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Abstract
Entrainment characteristics of a pure jet and buoyant jets in a stably-stratified ambient 
are compared with the help of laboratory experiments employing simultaneous particle 
image velocimetry and planar laser induced fluorescence techniques. For the buoyant jet, 
two cases of background stratification are considered, N = 0.4 s −1 and 0.6 s −1 , where N is 
the buoyancy frequency. Evolution of volume flux, Q, momentum flux, M, buoyancy flux, 
F, characteristic velocity, wm , width, dm , and buoyancy, bm with axial distance is quanti-
fied that helps in understanding the mean flow characteristics. Subsequently, two differ-
ent methods are used for computing the entrainment coefficient, � ; namely the standard 
entrainment hypothesis based on the  mass conservation equation  and energy-consistent 
entrainment relation proposed by van Reeuwijk and Craske (J Fluid Mech 782:333–355, 
2015). It is observed that entrainment coefficient is constant for the pure jet ( �pj ≈ 0.1) 
up until  the point where the upper horizontal boundary starts to influence the flow. The 
entrainment coefficient for buoyant jets, �bj , is not constant and varies with axial location 
before starting to detrain near the neutral layer. Near the source, �bj ≈ 0.12 for both the val-
ues of N, while away from the source, N = 0.6 s −1 exhibits a higher value of �bj ≈ 0.15 in 
comparison to �bj ≈ 0.13 for N = 0.4 s −1 . During detrainment near the neutral layer, �bj ≈ 
– 0.2 for N = 0.4 s−1 and �bj ≈ – 0.3 for N = 0.6 s−1 . Importantly, close to the source, � from 
standard entrainment hypothesis and energy-consistent relation are in reasonable match for 
pure jet and buoyant jets. However, far away from the source, the energy-consistent relation 
is ineffective in quantifying the entrainment coefficient in the pure jet and detrainment in 
buoyant jets. We propose ways in which the energy-consistent relation could be reconciled 
with standard entrainment hypothesis in the far-field region.

Article Highlights 

• Entrainment coefficient stays invariant for jets till the finite size of the domain in the 
axial direction disrupts this feature.

• Entrainment coefficient for buoyant jets evolving in a stratified ambient varies with 
axial distance followed by detrainment beyond the neutral layer.

• The existing entrainment relation performs reasonably well in the momentum domi-
nated region but performs poorly when the finite size of the domain affects the flow for 
pure jet and when the flow is buoyancy dominated for the case of buoyant jets.
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1 Introduction

A stream of fluid emanating from a point source driven purely by momentum and releasing 
into an ambient having the same density as the stream is called a pure or neutral jet. For this 
same stream of fluid, if its density ( �j ) is different from that of the ambient ( �a ), an additional 
force in the form of buoyancy influences the dynamics of the flow. The flow is termed as a 
positively buoyant jet (forced plume, 𝜌j < 𝜌a ) or a negatively buoyant jet (fountain, 𝜌j > 𝜌a ) 
depending on the densities of the ambient and the jet. If the flow is driven purely by buoyancy 
with no source momentum, it is known as a pure plume. A buoyant jet could also evolve in a 
stably-stratified environment making the flow more complex and rich in physics, whose char-
acteristics are not well understood. All of these cases are commonly encountered in industrial 
and geophysical situations making it an important topic of research. The earliest work on jets 
revolved around characterising its mean flow behaviour, flow structure, instability, ensuing 
turbulence and entrainment characteristics [2–4] for tackling a variety of problems arising in 
mechanical and hydraulic engineering applications. Some early studies have also focused on 
the bulk flow and entrainment characteristics of buoyant jets and plumes in a stratified envi-
ronment [5–7]. The authors were able to predict analytically (though approximate solutions) 
the mean velocity characteristics of the plume, the final height that it reaches, its entrainment 
characteristics or the degree to which it gets diluted and its spreading characteristics. The ana-
lytical expressions became essential tools in understanding and mitigating air and water pollu-
tion. Another important result was to distinguish whether a flow behaves more like a plume or 
a jet once it moved away from the source. A flux based parameter, Γ ∝

Q2F

�M
5

2

 was defined by 
Morton [7] (a parameter comparing the ratio of buoyancy forces to inertial forces) that pre-
dicts whether the flow is purely momentum driven ( Γ ≈ 0 , pure jet), purely buoyancy driven 
( Γ ≈ 1 , pure plume; Γ > 1 , lazy plume), or driven by both momentum and buoyancy 
( 0 < Γ < 1 , buoyant jet or forced plume). Here Q is the volume flux, F is the buoyancy flux, 
M is the momentum flux at any axial location z from the source and � is the entrainment coef-
ficient (mathematical form of all these quantities are shown later). The parameter Γ is analo-
gous to the Richardson number (Ri) and represents the ratio of buoyancy flux to energy flux 
associated with momentum. The way in which it is constructed, it takes into account the ener-
getics of the flow whereas Ri is purely the ratio between the two forces.     

Wong and Wright  [8] formulated a bifurcation parameter for linearly stratified ambient, 
� =

(

MN

F

)0.75 , where N =

√

−
g

�
0

d�a(z)

dz
 is the Brunt-Väisälä frequency, and is a static stability 

criterion for a stably-stratified ambient, �a(z) is the density of the ambient that is now varying 
with height, and �

0
 is a reference density. With the help of experimental results, they con-

cluded that if 𝜎 < 1 , the flow exhibited pure plume like characteristics, if 𝜎 > 2 it showed pure 
jet like characteristics and if 1 ≤ � ≤ 2 , it showed combined characteristics of plume and a jet, 
in other words, a buoyant jet. Entrainment describes the process of engulfment/mixing of the 
ambient with the mean flow and entrainment coefficient is a numerical representation of how 
well the mixing or entrainment is happening. Turner [9] proposed that for an axisymmetric 
release the entrainment process can be hypothesized as:

(1)−(reure ) = �rmwm
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which shows that the radial velocity ( ure ) with which the ambient is engulfed in the jet/
plume is proportional to its mean velocity, wm and � , the entrainment coefficient is the 
proportionality constant. Here re is the radial location where the entrainment is happen-
ing and rm is the radial extent of the jet/plume. Previous investigations have shown that 
the entrainment coefficient, � , for pure jet is a constant and for buoyant jet/pure plume, it 
is a function of the local Richardson number, Ri(z) [5, 10, 11]. The various parameteriza-
tions available pointed to the fact that the � in a buoyant jet could be significantly different 
from a pure jet. Fischer et al.  [12] proved this point further using experimental data and 
showed that buoyant jet diluted a lot faster and its α is higher than that of pure jet. Further 
complications arise when dealing with entrainment in positively buoyant jets in a strati-
fied environment, especially when it reaches the neutral layer (height at which density of 
the buoyant jet becomes equal to the ambient density), a feature very similar to that of a 
fountain. Detrainment is a process through which a buoyant jet loses its fluid after reaching 
the neutral layer and its flow physics is hard to explain. As opposed to the entrainment pro-
cess, where its velocity is always inwards towards the plume centre and one dimensional, 
detrainment velocity is two-dimensional in nature. The buoyant jet parcel not only moves 
radially outwards but also falls vertically downwards, which makes it difficult to quantify 
detrainment. However, looking at the variation of � with axial distance, a change in the 
sign is usually an indication of the detrainment process since the volume flux starts reduc-
ing after the neutral buoyant layer [13, 14].

Prior studies have shown that there could be significant variability in the α if different 
theoretical models are adopted for the same flow configuration. Priestley and Ball [5] used 
conservation equations for M, F and the mean kinetic energy E, while Morton et al. [6]) 
used the conservation equations for Q, M and F to study the bulk dynamics of buoyant 
jets and pure plumes evolving in uniform ( �j ≠ �a and N = 0 s

−1 ) and stratified ambients. 
Apart from the mean flow governing equations, Telford [15] advocated for solving the tur-
bulent kinetic energy (TKE) budget equation to be able to find the α in pure and buoyant 
jets more accurately. The argument was valid but the theoretical model could not be tested 
at that time because the turbulent fluctuating quantities are notoriously difficult to capture. 
With advent of laser-based techniques, it is now possible to find the mean and fluctuat-
ing velocity and density fields for a given plane over a period of time. Investigations by 
[16–19] quantified and showed the effect of turbulence in pure jet’s and buoyant jet’s evo-
lution, tendency of buoyancy-driven turbulence to transport more tracer when compared 
to jet turbulence, clearly indicating that turbulence also affects the entrainment dynam-
ics. Measurements of velocity and density fields using Particle Image Velocimetry (PIV) 
and Planar Laser Induced Fluorescence (PLIF), which are non intrusive in nature, provide 
more detailed localized measurements. Xu and Chen [20] studied the flow structure, mix-
ing dynamics using TKE budget equation and visualized entrainment characteristics of a 
buoyant jet discharged horizontally into an ambient. Mirajkar et al. [21] studied positively 
buoyant jet and compared various characteristics with that of pure jet. It was seen that the 
decay of centerline velocity for the buoyant jet followed a power law, Wc ∝ z−a but abruptly 
reduced to zero just above the neutral layer, while for pure jet it decreased indefinitely and 
followed a power law Wc ∝ z−1 . Turbulence was also characterized, where several quanti-
ties of interest like the TKE, Reynolds stresses, turbulence intensity were reported. Overall, 
the results indicated that introducing buoyancy effects in the system can alter the mean 
flow and turbulence characteristics. More recently, Talluru et al. [22] through simultaneous 
PIV-PLIF, compared the evolution of a pure jet and a buoyant jet in a uniform ambient. 
They showed that the turbulence statistics do not scale with Wc for the latter, although the 
turbulence structures were quite similar for both. In recent times, the pursuit has been to 
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characterize the entrainment dynamics of a buoyant jet in a stably-stratified ambient, i.e. 
N > 0s−1 , the understanding of which still remains obscured and thus it becomes the moti-
vation behind this work.

In this experimental study, we use PIV to capture the velocity field of a pure jet and 
simultaneous PIV-PLIF to capture the velocity and density fields of a positively buoyant jet 
evolving in linear stably-stratified environments. Using the simultaneous velocity-density 
fields, the mean flow features such as evolution of volume flux, momentum flux, buoy-
ancy flux, and characteristic velocity, width, buoyancy are found. Subsequently, entrain-
ment coefficient is quantified using two methods: (a) by using the standard entrainment 
hypothesis and (b) by using the energy-consistent entrainment relation as proposed by van 
Reeuwijk and Craske [1]. The rest of the paper is structured as follows: In Sect. 2, the theo-
retical aspects of the problem are discussed, in Sect. 3, the experimental setup is explained, 
which is followed by results and discussions in Sect. 4. The paper is concluded in Sect. 5 
with some key takeaways from our study.

2  Theoretical considerations

In this section the energy consistent  entrainment relation as put forth by van Reeuwijk 
and Craske [1] is briefly discussed. At this point it will be useful to distinguish between 
an entrainment model and an entrainment relation. An entrainment model (for e.g. [5, 6]) 
usually takes into consideration a subset of the relevant mean flow governing equations 
to study either the near-field or far-field entrainment characteristics. On the other hand, 
an entrainment relation strives to provide a generalized solution by strategically identify-
ing the important field variables that will contribute to the entrainment process and iden-
tifying the hierarchy in which all the relevant governing equations need to be solved. A 
model is at best a subset of a larger set of solutions generated by a universal entrainment 
relation. In this paper, we have chosen the entrainment relation put forth by van Reeuwijk 
and Craske  [1], that appears quite robust and it been tested with the results available in 
literature for pure and buoyant jets in a uniform ambient. The entrainment relation has also 
been tested for more complex scenarios, such as, for the case where pure jet exit shape was 
varied by Breda and Buxton [23], for temporally evolving plumes by Krug et al. [24], and 
for an addition of an instantaneous body force in the form of volumetric heating in a jet 
by Pant and Bhattacharya [25]. Even in these cases, the study was either conducted on a 
pure jet or a buoyant jet in a uniform ambient, with minor additions to the simplified set of 
governing equations. In the present work, we try to extend the validity of the entrainment 
relation for a linearly stratified ambient focusing especially on the region above the height 
of neutral buoyancy for which the buoyant jet and ambient interact by way of detrainment. 
The important assumptions to solve the problem analytically are: the jet fluid and the ambi-
ent fluid are miscible, the flow is steady, incompressible, Bousinessq approximation is 
valid, viscous dissipation is neglected in the mean flow (since the flow is inherently turbu-
lent, and it is a case of a free-shear flow), there is no exchange of heat between the jet and 
the ambient and it is chemically non-reactive. For a buoyant jet with a circular cross sec-
tion, the integral form of the governing equations are:

(2)
dQ

dz
=2�M

1

2
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where � , � , � , � are non-dimensional coefficients associated with momentum flux, buoy-
ancy flux, energy flux and turbulence production respectively. The coefficients are distrib-
uted along the entire plume width as a function of the radial co-ordinate, r and these can 
be interpreted as shape functions or how the flux quantities are spread out across the plume 
width. The profile coefficients (e.g. � ) are composed of both mean ( �m ) and the fluctuating 
( �f  ) components, and their algebraic sum is denoted by a gross value ( �g = �m + �f  ). The 
profile coefficients are given as:

where characteristic velocity ( wm ), characteristic width ( dm ), characteristic buoyancy ( bm ) 
and a plume Richardson number (Ri) are in the following form:

The volume flux (Q), momentum flux (M), integral buoyancy (B) and buoyancy flux (F) 
are written as:

Here w is the velocity in the axial (z) direction. The net body force in the form of reduced 
gravity or buoyancy is denoted by b = g

�a−�

�o

 , and ( ⋅ ) indicates that these quantities are 
time-averaged and (⋅)� is the fluctuation of the field variable around its time average.

Equations 2–5 are the final form of the governing equations (conservation of mass, 
momentum, buoyancy flux and energy) used to find the entrainment relation. A point 

(3)
d

dz
(�gM) =B =

FQ

�mM
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dz
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worth mentioning here is that in Eq.  3, integral buoyancy, B is expressed in terms of 
buoyancy flux F, so that the momentum equation itself embodies the buoyancy flux 
term. This simplification was made in van Reeuwijk and Craske [1] because the theo-
retical relation proposed by them was for a case when the ambient is uniform ( N = 0 ). 
That makes Eq.  4 redundant, because the right hand side is zero and therefore F is a 
constant. Thus, only three governing equations have to be solved, viz. Eqs. 2, 3 and 5 
that has three unknowns Q, M and F. In the current study, although N ≠ 0 , it is worth 
exploring how the existing entrainment relation performs in such cases, which has not 
been done in the past. As we will see later, it performs reasonably well for region close 
to the source and poorly in the region far from the source. Another point worth mention-
ing is that in van Reeuwijk and Craske [1], the profile coefficients in addition to mean 
and fluctuating components also had contribution from the pressure field, its fluctuation 
and its gradient. Since it is impossible in the present experimental case to measure the 
pressure field, we have omitted its contribution. We also believe that because the flow 
and the fluid that is used in the present case are incompressible, the effect of pressure on 
the entrainment dynamics should be negligible. As we will see later, the theoretical rela-
tion even without the contribution from the pressure field still yields satisfactory results. 
Finally, using the above equations, the entrainment relation is given by Eq. 12b: 

Prior to [1, 26] also explored this idea and explained the physical mechanism of the 
three different terms in Eq. 12b, the only difference being that the contribution from the 
fluctuating field was not considered in their case. Equation 12a is merely a rearrangement 
of Eq. 2, and the entrainment can directly be quantified using this expression. Equation 12b 
or the entrainment relation is obtained after a few mathematical manipulations of Eq. 12a 
(by expanding and expressing the volume conservation equation by invoking the momen-
tum and energy equations) and it quantifies the individual mechanisms that contribute to � . 
Ideally, a good match should be obtained for � when comparing Eq. 12b with the standard 
entrainment hypothesis, viz., Eq. 12a; something that is explored in this study.

There are three different mechanisms that contribute to the entrainment relation. First 
one ( − �g

2�g

 ), is the ratio of the gross profile coefficients of turbulence production and 
mean kinetic energy, which indicates the fraction of mean kinetic energy being con-
verted to turbulent kinetic energy production that aids in entrainment. The second term, 
(

1

�g

−
�m

�g

)

Ri is the representation of buoyancy force, which indicates entrainment (posi-

tive value) or detrainment (negative value). Lastly, the third term, Q

2M
1

2

d

dz

(

loge
�g

�
2

g

)

 repre-

sents how the departure from self-similarity influences � . If the third term is zero, it 
would mean that self-similarity is attained and there is no further contribution from it. If 
this term is negative, that will indicate a break in self-similarity and lowering of � . 
While a positive value indicates that the jet/plume is in the process of attaining self-
similarity, thereby increasing �.
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The motive behind the current work is to first quantify � for pure jet and buoyant jets 
evolving in a linear stably stratified ambient through standard entrainment hypothesis 
(SEH, Eq.  12a). Following this, � is quantified using the energy-consistent entrainment 
relation (ER) by computing all the individual terms appearing in Eq.  12b. Lastly, the 
entrainment coefficients obtained by these two methods are compared and conclusions are 
drawn. The novelty of this work lies in the fact that � has not been quantified for a buoyant 
jet evolving in a linearly stratified ambient and a comparative study for � using SEH and 
ER has also not been reported. Therefore, the results from this study would provide a base-
line value for � while also quantifying the role of various mechanisms that contribute to its 
evolution.

3  Experimental setup and flow conditions

The setup consists of two acrylic tanks, T1 (60 cm × 60 cm × 60 cm) and T2 (91 cm 
× 91 cm × 60 cm) and a double bucket system (B1 and B2) as shown in Fig. 1. The jet 
fluid is stored in T1 and the linearly stratified ambient fluid created using a double-bucket 
system is kept in T2. A linear stable stratification is achieved by using a combination of 
commercial salt, isopropyl alcohol and water. The bucket B1 holds the mixture of water 
and isoproyl alcohol and the bucket B2 holds the mixture of water and commercial salt. 
Initially the level of the fluid in both the buckets are maintained in a manner such that the 
pressure at the bottom of both the buckets are the same and opening the control valve, 
CV1 will not cause any fluid motion. The ambient stratification in tank T2 builds up once 
the control valves, CV2 and CV1 are simultaneously opened [27]. A stirrer is provided in 
B2 that mixes the incoming lighter fluid from B1 and the heavier fluid (in B2) constantly, 
so that the fluid in the tank remains homogenised and the density of the fluid released by 
CV2 is continuously reducing as a smooth function of time. A centrifugal pump is used 
to transport the jet fluid from T1 to T2 with the help of a nozzle having a diameter, D = 
12.7 mm. A control valve is placed to regulate the flow rate, which is quantified using an 

Control Valve (CV1)

Bucket (B1)
Bucket (B2)

Stirrer Control Valve (CV2)

Experimental Tank (T2)

Wooden Float

Laser System

Control Valve (CV3)

Flowmeter

Centrifugal Pump

Reservoir Tank (T1)

Illuminated Region of Interest
(10 cm x 10 cm)          

Fig. 1  Schematic of the experimental setup. The cameras are positioned in a manner such that the illumi-
nated region is viewed in the way the reader is viewing it
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electromagnetic flow-meter. Three individual cases are considered for our study: (a) pure 
jet, (b) positively buoyant jet A ( N = 0.4 s

−1 ) henceforth referred to as BJA, and (c) pos-
itively buoyant jet B ( N = 0.6 s

−1 ), henceforth referred to as BJB. The source Reynolds 
number, Reo , is maintained as Reo ≈ 3100 for all the experiments based on the density 
of jet ( �j ), average velocity ( Wo = 0.22 ms−1 ), source diameter (D) and dynamic viscosity 
( � ≈ 9 × 10

−4 Pa.s). The details of important source parameters are given in Table 1.
The plume fluid from the reservoir tank is injected into the experimental tank using a 

round jet nozzle and a centrifugal pump. The nozzle is designed based on the design con-
cept of a wind tunnel [28], and is built in house using electrical discharge machining tech-
nique. It is made of aluminium, having a length of 160 mm and an exit diameter D = 12.7 
mm, and consists of a diffuser, settling chamber, and a contraction section. The diffuser 
has an expansion section first with a gradually changing profile, which aids in reducing 
the flow turbulent fluctuations. In the diffuser section, the velocity reduces and the pres-
sure imparts the necessary momentum to keep the fluid moving in the downstream loca-
tion. After the expansion section, the nozzle has a constant cross-section called the settling 
chamber, followed by a contraction section to reduce the development of a boundary layer. 
A honeycomb is placed in the settling chamber to further reduce the small-scale fluctua-
tions and generate an uniform flow at the nozzle exit. This provided a conditioned flow 
with minimum fluctuations.

Particle image velocimetry (PIV) is used to capture 2 − D velocity field in the radial (r) 
and vertical or axial (z) directions at every instance of time. A 1 mm thin rectangular sheet 
of Nd:YAG pulse laser (532 nm, 145 mJ/pulse) is first aligned parallel to the front wall of 
the tank T2 so that the measurements are made precisely in a r − z plane. The laser sheet’s 
position is further adjusted such that the centerline of the jet lies in the illuminated plane. 
Since two different fluids, i.e., brine and isopropyl alcohol are used, the refractive indices 
are carefully matched to avoid any optical aberrations. Polyamide particles with mean 
diameter 55 � m and specific gravity 1.03 are used to keep track of the fluid flow. The size 
and the density of the particle are chosen in a manner such that it remains suspended (neu-
trally buoyant) in the ambient for a long period of time. This ensures that the particles 
remain passive with the flow and captures the dynamics effectively. Both ambient and jet 
fluids are seeded to obtain PIV images with well-distributed particles, which ensures high 
signal to noise ratio during post processing. To obtain mean and turbulence statistics from 
PIV, it is important to have a high spatial resolution that has the ability to resolve the Kol-
mogorov length-scale. In connection with the present work, the high spatial resolution 
helps in resolving the flux quantities and its derivatives used for quantifying the entrain-
ment coefficient in (Eq. 12a) and the profile coefficients and its ratios and derivatives in 
(Eq. 12b), whose accuracy once again depends on how well the Kolmogorov length scale 
is resolved. The ratio of the PIV vector resolution and the Kolmogorov length scale in the 
present work is ΔPIV

L
�

≤ 3 and it gives fairly good results. In order to achieve this, entire jet/
buoyant jet region is divided into four different layers (based on the maximum height 
attained). The dynamics of each layer is obtained by conducting four different experiments. 
The uncertainties associated with this procedure is minimised by using sufficient number 
of images, providing an overlap while transitioning from one layer to the other and by con-
ducting experiments for each of the layer at least three times. Utmost care was exercised to 
ensure that stratification strength, N, remained same during the individual runs (within 
±1% ). The time interval, Δt , between the two pulses was also varied in these individual 
runs for the same experiment to account for the fact that the jet slows down as it moves 
vertically away from the source. For each experimental run, at least 1000 images were 
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recorded for both velocity and density fields and 600 of them were used for the analysis to 
reduce the statistical random error and for convergence (see [29]). The density field is 
obtained using PLIF for the same window and using a separate camera. The laser source 
for both PIV and PLIF is the same. Rhodamine 6G (R6G) is used as a fluorescent dye that 
is mixed uniformly with the ambient fluid (only). The camera is equipped with an appro-
priate filter to record only the R6G signal. The R6G concentrations in ambient and jet flu-
ids are 100 μ g L −1 and 0 μ g L −1 respectively. The gray value of the image and the R6G 
concentration are calibrated first by varying the concentration of R6G. Decoding the image 
gray value, it is observed that R6G concentration is linearly proportional to the local den-
sity field. So when the two fluids mix, the local concentration of R6G in that region 
changes, and so does the local fluid density that could be expressed as:

where C is the intensity of the evolving jet, C
1
 is the intensity of the background medium, 

which also takes care of its laser intensity absorption factor. The quantified form of instan-
taneous fields were obtained after processing the raw images and subsequently MATLAB 
was used for analysis of the data to obtain the desired results.

The common sources of PIV uncertainty are due to the limitations in the temporal and 
spatial resolutions and any interpolation or smoothing of vectors. The spatial resolution 
for both PIV and PLIF is ≈ 855 μm/pixel and knowing that the uncertainty in the location 
of a particle is half the pixel size, we estimate the error in the velocity measurements to 
be ≈ ±6% . The error related with temporal resolution is minor and averaging over a large 
number of ensembles significantly reduces it. Finally the uncertainty associated with inter-
polation of vectors is quite low inside the jet region ( ±3% ) and slightly higher ( ±5% ) near 
the edge. The primary source of error in PLIF comes from calibration and laser intensity 
attenuation. The error due to light absorption on the measured peak intensity was calcu-
lated to be less than ≈ ±2% . The error in the instantaneous density measurements due to 
calibration was estimated to be ≈ ±3.5% . All the uncertainties mentioned are well within 
the experimental uncertainty range.

4  Results and discussions

4.1  Qualitative analysis

In this sub-section, the entrainment characteristics are discussed qualitatively with the help 
of radial velocity contour maps. In a linearly stratified ambient, the buoyant jet reaches a 
maximum height, Zm , before starting to spread radially [30]. The maximum height for BJA 
( N = 0.4s−1 ) is Zm = 32 cm and for BJB ( N = 0.6 s

−1 ) is Zm = 27.5 cm. The neutral layer 
is at an axial distance of z∕D ≈ 16 and z∕D ≈ 14 from the source respectively. Based on 
the entrainment features and jet properties, the entire axial span is divided into three zones. 
For buoyant jets, zone one is the region from the source till the Morton length scale ( lm ). 
Zone two is the region spanning from the lm till the neutral buoyancy level and zone three 
is the region above the neutral buoyancy level. For the pure jet case, zone one and two 
is the region where � is nearly constant ( z∕D < 20 ) and zone three is where the � drops 
significantly.

(13)� = �j −
C

C
1

[

�j − �a

]



1060 Environmental Fluid Mechanics (2023) 23:1051–1073

1 3

In Fig. 2, the radial velocities in zone one for pure jet, BJA, and BJB are presented 
and in all the cases the entrainment is somewhat patchy. The positive and negative 
values, both of which indicate a radially inward flow, show, that as pure and buoyant 
jets move axially away from the source, entrainment happens intermittently in patches. 
Another feature common in all the three cases in zone one is the presence of a very 
small region ( 0 < z∕D < 2 ) where the flow is radially outward near the source. This 
anomalous behaviour is most certainly because of the presence of small-size eddies or 
starting vortex because of high velocity gradients and a change in the shape of veloc-
ity profiles which indicates development region. Overall, the entrainment characteristics 
are similar in zone one for pure jet, BJA, and BJB. Moving to zone two (see Fig. 3), the 
entrainment is more continuous in nature, with BJA and BJB having a larger engulfing 
region due to the presence of buoyancy force. Finally in zone three, the entrainment 
characteristics are completely different for pure and buoyant jets. For pure jet, weak 
entrainment continues to happen (see Fig.  4a). On the other hand, for BJA and BJB, 
negative buoyancy force starts to dominate the flow momentum. As the buoyant jet pen-
etrates the neutral layer (see Fig.  4b, c), there is a reversal of direction in the radial 
velocity, and it is now pointing outward, indicating the detrainment process, which is 
absent in the case of pure jet.
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4.2  Mean flow parameters and derived quantities

In this sub-section, the dynamics of pure and buoyant jets based on important flux parame-
ters are discussed, which helps in understanding the influence of source parameters on their 
evolution. Before we begin, the manner in which the relevant quantities in this study are 
computed are discussed. At first, the flux quantities in Eq. 11 are computed, for which we 
need to find the mean axial velocity, w , and mean density, � . A total of Nt = 600 images 
(120 seconds) are used to find the mean velocity and density fields, which could be repre-
sented as:

Following this, the quantities are integrated over the jet width (Eq. 11) for each axial loca-
tion, z, to find the variation of the flux quantities as a function of z. The integration process 
uses a continuous function as an integrand, but in the experiments we only have a set of 
data points that is discrete. The summation process in this case can be represented as:

where X is any given flux parameter (Q, M, B, F) and f  is a mean field variable ( w or � ) at 
a particular radial location r∗ , Δr is the distance between two consecutive radial locations, 
which is close to 1 mm, and r

0
 is the location where w∕Wc ≈ 0.05 . The flux parameters 

are then used to find the derived quantities ( wm , dm , bm , Ri). The resolution used in the 
experiments is sufficiently small such that the discrete summation process is practically the 
same as integration. This argument is verified by computing the flux parameters using this 
summation process at an axial location near the jet exit, which turns out to be very close to 
their respective source values as shown in Table 1. Subsequently, the profile coefficients in 
Eqs. 6–9 are computed using a similar summation process, only difference being that the 
integrands now also contain the fluctuating component of the field variables.

In Fig. 5, the variation of volume flux as a function of axial distance is shown. All the 
three experimental cases (pure jet, BJA, and BJB) are shown in the same figure so that the 
differences could be clearly observed. It is seen here that for pure jet the volume flux Q, 

(14)w =
1

Nt

Nt
∑

1

w � =
1

Nt

Nt
∑

1

�

(15)X = 2

r
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increases monotonically with axial distance due to continuous entrainment of ambient 
fluid. In conjunction with Figs. 6 and 7, which show the variation of characteristic velocity 
wm and width dm , we conclude that although wm decays for pure jet, Q keeps increasing as a 
result of entrainment that increases dm . Therefore, increase in Q compared to its source 
value Qo is a representation of the entrainment process. Next we look into the variation of 
Q for BJA ( N = 0.4 s

−1 ) and BJB ( N = 0.6 s
−1 ), which is also shown in Fig. 5. Some inter-

esting qualitative and quantitative differences could be seen in comparison with pure jet. In 
a linearly stratified environment, the jet engulfs the ambient fluid in a monotonic manner 
upto the neutral layer. Beyond the neutral layer, the volume flux rapidly reduces indicating 
entrainment loss or detrainment. Now, if Qo , Mo and Reo are held constant, the height of the 
neutral layer is inversely proportional to the stratification strength (as shown in [30]). This 
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feature is distinctly seen in Fig.  5, wherein, the Q peaks and starts to reduce for BJB 
( N = 0.6 s

−1 ) much earlier, at z∕D ≈ 14 , than BJA ( N = 0.4 s
−1 ), where Q peaks at 

z∕D ≈ 16 . The Q of pure jet is consistently lower than that of BJA upto the neutral layer 
height. This indicates that introducing buoyancy effects in the system increases the quan-
tity of the ambient fluid that is engulfed in the mean flow. On the other hand, the volume 
flux is consistently lower for BJB ( N = 0.6s−1 ), despite stratification strength being higher. 
Before the detrainment process begins at the neutral layer, Q

Q
0

≈ 6 for BJA ( N = 0.4 s
−1 ), 

whereas, for BJB ( N = 0.6s−1 ), Q
Q

0

≈ 3 at the neutral layer. This shows that the bifurcation 
parameter � plays an important role in determining the amount of ambient fluid that is 
engulfed. Thus, at a particular axial distance from the source, Q

Q
0

 varies non-monotonically 
with � , which is confirmed through multiple experimental runs. Finally, pure jet does not 
see any detrainment due to the absence of a neutral layer. It is able to engulf almost six 
times the source volume flux but at a much farther axial distance ( z∕D ≈ 20 ) from the 
source before reaching a plateau because of the influence of the upper horizontal 
boundary.

Invoking wm and dm , shown in Figs.  6 and 7 respectively, adds more physics-based 
explanation as to why Q is different for buoyant and pure jets. It also helps explain the 
lower Q for BJB compared to BJA and pure jet. As discussed earlier, wm decreases and dm 
increases in a monotonic manner for a pure jet. However, wm for BJA & BJB decay at a 
faster rate and abruptly reaches zero once it crosses the neutral layer (i.e., at its maximum 
height, Zm ). Likewise, dm increases but abruptly drops once the buoyant jet reaches the 
neutral layer. From the same figure, it is also seen that at a particular z/D location, dm is 
different for pure and buoyant jets. This indicates that � influences the lateral spreading 
of buoyant jets and BJA has a slightly higher lateral spread as compared to BJB. This is 
also consistent with the amount of fluid (Q) that BJA and BJB entrains, as discussed previ-
ously. Near the source though ( z∕D < 4 ), wm and dm seems to be independent of the source 
parameters as the decay rate and spread rate seems to be the same for pure and buoyant 
jets. This indicates that buoyant jets have pure jet like characteristics in the momentum 
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dominated region, within the Morton length-scale, lm . When the buoyancy force becomes 
more dominant, typically beyond lm , the difference between the behaviour of pure and 
buoyant jets becomes distinct. It should be pointed out that wm and dm in this study are 
found based on the evolution of Q and M (see Eq. 10) and therefore a function of the width 
of the velocity profiles. If the plume-width is based on a scalar or density field, it may dif-
fer from the present study. Some of these features along with turbulence characteristics for 
pure and negatively buoyant jets in uniform ambient are also discussed in [22].

In Fig. 8, the variation of momentum flux M with axial distance is shown for all the 
three cases. Referring to Eq. 3, it is seen that the momentum of the flow remains unaltered 
for a pure jet. This assumption holds true from a practical standpoint up until z∕D ≈ 20 for 
the pure jet case. Beyond this region, the upper horizontal boundary starts to influence the 
flow dynamics. For the case of buoyant jet, the momentum will increase with axial distance 
due to the presence of a body force in the form of positive buoyancy. In a stratified ambient, 
beyond the neutral the negative buoyancy force takes over and the momentum of the flow 
decreases, this is discussed further in sec. 4.4. In both pure and buoyant jets, the zone close 
to the source ( z∕D < 4 ) is where the velocity profiles develop from top-hat to Gaussian. 
This is also the region of laminar-turbulence transition and a sharp drop in M is observed 
(see Fig. 8) in all the three experimental cases. Presently, our conjecture is that the sudden 
drop in M at the exit of the nozzle is because of the initial adjustments that the flow makes 
to counter the weight of the ambient. Later, as the pure jet/buoyant jet evolves in space, 
there is a marginal increase in the momentum indicating a recovery. Several experimental 
runs have been performed that confirm the existence of this phenomenon. At present, for 
the pure jet case, the study of this anomalous behaviour of momentum recovery is beyond 
the scope of this study.

As we move away from the source, M for the pure jet recovers almost to its source value 
and then drops beyond z∕D > 20 because of the presence of upper horizontal boundary. 
For the case of a buoyant jet, the role of buoyancy force and stratification strength on the 
flow dynamics is evident from Figs. 8 and 9. Positive buoyancy force aids the momentum 
of the flow (see Eq. 3), whereas stratification strength via. the buoyancy flux conservation 
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equation (see Eq. 4) influences the kinetic energy of the flow. This becomes clear when the 
evolution of M is compared for BJA ( N = 0.4 s

−1 ) and BJB ( N = 0.6 s
−1 ) in Fig. 8. Higher 

stratification leads to more dilution of the buoyant jet fluid, the positive buoyancy effects 
are quickly negated and therefore M of BJB is consistently lower compared to BJA. As 
the buoyant jet reaches the neutral layer signified by B∕Bo ≈ 0 , M starts to decrease. The 
neutral buoyancy level also forces the buoyant jet to lose its fluid (i.e. detrainment) causing 
Q to go down. The results indicate that Figs. 5-9 are consistent with Eqs. 2–4. By discuss-
ing the results along with the governing equations, the importance of buoyancy and strati-
fication strength in the evolution of buoyant jet and the entrainment/detrainment process 
becomes clear. Figure 10 presents the characteristic buoyancy bm as a function of z. As the 
buoyant jet entrains with the ambient, it gets diluted and therefore bm keeps reducing with 
axial distance. Finally, bm drops below zero beyond the neutral layer during the detrainment 
process and the residual momentum and buoyancy in this region is advected away in the 
radial direction.

4.3  Entrainment characteristics of pure and buoyant jets

The entrainment coefficient, � , is found using the standard entrainment hypothesis 
(Eq. 12a) and using the entrainment relation (Eq. 12b). The entrainment relation quanti-
fies the individual mechanisms that contribute to the entrainment process. The algebraic 
sum of all the contributors should be equal to � obtained the using standard entrainment 
hypothesis. In previous literature, for a pure jet, � has been found to be around 0.1 ± 0.02, 
whereas when there are buoyancy effects present, the � values can range from 0.09 - 0.3, 
and depends on Ri as documented in [31]. As we will see, the � values obtained in our 
study lies within these limits, except for the region far away from the source (represented 
by zone three in our study).

In Fig. 11, the variation of � with axial distance is shown for the case of a pure jet ( �pj ) 
using Eq. 12a and b. This figure should be looked at in conjunction with Fig. 12 where the 
individual contributions to �pj from the terms appearing in Eq. 12b are presented. Since, 
a pure jet is devoid of any buoyancy effects, �pj does not change with z and assumes an 
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average value of �pj ≈ 0.095-0.098 when the standard entrainment hypothesis is used in 
Fig. 11. Likewise, using the entrainment relation, � is estimated to be �pj ≈ 0.081-0.083, 
until z∕D ≈ 20 . Note that �pj shows some oscillation around a mean value, which is inevi-
table in experiments due to measurement uncertainties and the fact that the entrainment is 
expressed as first derivative of flux quantities and profile coefficients (and its ratios) which 
is very sensitive to spatial resolution. Therefore, it is prudent to look at a spatially aver-
aged value of �pj from experimental measurements. Most importantly, up to z∕D ≈ 20 , �pj 
is nearly the same using 12a and 12b (see Table 2), which shows that � obtained using the 
entrainment relation agrees reasonably well with the standard entrainment hypothesis for 
the case of pure jet.

For z∕D > 20 , the entrainment relation (Eq. 12b) predicts a higher value, �pj ≈ 0.091 
compared to that obtained from standard entrainment hypothesis �pj ≈ 0.031. This corre-
sponds to the axial location where Q starts to plateau (see Fig.  5) for the pure jet case 
(pointing to a very low value of � ) and M starts to dip (see Fig. 8). The inability of the 
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(Eq. 12a vs b) as a function of axial distance for pure jet
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entrainment relation to match standard entrainment hypothesis in this zone points out that 
the there is an influence of opposite horizontal boundary that alters the turbulent nature of 
the jet, because of which its energy conserving nature breaks down. Theoretically, jets are 
energy conserving and self-similar, and therefore dM

dz
= 0 (from Eq. 3) and M is a constant 

along the axial distance. Therefore, the Q should increase monotonically in a linear fashion 
(since, dQ

dz
∝ M ) with increasing axial distance (evident from Fig. 5). This poses a restric-

tion that dQ
dz

 is a constant and thus the proportionality constant � stays invariant for a pure 
jet, via. Eq. 12a. From a theoretical viewpoint, in the entrainment relation for a pure jet, 
only the energy conversion term (first term in Eq. 12b) would be non-zero. The similarity 
drift term (last term in Eq. 12b) should vanish because of the self-similar nature and the 
buoyancy term (second term in Eq. 12b) is zero because Ri = 0 . However, in our experi-
ments, a non-zero value of similarity drift term is seen in Fig. 12, which is expected from a 
practical standpoint. Despite this, the entrainment relation works reasonably well for the 
pure jet case up until z∕D ≈ 20 . For the clarity of discussion, we classify the entire axial 
distance into three zones as shown in Table 2. The � for the pure jet case stays constant in 
zone one and two with a value of �pj ≈ 0.095-0.098. However, in zone three, �pj value 
drops significantly to 0.031.

Figures 13 and 14 present �bj found using the standard entrainment hypothesis for BJA 
( N = 0.4 s

−1 ) and BJB ( N = 0.6 s
−1 ). The influence of Ri on the entrainment process can 

be clearly seen, as �bj varies with axial distance, indicating it is a function of local Ri or 
Ri(z). Zone one is the near-field region, where the buoyancy force is less dominant and the 
buoyant jet exhibits pure jet like characteristics. It is seen that the � found using standard 
entrainment hypothesis oscillates around a value of approximately 0.12 for both the cases 
of buoyant jet in zone one. Zone one for the BJA & BJB roughly turns out to be their 
respective Morton length-scale lm that demarcates momentum dominated and buoyancy 
dominated regions. On the other hand, in zone two, the � for BJA & BJB starts to diverge. 
It is higher for BJB (0.15) than BJA (0.13), because of the difference in the buoyancy force 
and buoyancy flux and its influence on the momentum and energy equations. Zone two 
distinguishes the entrainment characteristics between pure and buoyant jets with clarity 
and emphasises the importance of buoyancy (indirectly the Ri) in the process of entrain-
ment. Now, if Fig. 5 is also brought into the discussion, it can be seen that though BJB 

Fig. 12  Contributions from the different terms appearing in entrainment relation (Eq. 12b) for pure jet as a 
function of axial distance. The entrainment coefficient is the algebraic sum of all the terms
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( N = 0.6 s
−1 ) has a higher � , the amount of fluid that it entrains is less compared to BJA 

( N = 0.4s−1 ), since its Q is lower. This signifies that higher density difference between the 
buoyant jet and the ambient creates conditions for better mixing/entrainment (higher � ) but 
� controls the amount of fluid participating in the entrainment process. Zone three is the 
region around the neutral layer where the buoyant jet intrudes into the ambient indicating a 
detrainment process. The detrainment value of BJB is much higher ( �bj = −0.3 ) compared 
to BJA ( �bj = −0.2 ). Since, the plume fluid in BJB interacts with a much steeper stratifica-
tion, stronger unstable motions exist above the neutral layer, thereby resulting in a higher 
detrainment.

Lastly, �bj for BJA and BJB is quantified using the entrainment relation (Eq. 12b) and 
presented in Figs. 13 and 14. It is seen that the relation predicts a slightly higher value of 
�bj in zone one and two (see Table 2). The qualitative trend is captured but the quantitative 
values differ. In zone three, we see that the entrainment relation does not comply with the 
experimental observations. The �bj values in this region for BJA and BJB continues to be 
positive (well over 0.2) and the relation is unable to capture the detrainment process even 
qualitatively. The reasons for such discrepancies are discussed in the next sub-section.

Fig. 13  Comparison of entrainment coefficient found using entrainment hypothesis and entrainment relation 
(Eq. 12a vs b) as a function of axial distance for buoyant jet A

Fig. 14  Comparison of entrainment coefficient found using entrainment hypothesis and entrainment relation 
(Eq. 12a vs b) as a function of axial distance for buoyant jet B
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4.4  Further discussions

In this sub-section, the discrepancies in the values of � found using the entrainment hypoth-
esis (SEH) and the entrainment relation (ER) are discussed. We also discuss possible ways 
to reconcile the two approaches.

4.4.1  Zone one and two

Firstly, in the case of pure jet, it is seen that the disagreement between the two approaches 
remained well within the acceptable limits ( ≈ 10 − 15% ) in zone one and two. The the-
oretical formulation and experimental results match quite well in this case. For buoyant 
jets, the disagreement between the two approaches is somewhat higher but within ≈ 20% in 
zone one but in zone two, the entrainment relation consistently predicts a higher � and con-
siderable deviations are noticed. The minor deviations in zone one are probably because of 
the difficulty in capturing the fluctuating field variables very close to the source ( z∕D < 4 ) 
for both pure and buoyant jets. The laminar-turbulence transition, zone of developing 
velocity profiles near the source are possible reasons behind it. This tiny region close to 
the source demands a better treatment, and it is beyond the scope of the current work and 
remains an open problem.

The major deviations in zone two in the case of buoyant jets may have two plausible 
reasons to this: (a) the entrainment relation is obtained by solving a series of equations in 
which the buoyancy flux F is constant. Hence, it is more suitable for buoyant jets in uni-
form ambient, and would give accurate result in such cases; (b) pockets of unstable regions 
giving rise to counter-gradient or reversible buoyancy flux that makes measurement of �g 
and �g difficult (see [32] for more details). Presence of reversible buoyancy flux disrupts 
the Reynolds stress correlation and contaminates the measurement of irreversible buoy-
ancy flux. The effect becomes more apparent when the local Ri is high, thus the mismatch 
between the two approaches is pronounced in zone two. Because of this, the buoyancy term 
may influence the energy conversion term in the entrainment relation, giving rise to inaccu-
rate physics. This can be fixed by segregating the reversible and the irreversible fluxes and 
ensuring only the later is taken into account.

4.4.2  Zone three

For the pure jet case, beyond z∕D ≈ 20 or zone three, the entrainment hypothesis and 
entrainment relation do not show any agreement. As we have discussed previously, this 
is because of the upper horizontal boundary’s influence. The � values obtained from the 
entrainment relation and entrainment hypothesis can be reconciled by using appropriate 
boundary conditions in the formulation of ER that will impose necessary restrictions on it.

Lastly, in zone three of the buoyant jet, the entrainment relation does not capture 
the detrainment process even qualitatively. This is attributed to the inconsistency in 
the energy conversion term near the neutral layer because of the fluctuations in veloc-
ity components. The physical reasoning to that is the non-stationary nature of the field 
variables and its fluctuation in this region. To better understand this, Fig. 15 should be 
brought into the discussion. Here, the contributions from individual terms appearing 
in the entrainment relation for BJA is presented. For BJB also, the qualitative trends 
of the individual contributors to entrainment coefficient is the same and therefore not 
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presented. Figure 15 shows that the contributions from the buoyancy and similarity drift 
term is enough to capture the entrainment/detrainment process in this region. The con-
tribution from the energy conversion term should be dropped, as it suffers from revers-
ible fluxes and non-stationarity. Another reason for the mismatch could be attributed 
to the role of viscosity in this region, wherein, dissipation definitely plays a role that 
should be accounted either theoretically or empirically.

Fig. 15  Contributions from the different terms appearing in entrainment relation (Eq. 12b) for buoyant jet A 
as a function of axial distance. The entrainment coefficient is the algebraic sum of all the terms

Table 1  Experimental parameters

All the quantities are in MKS units

Parameter Expression Pure jet BJA BJB

Jet mean velocity Wo 0.22 0.22 0.22
Reynolds number Reo =

�jWoD

�

≈ 3100 ≈ 3100 ≈ 3100

Volume flux Qo = Wo
�D2

4

2.8 × 10
−5

2.8 × 10
−5

2.8 × 10
−5

Momentum flux Mo = QoWo 6.1 × 10
−6

6.1 × 10
−6

6.1 × 10
−6

Jet density �j 998 995.7 993.5
Bottom density in T2 �b 998 1002.4 1006.2
Top density in T2 �t 998 996.7 995.8
Ambient depth in T2 H 0.39 0.36 0.3
Buoyancy frequency N =

√

−
g

�o

�t−�b

H

- 0.4 0.6

Reduced gravity g� =
g

�o

(�b − �j) - 0.066 0.124

Richardson number Ri =
(

�

4

)0.5
√

g�D

W2

o

- 0.12 0.17

Bifurcation parameter
�
0
=

(M
0
N

F
0

)0.75 - 1.24 1.01

Integral buoyancy Bo = g�
�D2

4

- 8.38 × 10
−6

1.57 × 10
−5

Buoyancy flux Fo = g�Qo - 1.84 × 10
−6

3.46 × 10
−6
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4.4.3  Final remarks

The above discussion provides a broad idea on how to reconcile the two methods of deter-
mining the entrainment coefficient. It is also observed that in all the three zones, the fluc-
tuating quantities seem to be triggering the mismatch. Therefore, one common theme 
applicable to all the three zones would be to take into account the contributions from the 
mean flow alone and neglect the contributions from fluctuating flow field (see [26, 33]). 
Primarily though, a new entrainment relation is needed by solving Eqs. 2–5, but this time 
accounting for N ≠ 0s−1 and variation of buoyancy flux F with z. All these aspects need a 
closer inspection and this is an exercise that is left as a scope for future work.

5  Conclusions

The energetics and entrainment characteristics of pure and buoyant jets were studied exper-
imentally with the help of simultaneous velocity and density fields. For calculating entrain-
ment, two different approaches were employed; namely the standard entrainment hypoth-
esis and the entrainment relation given by van Reeuwijk and Craske [1]. At first, the flux 
parameters, such as volume flux, Q, momentum flux, M, and buoyancy flux, F were found 
that helped in quantifying the characteristic velocity, wm , width, dm and buoyancy, bm as a 
function of axial distance. We noticed that the variation in these quantities was very dif-
ferent for pure jet and buoyant jets, cementing the role of buoyancy force and stratification 
strength on the mean flow dynamics of buoyant jets.

The radial velocity contour maps provided a qualitative representation of the entrain-
ment characteristics of pure and buoyant jets. Zone one showed patchy entrainment features, 
whereas zone two had more continuous entrainment features that clearly distinguished pure 
and buoyant jets. Finally in zone three, weak entrainment was seen for the pure jet while 
detrainment was seen for buoyant jets due to the presence of neutral buoyant layer. Sub-
sequently, the entrainment coefficient, � , was quantified for the pure jet, buoyant jet with 
N = 0.4 s

−1 (or BJA) and N = 0.6 s
−1 (or BJB) using the standard entrainment hypothesis 

and entrainment relation. Based on the entrainment features and jet properties, for each 
of the three experimental cases, the entire axial distance was divided into three zones. In 
zone one, two and three, significant differences were seen, owing to the effect of buoyancy, 
wherein, in zone one and two, the 𝛼bj > 𝛼pj . In zone three, �pj was very low for the pure jet 
whereas, 𝛼bj < 0 for buoyant jets due to detrainment process.

Table 2  Spatially averaged entrainment coefficient ( � ) for all the experimental cases in different zones 
using standard entrainment hypothesis (SEH) and entrainment relation (ER)

Case � in zone one, SEH (ER) � in zone two, SEH (ER) � in zone three, SEH (ER)

Pure jet ( �pj) 0.095 (0.081) ( 0 ≤ z∕D < 10) 0.098 (0.083) 
( 10 ≤ z∕D < 20)

0.031 (0.091)          (z∕D ≥ 20

)
BJA ( �bjA) 0.121 (0.131) ( 0 ≤ z∕D < 10) 0.135 (0.176) 

( 10 ≤ z∕D < 15)
− 0.213 

(0.312)          (z∕D ≥ 15)
BJB ( �bjB) 0.115 (0.139) ( 0 ≤ z∕D < 7) 0.151 (0.283) ( 7 ≤ z∕D < 13) − 0.315 

(0.318)          (z∕D ≥ 13)
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It was seen that � predicted using the entrainment hypothesis and entrainment relation 
agreed very well in zone one and two for the pure jet and zone one of BJA and BJB. In 
zone two of BJA and BJB there were discrepancies seen between the two approaches and 
it was appropriately discussed. Nevertheless, there was a reasonable match in the values 
of � for the pure jet case in zones one and two and for buoyant jets in zone one, using the 
two methods. However, zone three was the most critical where the entrainment relation did 
not match with the entrainment hypothesis. This was mainly attributed to the inaccurate 
representation of dissipation and energy conversion terms for buoyant jets and the upper 
horizontal boundary in the case of pure jet. Based on the experimental results, we pro-
posed ways in which the energy-consistent entrainment relation given by van Reeuwijk and 
Craske [1] could be modified. We truly believe that the discussions provided in this paper 
could be very useful in coming up with a suitable entrainment relation for stably-stratified 
flows, especially in the far field region.
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