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Abstract

In this paper, we present a way of describing variation in young children’s learning of
elementary arithmetic within the number range 1-10. Our aim is to reveal what is to be
learnt and how it might be learnt by means of discerning particular aspects of numbers.
The Variation theory of learning informs the analysis of 2184 observations of 4- to 7-
year-olds solving arithmetic tasks, placing the focus on what constitutes the ways of
experiencing numbers that were observed among these children. The aspects found to be
necessary to discern in order to develop powerful arithmetic skills were as follows: modes
of number representations, ordinality, cardinality, and part-whole relation (the latter has
four subcategories: differentiating parts and whole, decomposing numbers, commutativ-
ity, and inverse relationship between addition and subtraction). In the paper, we discuss
particularly how the discernment of the aspects opens up for more powerful ways of
perceiving numbers. Our way of describing arithmetic skills, in terms of discerned aspects
of numbers, makes it possible to explain why children cannot use certain strategies and
how they learn to solve tasks they could not previously solve, which has significant
implications for the teaching of elementary arithmetic.
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1 What is to be learnt?

When a group of learners embark upon a new curricular unit, it seems reasonable to expect
educational objectives to address the question “What is to be learnt?”. At best, however, we
might find out what the chosen group of students are expected to be able to do upon their
completion of the curricular unit in question. This follows from the fact that the educational
objectives are presumably the same for all students of the same curricular unit, while we can
safely assume that the students differ in what they need to learn to achieve the objectives of the
curricular unit. If their prerequisites differ, they need to learn different things to achieve the
same goal. In this paper, we present a way of describing variation in learning, and apply this to
the study of young children’s learning of elementary arithmetic within the number range 1-10.
Our aim is to reveal what is to be learnt as well as how it might be learnt. To fulfil this aim, we
observed 103 children’s attempts to solve eight arithmetic tasks on three occasions and
analysed what constitutes their ways of experiencing numbers. As outlined above, they differ
in their ways of understanding and using numbers, and thereby have different prerequisites for
solving the tasks.

Earlier research on arithmetic skills among young students has indeed presented thorough
observations of what children do when encountering arithmetic tasks, resulting in descriptions
of trajectories in the development of arithmetic skills (e.g., Fuson, 1982, 1992). Other scholars,
such as Steffe (2004) have made efforts to describe the processes of constructing schemes that
open the ability to solve tasks that are more advanced. However, this previous research has not
to a sufficient extent shown what is the actual potential for arithmetic learning that different
strategies in arithmetic problem solving may have, which presumably has to do with different
foci and aims of the research. The constructivist view, which Steffe is a representative of,
interprets arithmetic knowledge as constructed through mental activities and sees development
in light of more complex forms of thinking. However, when taking a phenomenological
standpoint, knowledge is constituted through an internal relationship between the child and
the object of learning. Researching development is then aiming to explore the world as it is
experienced by the child. The difference in these theoretical views thus refers to different
interpretations of what it takes to develop arithmetic skills (Marton & Neuman, 1990). One
example of children’s ways of solving arithmetic tasks that both Fuson and Steffe mention is
so-called double counting'. Fuson has observed this strategy used among young children as
one of many possible strategies in arithmetic problem solving. Steffe interprets this strategy to
be an expression of the child having constructed a “tacitly nested number sequence” (Steffe,
2004, p. 236), which may bridge to strategic reasoning in addition and subtraction. In the case
of double counting strategy, we argue based on empirical studies (Neuman, 1987) and
particularly the theoretical framework Variation theory (with origins in phenomenological
ontology), that double counting does not bridge to more advanced understanding since the
strategy applied is an expression of a certain way of perceiving numbers, in this case as parallel
number sequences (see also Bjorklund, 2021). Strategic reasoning in problem solving is
possible only if the problem solver perceives numbers in ways that allow such reasoning.
The act of double counting does not induce such an awareness of the number relations that is

! Double counting is a way of keeping track in a counting task where the sequence of counting words are treated
as entities to be counted. When solving e.g., 10—6=_the child keeps track of how many units are taken away and
how many are left, at the same time, usually by raising one finger for each counted counting word and then
counting the raised fingers, or by indexing with number words: “10, 9 (1 taken away), 8(2)... 4(6)”, thus the
numbers are double counted.
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necessary for developing strategic arithmetic reasoning. Our approach may thus contribute to
the field of research by taking a pedagogical perspective on the learning of arithmetic skills
founded in Variation theory of learning, in our quest to describe observed variations in
learning, and in particular to conceptualise how the learning of numbers’ meaning proceed
in terms of what is to be learnt and how this might be learnt.

In our approach to research on learning and teaching elementary arithmetic in the number
range 1-10, we assume, based on principles from Variation theory of learning that there are
certain aspects of the first ten numbers that learners have to learn to discern in order to solve
certain types of arithmetic tasks. The children, for instance, have to learn to discern the
cardinality—or “manyness”—of two numbers in order to add them, thus forming a third
cardinality, the sum of the two cardinalities. Now, such aspects that the learner has to discern
but has not yet discerned are exactly “what is to be learnt”. This is why we call them “critical
aspects” (Marton, 2015, p. 24). While the necessity to learn the cardinal meaning of numbers
has been proposed in many studies before ours (e.g., Gelman & Gallistel, 1978; Sarnecka
et al., 2018; Wynn, 1992), how such understanding develops, and how this attribute of
numbers relates to other ones, is less well known.

A key feature of the theoretical framework we apply in our inquiry is that the meaning of an
attribute appears mainly in comparison with other attributes of the same kind. For instance, the
meaning of “green” appears in comparison with other colours, the meaning of “natural
numbers” appears through comparison with other kinds of numbers, and the meaning of a
certain natural number appears in comparison with other natural numbers (see Marton, 2015).
Thus, we must encounter at least two different numbers, for instance, one represented by one
thing and the other by two things of the same kind. At the same time, it is through the
comparisons that we can see what different (but comparable) attributes (e.g., natural numbers)
have in common, namely that they can be seen in relation to each other as values in a certain
dimension of variation. ”Aspect” and “dimension of variation” are synonyms in the present
context, and so are “attribute” and “value”. Single attributes can then be seen as component
parts of systems of attributes.

This is also true in elementary arithmetic. In this paper, we will show that
discerning critical aspects of numbers, in terms of dimensions of variation and
distinguishing between varying attributes in these dimensions, is key to understanding
children’s developing arithmetic skills. Differences between learners can be seen in
terms of the aspects of the object of learning that are—or are not—discerned by them.
Another way of saying this is that differences in learners’ success in solving tasks are
found in how they perceive these tasks (i.e., in terms of what aspects of the tasks that
are seen by them). This further leads to a theoretically argued (Marton & Booth,
1997; Marton, 2015) and empirically shown way of how teachers may create neces-
sary conditions for learning (see Bjorklund et al., 2021; Marton & Tsui, 2004). One
example from a larger research project2 is the positive outcomes of an intervention
study, in which children who were afforded to experience contrasting attributes of
numbers learnt to use more powerful ways for solving arithmetic problems than a

2 The project we here refer to is FASETT, conducted during 2015-2018, of which the study in this particular
article is one part. The project’s main aim was to investigate the foundational aspects of arithmetic skills
development and how young children’s ability to discern these aspects could be developed using a pedagogy
based on specific empirical and theoretical insights.
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comparison group (Kullberg et al.,, 2020). It is our goal with the present study to
further explore how these positive outcomes can be explained, on a theoretical basis.

1.1 Five conjectures of the learning of elementary arithmetic skills

In accordance with the introduction above, we will advance five conjectures® derived from the
application of the Variation theory of learning (Marton, 2015) and Neuman’s (1987) theory of
the origin of arithmetic skills. These conjectures reflect some of the main principles of the
theory that we are using in our study. The conjectures originate mainly from the research
referred to in the present paper. By means of our line of reasoning, we intend to relate previous
and novel findings to strengthen the validity of the conjectures and support our conclusions as
far as the learning of elementary arithmetic is concerned.

First, differences in young children’s ways of handling arithmetic tasks derive from
differences in their ways of perceiving® these tasks.

Second, differences in young children’s ways of perceiving arithmetic tasks derive from
which aspects of these tasks they simultaneously discern and focus on.

Third, an aspect of an arithmetic task is a dimension in which commensurable (i.e.,
comparable) attributes may vary in the learners’ awareness (e.g., the cardinality of
numbers is an attribute that varies in the dimension of cardinality).

Fourth, learners may fail to solve an arithmetic task because they do not discern one or
several necessary aspects of it. Such aspects are said to be “critical” to discern, i.e.,
necessary for the learner to solve the task but not yet attained. This means that children
may discern some necessary aspects of the object of learning but not others (they are to be
learnt). Hence, their often seemingly erroneous understanding of the object of learning
(that which is to be learnt) is not so much erroneous as incomplete.

Fifth, teachers can help learners to discern critical aspects by bringing about patterns of
variation and invariance within and between tasks that are instances of the object of
learning. In order to experience such patterns of difference and sameness, they must be
present to the child. This is how the teacher might create the conditions necessary for
learning—necessary, though not necessarily sufficient.

The outlined conjectures derive from multiple studies of learners’ encounters with—and
handling of—tasks in different knowledge areas, constituting some of the main principles of
the Variation theory of learning (Marton & Booth, 1997; Marton & Tsui, 2004). In this paper,
we apply these conjectures to the inquiry into the development of children’s arithmetic skills.
Marton and Neuman (1989) argued that being able to experience—or to perceive—the
numbers 1-10 and the relations between them is a necessary condition for the mastery of
elementary arithmetic. Neuman’s (1987) empirical findings further show that difficulties in
developing arithmetic skills may be due to the learner not simultaneously experiencing the
numbers’ ordinality, cardinality and relations between them. Moreover, the Variation theory of
learning implies that discerning these necessary aspects of numbers is likely to occur when
relevant tasks are juxtaposed in relevant ways. Our conjectures further imply that learning is a

3 Conjectures here mean expectations or “propositions without proof”.
“In accordance with the Variation theory of learning, the expressions “perceive”, “to see” (sensuously or
metaphorically) and “to experience” are used as synonyms (Marton, 1981).
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change in ways of seeing (or perceiving). If a child is only able to see some aspects but not
others, this may limit what they are able to do with numbers (thus limiting their arithmetic
skills). In this sense, to experience patterns of variation is a kind of “liberation”, because when
a new dimension of variation is opened and children experience numbers in a new way, they
are also able to do things with numbers that they were not able to do before.

In line with the conjectures, learning to experience numbers in certain ways does not
happen through the repetition of acts (or performing arithmetic procedures). More than 80
years ago, Brownell stated that “If one is to be successful in quantitative thinking one needs a
fund of meanings, not a myriad of ‘automatic responses’” (1935, p. 10). He further argued that
the repetition of arithmetic facts will not lead to understanding. This has been confirmed and
theoretically founded in more recent investigations of learning processes: it is the variation in
what learners perceive while repeating an act that enables them to develop new and powerful
ways of understanding the content in question (Marton, 2015; Marton & Tsui, 2004; Marton
et al., 2005). In this sense, powerful ways of solving tasks do not only mean to produce correct
answers. Rather, the way of approaching a task with flexibility in strategy choice and handling
number relations that supports sustainable and developable ways of thinking about arithmetic
tasks, constitutes “powerful ways of seeing”. Thus, it seems appropriate to assume that
learning how to solve arithmetic tasks has to do with how children experience numbers in
the arithmetic tasks that enable the child to handle them in powerful ways or limit them in
doing so. We present arguments for this claim by studying what aspects of numbers children
experience while enacting different strategies to solve the tasks. This way of interpreting
arithmetic learning thus provides a framework for understanding and describing w#y devel-
opment occurs and what teaching elementary arithmetic should attend to.

2 Research on arithmetic skills development

The development of arithmetic skills is perhaps the most discussed field in mathematics
education research but is also described from quite different perspectives with different
implications for mathematics teaching. Since our intention is to contribute with a complemen-
tary way of describing arithmetic development and what is to be learnt, we will here briefly
discuss the field of knowledge as it is typically posited in the large body of literature.

Fuson (1982, 1992) has provided the field of knowledge extensive descriptions of chil-
dren’s strategies in arithmetic problem solving and created a trajectory of more and more
advanced strategies and explanations of what the child has to be able to do before advancing
on the trajectory. The observed strategies often start with “counting all” and then advance to
“counting on”, and in subtraction tasks “counting down” (Fuson, 1992). These strategies are
based on the child’s way of solving the task (first counting and then determining the quantity of
the set as “count-to-cardinal” induces the “counting all” strategy while “cardinal-to-count”
where the set is first approximated and then counted is assumed a prerequisite approach for the
“counting on” strategy). Her observations have been confirmed in many studies and
complemented by cognitive theory, indicating that there are certain processes enabling the
child to eventually construct or “find” arithmetical meaning and strategies (see Steffe, 2004;
Steffe et al., 1988). In this research, schemes are important for explaining children’s mathe-
matical development, based on the observable activity of children. Actions are assumed to
induce the creation of schemes, such as producing counted items by pointing the finger to the
table as many times as there are items not visible (in order to determine the quantity). The child
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is further supposed to create a feedback system (keeping track by creating finger patterns)
when the task is not solvable with existing strategies or schemes. Development occurs from
within the child, and it is assumed that a teacher can only indirectly bring development forward
through presenting problems for the children to solve (Steffe, 2004).

A typical progression in children’s counting skills starts, according to Clements and Sarama
(2011), with acquiring the concept of cardinality, which they describe as expressed when
children connect their counting on the number sequence with a subitised” set of items. Number
words in the counting sequence are ordinal in meaning, and subitizing is by definition cardinal.
This way of describing a path in developing counting skills emphasises that children should
learn to count on the number sequence and then relate the counting action to an experienced
(cardinal) set that confirms the meaning of the last uttered number word. In Gelman and
Gallistel’s seminal work (1978), this is known as acquiring the cardinality principle, which is
one of five counting principles that guide the acquisition of the verbal counting sequence.
However, Gelman and Gallistel take a different standpoint in how the acquisition happens.
They claim, “A knowledge of counting principles forms the basis for the acquisition of
counting skills” (p. 204), meaning that principles are there ready to be applied by the child,
which they interpreted based on observations of children’s own logic, such as making up a
stable counting sequence but in an unorthodox order.

Central to the research referred to above is to determine what skills are significant for
successful arithmetic problem solving and what strategies children can learn to master.
However, interventions in early years show ambivalent results, as it seems difficult to teach
young children strategies that will be used in proficient ways. Or in other words, to facilitate
their constructing arithmetical meaning and strategies. For instance, it has been shown that
preschool children can learn to identify the inverse feature of addition and subtraction when
presented a task with concrete manipulatives, but they do not make use of the principle in
formal arithmetic problem solving (Nufes et al., 2012). Thus, learning to apply strategies in
problem solving is a delicate task and seems to remain instrumental in many cases, as
observations of difficulties in transferring number facts to larger number ranges and novel
tasks has shown (Bjorklund & Runesson Kempe, 2020). This is why we are attempting to see
elementary arithmetic development in light of an alternative approach, to enlighten our
understanding of what is to be learnt in order to develop an understanding of the arithmetic
strategies, which are also applicable in novel situations.

3 Aspects known to be key to arithmetic skills

Research agrees that there is more to solving arithmetic tasks than learning procedures and that
certain attributes of numbers are recurring as central (such as ordinality, cardinality, number
relations and representations). Learning to use numbers fluently in arithmetic tasks is claimed
to presuppose an awareness of numbers’ dual meaning of ordinality (following in a consec-
utive order) and cardinality (referring to a composed quantity), which for instance Fuson
(1992) has taken as a point of departure for explaining necessary abilities for advancing in the
use of strategies (in terms of starting from a counting act or starting from a set with cardinal

5 Subitizing means the cognitive ability to instantly recognize an exact number of items without counting,
described by Kaufiman, Lord, Reese and Volkmann as early as 1949, and in infants and young children by Wynn
(1998).
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value). Cardinality has been studied across cultures and languages, ending up in a consolida-
tion of it being one of the core components of numbers and an awareness that develops
similarly with differences only found due to children’s linguistic environments (e.g., Le Corre
et al., 2016; Sarnecka et al., 2018; Sarnecka & Lee, 2009). Young children have thus been
observed learning the cardinal meaning of “one”, followed by “two” and “three” in consec-
utive order, until the subitizing range is extended and they comprehend that any number word
relates to an exact quantity. According to Variation theory, however, “one” is the “manyness”
of single objects, a shared attribute of every single object there is. This means that a child
cannot initially look at something and discern its attribute of being one, and nor can they see
that two or more things have this attribute in common. On the other hand, they would probably
be able to see the difference between two things and one thing of the same kind (i.e.,
subitizing). Thus, the child must encounter at least two different numbers in order to discern
the meaning of numbers. The implications of the Variation theory of learning is thus in conflict
with the way of describing the development of cardinality awareness above. At this point, we
suggest the conflict as a topic for future research.

Recently, attention has also been directed to ordinality as another core aspect of numbers
that needs attention (e.g., Baccaglini-Frank et al., 2020; Sinclair & Coles, 2017). Brissiaud
(1992) described a specific way of using number words that is found in observations of young
children, so-called word tagging (linking number words to objects one-to-one) in which the
ordinal aspect of numbers is prominent (see also Neuman, 1987). But Brownell (1935, p. 21)
concluded much earlier: “There is no quantitative significance in such counting; the child
might as well be saying, ‘a, b, ¢, d, e,” as ‘1, 2, 3,4, 5.” This is close to the meaning of ordinal
numbers, whereby “five” does not mean the group of counted items but rather the last (fifth)
one. If “five” indeed refers to a group of items, it is constituted of discrete ones, i.e., one, and
one more, and one more, and one more, and one more. Piaget (1952) argued that this is the first
sense of an arithmetic principle (primitive addition) that children express as early as their
second year of life. Since the counted “ones” form a very loose organization, this way of
experiencing numbers will however not help the child determine the quantity of a set or, for
that matter, how to find a sum or even a missing addend.

Studies of intervention programmes have shown that it is possible to teach young children
to handle novel and more advanced arithmetic tasks based on knowledge of numbers’ part-
whole relation (Fischer, 1990). Some researchers advocate that a structural approach, which
primarily directs attention towards relationships between elements (Venkat et al., 2019) and
making use of part-whole relations rather than single unit counting strategies (such as
“counting all” and “counting on”), should be emphasised already in the early years
(Brissiaud, 1992; Brownell, 1935; Davydov, 1982; Neuman, 1987; Schmittau, 2004). One
argument is that single unit counting strategies may solve simple arithmetic tasks but do not
support children’s potential to recognise the part-whole structure that more advanced tasks
presuppose. Recognizing and making use of number structure is a complex task itself,
however. It builds on the child experiencing numbers as composite sets, which does not
appear by counting single units, for instance on the fingers. However, knowing what different
numbers look like in terms of finger patterns may emphasise, for example, the idea of numbers
being parts of larger numbers and that numbers can be partitioned into smaller numbers in
different ways (see Brownell, 1935; Bjorklund et al., 2019). Numbers are then represented by
fingers, again in different ways, and a task can be treated as a part-part-whole relation.
Counting fingers as single units and using finger patterns to represent numbers are thus two
entirely different things, with radically different effects on learning. Research does
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convincingly show that certain aspects are keys to develop arithmetic skills and some advocate
approaches that emphasise number relations as a way to support children in learning sustain-
able and developable strategies (Ellemor-Collins & Wright, 2009; Resnick, 1983). Neverthe-
less, how these aspects are to be interpreted as component parts of arithmetic skills
development is still in its infancy.

4 The study

In this paper, we present an inquiry into aspects that are necessary to discern for developing
elementary arithmetic skills (what is to be learnt), and what it takes to develop these skills in
early years (how this might be learnt) taking our point of departure in an approach to research
that is theoretically grounded in the Variation theory of learning, discussed briefly in the
introduction. The inquiry is based on empirical data from interviews with 4- to 7-year-olds.

4.1 Empirical data

Our study is meant to contribute to knowledge of arithmetic development, with conclusions
drawn from empirical analyses of preschool children’s number knowledge. The analysis is
carried out on data from the research project FASETT. In our research project, we have
conducted task-based interviews on three occasions (interview 2 with an eight month delay
and interview 3 1 year after the second interview) with 103 children in the age span 58 months
(4 years 10 months) to 89 months (7 years 5 months).

The children’s legal representatives have given their informed consent for the children’s
participation and video documentation of the interviews. When consent for video documen-
tation was not given, the interviews were only audio-recorded and field notes were taken to
ensure proper documentation of the children’s ways of handling the tasks both verbally and
bodily (e.g., using their fingers). The interviews were task-based, including eight addition and
subtraction tasks within the number range 1-10 (see Appendix). All tasks were given verbally,
and no manipulatives were available except for the child’s own fingers®. The interviews were
conducted individually at the children’s preschools by the project researchers. The tasks were
the same on all three occasions, but due to the long intervals between the interviews it was
found unlikely that children would have leamt the tasks from a previous interview occasion.
The interviews focused on children’s ways of handling the tasks, that is, how the children
came to an answer. For this purpose, they were encouraged to explain in words and actions
what they did and how they reasoned in their attempts to solve the tasks.

The data for analysis consist of 2184 observations of the children solving arithmetic tasks
(observations in which children made no visible attempts to solve a task were excluded). An
observation constitutes the child being given a task to solve and the child’s response to this
particular task. The children’s responses in these interviews have been analysed with different
focuses, in terms of qualitative changes over time (Bjorklund et al., 2021) as well as
quantitatively (Kullberg et al., 2020) to describe learning outcomes. The analysis in this

© No numerals in writing were used during the interviews. In the description that follows in the article, numerals
are used in the text to help the reader keep track of which task it is.

@ Springer



What is to be learnt? Critical aspects of elementary arithmetic skills 269

particular paper adds to the previous studies by focusing on the aspects discerned and what
they mean for arithmetic development.

4.2 Methods for identifying critical aspects

The question we raise is what is to be learnt, or more specifically, what aspects have to be
discerned in order to develop arithmetic skills? To find the critical aspects in children’s
arithmetic problem solving, the units of analysis were the instances of children’s ways of
handling numbers, shown in both verbal utterances and gestures (such as finger patterns). The
fundamental principle in our way of analysing is based on the Variation theory of learning
(Marton, 2015), in that the combination of the necessary aspects for handling numbers in an
arithmetic task discerned by a particular child defines their way of experiencing numbers. To
solve an arithmetic task, some aspects are prominent and necessary to experience while other
tasks demand other (or more advanced) aspects to be experienced. When a new dimension of
variation is opened up, it “liberates” a new way of experiencing numbers and thus what the
child can do with numbers. In our analysis, we thus look for what aspects the child expresses in
their ways of handling a task, and we direct particular attention to which aspects the child who
fails to handle a task has not yet discerned.

It is more difficult to find the necessary aspects if none of the observed children show it, or
in fact also if all of them show it. For instance, cardinality is one such aspect that most 5-year-
olds show to be experienced in when handling numbers. However, when a child does not show
an awareness of the cardinal meaning of numbers this stands out as critical (against the
background of all the “cardinal knowers”) and is recognised, as it has an impact on what the
child is able to do with numbers: expressing a different way of experiencing numbers in that
the numbers, to the child, lack the meaning of “manyness”. This means that the likelihood of
discovering a certain aspect varies with the different groups of children that are observed. It
also means that we can never be sure of having discovered all the necessary aspects and that
there always remains the possibility of finding new ones. Nonetheless, we mostly find the
same necessary aspects when children of similar age, living under similar social and cultural
conditions, face the same tasks, in this case Swedish preschoolers from mixed socio-economic
backgrounds’.

4.3 Analysis

We first conducted qualitative analyses of each observation to determine how the
numbers in the presented tasks were experienced, in terms of which aspects the child
discerned and which ones did not come through in the observation. We then differenti-
ated observations of successful arithmetic problem solving (producing correct answers)
and the less successful (producing incorrect answers). In the large sample of observa-
tions, we thus had a spectrum of correct and incorrect answers relating to discerned
aspects, covering all the tasks in the interviews (presented in Table 1). We thereby found

7 In Sweden, preschool is a non-mandatory pedagogical practice for children aged one to five years, with no
standards for knowledge to achieve but only mathematical areas to offer children the possibility to explore and
develop their knowledge within play-based settings. The year children turn six, they attend (at the time of this
study, still on a voluntary basis) preschool class, a preparatory year before compulsory education commences.
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empirical indications of what aspects were necessary to discern in order to solve certain
tasks. These aspects, and their relation to success or failure in arithmetic problem
solving, are the main outset for further inquiry into what the discernment of certain
aspects means, in line with the theoretical conjectures we outlined earlier.

5 Relationships between critical aspects of numbers found in the present
study

Four main categories of necessary aspects of numbers were found in the analysis of the
empirical data: modes of number representations, ordinality, cardinality, and part-whole
relation. The part-whole relation aspect is further divided into four subcategories: differenti-
ating parts and whole, decomposing numbers, commutativity, and inverse relation between
addition and subtraction. In the arithmetic tasks, these are important to attend to, but above all
they are discerned by the children when they are opened up as dimensions of variation (see
Bjorklund et al., (2021) for qualitative examples of learning outcomes, and Kullberg et al.,
(2020) for quantitative proof of learning outcomes).

The aspects observed in our study are known in the field of research on learning elementary
arithmetic. However, in our study we are able to conclude how these aspects relate to one
another as components of the child’s way of experiencing numbers, which limits or opens up
the possibilities for them to apply different (or rather more or less powerful) strategies in their
arithmetic problem solving. Categories A—D below refer to the aspects found in our study and
the ways in which they are discerned by the children. Table 1 presents the frequency of correct
and incorrect answers in relation to which aspects are discerned (and not discerned).

A. The child experiences only the modes of number representations (numbers are related to
verbal expressions or representations with symbolic items such as fingers).

B. The child experiences the ordinality of numbers (numbers built as a sequence of single
units), including modes of representations but not cardinality.

C. The child experiences the cardinality of numbers (numbers constitute composite sets),
which includes modes of representations but not ordinality.

D. The child experiences numbers’ part-whole relation (structuring tasks and relating
numbers to other numbers in the task), which includes experiencing modes of number
representations, ordinality and cardinality. This further includes:

DI1. Differentiating parts and whole

D2. Decomposing numbers

D3.  Commutativity

D4. Inverse relation between addition and subtraction

Our analysis of discerned aspects and observations of correct/incorrect answers confirms
observations and conclusions in earlier research that being able to attend to the part-whole
relation of numbers (category D) entails more successful arithmetic problem solving (see
Table 1). It also confirms earlier claims regarding the necessity of coordinating cardinal and
ordinal aspects of numbers, as our observations show that children only discerning the
ordinality (category B) or the cardinality of numbers (category C) rarely solve the arithmetic
tasks.
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Table 1 Categories of discerned aspects and the relation to correct and incorrect answers

Correct Incorrect Total
A. Modes of number representations 1 25 26
B. Ordinality 15 123 138
C. Cardinality 37 580 617
D. Part-whole relation 1145 155 1300
No answer - - 103
Total 1198 986 2184

What is striking in our observations is that even when children are observed to handle numbers’
part-whole relation (category D), many incorrect answers are nevertheless given (12% incorrect).
This opens the opportunity for further inquiry into zow the discernment of the aspects opens the
way for more powerful strategies to be enacted, and particularly for taking a closer look at the
construct of experiencing numbers’ part-whole relation, as it seems to be a complex aspect. Thus, the
aspect of part-whole relation includes subcategories that emerge as critical in some tasks.

How the aspects and subcategories are discerned (or not discerned) as dimensions of
variation, presented in the following sections, will show why a certain aspect is necessary to
experience, concluding in a discussion of how these aspects might be learnt.

5.1 Modes of number representations

Numbers are typically represented by young children using fingers or number words. However, if
verbal representations are the only mode that numbers are represented in, the numbers are seen as
only a certain kind of words. For example, one child was asked to figure out how many marbles (out
of seven) the experimenter had hidden in her two hands (Task a). The child suggested “twenty here”
and “twenty-one there” without further explanation. This observation implies and confirms earlier
findings (see Fuson, 1992) that children usually learn that there are different number words before
learning how to use them in a quantitative sense. But they certainly use them in some sense, and can
distinguish number words from non-number words within certain limits. Another mode of
representing numbers common in the early years is fingers. However, knowing that “five” can be
shown by a whole hand does not necessarily mean it represents a quantity; it can be learnt as
illustrating an image of a (number) word (Bjorklund & Reis, 2020). Thus, discerning modes of
representations is necessary, particularly for experiencing how different modes of representations
apply to the same number—saying “five” and showing five fingers and pointing to a set of five
marbles (see Bjorklund et al., 2021). However, discerning different modes of representations is not
sufficient for solving arithmetic tasks, or for determining any set of objects as a quantity. On the
other hand, it shows an important principle of Variation theory: opening up a critical aspect of the
object of learning amounts to the simultaneous awareness of different features (e.g., different modes
of representations) related to the same referent (in our case, number). Otherwise, if two features are
only experienced together, they cannot be separated from each other: in that case, the child would
have no concept of number nor of modes of representations.

5.2 Ordinality

Most of the 4- and 5-year-olds in our study could recite the counting rhyme up to 20 or higher.
Thus, they at least experience numbers as ordered series of words. Ordinality implies that every
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number word has its exclusive place in the sequence (Gelman & Gallistel, 1978). Some children
make use of their fingers to secure the sequence, meaning that they always start counting from
one finger and continue along the fingers and on the other hand in a stable order. This would be
an example of a child at the same time discerning modes of representations (fingers and
counting words) and ordinality. Still, these discerned aspects are not enough to allow the child
to determine quantities of sets. When asked to show “six fingers”, the child might show their
right thumb alone (the six#: finger). This is an example of the aspect of ordinality being
restricted to the place in a predetermined order, meaning that “six” indeed follows “five” and
precedes “seven” but does not have a cardinal meaning.

The following excerpt is one example of how the ordinal aspect of numbers only, but not
the cardinal aspect, is shown in a child’s arithmetic act when encountering a task of seven
marbles hidden in the interviewer’s two hands and are asked to determine how the marbles can
be divided between the two hands (Task a):

Excerpt 1

Mary: Seven in this (pointing at the interviewer’s closed right hand)

Interviewer: And how many in this, then (left hand)?

Mary: Six

Interviewer: Okay, then, what were you thinking when you said it was seven in this and
six in that?

Mary: Why... it’s like ... when you count, it’s first six and then seven.

We suggest that Mary saying “when you count, it’s first six and then seven” is an indication
that she perceives the ordinal aspect of numbers, but not the “manyness” of seven. The marbles
called “the one, the two, the three... the six” are thus in one hand, and the marble called “the
seven” (or the 7th marble) is alone in the other hand. The different aspects discerned as
dimensions of variation constitute the ordinal meaning of consecutive numbers. These features
are the functions of the preceding and following numbers. Discerning the ordinal aspect of
numbers without simultaneously discerning their cardinal value, however, implies a serious
limitation when it comes to handling quantities.

5.3 Cardinality

Fundamental for arithmetic problem solving is the idea that, for example, three items of any
kind can be counted but have the same numerical meaning as any other set of three items: the
cardinality of numbers. Three raised fingers may then represent the number, and can be
manipulated as a number in the same way a set of marbles can be manipulated (here the
modes of representations are present and help the child in discerning cardinality as a dimension
of variation). The manipulation is not directed towards the items themselves, but what they
represent.

An awareness of cardinality is observed in our study, with some children giving a plausible
answer when encountering simple addition tasks but not seeming to relate numbers to other
numbers (which would indicate a sense of ordinality). For example, Excerpt 2 shows a child
suggesting two sets that are close to a plausible answer (the same Task a as in Excerpt 1
above), but without justifying any relation between the sets and the whole, still expressing
some sense of the cardinality or “manyness” of numbers:
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Excerpt 2

Kim: [points at the closed right hand] One in that one [points at the closed left hand] five
in that one.

Interviewer: How did you figure that out?

Kim: [points at the left hand] Eight in that one and two in that one [points at the right
hand].

The child in Excerpt 2 does seem to discern that numbers have a meaning of “manyness”
(cardinality), but since no other aspect that would direct attention to the relations between
numbers in an ordinal sense are discerned, the child only solves the arithmetic task as
approximate.

When children discern the cardinal aspect of numbers without discerning their ordinal
aspect, they might be able to grasp the “manyness” only of small and approximate quantities
but still cannot enact any counting strategies that could ensure them of how a set of items
constitute units that can be added, subtracted, divided, or compared. What we see in our
observations is that when children simultaneously discern the ordinal and cardinal aspects of
numbers they often manage to solve straightforward addition and subtraction tasks (2 + 5 = _
Task e, and 10 — 6 = Task f). However, we suggest that missing addend tasks and whole
unknown tasks (3 + = 8 Task g, and _— 3 = 6 Task h) require still other aspects to be
discerned. Thus, it is not enough to coordinate the ordinal and cardinal meaning of numbers.
We found a critical aspect to be the part-whole relation as well, which enabled the children to
solve the more complex tasks.

5.4 Part-whole relation

In our study, we find that missing addend and start-unknown tasks (3 + =8 Task g,and -3
= 6 Task h) require the child to see numbers as related to the other numbers in the task, in order
to enact a suitable strategy. That is, the part-whole relation aspect becomes critical to many of
the children. When they do not discern this aspect, they are forced to keep track of counted
single units. For example, solving the task “You have three glasses, but are going to set the
table for eight people, how many more glasses do you need?” (Task g) is easy if the child
discerns the parts as three, one unknown and the whole eight, thus seeing the three in the eight
and the missing number as the other part. However, if the part-whole relation of the numbers is
not discerned, children are observed keeping track of how many single units have been added,
for example: “3, that’s 4 (1 added), 5 (2 added), 6 (3 added), 7 (4 added), 8 (5 added)”. This
“double counting” (see also Neuman, 1987) reflects the child alternating between
foregrounding the ordinality (a consecutive order of counting words) and the cardinality
(how many glasses there are for each added one). Thus, the child has to work with parallel
number sequences, which often results in incorrect answers or the child losing track of the
units counted (see Bjorklund, 2021 for a deeper inquiry).

The finding that strategies building on a part-whole relation between numbers are success-
ful is not new; the same conclusion has been drawn in other empirical research as well (e.g.,
Baroody & Purpura, 2017; Ellemor-Collins & Wright, 2009; Schollar, 2015). Nevertheless,
surprisingly many children who seem to discern number relations while trying to solve the
tasks end up with incorrect answers (see Table 1, category D). Our qualitative analysis of what
aspects children discern when solving arithmetic tasks can however shed light on this outcome:
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discerning the part-whole relation of numbers is important, but not sufficient, it constitutes in
itself several aspects that are necessary to discern. We will elaborate on how we came to this
conclusion in the discussion below.

What the part-whole relation constitutes is generally that numbers are perceived as com-
posite sets that relate to other sets, which makes it possible to treat numbers in arithmetic tasks
as relational. Depending on the encountered task, certain features of the part-whole relation
become necessary to discern, such as differentiating parts and whole, decomposing numbers,
commutativity, and the inverse relation between addition and subtraction. Not all of these
aspects are necessary to discern in order to solve all kinds of arithmetic tasks in this study;
some of them become critical in solving certain tasks, but are not necessary for solving others.

5.4.1 Differentiating parts and whole

Many arithmetic tasks are quite straightforward, particularly those that preschool children
encounter in daily interaction (adding two sets or removing a part from a larger set). However,
in our interviews we found it to be critical for children to specifically differentiate parts and
whole in such tasks that asked for a missing part. The differentiation of parts and whole is
closely connected to the task at hand. For many children, it was difficult to discern the part-
whole relation in the task “You and your friend collected five shells together, you collected
four of them, how many did your friend collect?” (Task c). Many children came up with the
answer nine; that is, adding five and four. It was observed that children who did distinguish
parts and whole related the given four to the larger number five, and either counted on “one” or
structured the task on their fingers, starting with the whole five by unfolding five fingers and
then folding four to see the remaining unfolded one (usually the thumb) constituting the
missing part. Thus, the part-whole relation includes this aspect as necessary in order to
understand the number structure in this and other arithmetic tasks.

5.4.2 Decomposing numbers

Children who discern the decomposition of numbers are often capable of solving the
tasks in our study, and often use finger patterns to structure the numbers. However,
recognizing a pattern in quantitative terms entails perceiving how numbers constitute
composite sets of units and how they can be composed and decomposed in different
ways to ease the computation process. Some ways of composing numbers are more
powerful than others: “You have three glasses on the table but are going to set the
table for eight people. How many more glasses do you need?” This task (Task g) can
be solved in several distinct ways, either by creating the given part three on one hand
(three unfolded fingers) and unfolding the five fingers on the other hand to make the
whole finger pattern of “eight” and recognizing the whole hand “five” as the missing
part, or by creating the given part “three” on one hand and adding on the following
two fingers and three more on the other hand while counting “three... four, five, and
six, seven, eight” and then seeing the two and three as the missing five, or by starting
with composing the whole as two sets of four unfolded fingers, then folding one
finger and saying “three” while unfolding another finger on the other hand, thus
showing a whole hand as “five”. All of these ways of composing and decomposing
numbers are observed in our study (see also Kullberg & Bjorklund (2020) for a
discussion of the developmental potential of the different finger patterns used).
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The aspect of decomposing numbers is discerned by children who know numbers as
number facts and thus express a fluent use of numbers. Their way of experiencing numbers’
part-whole relation makes them able to operate on, or simply “know” the answer to an
arithmetic task, which allows them to use more economical strategies as this induces derived
facts and numerical transformation (Gray et al., 2000). One illustration of this from our study is
a child solving the task “If you have ten candies and eat six of them, how many are left?” (Task
f), who gave an answer of 4, describing how he decomposed 10 into 5 and 5 and then moved
1, saying, “Move over one from five, then there are four left.” In this case, the dimension of
variation is comprised of different ways of dividing the whole (10). One way is “10 —6 = _”
while another, expressed by this child, is “10 =5+ 5and 5+ 1+4 =6+ 4".

5.4.3 Commutativity

Included in the aspect of the part-whole relation of numbers we find the principle of
commutativity. Indeed, commutativity makes an arithmetic task easier when the child is aware
of the efficacy of adding the smaller part to the larger one, but when this is seen only as a
procedure there is a risk of misusing the strategy (such as applying it to subtraction). We prefer
to say that children have opened the ordering of addends dimension of variation when they
discover that the order of the addends does not have to be taken for granted, they can be
switched in an addition task, so you can always start with the largest part. If the child does not
experience numbers’ part-whole relation, switching addends is not an option. The part-whole
relation also constitutes the aspect of commutativity as one to be discerned in certain tasks (but
not necessarily all).

By opening up commutativity as a dimension of variation the child sees, for
instance, Task e as “2 + 5 or 5 + 2” instead of a static expression “2 + 5 = 7
whereby one has to start with the first presented addend. Discerning commutativity
induces a way of experiencing numbers’ relations, for example that the parts are
perceived as composite sets that can be shown as finger patterns (2 on one hand and
5 on the other, together recognised as the pattern for 7). Some of the children in our
study were observed spontaneously opening this dimension of variation by crossing
their hands while retaining the finger patterns 2 and 5.

We suggest that commutativity is an essential feature of the part-whole relation of
numbers, as it presumes the child experiencing the parts as simultaneously constitut-
ing the whole; then, it does not matter to the child whether 5 is added to 2, or 2 is
added to 5. In our study, some children explain their making use of the discerned
commutativity by saying “it’s easier that way”, as the child then only has to add on
two units, which are easily subitised either by hearing the number of counted number
words (“five...and six, seven”) or by raising one’s fingers to keep track. To conduct
this operation, the child focuses on both the cardinal and ordinal aspects simulta-
neously and, in addition, perceives the number relations as equivalent. If the ordering
of addends is taken for granted, or in our terms is undiscerned, the child counts on
“two... and three, four, five, six, seven...”, which was observed to result in the child
not knowing when to stop adding units (because the subitizing range is transcended).
The only solution children then find is to keep track of the added units by means of
their fingers, which itself becomes a problematic strategy as the number range
increases. Thus, discerning commutativity supports the awareness of the number
relations given in a task.
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5.4.4 Inverse relation between addition and subtraction

In our study, we observed that the inverse relation between addition and subtraction as a
feature of the part-whole relation becomes critical when children solve the verbal task “You
have ten candies and eat six of them, how many are left?”” (Task f). This task can be solved as
either I0—6=_or6+ = 10. Some children solve the task by counting down, which calls for
the rather complicated double counting (keeping track) strategy. Others change the operation
of the task by handling it as an addition task by saying “6...7, 8, 9, 10, it’s 4”, hearing through
what we can call “auditory subitizing” that four units have been added, or by keeping track
with fingers. Having discerned the inverse relation as a dimension of variation (choosing
between subtracting or adding, or between “going down” or “going up”) concerns the
alternatives “seeing subtraction as subtraction” or as “addition or subtraction”, the latter
enables the child to solve subtraction tasks in more flexible ways.

In fact, this feature of the part-whole relation does not become critical at all to some
children, who rather perceive an arithmetic task as a part-whole relation in which some
addends (at least one) are known; sometimes the whole is known, and sometimes the whole
is what is asked for. The children then do not distinguish between addition and subtraction, but
rather see them as two sides of the same coin.

6 Revisiting the conjectures

As we mentioned above, what we aim to contribute through this paper is a way to describe and
understand arithmetic development in the early years in terms of discerned critical aspects,
with implications for what should be taught to children to facilitate their development of
arithmetic skills. We have presented four primary aspects found empirically in a study with
four- to seven-year-olds, the last of which includes four subcategories. In the following, this
description is seen through the lens of the five conjectures we outlined above as some of the
main principles in our theoretical framework. When presenting these conjectures we explained
that our intention with the present work was to further support those conjectures. What has
been added is—as depicted in the set of five conjectures—that we can identify for any group of
young children a set of critical aspects that they have to master in order to make the object of
learning (in our case the numbers 1-10) their own. What is meant to be our major contribution
to the field is the identification of the critical aspects of the first ten numbers in the context of
elementary arithmetic and how they relate to one another as attributes of arithmetic skills. Let
us now revisit the five conjectures.

First, differences in young children’s ways of handling arithmetic tasks derive from
differences in their ways of perceiving these tasks.

The first conjecture suggests that a difference between two ways of handling a task implies a
difference between two ways of perceiving it. Our study of children’s ways of handling the
same tasks provides multiple examples of the differences between children’s ways of perceiv-
ing numbers. For example, in a task in which the start number is unknown (_ — 3 = 6 Task h),
we see some children claiming that the task in which some items are removed (broken) and
some remain is not possible to solve, as they do not know the initial number of balloons that is
asked for and thus cannot make sense of the task. Other children instantly recognise the task as
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an addition problem, seeing the broken items and the remaining ones as parts of one whole,
and can easily solve it. Another example that illustrates this conjecture is when the children
encounter subtraction tasks, such as “You have ten candies and eat six of them, how many are
left?” (Task f): some children see the task as “subtraction” and count down from ten, while
others see it as “subtraction or addition” and in this case often choose to count up from the
given part. The latter way of seeing the task enables the child to solve subtraction tasks in ways
that are more flexible.

Thus, we claim that this distinction is based on the different ways of perceiving numbers,
which makes some strategies for solving a task possible to enact and others impossible because
they do not make sense to the child. The interpretation that differences in children’s ways of
handling arithmetic tasks reflect differences in their ways of perceiving those tasks appears
thus reasonable.

Second, differences in young children’s ways of perceiving arithmetic tasks derive from
which aspects of these tasks they simultaneously discern and focus on.

In order to experience numbers in ways that allow the children to solve arithmetic tasks, they
have to discern and focus on several aspects simultaneously. The four aspects found in our
empirical investigations have shown to be critical for children’s abilities to solve arithmetic
tasks. However, if only the first three (the cardinal, ordinal, and representational aspects of
numbers) are discerned irrespective of each other, the child is unlikely to solve the arithmetic
task. Only when the three aspects and the part-whole relation aspect are discerned simulta-
neously does it become possible for the child to enact strategies that help in solving the
arithmetic task.

For instance, children often solve the task “You have two sea shells and your friend five;
how many do you have together?” (Task e) by showing the finger pattern five on one hand
with all fingers unfolded and two fingers on the other hand. Some children in our study add
“Seven, we have seven together”, which indicates that they see numbers as composite sets and
have discerned a part-whole relation. Other children add to their finger pattern the verbal
answer “Two and five; I have two and she has five” and fail to see them as constituting a
composite whole. Our interpretation is then that the latter utterance is an expression of the child
not discerning a part-whole relation of numbers, as the parts five and two are not seen as being
included in a larger set. Therefore, even if children seem to express the same number pattern as
an answer to a task, the meaning behind the finger patterns can be very distinct. This, we
suggest, is because they experience different aspects of the task, which defines what they find
possible to do with the numbers in it. Furthermore, depending on the task at hand, certain
features of the part-whole relation may also be foregrounded that allow the child to enact more
powerful strategies, such as seeing the commutativity aspect of the task and thus adding two to
five even if the task was presented as having two and then five more. Which aspects of a task
that are discerned and focused on simultaneously reflect differences in young children’s ways
of perceiving (and thus handling) the task.

Third, an aspect of an arithmetic task is a dimension in which commensurable
(comparable) attributes may vary in the learners’ awareness.

Each aspect constitutes a dimension that is essential to experience for the aspect to become
present for the child. This can be seen, for instance, in the fact that the aspect modes of number
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representations is vital in many arithmetic problem solving situations. The child is supported in
encountering the task by discerning how different modes of representations, such as verbal
counting words and finger patterns, represent the same number, thus offering the child an
opportunity to structure number relations on their fingers, to ease the problem solving. Another
example is the discernment of the cardinality or “manyness” of numbers, which means seeing
numbers as composite sets, which can vary between sets, thus relating numbers’ cardinal
meaning to other numbers’ cardinal meaning as dimensions of variation. It is thereby necessary
for the child to see, for instance, how cardinality is a common feature of all numbers or, for
instance, the part-whole relation as a feature that is applicable to all arithmetic tasks.

Fourth, aspects are “critical”’; i.e., necessary to discern in order to enable the learner to
solve certain kinds of arithmetic tasks.

Children may fail to solve a task because they fail to discern one or several aspects of it. This
conjecture becomes essential in our study of what is to be learnt, as it tells us what children are
and are not able to do with an arithmetic task. Aspects are critical to the child, because
discerning this critical aspect enables them to see the arithmetic task differently and thus enact
different strategies to solve the problem. If the part-whole relation aspect is not experienced in
terms of differentiation of parts and whole, some tasks become error-prone, such as adding
given numbers in a task even though it is a missing addend that is asked for (5=4 + Task c).
Similarly, many subtraction tasks are easily solved when the child discerns the inverse relation
between addition and subtraction. When this aspect is not discerned, many are forced to apply
double counting strategies, which often result in incorrect answers. For these children, the
inverse relation between addition and subtraction is critical to discern in order for powerful
strategies to be applied in the problem solving.

Fifth, teachers can help learners to open up critical aspects by bringing about patterns of
variation and invariance.

Situating our examples in the discourse of research on learning and teaching early mathemat-
ics, our findings offer a way of describing the teaching-learning relation in commensurable
terms, that is, aspects found critical for learning arithmetic skills are exactly what teaching
should enable the child to discern as dimensions of variation (Bjorklund et al., 2021). Thus, a
unique opportunity is afforded to differentiate what should be learnt as well as how this
learning could be enabled by our framework.

Teachers can help learners to open up critical dimensions of variation by bringing about
patterns of variation and invariance. The examples and conclusions shown above illustrate
how differences in perceiving numbers (and thus what can represent numbers and what to do
with numbers) are functions of differences in which aspects are discerned by the child in a
particular situation (Conjecture 1). Some tasks bring to the fore the necessity to discern several
aspects and the child’s ability to experience these, simultaneously, also constitutes their way of
perceiving and solving the task (Conjectures 2, 3 and 4). As our study reveals, which aspects
of numbers are discerned in a particular problem solving situation has a significant impact on
the strategies children enact and thus on their success in solving the task. What teaching should
attend to, then, is to allow necessary aspects to be discerned by the child, by offering patterns
of variation that allow the child to see the arithmetic task in a new and different way
(Conjectures 3 and 5). Interventions conducted according to these principles of teaching, in
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this case emphasizing the part-whole relation aspect and its features, have proven to be
successful, both in quantitative terms, producing more correct answers to elementary tasks
(Kullberg et al., 2020) and in qualitative terms, developing the way of perceiving arithmetic
tasks as constituting number structures to operate on rather than applying single unit counting
strategies (Bjorklund et al., 2021).

As the prosperity of the implementation of the theoretical principles has been reported
elsewhere, our attention here is rather on how the aspects—both empirically and
theoretically—can be seen as related to one another in the development of arithmetic skills.

7 What makes the learning of arithmetic skills possible

In our efforts to answer the research question what is to be learnt, we have identified aspects
necessary to discern in order to solve elementary arithmetic tasks. The validity of our inquiry,
however, is rather dependent on whether we can argue for how the learning of arithmetic skills
takes place—how it might be learnt—in terms of the discernment of these necessary aspects.
In Table 1, we showed the frequency of correct and incorrect answers to the tasks in relation to
what aspects a child is discerning (based on qualitative analyses of strategies and utterances of
children’s problem solving). Based on these empirical findings and the conjectures, we
propose a description of children’s advancement of arithmetic skills in regards to what
dimensions of variation are necessary to be opened up.

In order to open up dimensions of variation (corresponding to critical aspect) the child
needs to encounter at least two values in a particular dimension of variation. One of the aspects
we presented as necessary for developing arithmetic skills—modes of representations—should
then be opened up as a dimension of variation, by affording two different modes of represen-
tations for the same number, e.g., verbal expression and finger pattern, at the same time. If the
child only encounters one kind of representation of one number (for instance, three fingers for
“3”), they will not distinguish between the number and its representation. According to the
Variation theory of learning, representations would not exist for the child in this case, it would
not be possible to discern. When discerning this aspect, other necessary aspects are liberated as
well. We argue that modes of representations become significant for discovering other
necessary aspects of numbers. For instance, through the use of finger patterns, dimensions
of variation may be discerned that bring to the fore the aspect cardinality (perceiving numbers
as composed sets) and part-whole relation (see also Bjorklund et al., 2021).

Our description of arithmetic learning is however not strictly cumulative in nature. Our
analysis shows that the children who only discern the ordinal or cardinal meaning of numbers
have no ways of enacting arithmetic strategies, as they are not experiencing these aspects
simultaneously. It is only when this dual meaning of numbers is attended to that they can enact
basic arithmetic strategies. For example, children who are able to coordinate the cardinal and
ordinal aspects of numbers usually end up with the correct answer in straightforward addition
tasks (2 + 5 = Task e). However, some of them fail in solving tasks that require them to
discern the part-whole relation, for instance responding to Task g (3 + = 8): “Three, and four,
five, six, seven, eight. It’s eight!”. This is a telling example of the children discerning the
ordinal and the cardinal aspects, but not simultaneously, as the counting sequence only has
one meaning at a time. Handling the numbers as either ordinal or cardinal will not illuminate
number relations; the part-whole relation aspect is not present. In this particular example, the
part-whole relation is a critical aspect to discern for finding the missing addend—seeing the
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three and the five in the eight. Thus, discerning more aspects liberates the child in seeing the
task at hand in a more powerful way, which enables them to make a choice regarding how to
encounter it.

A central point in our argument is thereby the need for the simultaneous discernment of
several necessary aspects in order to succeed in arithmetic problem solving. In our study, the
part-whole relation was found to be a complex of features that, when discerned, helps the child
to see arithmetic tasks in ways that make them easier to handle. In some cases, one or several
of these were even necessary in order to make sense of the task. This is particularly true when
it comes to differentiating parts and whole, as this was found to be critical for many children in
order to solve missing addends and start-unknown tasks (a, b, ¢, d, g and h).

Our way of describing the advancement of arithmetic skills in terms of discerned aspects
makes it possible to explain why children cannot use certain strategies and how they may learn
to solve tasks they could not previously solve. This is an alternative way of explaining how
children learn (and what they need to learn) that is applicable in teaching (what dimensions of
variation need to be opened up by the teacher). It even suggests that teaching strategies and
procedures are insufficient if a child does not discern necessary aspects of numbers that would
allow them to enact a certain strategy. Our conclusion is thereby that what children need to
learn is not strategies for solving arithmetic tasks, but strategies that enable the child to see the
tasks in a powerful way. There is thus a difference in learning to do and learning to see in order
to do. We venture to suggest that this is the case, with support from quantitative analyses
showing that children who are taught to experience numbers primarily as composite sets and to
handle arithmetic tasks in accordance with numbers’ part-whole relations significantly increase
their success in solving tasks of different kinds with long-lasting effects, compared to children
who have not participated in such interventions (Kullberg et al., 2020).

8 Towards more powerful ways of seeing numbers

We began this article by claiming that students differ in what they need to learn in order to
achieve the objectives of a certain curricular unit. Throughout the paper, we have shown
empirical examples of what children need to learn in order to develop their arithmetic skills, in
terms of discerned aspects of numbers. Our line of reasoning, based on the Variation theory of
learning, thereby proposes a complement to the existing theories in this field of knowledge.
How children learn to use strategies that are more advanced is a crucial question in our
inquiry and there are many studies of children’s strategy choice and execution of strategies in
arithmetic problem solving (e.g., Carpenter & Moser, 1982; Caviola et al., 2018; Cheng, 2012;
Fuson, 1992; Gray, 1991; Nuies et al., 2012). Ellemor-Collins and Wright (2009, p. 52) argue
that adding and subtracting without counting is a critical goal in achieving children’s numer-
acy, but that “Some students do not achieve this facility. Instead, they persist with strategies
involving counting by ones for addition and subtraction in the range 1 to 20, and in turn use
counting strategies in the higher decades”. How these students may learn to use more powerful
strategies in arithmetic problem solving is thereby crucial knowledge for the development of
mathematics education. Observations show, for instance, that counting by ones often entail
double counting (when exceeding the subitizing range), a strategy in arithmetic problem
solving which by Steffe (2004) is interpreted as the child having constructed a scheme of
the number sequence that is supposed to bridge to strategic arithmetic reasoning. In our view,
based on the Variation theory of learning, to encourage double counting as an arithmetic
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strategy cannot facilitate more advanced understanding since the strategy is founded on the
perception that numbers are countable entities on parallel number sequences. What children
need to learn is rather to perceive numbers in ways that emphasise the relational aspect of
numbers (cf., Resnick, 1983). Double counting is in this sense not a bridge to more advanced
understanding, it may instead lead to difficulties in arithmetic problem solving if the child is
not afforded other, more powerful ways of perceiving numbers as relational (Neuman, 2013;
Cheng, 2012).

Another main objective in early mathematics education is the development of the ability to
retrieve known facts from memory; that is, instantly knowing the answer to an arithmetic task
and handling numbers in a flexible way. In other words, children simultaneously recognise
number relations and are able to decompose or regroup within and between numbers when
applicable. Gray (1991) has pointed out that establishing knowledge of number facts goes
beyond acquiring a mental repertoire of strategies. In fact, Gray suggests that remembering
facts is less important than learning to design a method for how to solve a problem. In our
terminology, this would entail the child learning strategies that would allow them to see the
task at hand in more powerful ways. Nevertheless, also in line with Baroody (2016), for
example, in solving arithmetic tasks that are more advanced it is important to have a
conceptual understanding of number facts. This conclusion is based on our observations of
children who see numbers as known facts opening up the possibility to decompose or make
use of arithmetic principles such as inverse relations between addition and subtraction to
transform the task into an easier one (see also Kilpatrick et al., 2001; Nuifies & Bryant, 1996).
This conclusion is also based on the theoretical frame that we propose, in that the skill to
retrieve number facts from memory as a strategy to make use of known number relations
constitutes a dimension in which comparable attributes vary in learners’ awareness. However,
recent analyses of children expressing having known number facts may in fact lack some
discerned aspects that hinder them from practicing their skills when encountering for example,
a larger number range (Bjorklund & Runesson Kempe, 2020). This indicates that arithmetic
skills are a complex of aspects to discern, some of which we have identified (for instance the
features of the part-whole relation aspect, which is critical to discern depending on the task).
More in-depth analyses of the construct of arithmetic skills are thus still needed.

In accordance with the above, powerful ways of handling elementary arithmetic tasks
originate from powerful ways of seeing such tasks. Seeing a task in a certain way amounts
to which attributes the learner simultaneously discerns and focuses on. The child’s way of
seeing the task, for instance the inverse relation between addition and subtraction, enables the
child to solve subtraction tasks in flexible ways. This is observed many times in the large body
of research on arithmetic skills, but our study may contribute a description of what the child
has learnt when they are able to apply such strategies, and also how this knowledge might be
learnt. The key is the directedness towards the child’s way of perceiving numbers, and what
aspects certain arithmetic tasks require the child to discern. The critical aspects we present in
our study have certainly not been found here for the first time; all of them are known in the
field of research on learning elementary arithmetic. However, they are interpreted and related
to each other as “critical aspects” in the sense introduced in this paper. Critical aspects are
specific not only to a certain object of learning but also to the specific group of learners
participating in the actual study. This means that when it comes to a new object of learning or a
new and specific group, like a preschool group, the most urgent and decisive pedagogical
question must be to determine what the critical aspects of this specific object of learning are for
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this specific group of learners and how a child becomes aware of aspects that they have not
discerned before.

Appendix
Tasks given in the assessment

a) 7=+ Seven stones are counted and then hidden in the interviewer’s closed hands. How
many can there be in the one hand and how many in the other hand. Multiple options
possible.

b) 7=4+ The interviewer opens one of her hands, showing four marbles. If one knows there
are seven altogether, how many are there in the closed hand?

¢) 5=4+ Youand your friend collected five shells together, you collected four of them, how
many did your friend collect?

d) 9-7=_Ifyou have nine shells and your friend has seven shells, how many more shells do
you have?

e) 2+5=_ You have 2 sea shells and your friend 5, how many do you have together?

f) 10—6=_1If you have ten candies and eat six of them, how many are left?

g) 3+ =8 You have three glasses, but are going to set the table for eight people, how many
more glasses do you need?

h) —3=6 On the moring of your birthday party, you blew up balloons. At the party, three
balloons broke, and there were only six balloons left. How many balloons did you blew
up that morning?
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