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Abstract We propose, discuss and validate a theoretical and numerical framework for
sediment-laden, open-channel flows which is based on the two-fluid-model (TFM) equations
of motion. The framework models involve mass and momentum equations for both phases
(sediment and water) including the interactive forces of drag, lift, virtual mass and turbulent
dispersion. The developed framework is composed by the complete two-fluid model (CTFM),
a partial two-fluid model (PTFM), and a standard sediment-transport model (SSTM). Within
the umbrella of the Reynolds-Averaged Navier-Stokes (RANS) equations, we apply K –ε type
closures (standard and extended) to account for the turbulence in the carrier phase (water).
We present the results of numerical computations undertaken by integrating the differential
equations over control volumes. We address several issues of the theoretical models, espe-
cially those related to coupling between the two phases, interaction forces, turbulence closure
and turbulent diffusivities. We compare simulation results with various recent experimental
datasets for mean flow variables of the carrier as well as, for the first time, mean flow of the
disperse phase and turbulence statistics. We show that most models analyzed in this paper
predict the velocity of the carrier phase and that of the disperse phase within 10% of error.
We also show that the PTFM provides better predictions of the distribution of sediment in
the wall-normal direction as opposed to the standard Rousean profile, and that the CTFM is
by no means superior to the PTFM for dilute mixtures. We additionally report and discuss
the values of the Schmidt number found to improve the agreement between predictions of
the distribution of suspended sediment and the experimental data.
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1 Introduction

Traditional approaches to quantify the dilute transport of sediments in open channels have
consisted in representing the solid phase as a scalar field with concentration C [54,71]. In
other words, the carrier fluid (water) has been usually considered as a quasi single-phase flow
in those approaches, and the transport of sediments has been characterized via an advection-
diffusion equation for C [37]. Further, the sediment phase has been customarily assumed
to travel at the same stream-wise velocity of the mixture fluid [17,24,43,44,71] and its
diffusivity in the wall-normal direction has been specified in terms of a balance between
turbulent diffusion and the effect of gravity. These hypotheses, which lead to the well-known
Rousean distribution of sediments under equilibrium conditions [58] do not work well in all
cases. In fact, it has been reported repeatedly by various researchers that the profile of water
velocity in open-channel flows deviates only slightly from the standard semi-logarithmic law
[14,30,49,50; 51, p. 996] but, more importantly, that the distribution of the concentration of
sediments in the wall-normal direction differs appreciably from that obtained through the
standard Rousean equation [14, 28, p. 488; 50, p. 18, 51, p. 994].

Several attempts have been made to correct the above “standard” sediment-transport
model. For instance, some authors have proposed to alter the semi-logarithmic law by modi-
fying the value of the von-Kármán’s constant [3,16,30,44,50; 51, p. 996]. In addition, some
authors have suggested improving the advection-diffusion equation through the inclusion of
a mechanism called “drift” [19], which would result from additional particle velocity fluctu-
ations due to the uneven distribution of solid concentration in the flow. Another modification
proposed by diverse researchers has consisted in simply adjusting the values of the Schmidt
number (the ratio between the eddy viscosity of the flow and the diffusivity of suspended sed-
iment) in the advection-diffusion equation, or in the standard Rousean equation to improve
the agreement with data [14, 71, p. 81; 72].

From a multi-component flow perspective, Drew [22] employed the two-phase, turbulence-
averaged mass and momentum equations for water and sediments to analyze sediment trans-
port in open channels. Buoyancy and drag were considered to be the only interaction forces.
Drew applied the mixing length theory to represent the Reynolds stresses. By using order-of-
magnitude estimates, assuming a dilute mixture, and neglecting the relative velocity between
the phases, Drew derived differential equations for the distributions of stream-wise veloc-
ity and suspended-sediment concentration in the wall-normal direction. Through numerical
solutions of the equations, he compared model predictions with experimental data, and found
that although the overall prediction of the model was good in terms of flow velocities, it could
not accurately predict the near-bottom sediment concentrations. McTigue [47], in turn, com-
bined the turbulence-averaged mass and momentum equations for solids and water in the
stream-wise and wall-normal directions. Using scaling of the terms in the resulting momen-
tum equation in the wall-normal direction, he recovered the classical balance between the
downward flux of settling particles due to gravity and the diffusive flux due to turbulence. He
applied three models for the diffusivity of the disperse phase, and compared the analytical
predictions of the distribution of sediment concentration with experimental data. McTigue
analyzed the behavior of the solution for the concentration in two layers characterized by dif-
ferent flow length scales. He concluded that different models show satisfactory predictions in
both layers. Kobayashi and Seo [35] were perhaps the first in working with the complete two-
fluid model (CTFM; see below) using six equations: two for the mass balance of each phase
and four for the momentum balance of each phase in the wall-normal as well as the stream-
wise directions. The interaction between fluid and sediment was represented through the
forces of buoyancy and drag. Kobayashi and Seo investigated the regions of suspended-load
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and bed-load separately. In the bed-load region, they considered the interaction of the solids
and the bed. Kobayashi and Seo derived equations for the profiles of sediment concentration
and for the relative velocity between water and sediment (which was ignored in previous
contributions). The models were solved numerically and analytically, and predictions were
compared with experimental data with partial success. Following Kobayashi and Seo [35],
Cao et al. [11] also used a two-layered approach (suspension layer and bed layer). They
employed mixture equations for the carrier phase and mass and momentum equations for the
disperse phase. In their analysis, they emphasized that the selection of closure models for the
turbulent diffusivity and eddy viscosity plays a critical role in the final result for the velocity
and concentration profiles. They compared the analytically-predicted mean velocities and
distribution of sediment concentration in the wall-normal direction with experimental data,
obtaining satisfactory agreement. Villaret and Davies [73] presented a review of sediment
transport models ranging from simplified approaches based on the passive scalar hypothesis
to complex two-phase flow models. Drag and lift were considered as interaction forces in
the two-fluid model. Villaret and Davies compared the performance of those models in pre-
dicting the mean velocity of the water and the distribution of the concentration of sediment.
Based on their observations, they advocated the use of two-phase flow models to reduce the
empiricism involved in the classical models.

Greimann et al. [28] included in their analysis a “drift velocity” in addition to the relative
velocity between phases. They developed an analytical expression for the sediment concen-
tration profile and the relative velocity in dilute flows from the complete two-fluid equations.
They considered the following interaction forces between water and sediment: drag, added
mass and lift. For turbulence closure, Greimann et al. employed the expressions of turbulence
intensities developed by Nezu and Rodi [53] for clear water flows. Greimann et al. compared
their analytical model with experimental datasets, obtaining satisfactory results. Greimann
and Holly [29] extended the above model to non-dilute conditions by addressing the impor-
tance of particle–particle interactions, and the effect of particle inertia. Jiang et al. [33] also
developed an analytical model for the distributions of sediment concentration and relative
velocity. They combined the momentum equations for the carrier and the disperse phases
and introduced simplifications to the resulting equation based on the assumption of dilute
mixture and negligible particle inertia. Jiang et al. [33] applied the expressions of Nezu and
Nakagawa [52] to represent the turbulence intensities and obtained a final equation for the
distribution of sediment concentration similar to that of Greimann et al. [28]. Comparisons
of results with experimental data showed more accurate predictions for the distribution of
sediment concentration than those coming from the Rousean model and from the models of
Greimann et al. [28] and Griemann and Holly [29]. Hsu et al. [31] obtained, in turn, the profile
of sediment concentration in the wall-normal direction by using a semi-analytical approach
and a numerical solution of the CTFM in combination with an extended K –ε turbulence
closure. These authors were, to the best of our knowledge, the first to employ a turbulence
treatment based on a two-equation model to address the fluctuations in the carrier fluid in
dilute sediment-transport studies (see below the enumeration of contributions about sheet
flows). In their comparison with experimental data, Hsu et al. [31] focused on the flow near
the bed only, and found the predictions to be closer to the experimental data than the Rousean
formula. They explained that the better prediction was due to the use of additional terms in
the K –ε turbulence model; however, no comparison of turbulence statistics with data was
presented.

Recent studies concerning sediment motion in very dense sheet flows have also used the
CTFM equations (see for example [21,32,39,40]). Most of those authors have used K –ε type
turbulence closures, but no comparison of turbulence statistics with data has been presented.
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In addition to solid-water flows, there is a wealth of models for bubble-water flows, which
use different levels of the TFM (see, for instance, [5] and [61]). Table 1 summarizes recent
models for solid-water flows.

A detailed analysis of the above contributions reveals the following issues:

1. Different formulations have been adopted to address the dilute sediment-transport prob-
lem; however, no general guideline exists on the theory to use in any given case. For
example, it is not clear whether the CTFM is needed for an accurate simulation of sed-
iment transport in open channels, or whether the mixture equations are enough. While
some authors have not considered other models than the CTFM and/or multi-group
models in bubbly flows [67,75], other authors have shown that good predictions can be
obtained with relatively simple models [5,60]. This discussion has not been pursued in
sediment-transport problems.

2. The relative importance of the diverse forces in the TFM has not been determined for
sediment-laden, open-channel flows yet. Related to this issue is the so-called “turbu-
lent dispersion force” [23], which may be included in the momentum equation for both
phases instead of the diffusive term in the mass balance equation (see [5]).

3. In the case of solid-water flows, different authors have compared model predictions with
data in terms of mean-flow carrier velocities and the distribution of suspended-sediment
concentration, but except in studies on oscillatory sheet flow [39] the velocity profile of
the disperse phase has not been presented in papers on dilute sediment transport.

4. To the best of our knowledge no study has compared simulated turbulence statistics with
data, considering the sediment transport as a two-phase flow [46]. This is relatively easy
to understand in terms of the difficulties in measuring turbulence statistics in two-phase
flows, some of which have been overcome only recently. As said, only Hsu et al. [31,32]
have presented predicted turbulence statistics in dilute sediment-transport studies, but no
comparisons with measurements have been reported. This is a crucial issue that provides
strong motivation for the research presented herein.

5. Several terms have been added in some models to the equations of turbulent kinetic
energy (K ) and dissipation rate of turbulent kinetic energy (ε) in order to account for the
role exerted by the disperse phase on the flow turbulence. However, these results need
to be verified through additional systematic comparisons with recent datasets.

The main objective of this paper is then to introduce, discuss and validate a theoretical
and numerical framework constituted by a set of models for the prediction of flow variables
in dilute sediment-laden, open-channel flows. We address all points mentioned above and
validate the framework with data in the range of fine sands. In Sects. 2 and 3, we present
and analyze the theoretical models for general two-phase flows. The framework includes
the 1D standard sediment transport model (1D SSTM) in addition to the 1D CTFM and
the 1D PTFM. In Sect. 4, we detail the numerical treatment of the equations, and in Sect. 5
we describe the datasets selected for testing the models. Finally, in Sect. 6 we present the
numerical results and the comparisons of model predictions with the datasets.

2 Theoretical and numerical models for two-phase flows

2.1 General equations for a complete two-fluid model (CTFM)

Based on the continuum assumption enforced for both phases, the TFM consists of
mass, momentum and energy equations for each phase, which can be obtained by ensemble
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averaging the exact conservation equations for each phase [23]. In particular, the mass and
momentum equations for the complete two-fluid model (CTFM) read, respectively

∂ (αk 〈ρk〉)
∂t

+ ∇ ·
(

αk 〈ρk〉
〈−→
Uk

〉)
= �k (1)

∂

(
αk 〈ρk〉

〈−→
Uk

〉)

∂t
+ ∇ ·

(
αk 〈ρk〉

〈−→
Uk

〉
⊗

〈−→
Uk

〉)
= −αk∇ pk

+∇ ·
[
αk

(〈
Tk

〉
+ T Re

k

)]
+ αk 〈ρk〉

〈−→
bk

〉
+ −→

Mk + −→
Uki �k (2)

In Eqs. 1 and 2, the subscript k indicates the phase, which could be the carrier (water with
subscript c) or the suspended solids in the sediment-transport problem (with subscript d);
αk refers to the fraction of phase k; < · > indicates ensemble-averaged variables; ρk is the

density, and
→
Uk is the velocity vector of phase k; t refers to the time coordinate; �k stands

for mass sources (or sinks) due to convective or molecular fluxes at the interface of phase

k; ⊗ implies the tensorial product; pk denotes the pressure of phase k; and
〈
Tk

〉
and T Re

k

represent the ensemble-averaged and the remaining deviatoric stresses, respectively. In turn,
�bk includes the group of volumetric forces such as gravity; �Mk represents the interaction

forces among phases; and
−→
Uki refers to the velocity at the interface of phase k. The term

−→
Uki �k in Eq. 2 is usually disregarded. It has become customary to write [23, p. 226]:

�Mk = pki∇αk − Tki∇αk + �M ′
k (3)

where the subscript i refers, again, to interface variables, and pki and Tki denote the spherical
and deviatoric parts of the stress tensor at the interface. The first two terms of Eq. 3 are usually
neglected [23]. �M ′

k includes all the interactive forces, typically, due to drag, lift, virtual mass
and turbulent dispersion.

2.2 Equations for a partial two-fluid model (PTFM)

The above equations are considered to be the “exact” equations for multi-phase flows; how-
ever, under some situations they lead to an ill-posed problem (see [23, p. 248]). In order to
recover the structure of the Navier-Stokes equations, Buscaglia et al. [10] and Bombardelli [5]
used the following definitions of mixture variables (with subscript m) in terms of ensemble-
averaged magnitudes: pm = 〈pc〉 = 〈pd〉; Tm = αc 〈Tc〉+αd 〈Td〉; ρm = αc 〈ρc〉+αd 〈ρd〉;
ρmUm = αc 〈ρc〉 〈Uc〉+αd 〈ρd〉 〈Ud〉. These equations are similar to a certain extent to those
used by Cao et al. [11] and those discussed by Brennen [9].

Then, it is possible to: (a) Combine the mass and momentum equations for each phase
given by (1) and (2); (b) use the above definitions; (c) invoke the dilute-mixture hypothesis
and the Boussinesq approximation; and (d) perform an average over turbulence, in order to
obtain the following mass and momentum equations for a dilute mixture (see [5,7,10]):

∇ ·
(−→

Um

)
= 0 (4)

∂

(
ρ0

−→
Um

)

∂t
+ ∇ ·

(
ρ0

−→
Um ⊗ −→

Um

)
+ ∇ pm = ∇ ·

[
µeff ,m

(
∇ −→

Um +∇ −→T
Um

)]
+ ρm �g

(5)
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where the overbars for turbulence averaging have been dropped for simplicity; ρ0 indicates a
reference density; and the superscript T indicates the transpose tensor. Several authors (see
[12,13,23]) have considered that the second average embedded in (4) and (5) is not required;
however, we do believe it is necessary in order to obtain a diffusive term in the mass conser-
vation equation of the disperse phase (see below). Moraga et al. [48] recently undertook an
assessment of models for the dispersion due to turbulence in two-phase flows. They found
that when the dominant forces are drag, buoyancy and turbulent dispersion both approaches
(with single or double average) are equivalent. Bombardelli [5] provided a detailed discus-
sion on the advantages of the double-averaging approach. In Eq. 5, µeff ,m is the effective
dynamic viscosity of the mixture in a Newtonian fluid, which is rigorously the sum of the
turbulent (eddy) viscosity µT , and the laminar viscosity µ. (In our computations, we disre-
garded the latter as opposed to the former.) Further, in this paper we follow Buscaglia et al.
[10], Bombardelli [5] and Bombardelli et al. [7] in considering these mixture equations as a
surrogate for the carrier fluid.

For the disperse phase, we can average Eqs. 1 and 2 over turbulence, taking k = d , where
d denotes the disperse phase, as before. This operation leads to the following equations (see
[5,10]):

∂ (αdρd)

∂t
+ ∇ ·

(
αdρd

−→
Ud

)
= ∇ ·

[
Dd · ∇ (αdρd)

]
(6)

∂

(
αdρd

−→
Ud

)

∂t
+ ∇ ·

(
αdρd

−→
Ud ⊗ −→

Ud

)
= −αd∇ pc + ∇ ·

[
αdµeff ,d

(
∇ −→

Ud +∇ −→T
Ud

)]

+αdρd �g + −→
Md (7)

where Dd indicates the tensor of diffusion (or diffusivity tensor) and µeff ,d the effective
viscosity of the disperse phase, also equal to the sum of an eddy viscosity and the molecular
viscosity. In these equations, we assumed the usual equivalence between the pressure of the
disperse phase and the pressure of the continuous fluid, in addition to the Newtonian behavior
for the stresses. The hypothesis of a Newtonian fluid adopted in this work is customary in
dilute mixtures [23], where the effects of inter-particle collisions are relatively negligible (for
a more detailed discussion, see [23, 56]). In a mixture-flow formulation, the diffusive term
on the right-hand side of (6) provides the required transverse diffusion of the disperse phase.

Equations 4–7 constitute a modified set of equations to describe the two-fluid flow. We
refer to this approach as a partial two-fluid model (PTFM). It becomes clear from these
equations that only a one-way coupling between both phases is possible, because there is no
interaction term (i.e., force) present in the governing equations for the carrier phase. On the
other hand, it is well known that one-way coupling is an accurate representation of dilute
mixtures [41].

It follows from Eq. 7 that a simplified version of the PTFM can be obtained by employing
an algebraic model for �Ud instead of using the full momentum equation:

�Ud = �Um + ⇀

W s (8)

where
⇀

W s is the relative or “slip” velocity vector. This simplified approach was employed by
Sokolichin and Eigenberger [60], Buscaglia et al. [10], Bombardelli [5] and Sokolichin et al.
[61], in the context of bubble plumes; these authors obtained notable success in reproducing
steady-state and unsteady experimental conditions (see [4]).
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3 A 1D framework for dilute sediment-transport models in open channels

The framework is composed of a set of models and sub-models which include three levels
of complexity: a 1D standard sediment-transport model (1D SSTM), a 1D PTFM, and a
1D CTFM, where the coordinate of analysis is the wall-normal direction (Fig. 1), for which
∂
∂x ≈ 0 and ∂

∂y ≈ 0. We assumed the slope of the channel, S, to be small and considered the
disperse phase to be formed by sand particles of uniform size dp .

3.1 1D standard sediment-transport model (1D SSTM)

The standard approach to model the sediment transport in open-channel flows considers the
flow of the water–sediment mixture; therefore, it can be analyzed as a special case of Eqs. 4
and 5. Adopting the pair of axes of Fig. 1, we obtain the following mass, and two momentum
equations in the x and z directions, respectively:

Mass balance:
∂Wm

∂z
= 0 (9)

Momentum balance in x :
∂ (ρ0Um)

∂t
= ∂

∂z

[
νeff ,m

∂ (ρ0Um)

∂z

]
+ ρm g S (10)

Momentum balance in z: Wm = 0 (11)

In the above equations, Um and Wm denote the stream-wise and wall-normal components of
−→
Um ; νeff ,m is the effective kinematic viscosity of the mixture; and g is the acceleration due
to gravity. In turn, the concentration of the sediment (C , volume of sediment/total volume)
is computed from an advection-diffusion equation that follows from Eq. 6. Further, the sim-
plified momentum equation given by (8) is used. Thus, the mass and the two momentum
equations for the disperse phase (sediment) are:

∂C

∂t
+ Wd

∂C

∂z
= ∂

∂z

[
Dd

∂C

∂z

]
(12)

Ud = Um (13)

Wd = −Ws (14)

In the above equations, Ud and Wd denote the stream-wise and wall-normal components of
⇀

U d ; Ws is the settling (fall) velocity of the sediment, which can be calculated from rela-
tions such as that developed by Dietrich [20]; and Dd is the vertical diffusivity for sediment.

g

x

Uc

θ

C

z

Fig. 1 Schematic of sediment-laden, open-channel flow

123



Environ Fluid Mech (2009) 9:207–235 215

In this model, the fall velocity is considered constant throughout the entire depth. Instead of
computing the diffusivity from the turbulence statistics [57], it is calculated in this standard
model by using the Rousean distribution [54], as follows:

Dd = DR = κU∗
z

h
(h − z) (15)

where κ is the von-Kármán constant; U∗ is the wall-friction (shear) velocity; h is the water
depth; z is the distance from the bottom of the channel in the wall-normal direction. (Turbu-
lence modeling is employed as explained below for the eddy viscosity of the carrier fluid.) As
it is clear from the governing Eqs. 9–14, the standard sediment-transport model is a decou-
pled one since it does not consider any interaction between sediments and water. This is the
model currently used in many sediment-transport studies.

3.2 1D partial two-fluid model (1D PTFM)

As discussed earlier through Eqs. 4–8, the partial two-fluid model considers a mixture equa-
tion for the carrier phase and general two-fluid equations for the disperse phase. In this 1D
PTFM, we also fixed Wd by using Eq. 8. For the interfacial forces, we considered drag, lift and
virtual mass. In turn, the effect of the turbulent-dispersion force was represented through the
diffusive term in the mass equation. Thus, the governing equations for mass and momentum
in the stream-wise and wall-normal directions, for both phases, are as follows:

∂Wm

∂z
= 0 (16)

∂ (ρ0Um)

∂t
= ∂

∂z

[
νeff ,m

∂ (ρ0Um)

∂z

]
+ ρm g S (17)

Wm = 0 (18)

∂ (αdρd)

∂t
+ ∂ (αdρd Wd)

∂z
= ∂

∂z

[
Dd

∂ (αdρd)

∂z

]
(19)

∂ (αdρdUd)

∂t
+ ∂ (αdρdUd Wd)

∂z
= ∂

∂z

[
νeff ,d

∂ (αdρdUd)

∂z

]
+ αdρd g S

+χd,D FD,x + χd,V M FV M,x + χd,L FL ,x (20)

Wd = −Ws (21)

where the coefficients χ are used as indicators to include (χ = 1) or exclude (χ = 0) any
interaction term; νeff ,d is the effective kinematic viscosity of the disperse phase; the subscripts
D, V M and L indicate drag, virtual mass and lift forces, respectively; and the subscript x
indicates the stream-wise component of the forces. The interaction forces of drag, lift, and
virtual mass are in turn expressed as follows, respectively (from the point of view of the
disperse phase):
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−→
FD =

[
3

4dp
αdρmCD

√
(Um − Ud)2 + (Wm − Wd)2

]

×
{
(Um − Ud)�i + (Wm − Wd) �k

}
(22)

−→
FL = CLαdρm

{
−Wd

∂Um

∂z
�i + (Ud − Um)

∂Um

∂z
�k
}

(23)

−→
FV M = αdρm

2

{[
∂ (Um − Ud)

∂t
− Wd

∂Ud

∂z

]
⇀

i −
[

∂Wd

∂t
+ Wd

∂Wd

∂z

]
�k
}

(24)

where CD is the drag coefficient; CL is the lift coefficient; and
⇀

i and �k denote the unit vectors
in the stream-wise and wall-normal directions, respectively.

Other forces are also included in some two-phase-flow models, such as the Faxen, Magnus
and the Basset force. While the Faxen force is usually very small (it scales with

(
dp/ l

)2,
where l is a flow length scale; [18,23]), the Basset force may be important in some cases (see
[8]). However, since we are interested in the final steady state for the sediment particles, the
Basset force is virtually zero. Magnus appears when there is particle rotation, and we are not
considering particle rotation here.

3.3 1D complete two-fluid model (1D CTFM)

The governing equations of the 1D CTFM can be derived from the general equations pre-
sented in Sect. 2.1:

∂Wc

∂z
= 0 (25)

∂ [(1 − αd) ρcUc]

∂t
= ∂

∂z

{
νeff ,c

∂ [(1 − αd) ρcUc]

∂z

}
+ (1 − αd) ρc g S

−χc,D FD,x − χc,V M FV M,x − χc,L FL ,x (26)

Wc = 0 (27)

∂ (αdρd)

∂t
+ ∂ (αdρd Wd)

∂z
= ∂

∂z

[
Dd

∂ (αdρd)

∂z

]
(28)

∂ (αdρdUd)

∂t
+ ∂ (αdρdUd Wd)

∂z
= ∂

∂z

[
νeff ,d

∂ (αdρdUd)

∂z

]
+ αdρd g S

+χd,D FD,x + χd,V M FV M,x + χd,L FL ,x (29)

∂ (αdρd Wd)

∂t
+ ∂ (αdρd Wd Wd)

∂z
= −αd

∂ Pc

∂z
+ ∂

∂z

[
νeff ,d

∂ (αdρd Wd)

∂z

]
− αdρd g cos θ

+χd,D FD,z + χd,V M FV M,z + χd,L FL ,z (30)

It is worth noticing that the presence of interactive forces in Eq. 26 includes the possibility
of two-way coupling. In the 1D CTFM, the motion of sediment in the vertical direction is
expressed through Eq. 30 instead of using a value obtained from an algebraic relation (cf.
Eq. 21). The subscript m in the Eqs. 22–24 for the forces is changed for that of the carrier in
the CTFM. A hydrostatic pressure distribution was assumed in Eq. 30.
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3.4 Turbulence closure

The turbulent eddy viscosity for the carrier phase, µT , and the diffusivity of sediment, Dd ,
are usually formulated in terms of the turbulent kinetic energy (TKE) and the dissipation rate
of turbulent kinetic energy (DTKE) as follows:

µT = ρνT = ρCµ

K 2

ε
(31)

Dd = Cµ

K 2

ε

1

σ
(32)

where σ is the Schmidt number (defined in the Sect. 1), and Cµ = 0.09.
In most works found in the literature, no treatment for the disperse phase turbulence has

been provided. Implicitly, this is equivalent to assuming that the turbulence in the disperse
phase is in equilibrium with the continuous phase turbulence. In single-phase flows, K and
ε are obtained by solving standard equations which are mostly models on their own [38,57].
There are no such widely accepted transport equations for K and ε for two-phase flows.
From the derivations of these transport equations for single-phase flows, it can be expected
that the interaction forces present in the momentum equation of the carrier phase introduce
additional terms in the final equations. Elghobashi and Abou-Arab [25] and Kataoka and
Serizawa [34] presented the most general forms of the K –ε model for two-phase flows. They
considered only the drag force in their momentum equation, however. Herein, we employed
an extended version of the K –ε model similar to that of Hsu et al. [31]. Some authors have
also used volume fractions of the carrier phase multiplying terms in the equations for the
TKE and the DTKE. We believe that this is not required, given the dilute-mixture nature of
the flows analyzed in this paper. We thus used the transport equations for TKE and DTKE in
the following form:

∂ (ρc K )

∂t
= ∂

∂z

[
νT

σK

∂ (ρc K )

∂z

]
+ PS − ρcε + SK (33)

∂ (ρcε)

∂t
= ∂

∂z

[
νT

σε

∂ (ρcε)

∂z

]
+ Cε1 PS

ε

K
− Cε2ρc

ε2

K
+ Sε (34)

where PS = µT

(
∂Uc
∂z

)2
is the shear production of turbulence; and SK and Sε are the addi-

tional terms in the equations. (When we use the PTFM, the subscript c above is changed to
m.) Hsu et al. proposed the following expressions for these additional terms:

SK = SK 1 + SK 2; Sε = 1.2 SK
ε

K
; (35)

with:

SK 1 = − 2ρdαd K

TP + TL
, and

SK 2 = 3

4dp
ρcCD

√
(Uc − Ud)2 + (Wc − Wd)2 νT

∂αd

∂z
(Wc − Wd) (36)

In the above equations, SK 1 represents the correlation between the fluid and sediment veloc-
ity fluctuations, and SK 2 represents the production of TKE due to the drag force [31,36]. In
turn, the scales TP (particle time scale) and TL (flow time scale) are given by:

TP = ρd

3
4dp

ρcCD

√
(Uc − Ud)2 + (Wc − Wd)2

; TL = 0.165
K

ε
(37)
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We modified this particle time scale from Hsu et al.’s expression for a non-linear drag
force.

3.5 Other closures to the models

The drag coefficient was computed as follows [18]:

CD = 24

Rer

(
1 + 0.15 Re0.687

r

)
(38)

where Rer = ρc|Uc−Ud |dp
µ

is the explicit particle Reynolds number [54].
Several authors have proposed different formulas to determine the Schmidt number. We

recall herein that the Schmidt number is the ratio between the eddy viscosity of the flow and
the diffusivity of suspended sediment. Van Rijn [72] suggested a uniform Schmidt number
throughout the depth, to be computed from:

1

σ
= 1 + 2

[
Ws

U∗

]2

for 0.1 <
Ws

U∗
< 1 (39)

This equation gives an always less-than-one value of the Schmidt number. Instead of using
a uniform value of the Schmidt number throughout the depth of the channel, Amoudry et al.
[1] proposed a concentration-dependent Schmidt number, as follows:

σ = σo

[
1 − C

Co

]
+

[
C

Co

]q

(40)

where σo and q are empirical constants; C is the local concentration of sediment and Co is
the reference sediment concentration. Czernuszenko [19] suggested the following diffusion

coefficient: Dd = νT,c + εdri f t , where εdri f t = π
2 dp

√
U ′2

d ,
√

U ′2
d indicates the rms of the

stream-wise fluctuations of the disperse phase and the overbar refers to the time average.

(This
√

U ′2
d of the disperse phase is taken to be equal to

√
U ′2

c of the carrier.) Combining
Czernuszenko’s expression with the definition of σ , we obtain

σ = 1

1 + εdri f t
νT,c

(41)

In the comparison with data of Sect. 6, we obtain the value of the Schmidt number that
best fits the experimental datasets, and also test Eq. 41.

The stress terms on the momentum equations for the disperse phase result from inter-
granular stresses (small in a dilute flow) and stress developed from the interaction between
the carrier and the sediment. In most studies of bubbly flows, this term has been neglected
on grounds of the small ratio of ρd/ρc [59,68]. Some studies on two-phase jets have used a
relation between νT,c and νT,d proposed by Chen and Wood [15]:

νT,c = νT,d (1 + St) (42)

where St = t∗/TL is the Stokes number; and t∗ = ρd d2
p

18µ
is the Stokes particle adaptation time

[18].

3.6 Boundary conditions

We evaluated the shear stress at the wall by computing the velocity in the first control vol-
ume via the semi-logarithmic velocity law [26]. We also enforced a zero Neumann condition

123



Environ Fluid Mech (2009) 9:207–235 219

at the upper boundary for fluid and sediment horizontal velocities. The well-known wall
functions were used as boundary condition for K and ε at the bottom, whereas the no-flux
condition was imposed for ε at the top boundary. It is apparent that the motion of sediment
will produce additional stresses close to the bed and hence the boundary conditions need to
be modified in the case of two-phase flow as opposed to their single-phase counterparts. In
the case of turbulent bubbly flows, Troshko and Hassan [68,69] reported an improvement in
their predictions by using a modified law of the wall. We tested their proposals in this paper,
too.

We imposed a Neumann condition for the sediment at the bottom. While simulating the
test case of Muste et al. [50], the sediment fraction at the bottom (αd,b) was adopted to be the
largest measured value close to the bed (at z/h = 0.009). In the case of Lyn [43], the value
of the sediment fraction (sediment concentration) close to the bed was not available, and the
data were extrapolated in order to obtain the value at the wall [54]. At the free surface, a
null flux of sediment needs to be imposed. To that end, we adopted a Dirichlet boundary
condition for the sediment concentration, C = 0, and a null diffusivity at the top. The null
sediment concentration guarantees a zero advective flux at the top, while the zero diffusivity
eliminates the diffusive contribution to the flux therein. The zero diffusivity is automatically
obtained with the Rousean profile in the SSTM, but it needs to be enforced with a null eddy
viscosity for the carrier through a zero TKE at the boundary (i. e., since Dd = νT /σ , Dd = 0
when νT = 0). Summarizing, the boundary conditions applied in the present analysis were:

Dd
∂C

∂z

∣∣∣∣
z=0

= −CbWs; Dd
∂αd

∂z

∣∣∣∣
z=0

= −αd,bWs (43)

K |z=0 = U 2∗(
cµ

)1/2 ; ε|z=0 = (
cµ

)3/4 K 3/2

κd1
(44)

where d1 is the distance from the boundary to the center of the near-boundary grid cell [26].

Top boundary:
∂Uc

∂z
= ∂Ud

∂z
= ∂Um

∂z
= ∂Wd

∂z
= Wc = Wm = 0 (45)

(
CWs + DR

∂C

∂z

)∣∣∣∣
z=h

=
(

CWs + Dd
∂αd

∂z

)∣∣∣∣
z=h

= 0 (46)

K |z=h = ∂ε

∂z

∣∣∣∣
z=h

= 0 (47)

4 Numerical implementation

The theoretical models presented in previous sections were solved numerically by extending
a 1D flow solver, originally intended for single-phase flows [63]. This solver has been applied
to a wide range of studies related to boundary layers in lakes, oceans and the atmosphere
[2,64]. It has embedded the following general equation implemented:

∂


∂t
= ∂

∂z

[
�


∂


∂z

]
+ S
 (48a)

where 
 indicates the dependent variable to be solved at a time; �
 is the exchange coeffi-
cient; and S
 is the source/sink term. The general differential equation is integrated over a
control volume which leads to the following algebraic form [63]:
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D (i) 
 (i) = A(i)
 (i + 1) + B (i) 
 (i − 1) + C (i) (48b)

where A(i), B (i), C (i), and D (i) are matrix coefficients, which are defined as follows:
A(i) = T+/Ar(i); B(i) = T−/Ar(i); C(i) = 
U (i)�z(i)/�t + �z(i)S(i); and D(i) =
�z(i)/�t + (T+ + T−)/Ar(i) − �z(i)S′(i). In the above definitions, i indicates the index
of the control volume, which starts with a value of 1 at the very bottom; Ar and �z are the
corresponding area and height of the control volume, respectively; �t is the time interval
of the computation; 
U is the value of the dependent variable coming from the previous
time step; S and S′ are the components of the source term S
 (see Eq. 48a); and T+ and T−
result from the integration of the diffusion term of Eq. 48a over the control volume. A more
detailed description of the discretization can be found in Svensson [63], Svensson et al. [65]
and Patankar [55]. Equation 48b has a tri-diagonal matrix form which can be solved by the
Thomas algorithm.

The convective term in the equations of the different models was treated as a source/sink
term via an upwinding scheme in an explicit manner. The finite difference form of the con-
vective term thus becomes [26]:

− ∂ (Wd
)

∂z
= −

(
W t

d,i+1

t
i+1 − W t

d,i

t
i

)
�z

(49)

where i increases upwards and Wd is directed downwards. The interaction forces of drag,
lift and virtual mass, and additional terms in the K , and the ε equations were treated as extra
source terms and set up in the model using the same approach as explained in Eq. 49.

5 Experimental datasets selected to test the models

The observation of two-phase flows is intrinsically difficult. In sediment-transport measure-
ments, only recently it has been possible to differentiate between the motion of the carrier
from that of the disperse phase [49]. Thus, most experimental datasets available in the litera-
ture present velocity profiles for the mixture flow only. Table 2 summarizes the main available
datasets for sediment-laden, open-channel flows. It is possible to see that in most cases the
particle sizes ranged from 100 to 300 microns. In Table 3, we detail the variables observed
in the tests selected for our analysis: Lyn [43], Muste and Patel [49], and Muste et al. [50].
In Table 4, we describe the features of the flumes, and the characteristics of the sediment
particles employed in the tests.

Lyn [43–45] carried out 15 experiments in a flume with a bed both in equilibrium and
in starved conditions, to observe the effect of sediments on flow resistance and turbulence
statistics. In his study, the size of natural sand ranged from 0.15 to 0.24 mm. We selected the

Table 2 List of datasets on
sediment-laden, open-channel
flows

Reference data source Particle diameter (mm)

Muste et al. [50] 0.21–0.25
Muste and Patel [49] 0.21–0.25
Wang and Qian [74] 0.137
Coleman [17] 0.105–0.42
Taggart et al. [66] 0.15–0.28
Einstein and Chien [24] 0.396
Vanoni [70] 0.103–0.134
Lyn [43] 0.15–0.24
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Table 3 List of datasets used in this study

Reference data source Instruments employed for velocity measurements Variables observeda

Lyn [43] Laser-Doppler anemometry Vmix, C
Muste and Patel [49] Discriminator laser-Doppler velocimetry Vc, Vd, T
Muste et al. [50] Particle image velocimetry and Particle tracking velocimetry Vc, Vd, C, T

a V: velocity profiles; mix: mixture; c: carrier phase; d: disperse phase; C: concentration profile; T: turbulence
statistics

Table 4 Summary of flow characteristics in the experiments selected

Reference
data source

Case Depth
(cm)

Slope Particle
diameter
(mm)

Settling (fall)
velocity (m/s)

Shear
velocity
(m/s)

Rep

Lyn [43] 1965EQ 6.5 0.00251 0.19 0.023 0.0375 10.54
Muste and
Patel [49]

SL01 12.9 0.000739 0.25 0.024 0.0324 15.90

Muste et al.
[50]

NS1 2.1 0.0113 0.25 0.024 0.042 15.90

Note: The settling velocities in these tests were obtained from formulas; they were not measured

test 1965EQ for comparison with our numerical results, where EQ refers to equilibrium bed
conditions. Lyn [43] considered only the mixture flow in his analysis and, hence, the velocity
of the disperse phase is not available.

We also selected the tests SLO1 of Muste and Patel [49], and NS1 of Muste et al. [50].
Muste and Patel [49] presented three series of experiments with various concentrations of
sediment in the flow. In test SLO1, the profiles of the water velocity, particle velocity, and
turbulence statistics were obtained. However, Muste and Patel [49] did not provide infor-
mation about the distribution of sediment concentration. In Muste et al.’s tests natural sand
(NS) and neutrally buoyant sediment (crushed nylon) were used. Muste et al. [50] provided
profiles of mean-flow variables, as well as turbulence statistics. We selected the case NS1,
because it has the lowest volumetric concentration.

In the works mentioned above, the roughness of the bed of the channel was not provided.
Lyn [44] stated that the flume was not perfectly smooth and that it was covered with a layer
of sand; Muste and Patel [49] mentioned that the channel bed was made up of concrete. In
the case of Muste et al. [50], the channel bed was formed of smooth stainless steel. We have
obtained the bed roughness in each case by fitting the semi-logarithmic law to the experi-
mental data of the water/mixture velocity. According to well-known criteria for assessing the
wall behavior, we determined that it was close to being smooth in all three cases.

6 Numerical results

6.1 Grid independence tests

Initially, we carried out tests to determine that our numerical results were indeed grid inde-
pendent. To that end, we observed the response of computed solutions to diverse values of the
spatial and time steps. Given the adopted ensemble- and Reynolds-averaged approaches and
given the particle sizes of the selected tests, the number of cells in our computations should
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Fig. 2 Comparison of simulated values of the mixture stream-wise velocity component and the distribution
of the TKE obtained using different meshes. Experimental tests of Muste et al. [50]

be of the order of a few tens. Based on this, we obtained solutions with meshes consisting
of 30–60 cells. The time step was determined through a pseudo-Courant number, developed
herein in terms of the fall velocity: �z/�t > Ws . We varied the time step from 0.001 to 0.1 s,
adopting the value of the fall velocity for each test. The simulations were performed for a
long time (of the order of 10,000 s of simulation time). We found that the computed profiles
of velocity and sediment concentration reached a steady state after about 1,000 s. We tested
the grid independence for the different experimental cases selected, with diverse sediment
mean diameters. Profiles of the mixture and TKE are shown in Fig. 2 for different meshes
pertaining to the case of Muste et al. It is possible to see that 50 or 60 cells can provide
indistinguishable solutions. Similar results were obtained for all tests.

6.2 Description of the runs with different model variants

Table 5 summarizes the set of runs undertaken to observe the effect of different model for-
mulations on the prediction of flow variables, and to assess their ability to interpret diverse
experimental datasets. In Run 1, we employed the 1D SSTM and compared the numerical
results with the well-known semi-logarithmic law for the mixture, and with the Rousean
profile of sediment concentration (recall that the results of the turbulence closure are not
used to compute the sediment diffusion coefficient in this run).

In Runs 2 and 3, the 1D PTFM and 1D CTFM were employed to test the influence of
the complexity of the model on the results. One advantage of the 1D CTFM over the 1D
PTFM is that the velocity of the disperse phase in the wall-normal direction is computed.
We included only the drag force in the stream-wise direction in the 1D PTFM; buoyancy is
implicitly included in the fall velocity in the 1D PTFM and it is explicitly included in the 1D
CTFM. Tests 2 and 3 also reflect coupling, since the 1D PTFM implies essentially one-way
coupling.

In Runs 4 and 5, we tested the importance of the forces of lift and virtual mass in addition
to drag and buoyancy. Then, we assessed the relevance of the SK and Sε terms (Eqs. 33 and
34) in the K –ε turbulence closure with Runs 6 and 7. In Runs 2–7, we adopted a Schmidt
number equal to 1 and selected an eddy viscosity of the disperse phase equal to the eddy
viscosity of the carrier. In Runs 8 and 9, we investigated two cases for the eddy viscosity
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Table 5 List of runs developed in this work

Run Model Interaction force Diffusion coefficient
of sediment

Eddy viscosity of the
disperse phase

Turbulence
closure
Standard/
extended

1 1D SSTM N/A Dd = DR N/A Standard
2 1D PTFM Drag+Buoy. Dd = νT,m νT,d = νT,m Standard
3 1D CTFM Drag+Buoy. Dd = νT,c νT,d = νT,c Standard
4 1D PTFM Drag and Lift+Buoy. Dd = νT,m νT,d = νT,m Standard
5 1D PTFM Drag, Lift and Virtual

mass+Buoy.
Dd = νT,m νT,d = νT,m Standard

6 1D PTFM Drag+Buoy. Dd = νT,m νT,d = νT,m Extended
7 1D CTFM Drag+Buoy. Dd = νT,c νT,d = νT,c Extended
8 1D PTFM Drag+Buoy. Dd = νT,m νT,d = 0 Standard
9 1D PTFM Drag+Buoy. Dd = νT,m νT,m = νT,d (1 + St) Standard
10 1D PTFM Drag+Buoy. Dd = DR νT,d = νT,m Standard
11 1D PTFM Drag+Buoy. Dd = νT,m + εdri f t νT,d = νT,m Standard
12 1D PTFM Drag+Buoy. Dd = νT,m/σ νT,d = νT,m Standard
13 1D CTFM Drag+Buoy. Dd = νT,m νT,d = 0 Standard
14 1D CTFM Drag+Buoy. Dd = νT,m νT,c = νT,d (1 + St) Standard
15 1D CTFM Drag+Buoy. Dd = DR νT,d = νT,c Standard
16 1D CTFM Drag+Buoy. Dd = νT + εdri f t νT,d = νT,c Standard

of the disperse phase. We tested: νT,d = 0 (Run 8) and the relation suggested by Chen and
Wood [15], as presented in Eq. 42 (Run 9). In Runs 10–12, we tested diverse versions of
the diffusivity of the sediment with the 1D PTFM. We employed the Rousean diffusivity in
Run 10; in Run 11, we added the eddy diffusivity of the carrier and the “drift diffusivity”
following Czernuszenko. In Run 12, we employed the usual definition, Dd = νT

σ
, in terms of

the Schmidt number, σ . In Runs 13–16, we repeated Runs 8–11 with the 1D CTFM instead
of the 1D PTFM.

6.3 Discussion of results of mean-flow (time-averaged) variables

Regarding Run 1, it is worth pointing out that if Dd is calculated from the K –ε model instead
of using Eq. 15, a close but different curve is obtained. We compare concentration values
divided by the concentration Cb, obtained as reported in Sect. 3.6. Figure 3 shows that the
computed profiles of velocity and concentration of sediment agree very well with the semi-
logarithmic law and with the Rousean distribution, respectively. In other words, Run 1 and
the SSTM represent basically Rousean conditions. Results also show that, given the selected
spatial step, the numerical scheme does not add diffusion artificially to the solution.

6.3.1 Effect of model complexity and coupling

Figures 4–6 show the wall-normal distributions of velocity of the carrier fluid, velocity of
the disperse phase and sediment concentrations for Runs 1–3, respectively. The comparisons
indicate that the more “sophisticated” 1D PTFM and 1D CTFM do not differ significantly
from the 1D SSTM (within 5% from each other) in the prediction of the carrier velocity, and
that the 1D PTFM and the 1D CTFM give close values for the velocity of the disperse phase
(within 5%). (The 1D SSTM assumes that Ud = Um). Figure 4 also shows that the 1D SSTM
and the 1D PTFM give the same velocity profile for the carrier phase. This is expected since
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the carrier phase is modeled using the same governing equations in both approaches. In gen-
eral, the models predict the velocities measured by Lyn and Muste and Patel very accurately
(within 5%) and the velocities measured by Muste et al. quite accurately (within 10%). In
the test corresponding to Muste et al., the models under-predict the velocities (within 10%)
for small distances from the wall, and over-predict (within 10%) far from the wall. Table 6
compares the values of the wall-friction (shear) velocity computed with the models and mea-
sured by the different authors using diverse methodologies. Clearly, the values are different,
as expected, but the differences are within 15%.

However, differences have a significant effect on calculations of the sediment concen-
trations for the test of Muste et al. (Fig. 6). In this case, the 1D CTFM predicts sediment
concentrations which are much smaller than the observed ones, when it should in theory pro-
vide closer predictions. These lower values of the sediment concentrations are in line with
the larger values of the wall-normal sediment velocity, (|Wd |), computed with the CTFM
as opposed to the reported (for instance, 0.034 vs. 0.024 m/s for the test by Muste et al.).
Interestingly, in the case of Lyn’s test (not shown herein), the 1D CTFM and the 1D PTFM
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Fig. 5 Comparison of simulated values of the stream-wise velocity for the disperse phase with the experi-
mental data. Simulations were performed using the uncoupled 1D SSTM, the one-way coupled 1D PTFM and
the two-way coupled 1D CTFM
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Fig. 6 Comparison of simulated values of the distribution of the concentration of sediment with the experi-
mental data of Muste et al. [50]. Simulations were performed using the 1D SSTM, 1D PTFM and 1D CTFM
(Runs 1, 2 and 3, respectively)

provide similar results in terms of sediment concentration, since the predicted wall-normal
sediment velocity (0.023 m/s) is almost the same as observed (see Table 4).

Overall, these results suggest that the PTFM offers an improvement over the Rousean pro-
file and that use of the 1D CTFM for dilute sediment transport does not necessarily provide
better predictions. Given the number of coefficients involved in the CTFM model, the result
can also vary according to the values of those coefficients. This is in agreement with what
was shown by Bombardelli et al. [6], and Bombardelli [5] in the context of bubble plumes.

6.3.2 Effect of the interaction forces

In this section, we discuss the effect of adding the lift and virtual mass forces to the drag
and buoyancy forces in the momentum equations. From Fig. 7, we note that the results of
Runs 2, 4, and 5 overlap in terms of the velocity of the disperse phase, indicating that the
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Table 6 Comparison of values of the wall-friction (shear) velocity computed in different ways from the
experiments and from our simulations (R: hydraulic radius)

Reference data Test case U∗ = √
gRS U∗ = √

ghS U∗ reported U∗ obtained from
source in the paper our code

Lyn [43] 1965EQ 0.0328 0.04 0.0375 0.04
Muste and Patel [49] SL01 0.0270 0.0307 0.0270, 0.0307 0.03058
Muste et al. [50] NS01 0.0426 0.0482 0.042 0.04825
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Fig. 7 Comparison of simulated values of the stream-wise velocity for the disperse phase with the exper-
imental data. Simulations were performed using the 1D PTFM together with the interaction forces of drag
(Run 2), drag plus lift (Run 4) and drag plus lift and virtual mass (Run 5)

influences of the lift and virtual-mass forces are negligible as compared to the drag force.
(This does not mean that they are zero; it means that the forces can be disregarded as opposed
to the drag force.) From the numerical results, we divided the lift and virtual mass forces
by the drag force and found these ratios to be about 1% for the lift force, and about 2%
for the virtual-mass force. Concerning the turbulent-dispersion force [23], we computed the
ratio between this force and the drag force. We obtained a value for that ratio below 1%
too. This result gives justification to research in which all forces except the drag force have
been disregarded, at least for the range of small sand particles moving far from the bed-load
layer [8].

Concerning the profiles of sediment concentration and carrier velocity they do not differ
significantly from the profiles obtained in Run 2.

6.3.3 Effect of additional terms in the turbulence closure

In Figs. 8 and 9, we compare the predictions of diverse models with data when an extended
K –ε closure is employed. Figure 8 shows that the terms proposed by Hsu et al. [31] introduce
a slight increase in the velocities of the disperse phase for the data of Muste et al. (within
5%), but that the outcome is almost the same for the data of Muste and Patel: the largest
differences in the predicted velocity from Runs 2 and 6 are of the order of 1%. This result is
also consistent with the findings of Bombardelli [5], in the context of bubble plumes. Figure 9
corroborates that additional terms in the turbulence closure do not produce major changes
even when the 1D CTFM is used, but that differences are even smaller than for the 1D PTFM.

123



Environ Fluid Mech (2009) 9:207–235 227

0

0.4

0.8

0
Ud/U*

z/
h

Experimental data

Run 2

Run 6

Muste and Patel [49]

Muste et al. [50]

2010

Fig. 8 Comparison of simulated values of the stream-wise velocity for the disperse phase with the experi-
mental data. Simulations were performed employing the 1D PTFM using standard and extended K –ε models
(Runs 2 and 6, respectively)
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Fig. 9 Comparison of simulated values of the stream-wise velocity of the disperse phase with the experimen-
tal data. Simulations were performed using the 1D CTFM together with standard and extended K –ε models
(Runs 3 and 7, respectively)

In both cases, similar conclusions can be obtained for the carrier velocity and the sediment
concentration, which have almost identical distributions in the wall-normal direction.

6.3.4 Effect of different formulations for the eddy viscosity of the disperse phase (νT,d )

From Fig. 10, we note that setting the diffusive term to zero in the equations for the x-momen-
tum of the disperse phase (Run 8) produces an improvement of the prediction of the velocity
of the disperse phase. This result is in agreement with suggestions by Serizawa et al. [59]
(see also [68,69]) for very small ratios of ρd/ρc, although in this case the density ratio is not
small (it is order 1). Figure 10 also shows that the use of the relation of Chen and Wood (Run
9) does not introduce much change in the predictions. The solutions for the velocity of the
carrier and the sediment concentration follow similar trends.
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Fig. 10 Comparison of simulated values of the stream-wise velocity of the disperse phase with the exper-
imental data. Simulations were performed employing the 1D PTFM together with different formulations of
the eddy viscosity of the disperse phase. The decrease of the velocity of the disperse phase at the top of the
water column is an artifact of the use of νT,d = 0
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Fig. 11 Comparison of simulated values of the distribution of the concentration of sediment with the exper-
imental data of Muste et al. [50]. Simulations were performed using the 1D PTFM together with different
formulations for the sediment diffusion coefficient

6.3.5 Effect of different formulations for the diffusivity of the disperse phase (Dd )

We can observe in Fig. 11 that when the parabolic distribution of Eq. 15 is adopted for the
diffusion coefficient (Run 10), the 1D PTFM under-predicts the distribution of sediment
concentration throughout the depth (data of Muste et al.). By using the drift described by
Czernuszenko [19] (Run 11), the simulated results over-predict near the bottom and under-
predict near the top. Similar results were obtained for the data of Lyn (not shown herein).

In Runs 12, we employed different values for the Schmidt number in order to analyze
the sensitivity of the numerical solution to this parameter. We computed the Schmidt num-
ber from the Van Rijn’s [72] formula using the computed values of the shear velocity and
the settling velocity. We obtained the following values of σ : 0.668 for the selected test by
Muste et al., 0.448 for the test by Muste and Patel, and 0.601 for the test by Lyn. With these
values, the numerical solution under-predicts in the case of Muste et al.’s data (Run 12a in
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Fig. 11), and over-predicts in the case of Lyn’s data (not shown). We also employed the vari-
able Schmidt number suggested by Amoudry et al. [1, Eq. 40], which offers σ as a function
of the sediment concentration. From the results of Run 12b plotted in Fig. 11, we see that
the predictions fall relatively far from the data of Muste et al. Finally, from the results of
Run 12c presented in Fig. 11, values of the Schmidt number equal to 0.56 for the dataset
of Muste et al., was found to provide the best fit to the data. For the Lyn data, the best fit
was found for σ = 0.7. These values are relatively close to the values computed from the
Van Rijn expression, demonstrating the importance of using the proper Schmidt number. It
is worth pointing out here that these values of the Schmidt number have been obtained from
the developed models, not from the Rousean distribution (cf. [46]). Lyn [46] compiled values
for the Schmidt number obtained from the Rousean distribution ranging from 0.3 to more
than one, with a large scatter. Our results suggest values of the Schmidt number smaller than
one for dilute mixtures.

Using Eq. 41, which relates Czernuszenko’s drift formula with the usual definition of the
Schmidt number, we obtained average Schmidt numbers (in the depth) of 0.73 for Muste
et al.’s, and 0.9 for Lyn’s tests. These values are higher than, but nonetheless consistent with,
previous values. These numbers explain the differences in predictions using the concept of
drift and the measured data.

6.3.6 Test of different boundary conditions

We performed runs using the two-fluid semi-logarithmic velocity law suggested by Troshko
and Hassan [68] to address potential changes of the results due to this boundary condition. Our
computations showed that the differences between predictions with single- and two-phase
boundary conditions were small (see Tables 7 and 8).

6.3.7 Quantitative assessment of the goodness of model predictions

In Table 8, we provide the normalized root mean square error (NRMSE) for several runs.
These numbers reflect the same trends signaled before, indicating that there is not much
difference between the 1D PTFM and the 1D CTFM.

6.4 Comparison of turbulence statistics

We compared modeled versus measured distributions of the dimensionless TKE in Fig. 12a
and modeled versus measured non-dimensional Reynolds shear stresses in Fig. 12b. Mea-

sured data is available only for the rms
√

u′2 and
√

w′2 in the datasets of Muste and Patel

Table 7 Comparison of the NRMSE of model runs using boundary conditions as in a single-phase flow
(SPFBC) and using the BC proposed by Troshko and Hassan [68] (THBC)

Run Muste et al. [50] Muste and Patel [49]

Uc
U∗

Ud
U∗

Uc
U∗

Ud
U∗

Run 2 using SPFBC 0.057024 0.082868 0.006760 0.010628
Run 2 using THBC 0.054465 0.082347 0.005314 0.014201
Run 3 using SPFBC 0.057321 0.087670 0.006825 0.014848
Run 3 using THBC 0.062177 0.085729 0.007405 0.011402
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Table 8 Values of NRMSE for model runs

Runs Muste et al. [50] Muste and Patel [49]

Uc
U∗

Ud
U∗

Uc
U∗

Ud
U∗

Run 2 0.057024 0.082868 0.006760 0.010628
Run 3 0.057321 0.087670 0.006825 0.014848
Run 4 0.057024 0.082299 0.006760 0.010666
Run 5 0.057024 0.080378 0.006760 0.010562
Run 6 0.057223 0.091474 0.005849 0.015527
Run 7 0.057944 0.093183 0.008310 0.018150
Run 8 0.057024 0.075916 0.006760 0.007059
Run 9 0.057024 0.078845 0.006760 0.010124

Normalized root mean square error (NRMSE)=
√

1
N

∑
(Qobs − Qcal)

2
/

1
N

∑
Qobs

and Muste et al., where u′ and w′ indicate the velocity fluctuations in the stream-wise and
wall-normal directions, respectively. To be able to compute the TKE, we had to approximate√

v′2, where v′ refers to the span-wise velocity fluctuation. We tested different values for the

relation between
√

v′2 and
√

u′2 in order to fit the data, finally obtaining that
√

v′2 ≈ 0.3–

0.6
√

u′2 depending on the dataset. This outcome is different from Nezu and Nakagawa’s [52]

findings for clear water (
√

v′2 = 0.71
√

u′2). More experimental data is needed to address
this difference in detail.

In Fig. 12a, we show that both the 1D PTFM and the 1D CTFM predict closely the mea-
sured distributions of TKE for dimensionless wall-normal distances up to 0.65 in the tests
of Muste and Patel. Again, the 1D CTFM performs no better than the 1D PTFM, and the
addition of the terms introduced by Hsu et al. [31] does not provide much difference either.
A similar behavior of the numerical results was observed for the dataset of Muste et al.

The agreement is not satisfactory close to the free surface. Small undulations at the air–
water interface (i.e., departures from an absolutely flat surface) might be responsible for
generating turbulence in the free-surface boundary layer. Note that the data indicates that
K �= 0 at the free surface. We tested other BCs and found that the use of ∂K

∂z = 0 as boundary
condition therein does not provide better agreement with the data (not shown).

In Fig. 12b, we note that our numerical results follow quite closely the observations by
Muste and Patel and Muste et al. regarding the Reynolds shear stresses. It is well known that
in the case of clear-water flow, the Reynolds shear stresses follow a straight line. Graf and
Cellino [27] and Best et al. [3] observed in their experiments no considerable departure of
the Reynolds stresses in sediment-laden flows from their clear-water counterparts. Our runs
with both the 1D PTFM and the 1D CTFM follow the observations very well.

7 Final remarks and conclusions

We have developed a rigorous hierarchy of models for dilute, sediment-laden, open-channel
flows, using an Eulerian–Eulerian approach. Although some similar models have been used
in the past in different versions and formats, this is the first time, to the best of our knowledge,
that a framework deriving each component as a special case of more general equations is
presented. Further, this is the first time that different models are consistently tested against
three recent datasets. We consider this framework to be very useful in providing different
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Fig. 12 (a) Comparison of simulated values of the turbulent kinetic energy of the carrier phase with the
experimental data of Muste and Patel [49]. Simulations were performed using the 1D PTFM and 1D CTFM
together with standard and extended K –ε models (Runs 2, 3, 6, 7, respectively). (b) Comparison of simulated
values of the Reynolds shear stress for the carrier phase with the experimental data of Muste and Patel [49].
Simulations were performed using the 1D PTFM together with standard and extended K –ε models (Run 2, 3,
6, and 7, respectively)

alternatives for the prediction of sediment transport. Within that framework, we investigated
several issues related especially to model complexity, turbulence closures, and turbulent dif-
fusivities. Very importantly, we compared for the first time predicted and modeled two-phase
turbulence statistics in sediment transport.

Our numerical computations show that most models analyzed in this paper predict rel-
atively accurately the velocity field (within 5–10%). However, only a few of those models
predict accurately the concentration of sediment and the turbulence statistics. We showed that
the PTFM (which introduces two-phase equations for the disperse phase but keeps mixture
variables for the water) already brings a substantial improvement with respect to the Rousean
distribution. We also showed that although the 1D CTFM should in principle be more accu-
rate given its greater complexity and “rigor,” it does not provide significant improvement
over the more simple 1D PTFM in dilute mixtures.

We found that the forces of lift and virtual mass are small in comparison to the drag force,
and that for the presented data the former can be disregarded. Although this is a well-known
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result for particles moving in gas streams (see [62]) our results extend this notion to sand
particles moving in water (about 100–200 microns in diameter).

The predicted turbulent statistics from the developed models are not close to the measured
datasets near the free surface, but they are very close to the data up to 0.65 and close up to
0.75. Additional terms that have been recommended for the K –ε model in two-phase flows
do not lead to much difference in the prediction of flow variables. Thus, the standard K –ε

model appears to be suitable to the simulation of boundary-layer problems in two-phase
flows, at least for dilute mixtures; this result is in agreement with computations of bubble
plumes (see [4–6,10]).

Our simulations allowed us to obtain values of the Schmidt number that fit the datasets
from the models, not from the Rousean profile. These values are 0.7 and 0.56 for the tests
of Lyn, and Muste et al., respectively, which agree reasonably well with the values obtained
from the Van Rijn equation: 0.601 and 0.668 for such datasets, respectively. All these values
are smaller than 1, indicating that the diffusivity of momentum of the carrier fluid (the eddy
viscosity) is smaller than the diffusivity of sediment. This result is in agreement with the
vast majority of the literature [50,51,72] and it agrees very well with values used for bubble
plumes (of the order of 0.83; see [5]). Through comparison with data, results of the numerical
models predict that the ratio between the rms in the span-wise and stream-wise directions
was about 0.3–0.6 in those tests.
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