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Abstract

Two improved displacement shallow water equation (DSWE) are constructed by applying
the Hamilton variational principle under the shallow water approximation. The first one is
the extended DSWE (EDSWE), which contains a higher order nonlinear term omitted in
the original DSWE; and the second one is the fully nonlinear DSWE (FNDSWE) which
contains all the nonlinear terms. By using the exp-function method, the EDSWE is ana-
lyzed and different types of waves, including the regular solitary wave, the loop solitary
wave, the solitary wave with a sharp peak, and the periodic wave, are obtained. The exact
solitary wave solution of the FNDSWE is also obtained. It is proved that under the shallow
water approximation, the particle trajectory of the solitary wave is a parabolic curve.

Keywords Solitary wave solution - Displacement shallow water equation - Hamilton
variational principle - Particle trajectory - Exp-function method

1 Introduction

Since Russell observed the solitary wave in 1834, it has attracted the attention of researchers
from many different areas, such as fluid mechanics, coastal engineering, applied mathemat-
ics, quantum mechanics, solid mechanics and the study of sand dunes [1-8]. Because of the
importance of the solitary wave, there have been many mathematical models developed for it,
such as the Boussinesq equation, the KdV equation and the Green Naghdi equation [3, 9-13].
However, most existing mathematical models developed for the shallow water solitary wave
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are based on the Eulerian method. Solving the Eulerian equation can usually yield the flow
field. But it is very difficult to calculate the particle motion in terms of the flow field, because
the relation between these two variables is quite complex. Even for the line periodic gravity
water wave with a line periodic flow field, there are no closed particle orbits [14, 15]. It has
also been proved that there are no closed particle paths in Stokes waves with moderate and
large amplitude [16, 17]. Hence, it is inconvenient for the Eulerian equation to copy with the
problems with moving boundaries, such as the free surface and moving coastline.

It is known that an alternative approach for the fluid is the Lagrangian method, which
describe the fluid motion by tracing particle trajectories. Compared with the Eulerian method,
the Lagrangian method is more appropriate for the problems with moving boundaries [18, 19].
From the Lagrangian perspective, the water is seen as a dynamical system with infinite mov-
ing particles. The kinetic and potential energies of this system can be formulated easily. If the
water is inviscid, it is quite natural using the Hamilton variational principle in the analytical
mechanics to derive the Lagrangian water equation [20]. Actually, the Hamilton variational
principle can provide a unifying framework for formulating the governing equations [21-24]
or numerical schemes [25-29] of different water problems. In Ref. [21], Zhong and Yao firstly
applied the Lagrangian method to address the shallow water solitary wave. They used the
horizontal displacement to describe the evolution of water wave and assumed that the hori-
zontal displacement is independent of the vertical coordinate, which is a displacement version
of shallow water approximation. By using the Hamilton variational principle, they derived the
follow displacement shallow water equation (DSWE)

h2

it = =ity = gy, = 3uyit,) =0, (1)
where u(x, ) is the horizontal displacement of the water particle, g is the gravity accelera-
tion, and # is the water depth. Subsequently, Liu and Lou extended Zhong’s DSWE to the
two-dimensional solitary wave problem in Ref. [22], where a (2 + 1)-dimensional displace-
ment shallow water wave equation 2DDSWWE) was developed. In Refs. [30, 31], the
2DDSWWE was modified by adding the effect of the fluid viscidity. The two-dimensional
displacement solitary wave solutions were discussed in Refs. [22, 23]. Some numerical
algorithms for the DSWE were proposed in Refs. [25-27], and it is found that the DSWE
performs excellent with respect to the simulation for shallow water with the sloping water
bottom and wet—dry interface.

It should be noted that in all the motioned works about the DSWE, the vertical displace-
ment is expressed as a Taylor series, and only the first three terms are retained. If more higher
nonlinear terms are considered in the DSWE, more accurate solutions will be obtained. Hence
it is worth improving the DSWE by keeping more higher nonlinear terms, which will be
addressed in Sect. 2. Two improved displacement shallow water equations are developed. In
Sect. 3, the solitary wave solutions of the proposed equations are given by using the gauge
transformation and the exp-function method. Finally, some conclusions are presented.

2 Displacement shallow water equation
In this section, we formulate the governing equations for the shallow water gravity waves.
The water is assumed to be an incompressible and inviscid fluid of constant density which

is boxed in a rectangular box, shown by Fig. 1 and posses a free surfaces. The bottom plane
is defined by z = —h. The surface-energy effects are negligible.
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Let (x, z) represents the location of certain particle in water at initial time ¢, and (X, Z) the
location of this particle at time ¢. Let u = u(x, z, t) and w = w(x, z, t) represent water displace-
ments in x and z directions, respectively. Obviously, we have

X(x,z,t) = x+ u(x, z,t),

Z(x,z,1) = 2+ w(x, 2, 7). 2

Based on the continuum mechanics [32], the continuity equation for the incompressible
water is
X oX
J= % = () (1+w,) —ww, =1
- z oz - Uy W, uw, =1 (3)
ox 0z

The kinetic energy of the water system, denoted by T, reads

Loy Loy
T= / / Eputzdxdz-k / / 3 pwtzdxdz, ()
- J-h L J-n

where p is the mass density, u, and w, are the horizontal and vertical velocities, respectively.
The potential energy of the water system, denoted by U, reads

L 0
U= / / pg(z + w)dzdx. 5)
L J-n

According to the displacement shallow water approximation [21], i.e., the horizontal dis-
placements is assumed to be independent of the vertical coordinate z, we have u, = 0. So
Eq. (3) can be rewritten as

WS T (©)

which shows that the vertical displacement distributes linearly along the vertical coordinate
z. Integrating Eq. (6) with respect to z and noting that the vertical displacement at the water
bottom z = —h is zero, i.e., w(x, —h, ) = 0, we obtain

_ u (z+h)
w(x, Z, t) = —1+—u. (7)

In terms of Eq. (7), the vertical velocity is

u
w, = _(Z+ h)—X[a
(1+u,)’ ®)

The free water surface profile can be expressed by using the positions of the particles on
the water surface, i.e., (x + u(x,0,t), n(x, 1)), where

Fig.1 Shallow water system disturbed water surface

water surface at rest
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(1) = w(x, 0,1 = ——28
ﬂX, _W-x’ ’ - 1+I,{x. (9)
Combing Egs. (7) with (9) yields
h
w(x,z,t):n(x,t)<%>. (10)
Substituting Egs. (8) and (10) into Eqgs. (4) and (5), respectively, yields
2
L L ;3 u.
T=/ 1phufdx+/ h—p — | an
-2 - 6 [(1+u)
and
Ly L [0
U=/ —pgndx + C, C=/ / pgzdzdx. (12)
2 —L J-n
The action integral of the water system reads
t
S = / (T — U)ds. (13)
)

where s is a variable of integration in the inteval [to, t]. Substituting Egs. (11) and (12) into
the action integral (13) and using the Hamilton variational principle, we have

. K2 < Usxit At Uy + AU 1y + 10u, u’z“ > h “o
P _ -8
(a)' (vw) () ()]

3 =0. @14

Equation (14) is called the fully nonlinear DSWE (FNDSWE), because there is no
approximation for it, except the shallow water approximation. Once the horizontal dis-
placement u is obtained by solving Eq. (14), the vertical displacement can be obtained with
the aid of Eq. (7).

It is clear that the FNDSWE (14) is much more complex than the DSWE (1). Noting
that the vertical velocity is much smaller than the horizontal velocity for the shallow water
wave problem [21, 25, 33], the vertical velocity can be approximated as

w, = —(z2+ hu,,. (15)
Substituting Eq. (15) into Eq. (4) yields the following approximated kinetic energy
i L3
T~ Ty =/ —phuzdx+/ = pu dx. (16)
g L 2 t L 6 xt

The vertical displacement (7) can be represented as a Taylor series in u,. Keeping only
the first three terms, Eq. (9) is approximated as

nix, 1) = MNzhong = —thh(l Ut u)zc) a7
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Substituting Eq. (17) into Eq. (12), the potential energy is approximated as

L
h
U~ UZhong = / _pg"IZhongd'x +C

L2
L hz L h2 5 3
=—/ ?pguxdx+/ ?pg(ux—u;()dx+c (18)
-L -L
" 23
= /L ?pg(ux - ux)dx+ C,

in which the boundary condition u(—L, ) = u(L,t) = 0 is used. Expressions (16) and (18)
were firstly presented by Zhong, et al. [21]. Substituting Eqs. (16) and (18) into the action
integral Eq. (13) and using the Hamilton variational principle yields the DSWE (1). It is
obvious that DSWE (1) is based on the approximation (17), which keeps only the first three
terms. If we keep the first four terms, i.e.,

nix,t) = n, =—uxh(l —ux+u)2€—ui), (19)
the potential energy can be approximated as
Lo ;
Ur Ue=[, ?pg(ui—u;(+ui)dx+c. (20)

Substituting Eq. (16) and (20) into the action integral Eq. (13) and using the Hamilton
variational principle yields
. h* 2
u—?um—ghum(l —3u, +6u’) =0, (21)
which contains a higher nonlinear term, 6u)zcu
the extended DSWE (EDSWE).
In the next section, the exact solitary wave solutions of the EDSWE and FNDSWE are
derived by using different methods.

compared with the DSWE (1), and is called

XX

3 The solitary wave solutions
3.1 The solitary wave solution of EDSWE

We firstly look for the solitary wave solution of the EDSWE (21) by using the gauge
transformation:

ulx, ) =u(g), &=x-—ct, (22)
where ¢ is the velocity of the solitary wave. Substituting Eq. (22) into Eq. (21) yields a
nonlinear ordinary differential equation

2
A — cz%u”” —gh [u” = 3u'u" + 6(u')2u”] =0, (23)
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where

’ du(&) " o_ dz”(é) "mo_ d4”(§)
W= dé"u_ a2 u _—df:“. 24)

Integrating Eq. (23) once over ¢ and letting the integration constant to be zero, we can
obtain

Au —62}13—214”/ —gh[l/ _ %(u/)Z +2(u/)3] —0. (25)
Setting
_ du®
f= @ (26)

Equation (25) can be rewritten as
h? 3 6
f - c2?f” —gh|f - zfz + 3f3 =0. 27

Next, we use the exp-function method [34] to solve Eq. (27). The exp-function method
is based on the assumption that the solution can be expressed in the following form:

_ a.exp(eké) + « + a_,exp(—dké)
 a,exp(pké) + - + a_,exp(—qké)’

(28)

where e, d, p and ¢ are positive integers which are unknown to be further determined, a
and k are unknown constants.

By simple calculation, we have
B byexp(3eké) + -+ + b,exp(—3dk&)
- b,exp(3pké&) + -+ + byexp(—3qké)

n

3

(29)

and

_ dsexp((e + 2p)kE) + -+ + dyexp(—(d + 2q)k&)
- d,exp(3pk&) + -+ + dyexp(—3qké)

f” , (30)
where b; and d; are unknown constants. By balancing the highest order term in Eq. (29)
with the highest order term in Eq. (30), we have 2e + p = e + 2p, i.e., p = e. Balancing the
lowest order term in Eq. (29) with the lowest order term in Eq. (30) yields d = gq.

For simplicity, we set p = e = 1and ¢ = d = 1, so Eq. (28) reduces to

_apexp(ké) + a; + aexp(—k¢&)
"~ boexp(kE) + by + byexp(—k&)’ 31)

Substituting Eq. (31) into Eq. (27) and equating the coefficients of exp(nké) to be zeros,
we have

3(a—1) 24/byb, (4a = 3) (32)

ay=a,=0, k> = — cap==2bi@= 1), by =t——m—,
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where a = ¢? / gh. Combining Eqgs. (19) with (31) yields
.0 = (1 =f+f>=f). (33)

Once 7 is obtained, the vertical displacement can be given by substituting Eq. (33) into
Eq. (10). According to Eq. (26), the horizontal displacement u(&) can be written as

by +2bye by +2b
2a atan ‘—0‘7 2a,atan ‘—02
4byby—b? 4byby—b7 (34)

ky[4bob, — b2 ky[4bob, — b2

4
M(§)=“o+/ JO)dx = u, +
0

where u, = u(0).

The free water surface profile can be expressed by using the positions of the particles on
the water surface, i.e., (X(x, 0, £), Z(x, 0, t)), in which

X(x, 0, ) =x+u(€), Zx, 0, 1) =n(,2). (35)

It can be seen from Eqgs. (33)—(35) that the wave profile is dependent on the unknown
constants b; and a. The wave shape is not changed in the case that b, = b, > 0, which
means f’(0) = 0 and #’(0) = 0. Hence, b, and a are the key parameters which affect the
wave shape. We will discuss different types of waves by using different values of b, and
a as follow.

Case 1 We firstly set @ > 1 and b; > 0, which means

L _Tya@-n % 3D 6
1= , b= > = .
Vaa—-3 Va3 ah?

Substituting Eq. (36) into Egs. (31) and (34) yields
B —2(a—1)

- V 4a —3cosh (k&) + 1 37)

and

A Ao — kA /Ao —
u(é) = uy + \/ Aak? atan L+ Via—3 — atan M ) (38)
3 2Va — 1 2Va — 1

which shows that the horizontal displacement is a kink solitary wave. Substituting Eq. (37)
into Eq. (33) will give #. In terms of Eqgs. (10) and (33), the vertical displacement can be
written as

w=—f(1=f+/*=f)c+h. (39)
Letting #(0) = #, be the amplitude of the solitary wave, we have
e= —fo(l —fo +f02 —fo3)’ €= ﬂo/h’ (40)

and
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2a—1)
Vaa—3+1 “h)

Solving Eq. (40) gives a. Once «a is obtained, the velocity of the solitary wave can be
determined in terms of ¢ = \/gh_a. It can be seen from Eq. (37) that f < 0. Noting that
—f =—du/dé =u, / ¢ represents the ratio of the particle horizontal velocity to the solitary
wave velocity, f < 0 means all the particles move in the direction of wave propagation at
a positive speed. This deduction is same as that provided by Constantin et al. in Ref. [35].

Moreover, it is worth noting in terms of Eqs. (36)—(41) that for case 1, the water wave
have the following three different shapes, which is dependent on the parameter a.

So=10) =

Case 1.1 When a < 3, —f < 1, which means the horizontal velocity of each particle is
smaller than the solitary wave velocity. For this case, the water surface is a common soli-
tary wave with peak form, as shown in Fig. 2a.

Case 1.2 When « = 3, —f(0) = 1. For this case, the gradient of the water surface at £ = 0
is infinite, and there is a sharp peak on the solitary wave crest, as shown in Fig. 2b.

Case 1.3 When a > 3, there exist some particles with horizontal velocities larger than the
solitary wave velocity. For this case, the water surface is a loop solitary wave, as shown in

Fig. 2c.

Case2 Wenextseta > 1and b; < 0, which yields

4by(a — 1) 2b,
@ =—— b=-——— 42)
Via—-3 Vida-3

2 —1)

V4 =3 cosh (k&) = 1. “3)

f:

and

u(®) = g +

k& —3 = —3 =
4ah? latan(e Vaa =3 1)_atan<—\ﬁ4a31)]. w

3 2Wa—1 2Wa—1

In this case, substituting Eq. (43) into Eq. (33) could yield a type of solitary wave with
more loops, as shown in Fig. 2d, e.

Case 3 At last, we set% < a < 1, which means that kK = iK is an imaginary number and

131 —a 4by(1 — @) 2b
K= ( > )’ al =_0—, bl =_—O. (45)
ah Vaa =3 Vaa =3
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(a) regular solitary wave (ar=1.79,b, >0) (b) solitary wave with sharp peak (ax=3,5, >0)
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(c) loop solitary wave (¢ =4.37,b,>0) (d) loop solitary wave (ax=2,b,<0)
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-0.02
-0.032
-0.04 -0.034
-0.3 -0.2 -0.1 0 0.1 02 03 -3 -2 -1 0 1 2 3
z+u (m) z+u (m)
(e) loop solitary wave (x=1.2,5, <0) (f) periodic wave (a=0.8)

Fig.2 The profiles of the different solitary waves, 7 = 0.1 m, g = 10 m/ s?

Substituting Eq. (36) into Eq. (31) yields a periodic solution as follow
-2(1 —a)

Vaa —3cos(K&) — 1

f= (46)
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Integrating Eq. (46) once over £ yields the horizontal displacement as follow

o Zatan(tan<%>%) - 2atan<tan<%>) + K¢ co 1 ~1. @7

VCK\C+2 ’ Vaa -3

Figure 2f displays the periodic wave in the case of @ = 0.8.

3.2 The solitary wave solution of FNDSWE

Similar on the previous section, we substitute the gauge transformation (22) into the FND-
SWE (14) to obtain the following nonlinear ordinary differential equation

2
czu”—ﬁcz d_2 W +i 2(uu) _,_@i | o
A2 (1 +u)t A +w) 2. A1 +w)

3 (48)

Integrating Eq. (48) with respect to £ yields

2
), hzzld ! +2(u”)]+gh |

TIEar ey Uty

=C, (49)

3 2 (04w

where C, is unknown constant. Letting f = du/d¢&, Eq. (49) can be rewritten as

1\ 2
sz_ECZ[ f Z(f) ]+gh 1

- -— =C,. 50
37 la+pt a+p’| 2a+p? 0

For the solitary wave solution, élim f(&) =0, hence we have C, = gh/2. Multiplying
Eq. (50) by f’ = df / d¢ yields

14 w2 ,d (F) ghd f  ghdf

Ao -

24 "6 vy 2A0+D 2

D

Integrating Eq. (51) with respect to & and letting the integration constant be zero, we
have

2
n, () f
Afr - +gh = ghf. (52)
73 1+ e ~8 /
Substituting f = ﬁ into Eq. (52), we have
3n*(c* — gh—gn
()7 = 2t en) (53)

2(h + n)?
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Letting & = 0 and noting that #(0) = #, and #'(0) = 0, the velocity of the solitary wave
can be written as

A =g(h+n). (54)
In case of £ > 0, Eq. (53) can be rewritten as
3n?(c? —gh—gn
]7/ = —\/(—2). (55)
ct(h+1n)

It is easily observed from Eq. (55) that
o cth+x
£ / ( )
x\ / 3 —gh— gx
_ de o c dx
= * (56)
K x\/3(c2—gh—gx T 4/3 cz—gh—gx)

- e (i)

For the case & < 0, we have

(57)

Equation (57) describes the relation between & and #. The horizontal displacement u(&) can
be obtained by using

£ £
u(g) = up =/0 f(x)dx=f(5)§—/0 xdf (), (58)

in which & > 0 and u, = u(0). Using n = ;Tﬂ:, Eq. (56) can be rewritten as

e b ) e

For & = 0, f(0) = —a~'. Substituting Eq. (59) into Eq. (58) yields

Mo 9

W) — uy = f(E)E - " 20/m farl _ n (VFr1-fatl "
0 o \/_ f+1 \/m+\/fa+

(60)
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With the aid of Maple, we obtain

/f@l Vi+1l=1/fa+1 of
G WA= viarl
1(0) VIi+1+/fa+1

=f1n<\/JT_\/fa_+1>_1n[2af+2\/5\/f+1\/af+l+a+l] -1

Vi+1+/fa+1 \a i Va
(61)
and
/f(é‘) vl VafrIVar+ —(a—1)1n<a,/f+1+\/;,/—af+1>
df =
f+1
1) \/5 .

@@= Din(Vava=T1)
7 .

Combining Eqgs. (56), (61) and (62) with Eq. (60) yields

2\/’7_OC af +1 24/Moc Mo—n _ 2c

= U, = Uy —
e VT T T Vo T

which gives the relation between the horizontal and vertical displacements.
It can be seen from Egs. (56) and (63) that

¢ h <\/’7_0—\/’70—"7>

ug) = uy — Vo =1, (63)

§=—u(§)+uo—@ﬁﬂ NoEN e (64)
which can also be rewritten as
of V3em
n(€) = nysech (2—ch (E+u-— u0)>. (65)
Substituting Eq. (65) into Eq. (10) yields
w=nosech2(\/235_’10(§+u—uo))<#). (66)

Corollary Under the assumption that the horizontal displacement is independent of the
vertical coordinate z, the particle trajectory is a parabolic curve.

Proof For a particle localized initially at (0, z), the position of the particle at time 7 is
(X(0, z, 1), Z(0, z, 1)), in which
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X(O’ < [) = M(é), Z(O’ 2 t) =z+ W(é’ Z)’ é = —ct. (67)
In terms of Egs. (10) and (63), we have

2050=c+ S0 g - 2000 |, <26/ <x0.00 <20 /2,
4(h+npy) 3g 3g

(68)
which defines the particle trajectory. Equation (68) shows that the particle trajectory is a
parabolic curve, under the assumption that the horizontal displacement is independent of
the vertical coordinate z. O

4 Conclusions

In this paper, the displacement are used to describe the shallow water system. Two shallow
water equations are derived based on the Hamilton variational principle. The first equa-
tion is the extended displacement shallow water equation (EDSWE). The EDSWE con-
tains a higher order nonlinear term which is omitted in the original displacement shallow
water equation developed by Zhong et al. By using the exp-function method, we analyti-
cally solve the EDSWE and obtain different types of waves, including the regular solitary
wave, the loop solitary wave, the solitary wave with a sharp peak, and a periodic wave. The
second equation is the fully nonlinear displacement shallow water equation (FNDSWE).
In FNDSWE, all the nonlinear terms are considered, and the only assumption is the hori-
zontal displacement is independent of the vertical coordinate z. The solitary wave solution
of the FNDSWE is obtained. It is found that under the shallow water approximation, the
particle trajectory of the solitary wave is a parabolic curve.
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