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ABSTRACT. The Anthropological Theory of Didactics describes mathematical activity
in terms of mathematical organisations or praxeologies and considers the teacher as the
director of the didactic process the students carry out, a process that is structured along six
dimensions or didactic moments. This paper begins with an outline of this epistemological
and didactic model, which appears as a useful tool for the analysis of mathematical and
teaching practices. It is used to identify the main characteristics of the mathematical organ-
isation around the limits of functions as it is proposed to be taught at high school level. The
observation of an empirical didactic process will finally show how the internal dynamics
of the didactic process is affected by certain mathematical and didactic constraints that
significantly determine the teacher’s practice and ultimately the mathematical organisation
actually taught.
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1. INTRODUCTION

The main purpose of this paper is to show how teachers’ practices are
strongly conditioned by different restrictions, of mathematical origin, re-
lated to the particularities of the considered content, and of didactic ori-
gin, implied by the organisation of mathematics teaching. The case of the
teaching of limits of functions in Spanish high schools will highlight these
restrictions. Some of them — maybe the most well known (see for instance
Artigue, 1998; Ferrini-Mundi and Graham, 1994; Williams, 1991) — refer
to the particularities of the notion of limit and to the difficulties of its in-
troduction as a functional tool to enhance students’ mathematical problem
solving ability. Other restrictions come from the mathematical knowledge
as it is proposed to be taught in official syllabi and textbooks, related to, for
instance, the difficulty of giving sense to the teaching of limits of functions
when these are presented as a tool to study the continuity of functions. There
are, moreover, didactic restrictions, which affect the teacher’s practice at a
more general level and can be linked to the atomisation of mathematical
curriculum and to the limited scope for action traditionally assigned to the
teacher.
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In the first section we present the main elements of the Anthropological
Theory of Didactics in accordance with the recent works of Yves Chevallard
(1997, 1999, 2002a and 2002b), which constitutes the theoretical
basis of our research. The problem of teaching ‘limits of functions’ is
then presented, in the second section, in terms of the three steps of the
process of didactic transposition: the ‘scholarly’ mathematical knowledge,
the mathematical knowledge as it is designed to be taught and the way it
is actually taught by a concrete teacher in a concrete classroom. The third
section presents this last component from the observation of an empiri-
cal didactic process that took place during 14 sessions in a Spanish high
school class (15 to 16-year-old students). The particular way the observed
teacher directs his students’ practice is described in Section 4 referring to
the dynamics of the didactic moments as proposed by Chevallard (1999).
This brings us finally, in Section 5, to a paradigmatic example of some vis-
ible didactic restrictions, which affect the teacher’s practice at the different
levels of generalisation.

2. FUNDAMENTAL ELEMENTS OF THE ANTHROPOLOGICAL
THEORY OF DIDACTICS

2.1. Mathematical organisations

What we call the Epistemological Program in didactics of mathematics —
to be distinguished from the Cognitive Program (Gascén, 1998 and 2003b)
—is the program of research which stems from the work of Guy Brousseau',
and is prompted by the conviction that the construction of models of mathe-
matical activity to study phenomena related to the diffusion of mathematics
in social institutions constitutes the first step in mathematics education re-
search. Within the Epistemological Program, the Anthropological Theory
of Didactics proposed by Chevallard (1997, 1999, 2002a and 2002b) of-
fers a general epistemological model of mathematical knowledge where
mathematics is seen as a human activity of study of types of problems.
Two inseparable aspects of mathematical activity are identified. On the
one hand, there is the practical block (or know-how) formed by types of
problems or problematic tasks and by the techniques used to solve them.
Doing mathematics consists in studying (in order to solve) some problems
of a given type. For instance, in upper secondary school, possible types
of problems related to limits of functions are: to calculate the limit of a
function, to demonstrate the existence of a limit, to define the notion of
limit of a function, to check the validity of a proof, etc. The term ‘tech-
nique’ is used here in a very broad sense to refer to what is done to deal
with a problematic task. There are different techniques to calculate the
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limit of a function (depending on the kind of function and on the way it is
given), to do a proof, to propose a definition, etc. Some techniques are of
algorithmical nature, but most are not; some are well known and easy to
characterise, while others are not. The anthropological approach assumes
that any ‘way of working’, the accomplishment of any task or the resolution
of any problem requires the existence of a technique, even if this technique
can be difficult to describe or show to others (even to ourselves).

A second anthropological assumption is that human practices rarely
exist without a discursive environment, the aim of which is to describe,
explain and justify what is done. Consequently, on the other hand, there is
the knowledge block of mathematical activity that provides the mathemat-
ical discourse necessary to justify and interpret the practical block. This
discourse is structured in two levels: the technology (‘logos’ — discourse
— about the ‘techne’), which refers directly to the technique used, and the
theory that constitutes a deeper level of justification of practice. Thus, for
instance, we can explain the calculation of the limit of a function referring
to different technological ingredients, such as ‘infinitesimals of equivalent
order’ or the ‘e — § definition’ or ‘elimination of indeterminations’. These
different technological ingredients can make sense and be justified in turn
by a discourse of a second level whose aim is to provide a framework of
notions, properties and relations to locate, establish and generate technolo-
gies, techniques and problems.

Types of problems, techniques, technologies and theories are the ba-
sic elements of the anthropological model of mathematical activity. They
are also used to describe the mathematical knowledge that is at the same
time a means and a product of this activity. Types of problems, techniques,
technologies and theories form what is called mathematical praxeological
organisations or, in short, mathematical organisations or mathematical
praxeologies. The word ‘praxeology’ indicates that practice (praxis) and
the discourse about practice (logos) always go together, even if it is some-
times possible to find local know-how which is (still) not described and
systematised, or knowledge ‘in a vacuum’ because one does not know (or
one has forgotten) what kinds of problems it can help to solve.

The more elementary praxeologies or mathematical organisations are
said to be punctual if they are based around what is considered a unique
type of problems in a given institution. Thus, at high school level, ‘to
calculate the limit of rational functions at infinity’ or ‘to demonstrate the
existence of the limit of a function using a numerical sequence’ can be at
the origin of punctual mathematical organisations. When a mathematical
organisation (henceforth abbreviated as MO) is obtained by the integration
of a certain set of punctual MOs in such a way that all of them may be
explained using the same technological discourse, it can be said that one
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has a local MO characterised by its technology. For instance, the above
mentioned punctual MO can be integrated into a local MO around the
calculation of limits of functions, under the technology of the ‘algebra of
limits’, but it can also be integrated into a different local MO depending on
the technological discourse used to describe and justify the techniques and
also on the different punctual mathematical organisations that are linked
together. Going one step ahead, the integration of a number of local MOs
accepting the same theoretical discourse gives rise to a regional MO. In the
same way that a punctual MO can be integrated into different local MOs,
a local MO can also be integrated into different regional MOs.

Given this (short) presentation of the general anthropological model of
mathematical activity, we can now ask what is needed to create or re-create
mathematical organisations? How can one pass from an initial problematic
question to the practical and theoretical knowledge structured in a MO?
What conditions allow the development of institutionalised mathematical
activities? In other words, what are the means available to the mathemati-
cian or the mathematics student to carry out a mathematical activity giving
an answer to certain problematic questions and crystallising in a MO?

2.2. Didactic organisations and the moments of the didactic process

In the Anthropological Theory of Didactics, the process of creation or
re-creation of a mathematical organisation is modelled by the notion
of process of study or didactic process. This process presents a non-
homogeneous structure and is organised into six distinct moments, each of
which is characterised depending on the studied mathematical organisa-
tion. Each moment has a specific function to fulfill which is essential for
a successful completion of the didactic process. These six moments are:
the moment of the first encounter, the exploratory moment, the technical
moment, the technological-theoretical moment, the institutionalisation
moment, and the evaluation moment. According to Chevallard (1999,
pp- 250-255, our translation):

The first moment of study is that of the first encounter with the organisation O
at stake. Such an encounter can take place in several ways, although one kind of
encounter or ‘re-encounter’, that is inevitable unless one remains on the surface of
O, consists of meeting O through at least one of the types of tasks 7; that constitutes
it.[. . .] The second moment concerns the exploration of the type of tasks 7; and
elaboration of a technique 7; relative to this type of tasks.[. . .] The third moment of
the study consists of the constitution of the technological-theoretical environment
[...]relativeto 7;. In a general way, this moment is closely interrelated to each of the
other moments. [...] The fourth moment concerns the technical work, which has
at the same time to improve the technique making it more powerful and reliable
(a process which generally involves a refinement of the previously elaborated
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technique), and develop the mastery of its use. [. . .] The fifth moment involves the
institutionalisation, the aim of which is to identify what the elaborate mathematical
organisation ‘exactly’ is. [...] The sixth moment entails the evaluation, which is
linked to the institutionalisation moment [. . .]. In practice, there is always a moment
when a balance has to be struck, since this moment of reflection when one examines
the value of what is done, is by no means an invention of the school, but is in fact
on a par with the ‘breathing space’ intrinsic to every human activity.

It is clear that a ‘complete’ realisation of the six moments of the didactic
process must give rise to the creation of a MO that goes beyond the
simple resolution of a single mathematical task. It leads to the creation (or
re-creation) of at least the first main elements of a local MO, structured
around a technological discourse.

The Anthropological Theory of Didactics considers that the notion of
praxeological organisation can be applied to any form of human activity,
and not only to mathematics. In particular, it can be used to describe the
teacher’s and the student’s practice in terms of didactic praxeologies or
didactic organisations. A didactic praxeology is used when a person or
group of persons want to have an appropriate MO available (the mathe-
matician’s or student’s didactic praxeology) or to help others to do it (the
teacher’s didactic praxeology). As any praxeology, it has a practical block
composed of types of didactic problematic tasks and didactic techniques,
and a knowledge block formed by a didactic technological-theoretical en-
vironment. Given the growing interest and necessity to conduct research
on teachers and their role in the didactic relationship, the analysis of teach-
ers’ didactic praxeologies appears to be a relevant and productive field of
investigation for today’s didactics of mathematics.

The work presented here began with an observation of two teaching
processes about limits of functions.? Its main goal was to study how insti-
tutional restrictions could affect the spontaneous practice of the observed
teachers. We are presenting here only one of the observed didactic pro-
cesses, which will show, not only the kind of analysis we can provide using
the Anthropological Theory of Didactics, but also how this analysis allows
us to highlight the didactic restrictions that affect teachers’ practices. Two
kinds of didactic restrictions are identified here:

(1) Specific didactic restrictions arising from the precise nature of the
knowledge to be taught. In this study — those related to the content of
the limits of functions as proposed by official syllabi and textbooks in
Spanish secondary schools.

(2) Genericdidactic restrictions the mathematics teacher encounters when
facing the problem of how to teach any proposed mathematical topic
in a school institution.
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We will show that the conjunction of the two kinds of restrictions de-
termine to a large extent the knowledge related to limits of functions that
can be actually taught in the classroom. This will provide a first delimita-
tion of the field of possible didactic organisations that can be set up in the
considered school institution.

3. THE PROBLEM OF TEACHING ‘LIMITS OF FUNCTIONS’

The problem of teaching ‘limits of functions’ in secondary schools consti-
tutes a particular case of the teacher’s praxeological problem. According to
the Anthropological Theory of Didactics, this problem consists, essentially,
in creating, through a didactic process, a specific mathematical organisation
in a particular educational institution (Chevallard, 2002a and 2002b; Bosch
and Gascon, 2002). To solve this problem, the teacher has some ‘given data’,
such as curricular documentation, textbooks, assessment tasks, national
tests, etc., where some components of a mathematical organisation, as well
as some pedagogical elements and indications on how to conduct the study
can be found. This is how the educational institution ‘informs’ the teacher
about what mathematics to teach and how to do so. Nonetheless, it is clear
that an important part of the teacher’s problem lies in decoding the infor-
mation provided by curricular documentation in order to elaborate, in col-
laboration with the students, a mathematical organisation complete enough
to allow the development of a quite coherent mathematical study process.

When considering the ‘teaching of limits of functions’ as a research
problem in mathematics education, we need to understand also the choices
made by teachers and the institutional restrictions acting upon them. Given
that teaching and learning are not isolated but take place in a complex
process of didactic transposition (Chevallard, 1985), we need to adopt a
broader point of view to make a distinction between: (1) the ‘scholarly’
mathematical knowledge; (2) the mathematical knowledge ‘to be taught’
and (3) the mathematical knowledge as it is actually taught by teachers in
their classrooms. Figure 1 illustrates these three steps of the didactic trans-
position process and it includes the ‘reference’ mathematical knowledge
(Bosch and Gascoén, 2004) that constitutes the basic theoretical model for
the researcher and is elaborated from the empirical data of the three corre-
sponding institutions: the mathematical community, the educational system
and the classroom.

3.1. The reference mathematical organisation

Spanish official programs and textbooks propose a set of mathematical ele-
ments (types of problems, techniques, notions, properties, results, etc.) that
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Scholarly mathematical Mathematical knowledge Mathematical knowledge
knowledge to be taught actually taught
(mathematical community) —) (educational system) —-—) (classroom)
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‘Reference’ mathematical knowledge

(theoretical model for the research)

Figure 1. The process of didactic transposition

consititutes the knowledge o be taught about the limits of functions. As re-
searchers, we need to interpret these as components of a MO which we will
call the reference mathematical organisation. This MO constitutes our epis-
temological model of the ‘scholarly knowledge’ that legitimates the knowl-
edge to be taught. It is the broader map with reference to which we can inter-
pret the mathematical contents that are proposed to be studied at school. The
reference mathematical organisation we are considering here about limits
of functions includes and integrates in a regional organisation two different
local mathematical organisations MO; and MO, that will assume different
roles.

The first mathematical organisation, MOy, can be named the algebra of
limits. It starts from the supposition of the existence of the limit of a function
and poses the problem of how to determine its value — how to calculate
it — for a given family of functions. The two main types of problems or
problematic tasks T; of MO are as follows:

T1: Calculate the limit of a function f(x) as x — a, where a is a real
number.
T2: Calculate the limit of a function f(x) as x — Fo00.

In both cases the function f(x) is supposed to be given by its algebraic
expression and the techniques used to calculate the limits are based on
certain algebraic manipulations of this expression (factoring, simplifying,
substituting x by a, etc.). For instance:

2_x_2 Dx —2
fim 2 DO i =3
x—>2 x—2 x—2 x—2 x—2
x24+3x 42 (P4 3x+2)/x? . 1-1—%-1—%
- " — lim lim —*—* —1

m = 1 =
x—>+400 x2+1 X—>~400 (x2 + 1)/)(2 x—>+o0 ] 4 xiz
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There is also a third type of tasks, much less important, that links the
calculation of the limit to the graph of the function:

T3: Determine the limit of a function given its Cartesian graph y = f(x).

Although neither this problem nor the corresponding techniques (based on
the reading and interpretation of the graph) are of a proper algebraic nature,
in practice this third type of tasks always appears closely related — and even
subordinated — to the first ones.

What is, in MOy, the minimum technological discourse needed to
generate, explain and justify the properties of limits of functions that are
used to calculate them?, and what is the theoretical foundation of this
discourse? A good illustration of the knowledge block of this ‘algebra of
limits’ can be found in the work of Serge Lang (1986) who, for instance,
proposes a small axiomatic system to introduce the properties of the notion
of limit that will constitute the ‘primary resource’ of the techniques used
to calculate them. This technological ingredient can be informally stated
using the following terms:

(1) The limit of the sum of two functions equals the sum of their limits.

(2) The limit of the product of two functions equals the product of their
limits.

(3) The limit of the quotient of two functions equals the quotient of their
limits.

(4) Inequalities between functions are preserved in the ‘passage to limits’.

(5) The limit of a function comprised between two other functions with
the same limit equals the value of this limit.

The knowledge (technology and theory) and the know-how (problems
and techniques) of MO; do not exhaust the mathematical contents that
are supposed to be taught in Spanish high schools. Therefore, we need
to consider a second component of the reference model, MO,, which can
be designated as the topology of limits. This mathematical organisation
emerges from the question of the nature of the mathematical object ‘limit
of a function’ and aims to address the problem of the existence of limit
with respect to different kinds of functions. Some types of problematic
tasks T; that constitute MO, are as follows:

Ty: Show the existence (or non-existence) of the limit of a function f(x)
as x — a, where a can be a real number, or x — +00.

T,: Show the existence (or non-existence) or one-sided limits for certain
kinds of functions (such as monotonic functions).

T3: Show the properties (1)—(5) used above to justify the way certain limits
of functions are calculated.
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The mathematical techniques usually brought into play in proving these
rules are based on the ‘e — § inequalities’ or on the consideration of special
kinds of convergent sequences. A single example can indicate the ‘nature’
of this work and its difference from the one done in MO;:

Show that the function f (x) = sin(x)
does not have a limit when x — +00.

Let us consider the sequence x,, = (/2 + 27n).
We know that lim,,_, o X, = +00

We have: f(x,) = sin(w/2 + 2nn) =1
for all n, which implies lim,_, o, f(x,) =1

Let us consider the sequence x|, = (—7/2 + 2mn).
We know that lim,,_, 4« x,, = +00.

We have: f(x)) = sin(—n/2 + 27n) = —1 foralln,
which implies lim,_, 4 f(x,) = —1.

We have two sequences that tend to infinity and whose images through
f converge to different points. Thus the limit of f(x)=sin(x) for x — 400
does not exist.

The technological discourse of MO, is centred on the properties of
limits of sequences and the classic & — ¢ definition of limit. It provides the
technical resources needed to solve the problems of the existence of limits.
This technology is based on a theory of real numbers structured as a metric
space with its different properties: density, completeness, existence of the
supremum of every bounded non-empty subset of R, Cauchy sequences,
etc.

We have, in short, a reference MO that integrates, at least, two local

mathematical organisations, MO, and MO,, which have the following re-
lationships:

(a) Far from being distinct, MO; and MO, appear to be closely related. As
shown, the proof of the rules that support the calculation techniques of
MO (that is the technology of MO, ) can be considered as a mathemat-
ical technique in MO, (that is, a part of the practical block of MO,).*
In fact, it can be stated that MOj is partly contained in MO,.

(b) MO; and MO, share the same theory of real numbers. Thus, it is
possible to state that they can be integrated into the same reference
regional MO that includes both MO; and MO, and other MOs. This
regional MO can, for instance, be the organisation that deals with the
question of differentiability of certain kinds of functions.
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3.2. The mathematical knowledge to be taught

The above description of the reference MO is now used to describe the
mathematical knowledge to be taught about the limits of functions as it
appears in the official curriculum of Spanish high schools. The types of
problematic tasks most frequently presented in curricular materials and
textbooks are as follows:

T;. Determine the limit of a function f(x) as x — a, with a real and
fx) = 25 \where p(x) and g(x) are polynomials or simple irrational

9w’
functions.
T,. Determine the limit of a function f(x)asx — +o0,and f(x) = %,

where p(x) and g(x) are polynomials or simple irrational functions.
T3, Determine the limit of a function at a point from its graph y = f(x).
T4, Study the continuity of f(x).

The first three types of tasks are particular cases of the constitutive
tasks of MOj. T4 tasks do not correspond directly to the determination
of a limit but are totally subordinate to it. The common techniques in-
troduced to calculate these kinds of limits, for the most part, are based
on some algebraic manipulations of the expression of f(x) or on a di-
rect reading of its graph y = f(x). These ‘curricular’ tasks and tech-
niques make up the practical block of the knowledge to be taught and
correspond to the practical block of MO, mainly. In the following map
(Figure 2) MO} = [T/t//] is used to indicate the trace left by MO,
in the textbooks. The letters ‘T” and ‘t’ indicate the types of problems
and techniques of MOy, while the blanks indicate that the technology and
the theory corresponding to this practice are practically absent from the
curriculum, in the sense that, if they appear, they are not supposed to
be used by the students but only presented by the teacher. As such, the
reconstruction of MO; can be accomplished in the curriculum only in
part.

The technological-theoretical discourse proposed by syllabi and text-
books to present, explain and justify this practice clearly comes from MO,
and, as previously indicated, focuses on the problem of the existence of
the limit of a function. It uses the standard mathematical discourse but is
not accompanied by any mathematical practice within the students’ reach.
Following the notation proposed by Chevallard (1999), we will use the
letters ‘6° and ‘@’ to indicate, respectively, the technology and the theory
of a given MO. In our case, the trace left by MO, in the textbooks is indi-
cated by MO, = [//6/®] in the map and is weaker than the one left by
MO;. It contains only a few technological elements (some definitions and
supposedly meaningful comments) whose function is mainly ornamental.
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Limitasx — a T,
T, T, Continuity
MO’ =[T/t/ /] Limit as x — *oo
Practical block of the
algebra of limits
T3 e/ e .
Limit from
the graph Justification of the ‘algebra
of limits’ (reduced or absent)
0/0
MO»=[//6/6] T/t Theory of the
Knowle dge block o f existence of limits
Lo Problem of the existence
the topology Ofllmlts of the limit (reduced or absent)

Figure 2. Map of the knowledge to be taught

The blanks, again, indicate an absence. In this case, what is lacking is the
practical block of MO,.

In summary, the considered mathematical knowledge to be taught is
composed of the disjoint union of the traces left by MO; and MO, (see
Figure 2).

The fact that MO; and MO, appear completely disconnected in the cur-
riculum is mainly due to the absence of both the technological-theoretical
block of MO, and the practical block of MO,. The curriculum does not pro-
pose the creation of a technological discourse appropriate for the practical
block of MOy, the computation of limits effectively developed by students.
Neither does it allow a practice that could be related to the standard math-
ematical theory about limits of functions (the ‘scholarly knowledge’) that
is proposed instead and which is the technological-theoretical block of
another mathematical organisation, MO,. We are not considering here the
origin of this phenomenon of curricular ‘two-sidedness’ about the limits
of functions, that has to be found in a complex historical process that con-
stitutes the first step of the didactic transposition (see Figure 1).> But we
want to mention two of its didactic consequences.

The first has already been identified and concerns the major difficulties a
teacher will certainly have to face when choosing the concrete mathematical
components to teach. In other words, what types of problems must be
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proposed, what types of techniques can be used to solve them and what kind
of explanations and justifications are necessary. The most likely scenario
is taking MO; (where the existence of limits is not a problem in itself)
as the knowledge fo be taught, for it is the local MO closer (in terms of
mathematical components) to the set of tasks, techniques, technologies
and theories proposed by the curriculum. But this choice will not remove
the difficulties and even contradictions due to the absence of the proper
technology of MO, and to the presence of technological elements ‘external’
to MO;.

There is, however, another phenomenon related to the above-mentioned
‘two-sidedness’ of the mathematical knowledge to be taught. When look-
ing at the problem of the ‘meaning’ of limits of functions at secondary
school, one can notice that it is precisely the missing technological—
theoretical block of MO; — how to explain and justify the existence of
the limit of a function and the algebraic properties used to determine
it — that constitutes the raison d’étre or the rationale of MO,. In these
circumstances, the teacher will encounter the difficulty of motivating the
definition of the limits of functions as they are proposed by the curricu-
lum, since this motivation has to be found in a broader MO that includes
MO; and MO, as closely linked components. The same kind of diffi-
culty will appear later at the university level: usually, the knowledge to
be taught is mainly based on MO, but the practice that motivate this
knowledge — the technology of MO, — has not been sufficiently developed
before.

4. THE MATHEMATICAL KNOWLEDGE ACTUALLY TAUGHT

4.1. Description of the didactic process

As indicated before, our research included the observation of a class of
Spanish secondary school students (15 to 16-year-olds) during the study of
the topic ‘limits of functions’. The observation started with the teacher’s
preparation of the subject and finished with the last session of revising and
preparing for the final exam. The main steps of the experimental process
are summarised below:

(a) Data collected about the teacher’s performance

— Videorecording of all the sessions.

— Notes collected during classroom observation.

— Transcript of an interview with the teacher at the end of the process.
— Teachers’ didactic materials (books, textbooks, personal notes).
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(c)
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Data collected about the students’ performance

— Students’ notes related to the study process (6 students randomly
chosen out of 34).

— Students’ solutions to the initial and final exams on the studied topic.

— Students’ answers to a questionnaire proposed by the researchers at
the end of the teaching process.

First instrument for the analysis of the global didactic process

We elaborated two different tables to organise and analyse the collected
information of the observed didactic process. Table I included the full
transcript of the teaching process according to the following general
headings:

TABLE I
Transcript of the teaching process
Episode Didactic Main player Mathematical Observed didactic
moment objects activities

(d)

The first column, ‘episode’, contained a first intuitive breakdown of
the teaching process. The second column, ‘didactic moment’, shows
the dominant category of moment of study as a summary information,
which can help the observer to understand the development of the
teaching process. The ‘main player’ is the person (teacher or student)
who has the responsibility of the specific mathematical task developed
(even if it is through interaction with others). ‘Mathematical objects’
are those that explicitly appear in the teacher’s or students’ public
discourse (oral or written) in the considered episode. The ‘observed
didactic activities’ column contains the details of the transcribed and
observed public activities in the classroom. This table offers details
of the sequence of lessons and a first sequence of the didactic process
organised into episodes and moments, including the essential compo-
nents of the created MO. As an illustration, we present a small part of
the table in the Appendix (it is based on our analysis of the first class).
In fact, this first table only presents ‘raw material’ which can appear
in a non-structured and non-analysed form at the beginning. It does,
however, provide the empirical foundation for the second step of the
analysis (Table II), the aim of which is to specify the framework of
the didactic process in terms of moments.
Second instrument for the analysis of the global didactic process
Table II presented a more detailed analysis of the didactic process,
and contained the following six columns:
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TABLE II
Analysis of the teaching process

Session ~ Type of = Mathematical Technological = Dominant  Elements of

mathematic  techniques theoretical moment and the local
problem elements sub-moments  didactic
techniques

The purpose of this table was to describe the didactic process in terms of
the reference MO (that is, of the components of MO1 and MO2), taking
into account the mathematical elements that have been more or less ex-
plicitly present in the class. The table indicates how the didactic process
developed, how the different moments were linked, which mathemat-
ical objects (types of problems, techniques, technological ingredients,
theoretical principles, etc.) appeared, what was their function at every
didactic moment, etc. This gives a description of the practical block of
the didactic praxeology. In order to approach the way the teacher de-
scribes and justifies the observed practices — the knowledge block of the
didactic praxeology — a type of reference didactic organisation is also
required (Bosch and Gascoén, 2002). Given that there are no didactic
theoretical models, which are sufficiently well developed to describe
the didactic technologies, our study of the teacher’s spontaneous didac-
tic technology is only exploratory and preliminary in nature. Empirical
data used for the interpretation of the knowledge block of the didactic
organisation come from a semi-structured interview with the observed
teacher at the end of the didactic process. Themes addressed during this
interview were the preparation, planning and management of the di-
dactic process, general matters about the taught MO (components and
criteria for their selection), students’ difficulties and links with other
topics of the syllabus. The interviews had a common structure and spe-
cific script and the dialogue with each teacher was freely conducted.

4.2. The mathematical practice developed in the classroom

While the knowledge fo be taught can be reproduced from textbook el-
ements and curriculum documents, the MO actually taught appears in
students’ notes and in the specific teaching practices carried out by the
teacher in the classroom. It is clear that the latter heavily depends on the
former. They do not however necessarily coincide because the knowledge
to be taught is not always clearly fixed in curriculum documents and also
because of the strong restrictions on the day-to-day teaching praxeologies.

In the observed didactic process, nine types of problems appeared, with
different subtypes of problems that are indicated with a quotation mark and
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the corresponding subindex:®

IIy: Calculate the slope of the straight line y = ax + b.

IT: Calculate the slope of straight lines that intersect a curve y = f(x) at
a given fixed point x( and at a point near this one.

I1;: Calculate the slope of the straight line tangent to the curve y = f(x)
at a given point a.

*II,: Calculate the limit of a function f(x) when x — a (a real).

*II5: Determine the points where a function is not defined and calculate
the limit of the function at these points.

*II3: Study functions defined piecewise with rational and irrational
‘pieces’.

*II5: Study the limits of functions with rational and irrational ‘pieces’.

*I14: Given the graph of a function, determine the limits of the function at
certain determined points.

*IT}: Given the graph of a function, determine the points where the function
does not have a limit.

*IIs: Study the continuity of a function at a point.

*IIg: Study the type of discontinuity of a function at a point.

*IIg: Given the graph of a function, identify the points where it is not
continuous and determine the type of discontinuity.

*II¢: Given a function, find its points of discontinuity.

*II;: Study of the conditions under which a function has a limit at a given
point.

*II7: Study the conditions for f(x) to be continuous at a given point.

*IIg: Calculate the limit of an irrational function f(x) when x — oo with
an indetermination 0o — ©o.

*I1y: Calculate the limit of a sum, difference, product, division or compo-
sition of elementary functions.

Most of the activity carried out during the didactic process is aimed at
preparing for the emergence of what has to be the constitutive tasks of the
actually taught MO. Thus, most of the types of problems and techniques
appear for technological reasons only, for instance, to explain the function-
ing of a particular technique or to give meaning to a theoretical question.
As such, these elements are intended to disappear from the didactic pro-
cess. Due to the particular circumstances of the specific ‘history’ of the
didactic process, there are also some elements that will be impossible to
introduce and which will end up being simple added elements to the created
MO.

The types of problems that finally make up the actually created MO in the
first observed class are marked by an asterisk. The correspondence between
the types of problems IT; that appeared in the class and the curricular tasks
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T; analysed in Section 3.1 is as follows:

— Ipand I1;do not correspond to any of the types of tasks T;
—*I,, I3 and *I1y correspond to T

— *I14 corresponds to T3

—*Is, *I1¢ and I1; correspond to Ty

— *I1g corresponds to T,

The mathematical techniques used in the class to solve these types of
problems are not detailed here, because we consider that they can be easily
inferred from the delimitation of the types of problems presented above.
Consequently, only an example of one of these with its specifications is
presented:

T3 Replace x by a in the expression of f(x) and manipulate it arithmeti-
cally to obtain the final numerical result.

T5: Calculate the table of values of f(x) taking values of x close to a
(x > a) and deduce the value of the right-hand limit.

T5: Calculate the table of values of f(x) taking values of x close to a
(x < a) and deduce the value of the left-hand limit.

T3+ Factor the expression of f(x), simplify it and write it distinguishing
two cases: f(x) equals the simplified function when x # a and f(x) is
not defined when x = a. Graph the simplified function and determine
its limit using ;.

In short, one can say that the mathematical organisation developed in
the observed class corresponds to the practical block of MO;. However,
two types of problems that do not strictly belong to MO; — I15 and Ilg
that correspond to T4 — can be identified. Nevertheless, the associated
techniques are ‘low level’ variations of mathematical techniques pertaining
to MOj. Thus, it can be said that the mathematical organisation actually
developed does not go much beyond the practical block of MO;.

4.3. ‘Raison d’étre’ and technology of the studied mathematical
organisation

In the observed didactic process, the raison d’étre of the mathematical
knowledge actually taught responds to the single question of the calculation
of the limit of a function at a point or at infinity, under the assumption that
these limits (at least the one-sided ones) exist or are infinite. Because math-
ematical technology corresponding to this practice is absent from the cur-
ricular documents and textbooks, the observed teacher chooses to describe
and institutionalise the used techniques as rather transparent rules, as if
they did not need any justification. This approach of denying the problem
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is a common strategy in institutionalised human activities when the means
of solving it — or approaching it successfully — are not available. Thus, the
limit of the quotient of two functions, for instance, is never used to compare
their asymptotical behaviour. On the other hand, the technological elements
introduced by the teacher are not integrated in the students’ practice. They
belong to MO;, the mathematical answer to the question of the existence
of the limit, and this question cannot be really raised in the classroom.

5. DYNAMICS OF THE DIDACTIC PROCESS

The didactic process followed in the observed class to recreate the knowl-
edge o be taught will be examined now. Our aim is to compare the relations
that must be established between the different moments of the theoretical
process with the empirical didactic process as it was actually lived in the
classroom. After using the reference MO to describe both the knowledge fo
be taught (from curricular documents) and the MO actually taught (from
the students’ notes and the teaching practices observed in the classroom),
we intend to show how the aforementioned restrictions can affect the pos-
sible ways of organising the study of the limits of functions. Our analysis
will suggest that any intent to recreate the knowledge fo be taught in the
Spanish high schools will result in a MO that is very close to the MO
actually taught in the observed class.

5.1. The moment of the first encounter and the confinement
at the thematic level

As mentioned in section 1.2, following the anthropological model, any di-
dactic process requires a first encounter with the MO in question. In the case
of the teaching of limits of functions, the ambiguity begins here because
neither curriculum documents nor textbooks are explicit enough about this
MO and do not answer questions such as: What mathematical knowledge
should I teach? Which are its main components? Why is it important? Why
is it useful? In this situation, the observed teacher initially proposes a num-
ber of type Iy problems (‘find the slope of a straight line’) in preparation
for type I1; problems (‘find the slope of the tangent to a curve in a given
point’, considering that Iy and IT; can provide a good first encounter with
the MO (see Appendix). This assumptions seems possible because all the
mathematical objects involved in Iy and I1; are expected to be unprob-
Iematic for the students. Nonetheless, as stated above, neither Iy nor IT;
forms part of the curricular mathematical tasks defining the knowledge o
be taught around the ‘algebra of limits’. What role do those problems play
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in this case in the taught MO? We consider that, for the teacher, 1y and IT;
are an attempt to ‘give sense’ to the study of the main types of problems
that will constitute the faught MO. This can explain why he does not pro-
pose a first encounter through the ‘algebraic’ task of calculating the value
of a rational function when the value of its denominator is ‘very close’ to
zero (without being equal to zero), which constitutes the ‘main mathemat-
ical task’ of the teaching process (what students should learn to do). He
chooses instead a ‘geometrical’ task which consists in finding the ‘slope of
a curve at a given point’ through calculating the successive slopes of the
secants to the curve that tend to the tangent line at this point. And, after
this first encounter, the students will not meet this kind of geometrical task
again.

5.2. The exploratory moment and the elaboration of a technique

Even if the teacher intends to manage the exploration of the type of prob-
lems I1; through the elaboration and functioning of a technique t,, his
attempts rapidly fail almost certainly due to the following factors:

(a) The complexity of IT;, which seems to be more appropriate for a first
encounter with other MOs, for instance involving the ‘derivative of a
function at a point’.

(b) The lack of the necessary technological elements (related to curves in
the plane and the foundations of real numbers) to give more stability
and robustness to this mathematical activity.

From the beginning of the third session, the teacher proposes the exploration
of a new type of problems IT; related to the calculation of the limit of a
function as x — a (a real). Thus, the problem of the ‘slope of a curve’ at
a given point completely disappears and the question ‘what is the meaning
of the limit of a function at a point’ becomes secondary. What remains is
the problem of the calculation of the limit considered as the value that a
function ‘approaches’ when its argument ‘approaches closer and closer to’
a given real number a. It is this type of problems that will finally form the
‘core’ of the actually taught MO.

The mathematical technique 7, that is initially elaborated to begin the
exploration of the first specimen of I1, is, in fact, a sub-technique of IT;.
It consists in carrying out algebraic manipulations with the expression of
f(x) (factor and simplify the common factors) and in substituting a for
x in the simplified expression of f(x). The use of 7, increases the need
for constituting a technological-theoretical environment to provide a de-
scription, interpretation and justification of 1, and its numerous variations.
In particular, the dynamics of the didactic process requires providing the
answer to the following questions (among many others):



DIDACTIC RESTRICTIONS ON THE TEACHER’S PRACTICE 253

1. Why can we replace x by a in the simplified expression of f(x) if we
could not do it before?

2. Why, and in which cases, do we need the table of values of f(x) to
calculate the limit?

3. Why is it necessary to make a distinction between ‘right-hand limit” and
‘left-hand limit’?

4. When do we say that f(x) - f£ooasx — a:onlyif f(x)has anumer-
ator that tends to a real number different from zero and a denominator
that tends to zero?

5.3. Trying to constitute a theoretical-technological environment

In view of these technological necessities, the restrictions that strongly
delimit the teacher’s praxeology are clear. Given the structure of the math-
ematical objects proposed by curricular documents and textbooks around
the limits of functions — what we refer to as the ‘double-headed’ MO =
[T/t//1U[//6/®] — the teacher has no technological elements at his dis-
posal that are ‘coherent’ and ‘reliable’ enough to be integrated into the
mathematical milieu of the student and provide some answers to the ques-
tions generated by the activity. This is why the teacher has to find answers
to such questions among the previously studied mathematical objects that
are, presumably, unproblematic for the students.

The teacher, therefore, decides to consider functions of a particular
form:

J(x) = —a)gx)/(x —a),

a special subtype of the study of functions defined piecewise (I13). This
option facilitates the justification of the technique 7;” used to compute the
limit of f(x) at x = a based on the assumed obvious relationship between
the graph of functions defined piecewise and their algebraic expressions.
Nonetheless, this technique fails because functions defined piecewise have
not been mastered by the students. As such, the mathematical activity
around the block [I13/73], that the teacher tried to situate at the techno-
logical level (towards )”) has to be started over again, with a first en-
counter, an exploration of I13 and the carrying out of the technique 3 by the
students.

There is a deeper reason, however, not related to students’ knowledge,
for the failure of the teacher’s strategy. It is clear that, in the last analysis,
reading a graph cannot justify the fact that x can be replaced by a to compute
the limit of f(x) as x — a (central point of 7,”). Thus, the teacher is
forced to explicitly propose ‘reading off the graph’ as a justification (and,
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implicitly, as a new technique t4) when computing the limit of any kind of
function given by its graph, and not only those defined piecewise.

Itis, again, the internal dynamics of the didactic process that determines
the presence of a new practical activity around the block [I14/74], which is
now extended to include a new punctual organisation [IT}/7,]. It consists
in computing limits from the visual interpretation of the graph of a func-
tion. Thus, 74 and 7, are completely naturalised, in the sense that they are
invisible and always taken for granted. Because they cannot be really con-
sidered as techniques, it becomes impossible to carry out technical work to
improve them and, consequently, it is also very difficult to institutionalise
them.

It follows that, in short, the mathematical activity around [I14/74] and
[T} /7,] cannot be developed into a relatively ‘complete’ didactic process,
in other words, a process that can integrate all the different didactic mo-
ments. What is more, this activity cannot be considered as a justification
of the calculation of the limit of a function at a given point because it also
gives rise to new technological needs.

A third reason also exists, equally related to the internal dynamics of the
didactic process, that can explain why this activity is abandoned and there
is a return to type I, problems. It concerns the important technical and
technological difficulties that would appear if the problems of Il (where
functions are given by their graphs) were connected to those of 1, (where
functions are given by their analytical expression).

These restrictions may explain why, at the end of the fourth session,
the teacher decided to return to the exploration of I, problems with the
intention of developing 1, (which generates several variations of this
technique). This work had been interrupted in view of the need for a
technological—theoretical environment. Nonetheless, even if this goal is not
attained, the work with 7, could not be delayed any further. During the next
three sessions, the teacher managed the technical work trying to present
successive variations of 1, as if they were completely ‘natural’ and did not
require any justification. Thus, for instance, faced with the disorientation
of the students, the teacher concluded by saying that, to compute the limit
of f(x)asx — a: ‘Sometimes we can replace [x by a] and sometimes we
can not.’

5.4. Concentrating the didactic process on the exploration and
‘routinisation’ of the techniques

The last sessions were dedicated to what the teacher presented as a new and
important type of problems: the study of the continuity of a function, ITs.
The first encounter is conducted through an oral discourse supported by
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graphs, in a very fast and natural manner. The continuity of a function f at
apoint a is not presented as a problematic question, but as an application of
the computation of the limit of f(x)asx — a and its comparison with f(a).
Thus, 5 (calculate the limits of a function at the boundary of its definition
domain) and its variations rsi therefore arise as simple ‘applications’ of
previously explored techniques, and the institutionalisation of the produced
work need only affect the new technological elements that are reduced to the
identification of ‘continuity’ with ‘regular behaviour of a function graph’.
For instance:

0, =‘A function fis continuous at x = a if the two lateral limits as x — a

exists and are equal to f(a)’.

0, = ‘If a function is not defined at a point, it cannot be continuous at this

point’.

Continuity problems are studied in a rather hasty way, as if they only con-
sisted of a change of language in relation to the previously studied ones.
In turn, the notion of ‘elementary function’ suggested by 6, assumes an
unexpected technological role at the end of the process. Indeed, the teacher
improperly extends 6, using an implicit definition of ‘elementary function’:
if a function f does not exist at a point a, it cannot be continuous at a; but
if f exists at @ and is an elementary function, then the limits can be com-
puted by replacing x by a. Subsequently f is continuous at a. As such, it is
assumed that the students are already aware which functions are ‘elemen-
tary’ (for instance rational functions) and which are not (for instance de-
fined piecewise). During the whole didactic process, the teacher attempts to
justify, unsuccessfully, the mathematical work carried out around [T1,/7,].
But, this effort is useless without deeply modifying the knowledge to be
taught.

In conclusion, in spite of the major effort made by the teacher to carry
out a relatively ‘complete’ didactic process, the final result is disappoint-
ing. Whenever the teacher attempts to go beyond the exploratory moment
and extend the merely routine use of a technique, he is led to building up
the technological discourse using materials extracted from mathematical
praxeologies that, in spite of the students’ and the teacher’s efforts, need
to be further explored and ‘routinised’ by the students. In this way, it is
not possible to reach a real technological questioning about the techniques
proposed by the teacher. These are only superficially explored and weakly
elaborated, thus becoming more rigid in the students’ hands. This restricted
dynamic of the didactic process involves the construction of a very incom-
plete and unstructured MO which, moreover, lacks a clear raison d’étre,
impeding the possibility of becoming globally institutionalised.
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6. DIDACTIC RESTRICTIONS ON THE POSSIBLE WAYS
OF TEACHING LIMITS OF FUNCTIONS

This last section considers different levels of didactic restrictions, from the
most specific ones, arising at the thematic level of the limits of functions,
to the most generic ones that arise at the level of school mathematics
taken as a whole and even beyond. At every level, these restrictions affect
the characteristics of the possible ‘ways of teaching’ limits in secondary
schools, that is, the possible didactic organisations that a secondary school
teacher can use. Consequently, these restrictions also affect the specific
MGOs that can actually be taught.

6.1. Effect of ‘thematic confinement’ on the spontaneous didactic
organisation

The Anthropological Theory of Didactics suggests a hierarchy of levels of
co-determination (Chevallard, 2002b) between the different possible levels
of MOs that can be considered (punctual, local, regional, etc.) and the way
its study is organised at school. This hierarchy is structured in a sequence of
levels of MOs and didactic organisations which runs from the most generic
level, the society, to the most specific one, a simple mathematical question
to be studied, as shown below:

Society — School — Pedagogy — Discipline — Area

— Sector — Theme — Question

Each level of codetermination introduces particular restrictions showing
the mutual determination between mathematical organisations and didac-
tic organisations. The structure of a MO at each level of the hierarchy
determines the possible ways of organising its study and, reciprocally, the
nature and the functions of a didactic organisation at each level determine,
to a large extent, the kind of MOs that can be created (studied) in the
considered institution.

This sequence of levels is relative not only to the considered question
or group of questions, but also to the corresponding historical period and
teaching institution. Let us consider the following mathematical question,
for example:

How to compute the limit of a concrete function f(x) as x — a or as
x — +o0?

This question must satisfy certain conditions for it to be studied in a spe-
cific teaching institution. One condition is that it arises from a primary
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question in one of the higher levels of the hierarchy, which is higher than
the discipline level, and that its study ‘leads somewhere’. In other words,
it must not be an ‘isolated’ question and therefore a ‘dead-ended’ one
(Chevallard et al., 1997, p. 118).

Which institution can assume the responsibility for the questions pro-
posed to be studied in schools (mathematical ones, for example) to satisfy
these conditions? Can the teacher be responsible for making such a de-
cision? In general terms, it can be noted that this problem is out of the
teacher’s control. According to Chevallard (2002b), the common situation
is that the teacher ‘neglects’ the higher levels, both those concerning the so-
ciety and the school, and even the level of the sector (in the case of the limits
of functions, the sector may be the study of differentiability, for instance).
When teachers prepare to teach the limits of functions, they do not decide
to which sector the theme belongs. This decision is already taken. They
only have to decide how to organise the study of the strict MO around the
limits of functions. This ‘confinement into themes’ constitutes a didactic
phenomenon labelled by Chevallard as the ‘thematic autism’ of the teacher.
Itis related to the ‘low level status of the teaching profession.” The neglect
of the higher levels is not absolute: sometimes mathematics teachers can
pay some attention to the discipline level and even the school and social
ones. However, they rarely express their concerns and opinions as teachers
but simply as individuals or, at most, members of political groups or trade
unions.

In short, the teacher is destined to go no further than the thematic level,
and this situation has important consequences. In particular, the most sig-
nificant outcome is the disappearance of the reasons of being of the studied
MO (Chevallard, 2002b). Indeed, the majority of the mathematical ques-
tions that are proposed for study at schools are formed and disappear at the
thematic level. Consequently, these questions are only vaguely connected to
the higher levels of the organisation (sectors, areas and discipline), which
are usually considered as transparent and unquestionable. Furthermore,
school mathematical themes are not flexible enough to form local MOs
and, therefore, cannot even be united in a functional way in either regional
or global MOs. As a result, school mathematical questions are not only
very weakly related to the higher levels of determination, but also appear
in isolation from each other.

The teacher’s responsibility is thus confined to the selection, in each
theme, of the mathematical questions to be studied by the students and,
although teachers can group the questions in themes, they cannot have an
influence on the higher levels of the hierarchy in any relevant way. Thus,
a deep gap appears between, on the one hand, the levels of themes and
questions (within the teacher’s reach) and, on the other hand, those of
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discipline, areas and sectors (within the limits of the mathematical scope
in contrast to the pedagogical environment):

SOCIETY — SCHOOL — PEDAGOGY — DISCIPLINE — AREA — SECTOR

Limits of the mathematical scope
THEME — QUESTION

Field of the teacher’s activity

This gap affects the teaching of all mathematical areas.® In the case
considered here, the teacher’s confinement at the thematic level causes the
disappearance of the motivation for studying limits of functions in secondary
schools. Indeed, it becomes impossible to justify why this theme must be
studied without going beyond the thematic level. As has already been stated,
curricular techniques for computing limits (and, in particular, ‘for solving
indeterminations’) make ‘sense’ only in a larger regional MO that includes
both MO, (answering the problem of how to compute limits of functions)
and MO; (answering the problem of the existence of the limit of functions).
Nonetheless, the study of a regional MO would introduce more restrictions,
for instance, the two following conditions:

a) To take into consideration a much more extensive family of functions
than the one usually considered in high schools.

b) To carry out a new ‘linkage’ (in sectors and in themes into each sector)
of the punctual and local mathematical organisations constituting the
differential calculus studied at school, so that every new theme contains
enough elements to carry out a relatively complete study (in terms of
the moments or dimensions of the mathematical activity) of a local MO.

¢) Among other outcomes, this new linkage can lead to the disappearance
of the ‘limits of functions’ as a theme in the curriculum of secondary
schools and may also resultin a global change of the curricular contents
of elementary differential calculus.

To go beyond the mathematical level, teachers need some means and le-
gitimacy to rebuild the themes of the curricular sector (and, furthermore,
the sectors of the corresponding area, for example, all school differential
calculus). It is also very difficult for them to extend the family of functions
commonly studied in high schools to include those functions that could
‘give sense’ to the problem of their differentiability — a possible way to
bring together the problem of the existence and the computation of the
limit of a function at a point. Once the limits of functions in secondary
schools have lost their reason of being, the teachers’ field of activity is re-
stricted to the level of the specific mathematical questions and the isolated
mathematical techniques which can then only appear in a quite opportunis-
tic form.
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The outcome is clear. The impossibility of ‘giving sense’ to the cal-
culation of limits without going beyond the theme, together with a lack
of technology to interpret and justify the mathematical techniques used
by the students, strongly restrict the field of didactic tasks and techniques
that the teacher can use, that is, his spontaneous didactic practical block.
And, once confined to the thematic level, the teacher is at the mercy of the
common pedagogical ideology that, concerning the teaching of limits of
functions, can be expressed for instance in the following terms: ‘the most
important thing is that students “understand” the limit concept’; ‘algebraic
manipulations do not have enough sense by themselves’; ‘comprehension
of limits requires some kind of geometric or graphical interpretation’; etc.
The confluence of both the ‘thematic confinement’ and the structure of
the MO to be taught (the ‘two-sided’ organisation) can explain the failed
attempts of the observed teacher to take back or to give new sense to the
didactic process.

6.2. Restrictions coming from the higher levels of determination

The study of any kind of mathematical question is restricted by the higher
levels of co-determination. In fact, the chain of levels needed to allow
any specific mathematical question to be studied starts at the most general
levels of the hierarchy: the school and society. Restrictions at these levels
are related to the way the question is considered by Society and the kind of
educational role conferred on the School. The outcomes and scope of these
restrictions are not analysed here. We will only describe some restrictions
commencing at the pedagogical and discipline levels, with some incursions
into the intermediate ones, and it will be shown that these restrictions are
very much related to the spontaneous didactic technology that generates
the possible ways of organising the study of limits at school.

The pedagogical level is the origin of restrictions affecting the study
of any kind of questions and, thus, the different disciplines that are taught
in order to answer these questions. Most of these restrictions come from
certain conceptions of teaching and learning that are taken for granted.
One of them is the belief that there exists a pedagogical domain which
is independent of the mathematical one, in the sense that decisions taken
in the former domain (grouping students, time organisation, distinctions
and links between disciplines, learning assessment, etc.) would not affect
the nature of the concrete mathematical tasks that are being carried out
in the class (Chevallard, 2000). This distinction would permit discussions
about teaching and learning independently of the nature (mathematical,
economical or linguistic) of what is being studied. Consequently, the re-
sponsibility of this common organisation cannot be left to the mathematics
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teacher, who is subsequently even more confined to his or her ‘thematic
level’.

This way of thinking is so generalised and accepted that there is no
discussion about whether or not it constitutes an important element of
the spontaneous didactic technology. Evidence of this was obtained from
the interview we held with the observed teacher (Espinoza, 1998) who
used ‘generic technological elements’ to describe, interpret and justify his
practice. He referred, for instance, to the necessity of developing the link
between curricular contents and daily life as a tool to increasing students’
motivation, and to the use of technology for improving both learning ca-
pacities and motivation. It is clear that the pressure of these principles can
affect the lowest levels of the mathematical activity carried out in the class-
room to compute the limit of the function at a point: the types of tasks that
are chosen, the corresponding techniques, the way we describe and justify
the performed work, etc.

The discipline level — here, mathematics — introduces some restrictions
related to the way mathematics is interpreted in educational institutions.
In particular, according to Brousseau (1997), ‘common teaching models’
can be considered as supported by ‘naive epistemological models’. In sec-
ondary schools, the prevailing epistemological model of mathematics is
very eclectic. Most of its main characteristics come from what is called
the ‘quasi-empirical’ epistemology or ‘quasi-empiricism’ (Lakatos, 1978)
identifying mathematical activity with the exploration of open problems.
The other characteristics can be related to the ‘constructive epistemology’
that considers mathematical concepts as the result of human actions and
operations (Gascén, 2001).

In the case presented here, the strategy of the observed teacher can be
explained by the first kind of characteristics. What has been observed is an
attempt from the teacher to regularly guide his students to the exploratory
moment, attaching great importance to the exploration of the different
problems in a free and creative way. It can be noted that this kind of
didactic organisation assigns a very reduced amount of responsibility to
the students who merely have to carry out the exploration of the specific
problems proposed by the teacher.

It is clear that the possible ways of teaching about questions related to
the computation of the limits of functions are also affected by restrictions
starting in the area and in the sector to which those mathematical ques-
tions are referred to by the curriculum. For example, the epistemological
model of calculus prevailing in secondary schools has an important role
in specifying the possible ways of organising the study of the limits of
functions. Some authors are beginning to produce empirical evidence to
support this thesis and are starting to suggest the interdependence between
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the epistemological model specific to a given school mathematical area
and the didactic organisations that can be used to study it (Artigue, 1998;
Bloch, 1999; Schneider, 2001).

6.3. Conclusions

Considering the dimensions or moments of the mathematical activity that
prevail in the observed spontaneous teaching process, we can state that
the didactic organisation carried out by the considered teacher is relatively
incomplete and biased as it concentrates the didactic process on the ex-
ploratory moment and the first steps of the technical work. In the research
presented herein, a second teaching process was also considered and was
used as a contrast to the first one. The didactic organisation carried out by
this second teacher, even if it appeared very different to the former, was
also only centred around two didactic moments. In fact, this second didactic
strategy can be considered as a more ‘classical’ one, based on exhibiting
the main technological elements (definition of limit, properties, etc.) of
MO, and on ‘presenting’ the principal techniques to compute limits from
MO;. This didactic organisation left room for the technological—theoretical
moment only and the moment of the technical work, in which the students
‘applied’ and ‘practised’ the techniques the teacher had just showed them
through some typical examples on the blackboard (Espinoza, 1998).

In general terms, we can postulate that if the knowledge to be taught
is made of a collection of punctual mathematical organisations that are
not linked to each other through an operative technological-theoretical dis-
course, then the possible corresponding spontaneous didactic organisations
that the teacher can use will not be able to really integrate the six different
moments of the didactic process. Reciprocally, when the didactic technolo-
gies available in the teaching institutions are based on naive epistemological
models (Euclideanism, naive constructivism or ‘quasi-empiricism’) and on
general pedagogical slogans, then the possible didactic organisations tend
to favour only a few of the didactic moments to the detriment of the others.
It can be foreseen — but this requires, of course, further empirical research —
that these spontaneous didactic organisations will have difficulties in over-
coming the problem of the atomisation of the curriculum: it will not favour
the integration of mathematical contents previously learned into the new
ones, nor the links between different types of problems of the same math-
ematical organisation, nor, even less, the connections between different
mathematical areas (algebra and analysis, for instance).

The concrete teaching process presented here highlights some didac-
tic restrictions coming from different levels of specificity and affecting to
a different extent both the mathematical knowledge actually taught and
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the possible ways of teaching it. These restrictions come from the dif-
ferent institutions involved in the teaching and learning process (society,
mathematical community, educational system, school and classroom) and
cannot be explained without taking into account the global process of di-
dactic transposition. Problems of great social concern such as the loss of
motivation towards scientific activities, the absence of meaning of school
mathematical problems, the imposition of ‘scholarly’ mathematical con-
tents that loses its rationale as it is brought into schools, the atomisation
of mathematical curricula, etc., need a deeper understanding of the set
of institutional restrictions that regulate teaching and learning processes.
Without knowing their functioning and their extent, we will not be able to
act on them in a controlled and well-founded manner to ensure progress in
mathematics education.

ACKNOWLEDGEMENTS

We would like to thank Christer Bergsten and Yves Chevallard for their

helpful reviews of this English version. This work was supported by
DGI BS02003-04000 (Spain), FONDECYT 1020342 and DICYT 9933ES
(Chile).

NOTES

1. Brousseau (1997) presents a compilation of his works published between 1970 and 1990.

2. A more complete version of this work can be found in Bosch et al. (2003) and Espinoza
(1998).

3. Usually, since limits of functions are studied before their continuity, the ‘regularity’ of
some functions (polynomials, for instance) is used to justify that the limit of a function at
a point of its domain equals the value of the function at this point. This kind of argument
is clearly a circular one and constitutes, as we will see, one of the weaknesses of the
‘mathematical knowledge to be taught’.

4. Here is an example of an institutional relativity of the functions that mathematical
objects can assume in a MO. While in MO1 the ‘rules’ play the role of the technological
discourse, in MO2 they are an integral part of the mathematical tasks.

5. Artigue (2003) presents an analysis of the evolution of the teaching of calculus that helps
to explain the current situation.

6. The functions f(x) used in the process were essentially rational or simple irrational
ones.

7. Didactic phenomena, like social, economic or linguistic ones, are independent of the
will, the formation and the capacity of the individual subjects of the institution. As a
result, taking the thematic confinement as such a didactic phenomenon is to consider it
as a phenomenon the teacher does not create voluntarily and can only influence locally
and to a relatively insignificant level.
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8. Gascon (2003a) proposes an analysis of the effect of the thematic confinement on the
teaching of geometry in Spanish secondary schools.

APPENDIX
TABLE Al
First description of the didactic process.
E Didactic Main Player Present mathematical objects | Observed didactic activities |
Moment (N : New)
Function The teacher (T) starts the lesson saying to the f
FIRST Teacher Paint students (S): l
Introduction to the ENCOUNTER Slape (N) |
problem of Limit of a funciion at a given point [Tz Limit of a function at a given point. Our purpose
calculating the slope with I N now is to find the straight of a curve in & point.
of the tangent to the Curve
curve y = flx)ata (The teacher draws on the blackboard:
given point.
Curve 5: (What is a curve?
Short Student — T IT: A curve is a line.
Institution- T—+5
nalisation The teacher continues his introduction.
Tangent T: Do you remember when we look for the tangent of
T Clrcumference a circumference at one of its points?
Point of a circumference
Parabola T: Mow we want find the slope of any curve, for
nstance a parabola, at a given point.
T draws:
IT: The definition of the tangent is:
Definition of tan & Institution- T Angle e [The teacher draws on the blackboard:
and of the slope of a nalisation Tangent of an angle
curve ata given To remember tan & = bia
point. an old problem slope = tangent (N) i
and an old Tangent of a curve (N) 2 tana=bhia
technique Inelination angle er(N)

T: Thus the slope of a parabola at any point will be

the tangent of the inclination angle .

[The teacher writes on the blackboard:
slope = tan @

[T': Now our goal is to calculate tan ¢

(Continued on next page)
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TABLE Al
(Continued)

Straight line [The teacher proposes a problem to the students.
Calculate the slope T-S Slope of a straight line [T: Calculate the slope of the straight line y = 2x. Come
of the straight line S on, do it!
y=2 After 3-5 minutes, he asks a student to solve

the problem at the blackboard
S (writes, without speaking):

4
4- 1=
an =" =2 AT
[The teacher proposes a problem that cannot be
Calculate the Technical T-S Slope solved using only the mathematical objects
tangent of the angle Work S Straight line known by the students.
of the secant line of Iy tan o [T: Find the slope of the straight line tangent to the
passing through two parabola y = x* at the point x = 2.
given points of the
curve.
4 x|y
£ 112
| 214
12
[T: We have difficulties to calculate the tangent line;
We need another point of the curve to find it.
The teacher proposes another problem: to
calculate the slope of the parabola at a point,
N Slope (N) drawing a sequence of secant straight lines
The limit object is y=x* (N)
needed to solve the tance (N) [T: Determinate the slope of the parabola y =x* ata
problem. point x=1.

[The teacher solves the problem on the blackboard.
At the same time he asks some questions to the
students:

[T: For x = 0'5 we calculated it, and we know that the
result is....1'S. Now, if x value is 075, how much
is the slope? Come on, do it.

@ 1

tano = 1,5

1-025 _ 075 _

1-05 05
The teacher gives two minutes for the students to
calculate it.

(Continued on next page)
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TABLE Al

(Continued)

T: What is the slope value?

S: 1.

[T: Impossible. How much is it?

S: 1'75.

[T: 1'75. O.K.

[The teacher writes a table on the blackboard.

T:

05 »1°5
075> 1'75
[T: How much is the image for the x value?
First T S: I'x
Encounter [T: What are you saying!
with IT, [The teacher is surprised with this answer. He
answers the question writing in the table:
T Limit  (N) 05 »1'S
lim(1+ x) = ) 075175
x-1 x = 1+x

[Tz The slope for the x value is 1 + x, and the slope of
the curve at x = 1 is the limit of 1 + x as x comes
near 1.

[The teacher writes on the blackboard

[T: lim(1+x)

x—1
End of the lesson
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TABLE A2
Analysis of the first session as reported in Table A1.

my,: Calculate the slope of

y=2¢

I1,’: Calculate the slope of
straight lines that
intersect a curve y = f{x)
at a given fixed point x,
and a point close to it.

7,y Calculate the slope of
the secant straight line
that intersects the curve
y=2x" at the points (1, 1)
and (0'5, 0'25).

m,,": Calculate the slope of
the secant straight line
that intersects the curve

x” at the points (1, 1)

and (075, 0'5625).

Tyy': : Calculate the slope of
raight line that
X at the

points (1,1) and (x,f(x)).

;¢ Calculate the slope of the
straight line tangent to the
curve y=xatx=2.

: Calculate the slope of the

straight line tangent to the

curve y=x’atx=1.

characteristic triangle

and calculate:

- ¥
tanae=21"20
X

B

t,’: Calculate the slope of
a general straight line
using the formula:

X
tangr=2"2

s
[t,”: Generalise the results
obtained in a sequence
of secant straight lines
at a given curve in
order to calculate the
slope of the secant
straight line that passes
through a given point
and a general point x of

the curve.

©,: Generalise a result obtained by
an iterative sequence using the

induction.

[0:: Use of the verbal expression
“limit as x comes near x,” and
of the notation

lim (x+1)
X1

of the previous
work done with
the tangent of

angles

First Encounter

with IT,

SESSION Type of Mathematical Mathematical Explicit Te 9 ; i nt Elements of the Didactical
Problems Techniq Th ical Elements Sub‘-”r:z'r;r ents Techniques
0, : Informal definition of a curve * Considering the initial problem
1 I1,: Calculate the slope of like a “line’ in the plane. ‘Calculate the slope of a curve
the straight line tangent [,: Definition of the tangent of an First Encounter | = at a given point’ as the
tangent to the curve angle: with IT, generalisation of some kind of
y = fix) at a given point — previous solved problems:
a. ‘Calculate the slope of straight
lines’.
b * Identify two mathematical
a objects (the slope of a straight
line and the slope of a curve in a
B, : Definition of the ‘slope of a given point).
curve at a given point” as a * Put in action at the same time
generalisation of the slope of a four mathematical objects
straight line. without a clear differentiation
1, Calculate the slope of r,: Choose two points of [0,z A straight lin is determined by between them (straight line
the straight line the straight line, (x, y,) two points or by one point and Institution- slope, curve slope at a given
y=ax+b and (x, y,). draw the its slope. nalisation point, straight tangent line and
(remembering) tangent of an angle).

* Remember an old MO around
I, and modify it progressively
to get the new type of
problems IT;. After that,
introduce successive variations
of the used technique in order
to solve the new considered
problems. That allows to
considering the new problem

as a variation of an old one.

In this session appears a
specific management of the
old/new dialectic, supported
by a technological ambiguity
(the identification of the slope
of an angle with the slope of a
straight line and the slope of a
curve at a given point).

Itis an institutionalisation sub-
moment that redefines old
knowledge and builds the new
mathematical environment of
the lesson very quickly.
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