dQ}, A dXA =+ (KjC.ot — KQC.j =+ Hajic)d%/\a’yj AN dXC

2
1 ~
—+ (EeaﬁyMa,i + Hyi’ﬁ)dy,' /\d@ﬂ A dgy,
(B.3)
where (A.2) is used.
Appendix C: Expansion of V- P
The expression (3.14) is equivalent to
P=L+F K"+ (cof )M + (GTK)*
- (C.1)
+ (cof G)'M + €5pcGop FicHuiea,
as
€apcGapFicHuien =e4(eq - (ep Nec))GopFicHai
=es®ealep Nec)GupFicHai
= (Gqpep A Ficec)Hy,
=(G e, AnFTe))H,; = (G e, AFle,)H e, ®e; (C2)

=(G'e, nF'Hye;))=G'e, \F'H'e,

=axlF H'e,®G e, —G e, F H'e,)
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=axI(F'TH'G — G"HF)
= —%(FTHTG — G'HF)*
(recall axl(b ® ¢ — ¢ ® b) = ¢ A b). Thus, using the conditions stated in §3,
V-P=o+ (VL) -F+(V,L)" -G

+ (CurlyK - F — cof F - (Curly)K")") + €4pc Fi5Kic.a Gan
+cof F - (Vy M + (Vy M)F + (V, M)G)
+ (Curl, K- G — cof G - (CurlyK™) ™) + €45cGapRac.i Fin
+ (cof G) - (Vx M + (Vy M)F + (V, M)G)
+€apcGapFicHuia +€apcGapFicHaipGpa
+eapcGapFicHyi jFija,

ie.,
V-P=o +B-F+C-cof F+ ZdetF+B -G+ C - cof G + 7 detG
+ (cof )G - (Vg M) + (V, M)" - F(cof G)T
+eanc FisKicaGan + €ancGasKac,i Fia + €ancGas FicHaia
+€aBcGpaGapFicHuip — €apc FiaFipGocHai s
ie.,

V-P=o/ +B-F+C-cof F+ ZdetF +B- G+ C - cof G + 7 detG
+B - (cof GF 4+ C- (cof )G
— (cof F)G" - (Curly H)" + (Curl, H") - F(cof G) "
+J-¢,0¢e;®(G e, AF'e))
+eanc FisKic.aGan + €ac GapKac,i Fia
—eapc(Kica — Kaci + Haiic)Gaa Fip + €capGaa FigHaic
+€aBcGaaGppFicHpi o — €apc FiaFijpGacHyj i,
so that finally,
V-P=%—(cof F)G' - (CurlyH)" + (Curly H") - F(cof G)"
+ €qgpy (cof G)ycFicH,-;a —¢€jk(cof FlicGacHaji
=Y.
Note that
€apcAiaAjpBijc = €apcAiaAjpdcpBijp
=eapcAiaApAL (A" ipBijp

=¢;jk(cof A)ipBijp-
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