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Abstract

The give-n task is widely used in developmental psychology to indicate young children’s
knowledge or use of the cardinality principle (CP): the last number word used in the count-
ing process indicates the total number of items in a collection. Fuson (1988) distinguished
between the CP, which she called the count-cardinal concept, and the cardinal-count con-
cept, which she argued is a more advanced cardinality concept that underlies the count-
ing-out process required by the give-n task with larger numbers. One aim of the present
research was to evaluate Fuson’s disputed hypothesis that these two cardinality concepts
are distinct and that the count-cardinal concept serves as a developmental prerequisite
for constructing the cardinal-count concept. Consistent with Fuson’s hypothesis, the pre-
sent study with twenty-four 3- and 4-year-olds revealed that success on a battery of tests
assessing understanding of the count-cardinal concept was significantly and substantially
better than that on the give-n task, which she presumed assessed the cardinal-count con-
cept. Specifically, the results indicated that understanding the count-cardinal concept is a
necessary condition for understanding the cardinal-count concept. The key methodological
implication is that the widely used give-n task may significantly underestimate children’s
understanding of the CP or count-cardinal concept. The results were also consistent with a
second aim, which was to confirm that number constancy concepts develop after the count-
cardinal concept but before the cardinal-count concept.

Keywords Assessment - Cardinality principle - Counting concepts - Early childhood -
Give-n task - Learning progression

The development of verbal-based cardinality knowledge—recognizing that a number word
such as “three” represents the total number of items in a set (the set’s cardinal value), gen-
erally begins at about 2.5 years of age. Subitizing-based small-n recognition—the ability to
discern without counting the total number of items in a collection and associate it with an
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The development and assessment of counting-based cardinal... 187

appropriate number word (Kaufman et al., 1949)—is typically the children’s initial means
of verbally enumerating a set’s total (see Table 1). For example, the ability to subitize two
entails immediately recognizing that sets such @@, m, or»- are all examples of pairs or
a unit and another unit (concept of two) and should be labeled “two,” but a single item
(e.g., @, W, or ) or more than a pair of items (e.g., 0@@®, l.l, or ) - ) are “not
two.” There is wide agreement that the first phase unfolds in a stepwise manner in the order
of magnitude—commonly called the n-knower levels (Condry & Spelke, 2008; Le Corre &
Carey, 2007, 2008; Le Corre et al., 2006; Sarnecka & Carey, 2008; Wynn, 1990, 1992). A
1-knower can reliably recognize and label single items as “one” or can give one item upon
request but cannot do so for larger numbers; a “2-knower” can reliably recognize and give
sets of one and two but not larger numbers; and so forth up to the 4-knower level (but see
Sella et al, 2021).

There is broad agreement that the first phase of verbal-based cardinality development
provides a basis for the second phase based on 1-to-1 counting, which greatly extend the
children’s number competence (Baroody et al., 2006; Baroody & Purpura, 2017; Benoit
et al., 2004; Carey & Barner, 2019; Fischer, 1992; Klahr & Wallace, 1976; von Glasersfeld,
1982; but cf. Gallistel & Gelman, 2000; Nieder, 2017). Some researchers hypothesize that
counting-based cardinality knowledge unfolds in a stepwise manner, with an earlier level
of understanding provides a foundation for a later level (see Table 1) (Baroody & Purpura,
2017; Frye et al., 2013; Fuson, 1988; but cf. Le Corre et al., 2006; Sarnecka & Carey,
2008). The present research addressed two issues regarding this hypothetical learning pro-
gression (HLP) for the second phase of cardinality development.

1 Rationale

1.1 A hypothetical learning progression for the second phase

Possible level 1 (PL1): count-cardinal concept and meaningful one-to-one count-
ing Children may learn to count by rote—without realizing its purpose is to determine
how many. In time, they recognize that counting—Ilike subitizing—can be used to identify
the total number of items in a collection. Meaningful object counting requires construct-
ing the cardinality principle (CP) or what Fuson (1988) called the count-cardinal concept:
the understanding that the last number—word used when counting has special significance
because it represents the total number of items in a collection (PL1 in Table 1). (Although
Fuson’s term is more precise, the terms CP, CP knowledge, and CP-knower will henceforth
be used because of their greater familiarity and brevity.) Construction of the CP enables
children to move from understanding a few small numbers (subset-knowers) to understand-
ing numbers in general (e.g., generalizing local insights with small numbers to—in princi-
ple—all numbers). The CP may provide a basis for constructing more advanced cardinality
concepts, PL2 and PL3.

PL2: counting-related number constancy concepts Conservation of cardinal identity
entails recognizing that a counting-generated cardinal label such as “five” is still applicable
even if the physical appearance of a collection is changed and that it does change if items
are added to or subtracted from the set (PL2A in Table 1). Cardinal equivalence involves
recognizing that counting can serve to determine whether two collections are equal in
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188 A.J. Baroody, M. Lai

number, even if they differ in physical appearance. For example, a linear array of 5 squares
and a haphazard array of 5 dots are equal in number if both have the same counting-gener-
ated cardinal label “five” (PL2B).

PL3: cardinal-count concept and the counting-out procedure Children can use subitiz-
ing to produce up to about four requested items. With larger numbers, they must count out
items to do so. Initially, children often do not stop the counting-out process at the requested
number and simply count all the items provided. To overcome this common no-stop error,
Fuson (1988) hypothesized children first need to construct the cardinal-count concept:
understanding that a cardinal number would be the last number word if a set was counted.
Specifically, this concept provides the rationale for monitoring the counting-out process
and stopping it at the requested number (PL3). For instance, for “give me five chips,” the
cardinal-count concept underlies the ability to recognize that “five” is the number word at
which the counting-out process should stop. In effect, the cardinal-count concept, which
entails a word-to-set mapping, is the inverse of the count-cardinal concept, which involves
a set-to-word mapping. Word-to-set mapping involves starting with a number word and its
associated general concept and creating a specific example of the number (e.g., relating the
number word “five” and a cardinal concept of five such as five units or four and one more

to particular cases such as HNEIEIEE, B, or - ). Set-to-word mapping entails starting with
a specific example of a number and relating it to a number word and its associated general
concept.

Both PL1 and PL3 are commonly called the cardinality principle knower (CP-knower)
level. To distinguish between these levels, “CP,” “CP knowledge,” or CP-knower” will
hereafter refer only to PL1 (count-cardinal) knowledge unless explicitly qualified (e.g.,
“CP-knower level as gauged by the give-n task™).

1.2 Issues addressed by the present study

Issue 1: as hypothesized by Fuson (1988), does the CP develop before and serve as
a developmental prerequisite (necessary condition) for a distinct cardinal-count con-
cept? Existing evidence has not clearly established whether these concepts are distinct and
emerge sequentially (Fuson) or are one in the same and emerge simultaneously (Sarnecka
& Carey, 2008). With collections beyond the subitizing range, research generally indicates
that success on the how-many task precedes that on the give-n task (but cf. Le Corre et al.,
2006). Although this developmental trend is consistent with Fuson’s hypothesis, alternative
explanations have been adduced. One is performance factors—the greater task demands of
the give-n task. For example, counting out a collection requires holding the requested num-
ber in working memory and comparing this cardinal number to each number word used to
count out items (Frye et al., 1989; Le Corre et al., 2006; Resnick & Ford, 1981).

Fuson (1988) offered that the how-many task may overestimate knowledge of the CP,
because children may first respond to how-many questions by applying a non-meaningful
“last-word rule.” That is, initially, they may simply recognize that repeating the last num-
ber word used in the counting process is an acceptable response to a how-many question
and only later construct the CP (realize that last number word represents the total).

Indeed, Sarnecka and Carey (2008) found that most 2-knowers to 4-knowers—as well
as nearly all CP-knowers (as measured by the give-n task)—were successful on the how-
many tasks with collections of 5 and 7. They concluded that children “apply [a last-word]
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rule long before they demonstrate any understanding of the cardinality principle on tasks
such as Give-N” (p. 669). To support their claim that success on the how-many task merely
indicates pseudo-knowledge of the CP (i.e., the readily achieved and meaningless last-word
rule) and success on the give-n task reflects genuine understanding of the CP, Sarnecka and
Carey cited the results of Le Corre et al.’s (2006) Experiment 2, which involved a Count-
ing-Puppet task to measure the CP. The task entailed telling children a puppet wanted n
cookies (6, 7, and 8 cookies on trials 1, 2, and 3, respectively); counting out n — 1, n, or
n+1 (5,7, and 9 cookies, respectively), and asking, “Is that n (6, 7, and 8, respectively)?”
Whereas subset-knowers responded at a chance level on the Counting-Puppet task, CP-
knowers (as measured by the give-n task) responded at an above chance level. Sarnecka
and Carey (2008, p. 672) concluded:

We are inclined to doubt [that the performance gap between the how-many and
give-n tasks we observed is due to the fact the [CP] is learned earlier than the
cardinal-count concept], because ... Le Corre et al. (2006) [found] cardinal-prin-
ciple knowers [as measured by the give-n task] pass and subset-knowers fail [the
Counting-Puppet task] ... The main difference is that our How-Many task uses the
specific phrase ‘how many’ [which can elicit a correct response via the last-word
rule], whereas the Counting Puppet task does not. There is no obvious reason why
either task should be a better test of the [CP] than the other [or] why subset-know-
ers should succeed at our task and fail at Le Corre’s if the [CP] were the issue.

However, there are two problems with Sarnecka and Carey’s (2008) line of reasoning:

1. Although success on the how-many task can be inflated by applications of a last-word
rule, some success on the task may represent the application of CP understanding, and
construction of this understanding may occur before learning the cardinal-count con-
cept and its attended success on the give-n task. Sarnecka and Carey’s evidence that
the performance gap between the how-many and give-n task is due (solely) to the use
of the last-word rule on the former is inconclusive, because success on the how-many
task does not indicate whether a child used the last-word rule or the CP, and they did
not use other means to make this distinction.

2. Contrary to Sarnecka and Carey’s last conclusion, the HLP in Table 1 suggests a plau-
sible alternative explanation for this pattern of results: differences in the conceptual
demands of the tasks. Success on the how-many task, which entails set-to-word map-
ping, depends on knowing the last-word rule or the count-cardinal concept (CP). Success
on the give-n task and the Counting-Puppet task, both of which involve a word-to-set
mapping, depends on understanding the developmentally more advanced cardinal-count
concept, not the CP as Sarnecka and Carey (2008) presumed. For example, children who
did not understand the cardinal-count concept would not understand, for example, “give
six” predicts that the counting-out process should stop at “six” and, thus, would have no
basis for success on either the give-n or Counting-Puppet task. “Subset-knowers” (as
indicated by a lack of success on the give-n task with 5 or more), then, could succeed
on the how-many task if they knew the last-word rule or the CP but fail the Counting-
Puppet task because they do not understand the more advanced cardinal-count concept.

Frye et al. (1989) compared performance on the how-many, are-there-n (e.g., shown

card with 2, 3, or 4 dots and asking, “Are there three dots here?”), and give-n tasks. They
reasoned that success on the how-many task but not the are-there-n task indicated the use
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190 A.J. Baroody, M. Lai

of the last-word rule; success on both tasks, understanding of the CP; and success on the
give-n task, understanding of the cardinal-count concept. The success rate on the how-
many task was significantly better than that on the are-there-n task, which was significantly
better than that on the give-n task. Frye et al. concluded this pattern of performance cor-
roborated Fuson’s (1988) hypothesis that a last-word rule develops before the CP, which
in turn develops before the cardinal-count concept. However, Frye et al.’s data were not
analyzed at the participant level and did not track development over time.

Fuson (1988; Study 8.2.2) combined the results of the how-many and a follow-up task
to distinguish between children who merely used a last-word rule and those who possessed
a meaningful understanding of the CP. She used a prediction task to directly gauge under-
standing of the cardinal-count concept. For instance, children were told a collection had six
butterfly stickers and asked, “If you count the butterflies, what will you say for the last but-
terfly?” Fuson found that only the four preschoolers who appeared to know or discover the
CP consistently demonstrated an understanding of the cardinal-count concept. The remain-
ing 22 participants, who were last-word responders or had been taught the last-word rule,
failed to exhibit an understanding of the cardinal-count concept.

Though Fuson’s (1988) evidence is consistent with her hypothesis that the CP develops
prior to the cardinal-count concept and that the former may be a basis for the latter, it is
also not conclusive. The sample of children who were successful on the CP task was small,
and the results do not preclude the alternative conclusion that the CP and cardinal-count
concepts emerge simultaneously (i.e., co-evolve after children construct the last-word rule).
Moreover, as Fuson observed, the wording of the prediction (cardinal-count concept) task
may have been confusing to some children.

Using latent variable modeling of 3- and 4-year-olds’ performance on the how-many
(set-to-word) and give-n (word-to-set) tasks with sets of up to eight items, Mou et al.
(2021) found that the best-fitting model was a bi-factor model indicating that the two tasks,
though related, reflect distinct conceptual knowledge. Moreover, their analyses ruled out
general cognitive or linguistic demands as a source of performance differences. Mou et al.
concluded their results are inconsistent with the common assumption that the set-to-word
(e.g., how-many) and word-to-set (e.g., give-n) tasks gauge interchangeable concepts and
are consistent with multiple dimensions of cardinal number knowledge acquisition.

Although Mou et al. (2021) concluded their results were consistent with Fuson’s (1988)
hypothesis that the cardinal-count concept requires understanding of the CP, they allowed
there might be alternative explanations. The research also did not distinguish among accu-
rate responses on the how-many task due to subitizing, a last-word rule, or the count-cardi-
nal concept.

In contrast to the research previously reviewed, the results of Le Corre et al.’s (2006)
Experiment 1 appear to support the claim that the CP and cardinal-count concept are not
distinct. These researchers used a “What’s on the card?” (WOC) task instead of a how-
many task to gauge the CP, because the how-many task may be unclear, confusing, or mis-
leading to young children and underestimate CP knowledge. Specifically, Le Corre et al.
noted the how-many task may be unclear, because children may not realize that it requires
both counting and stating the cardinal value of the collection and may simply count a
collection and not state the total (i.e., repeat the last number word). As Gelman (1993)
observed, the how-many task may be confusing, because children may adhere to the con-
versational convention that “we are not supposed to repeat what is known” or obvious (p.
80). For example, a child might assume that counting a collection of six items is suffi-
cient for addressing the how-many question. Finally, the task may be misleading, because
children might misinterpret a follow-up how-many question to elicit the cardinal value as
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indication they counted or responded incorrectly and should count again or change their
answer—both of which are scored as incorrect (i.e., not knowing the CP). The WOC task
involved presenting a card with a collection of one to seven stickers and asking simply,
“What’s on this card?” Le Corre et al. (2006) found that 92% of their 52 participants age
2.1 to 4.0 years were classified as a CP-knower or not on both the WOC task and the give-n
task. They concluded that the “tasks provided overwhelmingly consistent pictures of what
children understand about how counting represents number” (p. 151).

However, the results of Le Corre et al.’s (2006) Experiment 1 are far from clear-cut.
In fact, four of the 19 children who were identified as CP-knowers on the WOC task were
identified as non-CP-knowers on the give-n task. These results are consistent with the con-
clusion that about a fifth of the sample had constructed the CP but not the cardinal-count
concept. In brief, it is unclear whether meaningful CP-based success on the how-many task
evolves before, or simultaneously with, success on the give-n task, which Fuson (1988)
presumed required a distinct and more advanced cardinal-count concept.

Issue 2: when do constancy concepts (PL2) develop in relation to the CP and cardi-
nal-count concept (PL1 and PL3, respectively) and each other? The evidence about the
issue is sparse and inconclusive. Sarnecka and Gelman (2004) used a transform-set task
to investigate children’s understanding of number-word identity. Five or six objects were
placed in a box and verbally labeled by the experimenter (e.g., “I’m putting six buttons in
this box”). The box was then subjected to a numerically irrelevant action (e.g., shaking or
rotation) or a numerically relevant one (adding or subtracting an item). Children were then
asked, for instance, “Now how many buttons—is it five or six?” Even two-knowers were
successful on the task. Sarnecka and Gelman concluded that a number—word identity-like
understanding (somewhat similar to PL2A) develops before meaningful counting (PL1), as
assessed by the give-n task. In contrast, Condry and Spelke (2008) found that children who
did not understand that counting could be used to determine the cardinal value of a collec-
tion performed at a chance level on a similar identity-like task.

Four reasons might account for why Sarnecka and Gelman’s (2004) results contradict
the logical expectation that children would need to understand the CP (PL1) to conserve
the cardinal identity of a collection (PL2A) and the results of Condry and Spelke (2008):

1. They measured the CP indirectly with the give-n task, which may underestimate PL1
knowledge.

2. Their transform-set task did not involve children in counting a collection and maintain-
ing the cardinal identity of their count—competencies that might reasonably develop
after (rather than before) they construct the CP.

3. Some participants’ success may have been due to chance alone. The probability of one
or two correct of two large-set identity trials on the transform-set task by guessing alone
is 0.50 and 0.25, respectively.

4. Spelke and Condry’s transform-set task, which involved two collections, is arguably
more complex and challenging than Sarnecka and Gelman’s task.

Using a compare-set task to measure cardinal equivalence, Sarnecka and Wright (2013)
found that only children who were successful on the give-n task with larger collections
appear to understand what it means for two numbers to be exactly equal (e.g., view a
second set as “five” when the set was 1-to-1 correspondence with another set the tester
counted and labeled as “five”’). They concluded that the CP-knower level (as measured by
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192 A.J. Baroody, M. Lai

the give-n task) was a prerequisite for counting-based cardinal equivalence with larger col-
lections (PL2B).

However, if give-n task actually measures a more advanced (PL3) cardinal-count con-
cept and not CP (PL1), then such an understanding of equivalence is a relatively late devel-
opment, (i.e., follows PL3). Furthermore, Sarnecka and Wright’s (2013) compare-set task
may have underestimated cardinal equivalence (PL2B). As counting was disallowed, their
task did not directly assess PL2B. Instead, children were shown two pictured, linear col-
lections that were either equal in number in length and number or not, asked whether the
two collections were equivalent (control question), told the numerical value of one col-
lection (n), and asked the test question: if the other collection had n or n+1 (n — 1). In
effect, the task demands of compare-set may have been too challenging for many children
of about 3 years of age (Sarnecka & Gelman, 2004). Indeed, about one-third of the trials
were discarded because a child did not answer the control question correctly. The test ques-
tions required attentiveness and holding the original cardinal value in working memory.
The inequivalence trials, in particular, required a relatively advanced verbal-counting skill:
knowledge of number-after relations. For example, with five (labeled “five” by the tester)
and six, a participant was asked: “Does the (unlabeled) collection have five or six?” This
might be confusing to a child who does not yet know that “six” comes after and is (one)
more than “five.” In brief, it is unclear whether a more straightforward measure of count-
ing-based equivalence and separate measures of the CP and cardinal-count concepts would
put this competence between the two latter concepts (i.e., at PL2B as shown in Table 1),
after both (i.e., after PL3), or—if the count-cardinal and cardinal-count concepts are not
distinct—after the CP (i.e., as Sarnecka & Wright concluded).

1.3 Hypotheses addressed by the present research

Hypothesis 1 (H1) bearing on Issue 1: CP develops before a distinct cardinal-count con-
cept One aim of the present research was to circumvent the methodological limitations
of previous efforts to test Fuson’s (1988) hypothesis regarding the possible developmental
relation between the CP (count-cardinal concept) and the cardinal-count concept. Specifi-
cally, the present study served to test H1:

An understanding of the CP, as assessed by a battery of relatively meaningful how-
many tasks and a CP-application task, develops before its inverse, the cardinal-count
concept, as gauged by the give-n task.

The how-many task used in the present study is a game-based version of Schaeffer
et al.’s (1974) hiding task and specifically designed to address the concerns that a how-
many task can underestimate competence (Gelman, 1993; Le Corre et al., 2006). In addi-
tion to the how-many task with linear arrays, a more difficult how-many task with haphaz-
ard arrays was also administered. Unlike the linear version, the non-linear version entailed
more than minimal effort to keep track of which items have been counted and which need
to be counted (Beckwith & Restle, 1966; Potter & Levy, 1968; Schaeffer et al., 1974). Most
importantly, a “CP-application task” was administered to provide an indicator of whether
a child was merely using a last-word rule by rote or the CP. This cardinal-identity task,
unlike Sarnecka and Gelman’s (2004) transform-set task, required a child to determine the
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cardinal value of a collection by counting the collection themselves and then applying this
information in a meaningful manner.

H2 bearing on a methodological implication of Issue 1: give-n performance underesti-
mates CP understanding The give-n task is widely used in developmental psychology to
assess the CP. However, if Fuson’s (1988) hypothesis is correct and a distinct and develop-
mentally more advanced cardinal concept, namely, the cardinal-count concept, is required
for successfully counting out a specified number of items (i.e., success on the give-n task),
then this popular operational definition of the CP may underestimate CP competence. The
second research aim, then, was to evaluate the validity of the give-n task as a measure of
the CP. This involved testing H2:

Performance on the give-n task will be significantly lower than that on a battery of
how-many tasks and a CP-application task assessing a meaningful understanding of
the CP.

H3 bearing on Issue 2: CP=>constancy concepts—>cardinal-count concept The third
aim of the present research was to address Issue 2—how cardinal identity and equivalence
were related to other cardinality concepts and each other. In contrast to Sarnecka and Gel-
man’s (2004) conclusion that cardinal identity develops before the CP as gauged by the
give-n task (but cf. Condry & Spelke, 2008), successful application of this principle with
self-counted collections should emerge after the CP or meaningful counting (PL1), which
Sarnecka and Gelman did not assess. In contrast to Sarnecka and Wright’s (2013) finding,
cardinal equivalence—as assessed by a meaningful CP measure that involves self-counted
collections and fewer task demands—may develop before CP-knower level as gauged
by the give-n task (which may actually assess the cardinal-count concept). The present
research tested the hypothesized developmental order of cardinality concepts indicated in
Table 1 (H3):

PL1 (CP) = PL2A (cardinal identity) = PL2B (cardinal equivalence) => PL3 (cardi-
nal-count concept).

2 Method
2.1 Participants

A total of 23 children (M =49.4 months, SD=3.95 months, range =41.5-54.9 months) par-
ticipated, including nine 3-year-olds (five girls) and fourteen 4-year-olds (six girls). Chil-
dren were recruited from preschool programs serving predominantly middle-class commu-
nities in Taiwan. Informed consent was obtained for 24 children, but one 4-year-old girl did
not complete the second of two sessions because of a serious illness.

2.2 Tasks and materials

Task 1: how many—linear With the Hidden Stars game, children were presented a card
with linear quantity of 5 and then 6 stars one-inch stars Y2-inch apart and asked to count
the stars. Then to create a purpose for applying the CP, the tester hid the stars and asked
the child how many stars were hidden. Correct was defined as a response to the how-many
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question that matched the last number used in a count that honored the one-to-one count-
ing principle (was either accurate or involved only a single minor slip). Incorrect responses
included answering the how-many question with a different number, simply repeating the
count, or not responding (range=0 to 2 correct). A practice trial involving 3 linear stars
served to introduce the task demands.

Task 2: give-n Feeding Ravenous entailed providing a pile of 10 chips (“cookies™) and
asking a child to put 5 and then 6 cookies in the Muppet’s mouth. Correct was defined as
counting out the requested amount correctly or making a single minor error but honoring
the cardinal-count concept (i.e., labeling the last item produced with the requested num-
ber). Responses otherwise were scored as incorrect (range=0 to 2). For example, for the
give-6 trial, accidentally producing five or seven items while counting “1, 2, 3,4, 5, 6” was
scored as correct. A child who simply grabbed some items, whether six or not, was also
scored as 0, because the cardinal-count concept was not applied. A practice trial involving
3 served to familiarize participants with the task.

Task 3: how many—haphazard The procedure and scoring of the Hidden Chips game
were like the Hidden Stars game but involved a practice trial of 4 and tests trials of 6 and
then 5. The trials were similar to the give-n task in two ways: the arrays were haphazardly
arranged and consisted of moveable objects (chips).

Task 4: cardinal identity In the Hidden Cookies game, a child first generated the cardi-
nal number for a collection of 2 and then 3 (practice trials) and 6 and then 5 (test trials)
by counting. The collection was then immediately hidden to prevent re-counting, and an
action was performed. The child was then asked whether the action affected the total (addi-
tion or subtraction of 1) or not (irrelevant physical action). The first practice trial (tester
tapped a covered collection of 3), trial 1 (tester waved a hand over a covered collection of
5 chips), and trial 4 (tester puffed on a covered collection of six cookies) involved conser-
vation of cardinal identity. The second practice trial (tester added a chip to a collection of
two), trial 2 (tester removed an item from a collection of six chips), and trial 3 (tester added
a chip to a collection of five) involved an arithmetic transformation and served as control
trials (i.e., to detect a response bias of always stating the last number word in a count).
After an operation, a child was asked, “How many cookies am I hiding?”.

On cardinal-identity trials, correct (scored as 1 point) was defined as a response to the
how-many question that matched the last number word used in the count whether correct or
not. (In fact, all participants who were scored as correct on a cardinal-identity trial counted
accurately.) On transformation or control trials, a response to the how-many question other
than the last number word of the original (pre-transformation) count was considered an
appropriate response (i.e., indicated the lack of a response bias); 0 points were deducted
for an appropriate response. Responding with the last number word of the original count
was considered inappropriate (i.e., an indicated response bias) and scored as — 1 (allowable
range =0 to 2 points).

Task 5: cardinal equivalence The Number Clues game required a child to use counting to
determine which of three collections were equal in number to a counted collection of dis-
similar shapes and arrangements (i.e., recognize that two collections with the same cardi-
nal value are numerically equivalent despite differences in physical appearance). The game
entailed presenting three boxes, one of which hid “gold.” Each box had a code of 3 to
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7 dots presented in a regular (dominoes) array. A clue in the form of a linear array of 3
(practice trial), 6 (trial 1), or 5 (trial 2) squares was presented along with the instructions:
“Here is your clue. Count these squares.” After the child counted the collection, the tester
said: “Which box do you think is hiding the gold?” Choosing a collection that matched the
cardinal value of the clue count was scored as correct whether the latter was correct or not
(range=0 to 2 correct).

2.3 Procedure

Tasks were administered over two sessions in the following prescribed order: tasks 1 and
2 in session 1 and tasks 3, 4, and 5 in session 2. Session 1 took 3 or 4 minutes; session 2
took 5 or 6 minutes. Session 2 was administered about 1 week after session 1. The correct
procedure and answer were modeled for children who missed the practice trial.

2.4 Analyses

H1 A child’s performance on the two how-many tasks (tasks 1 and 3) and the cardinal-
identity task (task 4) was used to create a composite CP score to identify accurate and
meaningful CP knowledge, accurate application of a last-word rule, or no CP knowledge.
A child’s score on the give-n task (task 2) served to indicate whether a child understood the
cardinal-count concept. A Yule’s Q, a nonparametric test of the association between two
dichotomous ordinal variables, served as an index of effect size and ranges from—1 to+1,
with 0 indicating no effect (Bakeman & Quera, 2011). An index of + 1 indicates a perfect
association and the ideal support for H1—the “CP-priority hypothesis” that an understand-
ing of the CP develops before an understanding of the cardinal-count concept. A perfect
association occurs if one variable is always equal to or higher than another—that is, if all
the data are distributed among three cells in a 2x?2 table: successful on variable A and
either not successful or successful on variable B and not successful on both variables A and
B (Dixon & Moore, 2000). Note that the remaining cell (unsuccessful on variable A but
successful on variable B) should be 0. A Yule’s Q0> 0.70 indicates a very strong associa-
tion; 0.50 to 0.69, a substantial association; 0.30 to 0.49, a moderate association; and O to
0.29, no or a negligible association. Developmental synchrony—the simultaneous develop-
ment of the two concepts—would ideally be supported if the data were distributed between
two cells in a 2x2 matrix: successful on both concepts and unsuccessful on both. Sarnecka
and Carey’s (2008) alternative hypothesis that the concepts are not distinct would predict
results indistinguishable from a developmental synchrony hypothesis.

H2 To test whether children’s give-n score was equivalent to their composite CP score
(H2), a test for equality of partially overlapping frequencies (McNemar’s test) was used
to compare whether success on the former but non-success on the latter was equal to the
reverse. This test, not a chi-square, is appropriate for two non-independent, dichotomous
traits (i.e., a 2X2 contingency table involving repeated measures of the same sample; Dar-
lington, 1974).

H3 As the assumptions of parametric test were not met, the analysis for addressing H3
involved a nonparametric test. In addition to significance level, effect size is reported as
a Cohen’s d. Unlike significance level, effect size bears on practical significance and indi-
cates statistical magnitude of the effect (Lipsey et al., 2012; Wilkinson et al., 1999). The
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following guidelines from Cohen (1988, 1992) apply: d=0.2, 0.5, and 0.8 indicate a small,
medium, and large effect size, respectively.

3 Results
3.1 H1:CP develops before a distinct cardinal-count concept

Table 2 summarizes the participants’ CP composite score. Nine participants were com-
pletely unsuccessful tasks 1, 3, and 4 (cell A in Table 2)—that is, did not apply even the
last-word rule. Among the three children who were partially successful on the how-many
tasks (tasks 1 and 3), two were unsuccessful in applying their CP knowledge on the cardi-
nal-identity task (task 4; cell D in Table 2), indicating they may have been using only the
last-word rule on the how-many task. One child went from being completely unsuccessful
on the initial how-many task to completely successful on the second how-many task and
was subsequently successful on the cardinal-identity task (cell F). These results are consist-
ent with the child constructing the CP during the study. Indicative of CP knowledge, the
remaining 11 participants were consistently successful on the how-many tasks and had at
least some success on the cardinal-identity task (cells H and I in Table 2). In sum, 12 of 14
children who were successful on the how-many tasks appeared to understand the CP.

Table 3 summarizes the relation between participants’ CP composite score and their
performance on the give-n task. Note that consistent with a CP-priority hypothesis, all the
data fell in cells in which CP development is either equal to or higher than that of the
cardinal-count concept (i.e., cells A, D, G, H, J, K, M, N, and O)—if the former developed
earlier and served as a necessary condition for the latter. Note that all six developmen-
tally unambiguous cases in Table 3 (cells G, J, and M) are consistent with Hl—a CP-
priority (Fuson’s 1988) hypothesis—and inconsistent with a reverse-priority hypothesis or

Table 2 Relative success on the two how-many tasks and the cardinal-identity task (n=23)

How-many tasks (Tasks 1 & 3) Cardinal-identity task (Task 4, meaningful application of the
CP)
Unsuccessful (0 cor- Partially successful (1 Successful
rect) correct) (2 correct)
Successful (3 or 4 correct) 0° 2H 9!
Partially successful (2 correct) 2P 0F 1F
Unsuccessful (0 or 1 correct) 9A 08 0°¢

The scores on both tasks were used to create a composite CP score:

o Strong evidence of meaningful CP knowledge=cell I

o Evidence of emerging secure CP knowledge =cell H

o Evidence of learning the CP=cell F

o Evidence of last-word rule =cell D

e Evidence not consistent with knowing the last-word rule or the CP=cell A

@ Springer



197

The development and assessment of counting-based cardinal...

100" >d 0’1+ =(11 =+ V S[[29=Y10q U0 [1J$$300nsun pue {)=J+ g+ + g S[[90=dD 10U Inq NO UO §$3000S 9=\ + [+ D

S[[0=ND 10U INq D UO $5399NS 9=+ N+ T+ +I+H S[[99 =S8} YI0q UO §500nS) § S,9[NX (3991100 7 IO T) [BII)} JUO ISLI[ J& UO JOILI0D SB PIUYIP Sem SS900ns NO) 10J
UOLIAIID [e1qI] V "€00 =d ‘0'T+=(11=d+d+g+V S[[29=Y}0q UO [NJSS0ONSUN pue )=+ S[[20=dD 10U INq NO UO 530018 {/, =N+ N+ M+ [+H+D S[[9=ND
Jou Inq dD UO $S0INS ‘G= + T+ S[[00 =SSk} YJ0q U0 $5900nS) {J S9N "(1991100 7) S[BLI) IO UO }O91I0D SB PAUYSP Sem SS900NS (ND) U-9AIS J0J UOLISILID JATIEAIISUOD Y

JIqe
50 g0 v6 ULV [[99) $sB) AINUSPI-[BUIPIED PUE AUBW-MOY UO [NISSIINSUN—IFPIAMOUY D) JO OUSPIAS owmho_w_mlﬁ
(7 91qeL ur  [[99) St} AIUSpI-[euIpIed uo [nj a3pajmouyy/ssad
40 40 qC  -Ss22ONSUN pUE SYSE) AUBWI-MOY UO [Nssa0ons A[[ensed—a[nt pIom-Jse] Ay} pauIed] 10 pasn A[Jua)sisuoou] -ons g9 nquyxa JON pid
(T 219, Ut A [[99) skl AINuopI-[euIpIes uo
0 1O ol [nyssooons A[rented pue syse) AULW-MOY UO [NJSSIONS UAY) PUB [NISSA0INSUN—()) 9Y) UIed[ 0} pareaddy
(Z 9IqeL Ul H [[9) st} AIUSPI-[BUIPILD UO [NJSSA0INS
10 gl ! A[rented pue syse) AUBWI-MOY UO [NJSS900NS APJUISISU0I—FPI[MOUY D) 2IN3S SUISIOWD JO 90UapIAg
(T 21qe], ur | [[99) syse) L a3pa
oS N0 wb  -USPI-[BUIPIED pUB AUBLU-MOY Y} UO A[[NSSaoons AUDISISU0O—a3PI[MOUY dD) INI3S JO 30UIPIAD SUONS  -]HOUY/SS2IINS J) PORQIYXH
JOOII00 7 3091100 | JO9II0D ()
SB) U-9ATD)

$SO00NS YSB) U-AAIS X ($)[S) AIUSPI-[EUIPIEd 3y} puk AULW-MOY 0M) 9} JO 21005 ajisodwod ay)) aSpapmouy 4D € 3|qel

pringer

As



198 A.J. Baroody, M. Lai

a synchronous-development (Sarnecka & Carey’s 2008) hypothesis.! Specifically, the two
children who were in the process of constructing the CP and the four who exhibited secure
knowledge of the CP had no success on the give-n task. As the note in Table 3 indicates,
there was a perfect and statistically significant positive correlation between the level of CP
knowledge and cardinal-count understanding, whether a conservative criterion (correct on
both give-n trials) or a liberal criterion (correct on at least one give-n trial) was used.

Moreover, the evidence also appears inconsistent with a developmental synchrony
hypothesis or Sarnecka & Carey’s, 2008 non-distinct hypothesis. Among all cells in
Table 3 indicating a developmental transition (other than cells A and D, which neither
possible construct has begun to develop, or cell O, which represents the completed devel-
opment of the two possible constructs), six cases are inconsistent with the simultaneous
development of two distinct concepts or a non-distinct concept. The seventh case (cell K) is
consistent with Sarnecka and Carey’s (2008) non-distinct hypothesis, but it is also consist-
ent with prior development of the CP, prior development of cardinal-count concept, or the
simultaneous development of two distinct concepts.

3.2 H2: give-n performance underestimates CP understanding

In Table 3, using a liberal criterion for give-n success, success on the CP knowledge bat-
tery but non-success on the give-n task (cells M, J, and G) equals 6, success on both (cells
N, O, K, and L) is 6; non-success on both (cells D and A) is 11, and non-success on the CP
knowledge battery but success on the give-n task equals 0. Consistent with H2, the McNe-
mar’s test indicates that the CP knowledge score was significantly better than that of the
give-n (p=0.0156, one-tailed).

3.3 H3:CP->constancy concepts—>cardinal-count count

The results were generally consistent with H3—in accord with the HLP summarized in
Table 1. Participants performed best on the how-many-haphazard and how-many-linear
tasks (M=1.261, SD=0.8643, and M =1.043, SD=0.9760, respectively), most poorly on
the give-n task (M =0.522, SD=0.9458), and somewhere in between for the two number
constancy tasks (M=0.957, SD=0.8299 for cardinal identity, and M=0.870, SD=0.626
for cardinal equivalence). A Friedman test indicated that success on the five cardinality
tasks differed significantly (X2= 16.128 [4], p=0.003). As expected, performance on the
two how-many did not differ significantly (Z= —1.508, two-tailed p=0.132). Performance
on the how-many-linear and how-many-haphazard tasks were each significantly and sub-
stantially (as measured by a medium or large effect size) better than that on the give-n task
(Z=—-2.585, two-tailed p=0.01, d=0.57, and Z= —3.153, two-tailed p=0.002, d=0.86,
respectively). In three of four cases, performance on the how-many-linear and how-many-
haphazard tasks was each significantly and substantially (as measured by a small or
medium effect size) better than that on the cardinal-identity task (Z= —1.269, two-tailed
p=0.204, d=0.09, and Z= —2.021, two-tailed p=0.043, d=0.36, respectively) and the

! The cases in cells A, D, E, H, K, and O are developmentally ambiguous, because it is consistent with
a CP-priority (Fuson’s 1988 hypothesis), reverse-priority, or synchrony (Sarnecka and Carey’s 2008 non-
distinct) hypothesis.
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Table 4 Relative success on

CP understanding and reliable Cp understapding Understanding of cardinal equivalence
. . (CP composite score)
cardinal equivalence knowledge No(Oor 1 correcton Yes (2 correct on
(n=23) Task 5) Task 5)
Yes 8¢ 4P
(Cells F, H, & Iin Table 2)
No 107 1B
(Cells A & D in Table 2)

cardinal-equivalence task (Z= —3.116, two-tailed p=0.002, d=0.21, and Z= —3.477, two-
tailed p=0.001, d=0.52, respectively).

Moreover, as Table 4 illustrates, an understanding of the CP as measured by a compos-
ite CP score clearly emerged before reliable cardinal equivalence, as measured by a substan-
tial association (effect size). Specifically, with four successful scores on both tasks (cell D of
Table 4), eight scores indicating priority of CP knowledge (cell C), only one score indicating
priority of cardinal equivalence (cell B), and 10 unsuccessful on both concepts (cell A) Yule’s
QO was 0.667 and marginally significant (one-tailed p =0.098).

The two number constancy tasks also did not differ significantly in difficulty from each
other (Z=—1.602, two-tailed p=0.109). However, if reliable performance on each task is
considered (a score of 2=reliably successful versus a score of O or 1=unsuccessful), then
12 participants were unsuccessful on both; only 1 was unsuccessful on cardinal identity but
reliably successful on cardinal equivalence; 6 were reliably successful on cardinal identity but
unsuccessful on cardinal equivalence, and 4 were reliably successful on both tasks (Q=0.778,
approximate p=0.061). Performance on the cardinal-identity task and cardinal-equivalence
task was significantly and substantially better than that on the give-n task (Z= —2.845, two-
tailed p=0.004, d=0.51, and Z= —2.000, two-tailed p=0.046, d=0.47, respectively). Com-
petence began to emerge (1 point) or was achieved (2 points) on the cardinal-identity con-
sistently before such development on the give-n task: 11 participants were unsuccessful on
both tasks; 5 had at least some success on cardinal-identity task but not on give-n task; none
exhibited the reverse pattern of development; and 7 had at least some success on both tasks
(0=1.000, p<0.001). The same was true for cardinal equivalence: 5 participants were incor-
rect on both; 11 had at least some success on the cardinal-equivalence task but not on give-n
task; none exhibited the reverse pattern of development; and 7 had at least some success on
both tasks (Q=1.000, p=0.015).

An unanticipated but interesting finding emerged from the data. Five children were exactly
correct on the two control trials of the cardinal-identity task involving (mentally) taking one
from six and adding one to six. All five children appeared to understand both the CP, as indi-
cated by CP composite score, and the cardinal-count concept, as indicated by reliable success
on the give-n task.

4 Discussion
4.1 H1:CP develops before a distinct cardinal-count concept
The results are consistent with Fuson’s (1988) hypothesis that an understanding of the CP

(PL1) emerges before (rather than simultaneously with) that of the cardinal-count concept
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(PL3) and that the former is the developmental prerequisite (necessary condition) of the
latter. Specifically, the statistically significant and perfect Yule’s Q result indicate that
meaningful CP knowledge was always equal to or higher than (i.e., developed before) suc-
cess on the give-n task, which requires the cardinal-count concept. The present results are
also consistent with Mou et al.’s (2021) conclusion that distinct concepts underlie how-
many and give-n performance.

It has long been recognized that success on the how-many tasks precedes success on the
give-n task. Two widely recognized reasons for this disparity have been (a) children can
use the last-word rule learned by rote to create the appearance of success on the former but
not the latter and (b) greater non-conceptual demands of the give-n task. It is unlikely the
first reason accounts for the present results, because success on the how-many task had to
be coupled with success on a task that required a child to apply the CP. Although forget-
ting the requested number or failing to match a count to the requested number because of
a working memory overload cannot be discounted, qualitative analyses of the five cases
of prior development of the CP (cells J and M in Table 3) suggest a plausible alternative
hypothesis: their lack of success on the give-n was due to not understanding the rationale
for the counting-out procedure.’

e The cell J child, who appeared to be in the process of consolidating the CP, and two cell
M children, who exhibited a secure CP knowledge, made no effort to count out items
but simply grabbed some or all 10 items available on both give-n trials. Like five of
the cell A children who were unsuccessful on both tasks, these three CP-knowers may
have relied on a grabbing strategy, because they had not constructed the cardinal-count
concept and did not understand how counting could be used in the service of producing
a requested set.

e A cell M child, who exhibited strong evidence of understanding the CP, made the clas-
sic no-stop error of counting all the available items for both give-n trials, without any
effort to correct herself. Like one cell A child who made such an error on both give-n
trials and one cell D child (a last-word rule user) who did so on one trial, this CP-
knower may not have stopped the counting-out process, because she did not understand
the cardinal-count concept.

e For the give-5 trial, a cell M child counted past “five” to produce six and made no
effort to correct herself. On the give-6 trial, she counted out four items. In each case,
the girl violated the cardinal-count concept by not stopping the counting-out process at
the number requested. This CP-knower (like a cell A child and a cell D child who each
twice counted past the requested number) may have made such an error because she did
not know the cardinal-count concept.

It could be argued that because the tasks were administered in a fixed order, order
effects might confound the results. Although some children’s familiarity and comfort level
might increase with testing, this might be counterbalanced by increased fatigue by other
participants. Nevertheless, future research should control for possible order effects when
testing a hypothesis like H1 (and H2 and H3 as well).

2 The child who appeared to construct an understanding of the count-cardinal concept but had no success
on the give-n task (cell G in Table 3) is not included in this analysis. Evidence of the former was collected
in session 2; evidence of the latter was in session 1. So, it is unclear whether the girl would also have con-
structed the cardinal-count concept and been successful on the give-n task in session 2.
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Like Frye et al.’s (1989) and Sarnecka and Carey’s (2008) data, the present results indi-
cated that young children’s performance on the how-many tasks and give-n are not equiva-
lent for larger collections of 5 and 6. Unlike their inference that this performance gap was
largely due to a meaningless last-word rule, the present analysis indicated that 86% of those
who accurately responded to how-many questions also appeared to apply the CP meaning-
fully on the cardinal-identity task.

4.2 H2: give-n performance underestimates CP understanding

When use of the last-word rule as basis of success on the how-many task is eliminated,
which prevents over-estimating CP competence, performance on the how-many task was
still significantly and substantially better than that on the give-n task. This result indicates
the give-n task underestimates understanding of the CP.

4.3 H3: CP->constancy concepts—>cardinal-count concept

The present results accord with the proposed developmental order of concepts in Table 1.
Consistent with Condry and Spelke’s (2008) results, children performed significantly and
substantively better on the how-many-haphazard task, indicative of knowing the last-word
rule or perhaps even the count-cardinal concept (PL1), than on the cardinal-identity task
with collections that children counted for themselves (PL2A). However, the data sum-
marized in Table 2 are not sufficient to contradict Sarnecka and Gelman’s (2004) finding
that cardinal identity develops before the CP, and further research is needed to clarify the
developmental order of these concepts. Reliable success with cardinal identity outpaced
that with cardinal equivalence (PL2B) at a marginally significant but (as indicated by effect
size) strongly substantive level. Cardinal equivalence developed after a meaningful under-
standing of the CP but not before it, as Sarnecka and Wright (2013) found when the con-
cept was measured by the give-n task (PL3).

It could be argued that cardinal-equivalence task used in the present study overestimates
knowledge because the probability of guessing the correct answer is one-in-three. This
would have worked against finding cardinal equivalence more challenging than understand-
ing the CP or cardinal identity but may have contributed to why cardinal equivalence per-
formance appeared better than for the give-n task. Further research with a task that reduces
the possibility of false positives is needed to examine whether cardinal equivalence actu-
ally develops before the cardinal-count concept.

On the cardinal-identity task, five children appeared to understand that adding one to a
collection means moving forward exactly one word in the counting sequence and remov-
ing one means moving backward exactly one word (i.e., exhibited implicit knowledge of
the successor function). All five were also completely successful on the how-many and
the cardinal-identity tasks—that is, exhibited an understanding of the CP (cf. Sarnecka &
Carey, 2008). These children were also completely successful on the give-n trials, which
Fuson (1988) hypothesizes requires an understanding of the more advanced cardinal-count
concept. These results, then, are consistent with the growing evidence that the successor
function develops relatively late, after the CP (see Schneider et al., 2021, for a review).
They are inconsistent with Carey’s (2004) bootstrapping hypothesis that children use ana-
logical reasoning between their cardinal understanding of small numbers and the structure
of the count list to acquire the CP—that becoming a CP-knower entails learning the suc-
cessor function. Instead, children may induce the CP from counting small collections they
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can subitize and recognizing that the outcome of the one-to-one counting process consist-
ently matches the number they “see” (Paliwal & Baroody, 2020).

5 Conclusions

In terms of theoretical implications, although the study clearly has limited external validity
and needs to be replicated with a wider range of materials, more trials (including those just
beyond five), and a larger and more chronologically, demographically, and linguistically
diverse sample, its preliminary results support the HLP outline in Table 1. For example,
future research should consider the caution that children who can successfully create a set
of 5 may not be able to do so with larger sets—as was the case for two participants in the
present study (Posid & Cordes, 2018; Sella et al., 2021). Such children may not know a
cardinal-count concept but “successfully” create a set of five any way using a subitizing-
based putting-out strategy instead. Specifically, if they can subitize 4, children may put out
items one at a time until they see “four” and then put out another item because they know
“five” is more than “four.” To minimize failures due to performance factors, future research
could also use a more direct measure of the cardinal-count concept than the give-n task.
For instance, a stop-at-n task entails instructing a child to stop a counting-out process of
another at a specified number. The tester counts out items—relieving a child of the pro-
cedural demands of the counting-out process, allowing the child to focus on applying the
cardinal-count concept.

The present results are consistent with a follow-up experiment (Baroody et al., 2021).
Children who had not achieved PL1 (the CP) or PL3 (the counting-out procedure and its
rationale the cardinal-count concept) were randomly assigned to two interventions. One
was based on the HLP in Table 1; a comparison intervention focused on other aspects of
cardinality but involved the same PL3 training. The HLP-based intervention resulted in
significantly and (as measured by effect size) substantially greater learning on the cardinal-
count concept (as measured by the stop-at-n task) and procedural fluency (as measured
by give-n task). As the present results and those of the follow-up experiment indicate that
PL1 and PL3 may involve distinct competencies (e.g., different conceptual bases, types of
mapping, and demands on working memory) and the former emerges before the latter for
collections beyond the subitizing range, it does not make sense to refer to both competen-
cies with the same terminology—CP-knower level. The CP-knower level should refer only
to PL1.

The preliminary findings regarding the developmental order of the constancy con-
cepts—cardinal identity (PL2A in Table 1) and cardinal equivalency (PL2b)—need to be
replicated. With additional evidence, it might well make sense to list each of these exten-
sions of the CP as separate levels as shown in Table 1.

In terms of methodological implications, the present results are consistent with the
growing concern that the give-n task may underestimate (pre-counting and) counting-based
cardinality knowledge (Barner & Bachrach, 2010; Krajcsi, 2021; Mou et al., 2021; Sella
et al., 2021; Wagner et al., 2019). If future results confirm that the give-n task requires the
more advanced cardinal-count concept, assessing the CP-knower level might better involve
a combination of tasks such as the how-many task and a how-many application task (e.g.,
the cardinal-identity task) and using a composite cardinality score as in the present study.
Such a procedure provides a compromise between overestimating CP knowledge (as when
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the how-many task is used alone) and overestimating this knowledge (as when the give-n
task is used alone).

In terms of educational implications, if present results supporting the HLP in Table 1
can be replicated, then it can serve as the basis for sequencing early mathematics count-
ing and number instruction. School reformers and educational researchers have embraced
instruction based on HLPs as a potentially important tool for reform (Frye et al., 2013;
Lobato & Walters, 2017; Maloney et al., 2014; Sarama & Clements, 2009; Shavelson &
Karplus, 2012; Simon, 1995). Baroody et al. (2021) found that most participants who first
learned the CP benefitted from instruction on the cardinal-count concept and the counting-
out procedure, whereas all those who did not previously construct an understanding of the
CP did not.
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