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Abstract The relationships between various normalized higher-order concentration
moments in plumes dispersing in a built-up (urban) environment have been investigated
using a large concentration data set obtained in a boundary-layer water channel. This data
set consists of measurements of plume dispersion in a number of idealized obstacle arrays
(e.g., cubical and non-cubical obstacles in aligned and staggered arrangements with uniform,
random and alternating heights). A remarkably robust feature of all the concentration data
was the observed collapse of the third- and fourth-order normalized concentration moments
on the second-order normalized concentration moment. The data are shown to collapse to
a series of universal curves (independent of the geometry of the obstacle array) and these
curves were found to be identical to those observed previously for open-terrain plumes. The
results imply that the probability law of concentration in a plume dispersing in either a built-
up environment or open terrain has a universal form that can be specified by at most two
independent parameters. The universal functions representing the relationships between the
normalized concentration moments were found to be well modeled (approximated) using
a two-parameter clipped-gamma probability law for the concentration. Finally, the clipped-
gamma distribution was found to be in very good conformance with the measured probability
distribution of concentration for plumes dispersing in a built-up environment.

Keywords Atmospheric diffusion · Concentration fluctuations · Pollutant dispersion ·
Probability density function · Urban canopy

1 Introduction

Demographic evolution, cultural developments and economic activity have accelerated the
formation and growth of cities, resulting in a rising proportion of the population living in
urban areas. With this increasing urbanization, there is a growing interest in the development
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of methodologies for the analysis and assessment of actual or potential hazards associated
with the release and dispersion of noxious substances in the urban environment where the
population is most concentrated.

The concentration in plumes of noxious pollutants is inherently a random variable, owing
to the stochastic nature of the turbulent processes responsible for dispersion in the atmo-
sphere. In consequence, the assessment of hazards associated with an accidental or deliberate
release of a toxic material in the urban environment requires a knowledge of the statistical
characteristics of the fluctuating plume concentrations [1–4]. The statistical description of
the natural random fluctuations in the instantaneous concentration of a plume dispersing in
the atmosphere is conveniently summarized in the probability law of concentration. More
specifically, in order to investigate and model concentration fluctuation phenomenology, it
is useful to know the probability density function (PDF) of concentration which necessarily
embodies all the higher-order concentration moments of the stochastic process [5].

The shape and form of the concentration PDF of dispersing plumes in the atmosphere have
been studied by numerous investigators [6–13]. All the studies cited here have focused exclu-
sively on plumes dispersing over level, unobstructed terrain. Unfortunately, there is currently
a paucity of information concerning the statistical description of concentration fluctuations
in plumes dispersing in urban (built-up) areas and, more particularly, the characterization
of the shape of the one-point concentration PDF for instantaneous plumes dispersing within
urban areas. Nevertheless, a very small number of studies focusing on the elucidation of
the statistical characteristics of concentration fluctuations in plumes dispersing in an urban
environment have begun to appear [14–17].

In view of the paucity of information on the characteristics of the probability law of con-
centration in plumes dispersing in a built-up (urban) environment, the objective of this paper
is to investigate how the structure of the statistical properties of a plume dispersing through
regular arrays of obstacles (as manifested through the higher-order moments of concentra-
tion and the concentration probability density function) is modified in comparison to that
observed for a plume dispersing over a level, unobstructed terrain.

2 Experimental setup and physical modeling

2.1 Water-channel setup

The comprehensive, high-quality data sets of dispersion of array plumes were obtained from
water-channel simulations commissioned by Defence R&D Canada – Suffield and conducted
at Coanda Research & Development Corporation’s (Burnaby, British Columbia, Canada)
boundary-layer water channel. The water-channel facility and the experiments that were
carried out are fully described in Hilderman and Chong [18]. As a consequence, only the
important details of the experiments that are required for the interpretation of the following
data analysis will be presented here.

The experiments were conducted in a re-circulating water channel with a working section
of 10 m length, 1.5 m width, and 0.9 m height. The upstream portion of the working section
was used to generate a naturally-grown neutrally-stratified rough-walled boundary layer of
about 0.3 m thickness. This portion of the water-channel floor was covered with a black-
anodized expanded metal mesh of height 4 mm, with a total streamwise length of 6 m. This
gave a sufficiently long fetch of uniform surface roughness for the upstream channel flow to
develop. After this uniform upstream fetch of expanded metal mesh, the flow then encoun-
tered the model obstacle array. Downstream of the obstacle array, the flow encountered a
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Fig. 1 Basic unit cell used to
construct ‘urban’ obstacle arrays.
Obstacles can be placed on any
quadrant A, B, C or D of the unit
cell

A B

CD

63.5
mm

31.75 mm

section covered with the same expanded metal mesh that was used for the initial upstream
boundary-layer development.

Measurements of the vertical profiles of mean streamwise velocity, u, streamwise velocity
variance, σ 2

u ≡ u′2, and shear stress, τ ≡ u′w′, were made using a 4-beam, 2-component
fibre-optic laser Doppler velocimeter (LDV) within the equilibrium (fully-developed) bound-
ary layer upstream of the obstacle array.1 The measurements showed that these profiles of
velocity statistics were homogeneous to within ±5% in the spanwise direction across the
channel. The boundary-layer thickness, δ, taken to be the height where the mean wind speed
reached 99% of the free-stream value, was found to be 275 mm. At this point, the mean wind
speed uδ was 0.375 m s−1. The friction velocity, u∗0 ≡ (u′w′)1/2, in the fully-developed
(undisturbed) flow upstream of the model obstacle array was 0.0255 m s−1.

2.2 Obstacle arrays

Five different types of obstacle arrays were used in this study. The obstacle arrays were com-
posed of cubes and/or cuboids (rectangular blocks), constructed from LegoTM blocks. These
obstacle arrays were constructed from a square repeating unit cell (63.5 mm × 63.5 mm)
shown in Fig. 1. The unit cell was divided into 4 quadrants labelled A, B, C and D. Each cube
or rectangular block of the array had a square cross section with a side length H = 31.75 mm.
An obstacle can be placed on any one of the 4 quadrants in the unit cell. The obstacle arrays
were constructed from a 16 × 16 unit cell array layout placed on a LegoTM baseplate.

Schematic drawings of the obstacle arrays constructed using cubes and/or cuboids are
shown in Fig. 2. For the arrays of aligned obstacles, the obstacles were placed in quadrant A
of each unit cell of the array. For the array of staggered obstacles, the obstacles were placed
in either quadrant A or B of each unit cell, in accordance to whether the obstacle row number
(in the streamwise or flow direction) was odd or even, respectively.

1 Overbars and primes denote time averages and departures therefrom; and, (u, v, w) are the instantaneous
velocities in the streamwise (x), spanwise (y) and vertical (z) directions, respectively.
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Fig. 2 Schematics of five idealized obstacle arrays. The positive x- and y-axes correspond to the streamwise
and spanwise (cross-stream) directions, respectively. URB01 and URB02 are aligned and staggered arrays of
cubes with side length H , respectively; URB03 is an aligned array of cuboids, each with a square cross-section
of side length H and a height of 2H ; URB04 is an aligned array of random-height cuboids, each with a square
cross-section of side length H and heights of either H, 2H , or 3H chosen randomly; and, URB10 is an aligned
array of alternating-height cuboids, each with a square cross-section of side length H and heights of 2H or
3H in alternating sequence

Each of the obstacle arrays had a plan area index λp = 0.25.2 The first obstacle array
used in this study is shown in Fig. 2a and corresponds to an aligned array of 31.75-mm
cubes with a frontal area index of 0.25 (URB01). The second obstacle array, exhibited in
Fig. 2b, consists of 31.75-mm cubes arranged in a regular staggered pattern with a frontal
area index of 0.25 (URB02). The third obstacle array, displayed in Fig. 2c, is an aligned array
of rectangular blocks with square cross-section of side length H and height of 2H to give
an array with a frontal area index of 0.5 (URB03). Fig. 2d shows the fourth obstacle array,

2 The frontal area index of an obstacle array is defined as λ f ≡ 〈A f /AL 〉 (the angled brackets are used to
denote an average over all unit cells in the array), where A f is the frontal (windward) area of an obstacle and
AL is the lot area (surface area of a unit cell within which an obstacle sits in the array). The plan area index
is defined as λp = 〈A p/AL 〉, where A p is the plan (floor) area of an obstacle.
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which corresponds to an aligned array of obstacles (cubes or rectangular blocks) with square
cross-section H whose heights have been randomly chosen as H, 2H , or 3H (URB04).
Finally, the fifth obstacle array is shown in Fig. 2e, and consists of an aligned array of rectan-
gular blocks with alternating rows of blocks having heights of 2H and 3H , giving a frontal
area index of 0.625 (URB10).

2.3 Plume dispersion measurements

For the water-channel simulations involving the five obstacle arrays summarized above, the
point source used for the release of the tracer consisted of a vertical stainless steel tube (with
an inner diameter of 2.8 mm and an outer diameter of 3.1 mm). The source emitted a sodium
fluorescein dye tracer at a constant flow rate of 12×10−3 l min−1 with low discharge momen-
tum (weak vertical jet). For arrays URB01 (Fig. 2a), URB02 (Fig. 2b), URB03 (Fig. 2c) and
URB10 (Fig. 2e), the point source was located at ground level at two different positions:
namely, at the center of quadrant D behind an obstacle in a spanwise-oriented street canyon
and at the center of quadrant C between two columns of obstacles in a streamwise-oriented
street canyon (for the aligned arrays URB01, URB03 and URB103) or in front (on the wind-
ward side) of an obstacle (for the staggered array URB024). These sources were located in
the unit cell lying at the intersection of the first row and eighth column of obstacles (where the
rows are numbered in increasing order in the streamwise (or, x-) direction from the leading
(windward) edge of the array and the columns are numbered in increasing order in the span-
wise (y-) direction from the right-hand side of the array when looking in the flow direction
(see Fig. 2)). For array URB04 (Fig. 2d), the point source was located only at the center of
quadrant D behind an obstacle in a spanwise-oriented street canyon.

The instantaneous concentration field in the dispersing dye plume was measured using
the laser-induced fluorescence (LIF) technique. The LIF concentration measurements were
carried out using a line-scan configuration with the line-of-laser light oriented in either a
horizontal or vertical direction through the dispersing plume to provide a lateral or vertical
profile of the instantaneous plume concentration. The line scans were sampled at 300 Hz.
The sampling time for each experiment was 1,000 s, yielding N = 300, 000 individual line
scans per experiment.

For all obstacle arrays except URB03, horizontal line scans through the dispersing array
plume were made at a number of different downstream distances from the source, and for
each of these downstream locations a number of vertical heights in the plume were sampled.
For the URB01 and URB02 arrays (Fig. 2a, b), the horizontal line scans were made at six
different downstream locations (rows 2.5, 3.5, 4.5, 6.5, 9.5, and 14.5) and for each of these
locations at three different heights (viz., at z/H = 0.25, 0.5 and 1.25). Here, “row 2.5” refers
to a streamwise location that is centered in the spanwise-oriented street canyon between rows
2 and 3 of the obstacle array, etc. For array URB03 (Fig. 2c), data from vertical line scans
were acquired for the dispersing plume along the mean-plume centerline at six downstream
distances from the source (rows 2.5, 3.5, 4.5, 6.5, 9.5, and 14.5). Finally, for arrays URB04
and URB10 (Fig. 2d and e, respectively), horizontal line-scan data were acquired at four
downstream distances from the source (rows 2.5, 3.5, 4.5 and 9.5), and at each of these
locations for three different vertical heights (i.e., at z/H = 0.5, 1.25 and 3.25).

3 More precisely, the source at the center of quadrant C lies at the intersection of a spanwise-oriented and a
streamwise-oriented street canyon.
4 For the staggered array URB02, a streamwise-oriented street canyon does not exist because the presence of
an obstacle in quadrant B for every even-numbered row in the array “blocks” the streamwise-oriented passages
through the array.
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Fig. 3 Scattergrams of third- (〈(χ/C)3〉) and fourth-order (〈(χ/C)4〉) normalized concentration moments
against the second-order (〈(χ/C)2〉) normalized concentration moment for the URB01 obstacle array with
the source located in quadrants C (in a streamwise-oriented street canyon between two columns of obstacles)
and D (behind obstacle in a spanwise-oriented street canyon between two rows of obstacles). For the releases
in quadrants C and D, there are 5,510 and 5,799 concentration data points, respectively, in the concentration
moment diagrams covering a wide range of positions in the array plume. The plots also include the theoretical
curves for the concentration moment relationships predicted by the clipped-gamma distribution (solid line)

3 Concentration moment relationships

The concentration time series, extracted from the measurements of plume dispersion through
and over the five obstacle arrays described in the previous section, were processed to deter-
mine the normalized concentration moments up to order four (viz., we calculated 〈 (χ/C)n 〉
for n = 2, 3, 4 from the concentration data). Here, χ denotes the instantaneous concentration,
〈 · 〉 denotes the ensemble average (viz., average over a number of independent realizations
of a process5) and C is the ensemble-averaged concentration (viz., C ≡ 〈χ 〉).

Figure 3 exhibits the normalized concentration moment diagrams of 〈 (χ/C)n 〉 (n =
3, 4) plotted against 〈 (χ/C)2 〉 on a double-logarithmic scale for the aligned array of cubes
(URB01) with the location of the ground-level source positioned in quadrants C and D.
Similarly, Fig. 4 displays scatterplots of the third- and fourth-order concentration moments

5 The concentration time series from a steady and continuous release of a tracer into a statistically stationary
flow corresponds to a stationary random process, for which a time average can be considered to be synonymous
with an ensemble average.
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Fig. 4 As Fig. 3 but for URB04, with a release only from a source at the center of quadrant D. In this case,
there are 2,749 concentration data points in the concentration moment diagrams

versus the second-order concentration moment for the aligned array of random-height cuboids
(URB04). The concentration moment diagrams for the other three obstacle arrays (URB02,
URB03, URB10) are very similar to those exhibited for URB01 AND URB04 (and, hence,
are not shown owing to space limitations).

It should be noted that there is more scatter in the plots of the normalized moment diagrams
at the higher values of 〈 (χ/C)2 〉 (corresponding to positions in the plume that are closer to the
plume edges) and at higher values of the moment order n. This increased scatter appears to be
random, being most likely attributed to increased sampling errors arising from the measure-
ment of concentration nearer the plume edges and/or of higher-order concentration moments.

The points plotted in Figs. 3 and 4 cover different types of obstacle arrays. Even so, each
of the scatterplots exhibited here is seen to collapse onto a curve, suggesting that this collapse
is a remarkably robust feature of the concentration data. Moreover, the curves representing
the collapse of the normalized third- and fourth-order concentration moments on the normal-
ized second-order concentration moment are universal in the sense that these curves are the
same for each of the obstacle arrays. In other words, the results presented here suggest that
〈 (χ/C)3 〉 = F3

(〈 (χ/C)2 〉) and 〈 (χ/C)4 〉 = F4
(〈 (χ/C)2 〉), where F3(·) and F4(·) are

universal functions that appear to be valid for all forms of obstacle arrays (viz., it appears
that these functions are independent of the characteristics of the obstacle array).

This observed collapse suggests that there are strong correlations between the vari-
ous higher-order (certainly up to order four) and second-order normalized concentration
moments, and that these correlations are independent (approximately or better) of the geo-
metrical properties of the obstacle arrays. To see the suggested “universality” of this collapse
of the concentration moments more clearly, Fig. 5 displays scatterplots of the third- and fourth-
order concentration moments against the second-order concentration moment for all the con-
centration data (obtained from all five obstacle arrays for all source locations). The collapse
of the concentration moments onto a set of universal curves 〈 (χ/C)3 〉 = F3

(〈 (χ/C)2 〉)
and 〈 (χ/C)4 〉 = F4

(〈 (χ/C)2 〉) that are independent of the geometrical properties of the
obstacle array is supported by this result (to within uncertainties in the measurements of
the various concentration moments), although the exact (theoretical) forms for the universal
functions F3 and F4 are unknown at this juncture.6

6 Although the exact functional forms for F3 and F4 are unknown and there does not exist a comprehensive
theory of turbulence that would allow these forms to be determined rigorously, it will be shown later in this paper
that a simple probability model for the concentration can provide very good approximations for F3 and F4.
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Fig. 5 As Fig. 3 but using all concentration data obtained from the various obstacle arrays investigated. In
this case, there are 31,858 concentration data points in the concentration moment diagrams

The results of Figs. 3 and 4 (and similar plots for the other obstacle arrays) provide
compelling evidence that the concentration PDF for a plume dispersing in a built-up envi-
ronment (e.g., arrays of building-like obstacles) can be described by at most two parameters.
The result of Fig. 5 suggests that a single two-parameter probability law of concentration
(whatever it is) should be valid for all obstacle arrays (or, perhaps more generally, for an
arbitrary built-up environment).7

Of course, the functional form for this two-parameter concentration PDF still remains
to be determined. Towards this objective, we consider a simple model for the probability
law of concentration (whose form is completely specified by two parameters) and examine
its flexibility in representing the observed higher-order concentration moment relationships
measured in a built-up environment.

4 Model for probability law of concentration

The probability law of concentration provides a concise language for describing the prob-
abilistic properties of the random fluctuations of concentration in a dispersing plume. To
this purpose, we propose a model for the one-point concentration PDF f (c; x) at a receptor
point x ≡ (x, y, z), where x, y and z are, respectively, the streamwise, spanwise, and vertical
Cartesian coordinates of the point:

f (c; x) dc ≡ Pr
{
c ≤ χ(x) < c + dc

}
, (1)

where Pr{ · } denotes the “probability that”. Here, the right-hand side denotes the probability
that the instantaneous concentration χ(x) falls in the interval of sample space values between
c and c + dc for different realizations of the turbulent dispersion of the hazardous plume.

Yee and Chan [19] proposed a left-shifted clipped-gamma distribution for the concentration
PDF of plumes dispersing in an unobstructed (open) terrain. This form for the concentration
PDF arises from imposing simple closure hypotheses for the conditional pseudo-diffusion

7 This is implicit in the putative functional relationship between the normalized third- and second-order con-
centration moments; viz., 〈 (χ/C)3 〉 = F3

(〈 (χ/C)2 〉). Moreover, the fact that F3(·) appears to be a universal
function suggests that this two-parameter probability law of concentration is also universal (and, applicable
perhaps, to any arbitrary built-up environment).
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and pseudo-dissipation terms given a fixed concentration level in a dispersing plume. Indeed,
the assumption that the conditional pseudo-diffusion and pseudo-dissipation terms for a fixed
concentration level are linearly related to the concentration level, leads to a left-shifted and
clipped-gamma PDF for the concentration. In this model, the concentration PDF has the
following form:

f (c; x) =
(

c + λ

s

)k−1 exp
(−(c + λ)/s

)

s�(k)
+ (1 − γ )δ(c), (2)

with k = k(x) > 0, s = s(x) > 0, λ = λ(x) ≥ 0, γ = γ (x) ∈ [0, 1]. Furthermore, �(x)

is the gamma function, δ(x) is the Dirac delta function and the range for c is 0 ≤ c < ∞.
Finally, γ ≡ Pr{χ(x) > 0} is the intermittency factor that determines the probability of
observing a non-zero instantaneous concentration χ at x.

The concentration PDF in Eq. 2 is completely determined by four parameters: namely,
γ, k, s and λ. However, only three of these parameters are independent, owing to the fact that
the intermittency factor γ is determined uniquely as the area remaining under the gamma
PDF curve for c > 0 after a left-shift of c by the amount λ ≥ 0; hence,

γ ≡ γ (k, s, λ) =
∞∫

λ

(c

s

)k−1 exp(−c/s)

s�(k)
dc

=
∞∫

0

(
c + λ

s

)k−1 exp(−(c + λ)/s)

s�(k)
dc

= �(k; λ/s)

�(k)
, (3)

where �(ν; x) denotes the complementary incomplete gamma function.
Yee and Chan [19] introduced an additional constraint to the left-shifted clipped-gamma

distribution in order to obtain a concentration PDF that can be uniquely specified by the
information embodied by the two lowest-order moments of concentration; namely, the mean
concentration C and the mean-square concentration 〈 χ2 〉. Towards this objective, a com-
prehensive plume concentration data set obtained from the CONFLUX project [20–24] was
used to formulate a simple relationship between the normalized mean-square concentration
and the plume intermittency factor; namely,

γ = min

(
1,

3

〈 (χ/C)2 〉
)

. (4)

Note that with the parameterization for γ given by Eq. 4, the plume concentration is
non-intermittent (viz., γ = 1) for 〈 (χ/C)2 〉 ∈ [1,3]. In this case, the concentration PDF
of Eq. 2 reduces to a simple gamma PDF as γ = 1 and λ = 0 by virtue of Eq. 3; viz., the
concentration PDF reduces to

f (c; x) =
(c

s

)k−1 exp(−c/s)

s�(k)
, (5)

when 〈(χ/C)2〉 ∈ [1,3].
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The nth concentration moment (about zero) for the clipped-gamma distribution of Eq. 2
is given by (see, Yee and Chan [19])

〈χn 〉(x) =
∞∫

0−
cn f (c; x) dc

=
n∑

j=0

(
n

j

)
(−λ) j sn− j �(n − j + k; λ/s)

�(k)
, n ∈ N. (6)

The model concentration PDF parameters k, s and λ in Eq. 2 can be obtained by application
of the method of moments (viz., ensuring that the concentration PDF is consistent with the
given first and second moments of concentration) applied to the normalized concentration
χ/C . Following this procedure, the identification of the parameters k, s and λ requires the
solution of the following system of transcendental equations:

1

s
=

(
−λ

s
+ k

)
γ + 1

�(k)

(
λ

s

)k

exp(−λ/s); (7)

〈(χ

C

)2
〉

=
(
(λ/s)γ + (−λ/s + k + 1)/s

)

[
(−λ/s + k)γ + (λ/s)k exp(−λ/s)/�(k)

]2 ; (8)

and

γ = min

(

1, 3

〈(χ

C

)2
〉−1

)

= �(k; λ/s)

�(k)
. (9)

Consequently, for a specified value of 〈(χ/C)2〉, Eqs. 8 and 9 need to be solved for k and
λ/s. Next, these values can then be subsequently substituted into Eq. 7 to obtain s, after
which the value of λ can be obtained. The system of transcendental equations can be solved
numerically to obtain k, s and λ as a function of the normalized second-order concentration
moment 〈(χ/C)2〉.

The clipped-gamma PDF of Eq. 2 gives the following explicit form for the cumulative
distribution function (CDF) for the concentration (at the receptor point x):

F(c; x) ≡ Pr
{
χ(x) ≤ c

} =
∫ c

0−
f (c′; x) dc′

= 1 − �(k; (c + λ)/s)

�(k)
. (10)

The complement of the concentration CDF [or, exceedance distribution function (EDF) for
concentration] is simply

(
1 − F(c; x)

) ≡ Pr
{
χ(x) > c

}
.

5 Model comparisons with experiments

5.1 Comparison with concentration moments

For comparative purposes, the theoretical relationships between 〈(χ/C)n〉 (n = 3, 4) and
〈(χ/C)2〉 predicted by the clipped-gamma PDF have been superimposed on the scatterplots
in Figs. 3 and 4 for two of the obstacles arrays, as well as on scatterplots in Fig. 5 for all the
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concentration data. In these figures, the solid line represents the theoretical curve predicted
using the proposed clipped-gamma probability law.

The observed concentration moment relationships for plumes dispersing in various
built-up environments (as displayed in Figs. 3 and 4) are in excellent conformance with
the predictions provided by the clipped-gamma PDF, over the entire range of conditions
covered by the concentration data sets. Furthermore, the clipped-gamma PDF predictions
for the concentration moment relationships conform well with the measured relationships
for all the concentration data exhibited in Fig. 5 (viz., the theoretical curves pass roughly
through the center of the spread of points shown in the scatterplots here for most of the range of
〈(χ/C)2〉).8 Interestingly, Yee and Chan [19] demonstrated that the clipped-gamma PDF pro-
vided predictions of concentration moment relationships that were in very good agreement
with the measured concentration moment relationships compiled from many experiments
conducted in the CONFLUX project (see Fig. 2 in Yee and Chan [19]). These experiments
provided plume concentration data for dispersion over level, unobstructed terrain, and in-
cluded measurements that covered a wide range of plume positions and atmospheric stability
conditions.

The results of Fig. 2 in Yee and Chan [19] for dispersion over open terrain and of Figs. 3,
4 and 5 in the current study for dispersion over various built-up environments, strongly sug-
gest that the concentration moment relationships for plumes dispersing in (complex) urban
terrain are identical (approximately or better) to those for plumes dispersing in (simple) rural
terrain. In this sense, F3

(〈 (χ/C)2 〉) and F4
(〈 (χ/C)2 〉) do appear to be universal functions

that apply to plume dispersion over any terrain (e.g., open, urban, etc.), and these functions
correspond to a remarkably good way to compact all the concentration moment data. More-
over, the precise functional form of these universal functions (although unknown) appear to
be well approximated using the clipped-gamma probability law of concentration.

5.2 Comparison with concentration PDF

In this section, we compare the shape of the model probability distribution to the observed
concentration data at a number of plume locations for two of the obstacle arrays. To this end,
we extract the cumulative and exceedance probability distributions from the array plume
concentration data and compare these measured distributions to the model (clipped-gamma)
cumulative and exceedance probability distributions. Figure 6 presents measured CDFs of
the normalized concentration χ/C obtained at six different downstream locations along the
mean-plume centerline at half-canopy height (z/H = 0.5) for dispersion in the URB01 obsta-
cle array with the source located in quadrant D. The clipped-gamma distributions, having the
same normalized mean-squared concentration 〈 (χ/C)2 〉 as the measured results, are also
exhibited in Fig. 6 for comparison. The clipped-gamma distribution is seen generally to be
in very good conformance with the measured concentration CDFs at the various downstream
locations. The predictions correctly capture the streamwise evolution of the concentration
probability distribution along the mean-plume centerline within the obstacle array. Neverthe-
less, the agreement between the measured and modeled CDFs appears to be slightly poorer

8 At large values of 〈(χ/C)2〉, the clipped-gamma PDF predictions for the concentration moments over-pre-
dict the measured values. However, it needs to be stressed that these large values of 〈(χ/C)2〉 correspond to
receptor locations in the extreme fringes of the plume, implying that the higher-order concentration moments
measured here are subject to a much greater sampling error (and uncertainty). Indeed, the limited sampling
times used imply that the rare, but large, concentration events in the plume fringes will be under-sampled,
leading most probably to an under-estimation of the measured higher-order concentration moments here.
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Fig. 6 Cumulative distribution function (CDF), F(c/C), of the normalized concentration measured at various
receptor positions at half-canopy height along the centerline of a plume dispersing in the URB01 obstacle
array, with the source located in quadrant D. The plot also includes the prediction of the concentration CDF
given by the clipped-gamma distribution (solid line), which was generated using the observed normalized
mean-square concentration 〈(χ/C)2〉 at each plume location

near the source (e.g., at rows 2.5 and 3.5) where the model distributions are seen to be slightly
broader than (i.e., does not rise quite as sharply as) the measured distributions.

Generally, for most practical applications, it is the largest peak concentrations that are of
greatest interest. Because it is the prediction of the likelihood of extreme events that is impor-
tant in the hazard assessment of noxious gas releases, it is important to examine the upper
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Fig. 7 Exceedance distribution function (EDF), 1 − F(c/C), of the normalized concentration measured at
various receptor positions at half-canopy height along the centerline of a plume dispersing in the URB01
obstacle array, with the source in quadrant D. The plot also includes the prediction of the concentration EDF
given by the clipped-gamma distribution (solid line), which was generated using the observed normalized
mean-square concentration 〈(χ/C)2〉 at each plume location

tail of the concentration probability distributions. To that purpose, we exhibit in Fig. 7 the
exceedance distribution functions, 1− F(c/C), for the same plume locations shown in Fig. 6
for dispersion in the URB01 obstacle array. The exceedance distribution functions have been
plotted on a logarithmic scale in order to emphasize the upper tails. Figure 7 indicates that
the clipped-gamma distribution predicts generally the upper tail very well. However, near the
source, it appears that the upper tail of the modeled distribution falls off more rapidly than the
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measured distribution. The largest discrepancy occurs along the mean-plume centerline at
row 4.5 where the clipped-gamma distribution exhibits a considerably shorter upper tail than
the observed concentration probability distribution, implying that the model under-predicts
the probability of occurrence of large concentrations here.

As another example, Figs. 8 and 9 exhibit the measured CDFs and EDFs, respectively,
of the normalized concentration χ/C . These were obtained at four different downstream
locations at the fixed height z/H = 0.5 along the centerline of the plume dispersing in the
URB04 obstacle array, with the source located in quadrant C. Additionally, these figures
show the predictions provided by the clipped-gamma distribution (solid line), which were
generated using the measured mean-square concentration 〈 (χ/C)2 〉 obtained at each of
these plume locations. Again, it can be seen that the clipped-gamma distribution provides
excellent approximations for the shape of the measured concentration probability distribu-
tions over the entire range of concentration values. More importantly, the extent of the upper
tails of the concentration probability distributions is generally predicted very well using the
clipped-gamma distribution (and, only at row 4.5, does the model distribution under-predict
the upper tail of the measured concentration probability distribution).

Fig. 8 Cumulative distribution function (CDF), F(c/C), of the normalized concentration measured at various
receptor positions at height z/H = 0.5 along the centerline of a plume dispersing in the URB04 obstacle array,
with the source in quadrant C. The plot also includes the prediction of the concentration CDF given by the
clipped-gamma distribution (solid line), which was generated using the observed normalized mean-square
concentration 〈(χ/C)2〉 at each plume location
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Fig. 9 Exceedance distribution function (EDF), 1 − F(c/C), of the normalized concentration measured at
various receptor positions at height z/H = 0.5 along the centerline of a plume dispersing in the URB04
obstacle array, with the source in quadrant C. The plot also includes the prediction of the concentration EDF
given by the clipped-gamma distribution (solid line), which was generated using the observed normalized
mean-square concentration 〈(χ/C)2〉 at each plume location

With increasing downwind distance from the source, the concentration values become
increasingly concentrated at χ/C ≈ 1 (and the upper and lower tails of the probability dis-
tribution become shorter and shorter), implying that the contaminant material in the plume
is becoming more and more well mixed (leading to a homogenization of the in-plume struc-
ture). This feature in the measured concentration probability distribution conforms well with
the approximation provided by the clipped-gamma distribution. A comparison of Fig. 6 with
Fig. 8 shows that a plume dispersing in the random-height obstacle array (URB04) evolves
faster towards a perfectly-mixed state (with χ/C → 1, so F(c/C) → H(c/C − 1) where
H(·) is the unit step function) than a plume dispersing in the uniform-height obstacle array
(URB01). This implies that the stirring of the plume material in the random-height obstacle
array is more vigorous than in the uniform-height obstacle array, leading to a faster decrease
in the concentration variance and a faster approach to the perfectly-mixed plume state.

6 Discussion and conclusion

This paper investigates the probability law of concentration for plumes dispersing in various
idealized obstacle arrays (built-up environment). The form of the concentration PDF was
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studied by examining the relationships between various normalized higher-order concentra-
tion moments. A large and comprehensive concentration data set, obtained from a series of
water-channel measurements of near-field plume dispersion, was used for this purpose. For
the present study, we extracted a large number of concentration time series from a number
of different experiments involving various obstacle arrays (e.g., various arrays of cubical
and non-cubical obstacles in aligned and staggered arrangements with uniform, random and
alternating heights).

The key conclusions revealed by this analysis can be summarized as follows. A remark-
ably robust feature of all the concentration data was the observed collapse of the third- and
fourth-order normalized concentration moments on the second-order normalized concentra-
tion moment. This collapse suggests that the normalized third- and fourth-order concentration
moments can be represented by universal functions F3

(〈(χ/C)2〉) and F4
(〈(χ/C)2〉), respec-

tively, in the sense that F3 and F4 appear to be independent (approximately or better) of the
geometry of the obstacle array. Indeed, all the third- and fourth-order concentration moment
data obtained from plume dispersion in the various obstacle arrays appear to fit on universal
curves described by F3 and F4, respectively (although the exact theoretical forms for F3 and
F4 are not known). Moreover, the collapse of the various concentration moments was found
to be exactly the same as that observed in the CONFLUX concentration data for open-terrain
plumes. This remarkable collapse suggests that the concentration PDF of plumes dispersing
in either a built-up or open-terrain environment can be described adequately by at most two
parameters (namely, a location parameter which can be chosen to be the mean concentration
and a scale parameter which can be chosen to be the root-mean-square concentration or,
equivalently, the concentration standard deviation). Finally, the two-parameter probability
law of concentration appears to be universal, possibly valid for dispersion in all forms of
environments (e.g., open terrain, urban areas).

We found that the observed universal relationships between the various higher-order nor-
malized concentration moments can be adequately approximated using a two-parameter
clipped-gamma distribution. Furthermore, the general shape of the observed concentration
probability distribution is well approximated using the clipped-gamma distribution. More
specifically, the form of both the lower and upper tails of the measured concentration probabil-
ity distribution for urban and open-terrain plumes is well predicted using the clipped-gamma
probability law.

At first, these conclusions seem rather surprising in view of the fact that it is known that
large groups of obstacles (characteristic of a built-up environment) can have a profound effect
on the mean concentration in a dispersing plume, in comparison to plume dispersion over
open terrain [25–27]. In an obstacle array, non-Gaussian distributions of mean concentration
are possible due to the splitting of plumes into two by the horseshoe vortex that may form
around the base of an obstacle. There may be an effective lifting of the mean-plume centroid
caused by deflection of mean flow streamlines over an array of obstacles. The trajectory of the
mean plume centerline in the lateral direction may be offset from the direction of the mean
wind aloft due to crosswind channeling of the flow in the array of obstacles. In certain cir-
cumstances, channeling of the flow along array passages may inhibit the lateral spread of the
mean plume. Alternatively, topological diffusion of the plume due to streamline divergence
can lead to an enhanced lateral mean plume spread, whereas rapid vertical mixing in the
recirculating wakes behind obstacles may lead to an enhanced vertical mean plume spread.
The mean concentration pattern can be moulded by the entrainment of plume material into
the re-circulating flow regions in the wakes of obstacles, providing secondary sources for
dispersion.
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Similarly, the dispersion of pollutant material in an array of buildings can have a significant
effect on the concentration variance field. For example, Yee and Biltoft [14] demonstrated
that the second moment of concentration (or, concentration variance) in a plume dispersing
through an array of obstacles is reduced, relative to that observed in a comparable plume
dispersing over open terrain. This reduction in the concentration variance is the consequence
of two physical processes in the dispersion: namely, (1) a significant reduction in the mean-
dering of the instantaneous plume in an obstacle array (relative to an open-terrain plume)
due to an observed increase in the lateral spreads of the plume and a reduction in the scale of
turbulence between the obstacles in the array, and (2) a significant reduction in concentration
variance of the in-plume fluctuations in the array plume (in comparison to the open-terrain
plume) owing to the enhanced small-scale mixing of the plume material in the high intensity
turbulence that is characteristic of the flow within an obstacle array.

In spite of the significant modifications in the structure of a plume dispersing in an obsta-
cle array when compared to an open-terrain plume, the modifications manifest themselves in
their effects on the first- and second-order concentration moments (or, equivalently, on the
mean concentration and concentration variance). Interestingly, Fig. 5 seems to suggest that
despite the fact that an obstacle array has a significant effect on the first two moments of
the concentration, the relationships of the third- and fourth-order normalized concentration
moments to the second-order normalized concentration moment in an array plume are exactly
the same (approximately or better) as those for an open-terrain plume.

It appears that the plume concentration fluctuation structure in an obstacle array is the
same as that which would be observed in an open-terrain plume, but at a much greater
distance downwind when the instantaneous plume has grown to fill the mean-plume width
(hence, dramatically reducing the contribution of large-scale meander to the concentration
fluctuations) and when the continual molecular mixing has had a chance to smooth out the
in-plume fluctuations. Indeed, the latter effect on the structure of an open-terrain plume is
indistinguishable from the effect of the more rapid, homogeneous mixing in an array plume
resulting from the extra straining and shearing motions in the small-scale, high-intensity
turbulence that is characteristic of an urban canopy flow.

More specifically, the two physical processes responsible for micro-mixing in a dispers-
ing plume (whether in open or urban terrain) are exactly the same; stirring by the turbulent
velocity field and mixing by molecular diffusion which determine the “texture” of the plume
[28,29]. In turn, the plume “texture” determines the relationships between the concentration
moments and the probability law of concentration. The only difference is that the extra strain-
ing and shearing motions in urban canopy turbulence facilitate stirring and reduce the time
scale to achieve molecular mixing. The more vigorous mixing of the plume material in an
urban canopy reduces the concentration variance (or, equivalently, the mean-square concen-
tration). However, as the concentration variance is reduced, the third-order and fourth-order
concentration moments are not changed independently of the change in the mean-square
concentration. Rather, the third-order and fourth-order concentration moments are simply
“moved” along the curves F3

(〈 (χ/C)2 〉) and F4
(〈 (χ/C)2 〉) to reflect the new (reduced)

value of 〈 (χ/C)2 〉 resulting from the better mixing in the urban canopy. This explains why
the concentration moment relationships measured in an array plume are identical (approxi-
mately or better) to those measured in an open-terrain plume. In hindsight, the universality
of the concentration moment relationships and the probability law of concentration should
not be too surprising.

An important implication for the results of this paper is as follows. The two-parameter
clipped-gamma probability law of concentration can be used in conjunction with predictive
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models for the mean concentration and concentration variance in urban plumes to provide
a prognostic probabilistic model for the assessment of actual or potential hazards (toxicity,
flammability, malodour), resulting from the dispersion of pollutant plumes in built-up areas.
Preliminary models that can be used for the prediction of the mean concentration and con-
centration variance of plumes dispersing in urban areas have begun to appear recently (see
e.g., Hsieh et al. [30]; Milliez and Carissimo [31]; Wang et al. [32,33]). A full realization
of this probabilistic modeling of concentration fluctuations in plumes dispersing in an urban
environment has been described by Yee and Wang [34].
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