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Abstract
This article proposes a new auction design for the efficient allocation of pollution permits.We
show that if the auctioneer restricts the bidding rule of the uniform-price auction—coupled
with a simple ex-post supply adjustment rule—then truthful bidding is obtained. Conse-
quently, the uniform-price auction is more allocatively efficient than conventional formats
that are currently observed in pollution markets.
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1 Introduction

Auctions are nowa commonmethod to allocate pollution permits. The very nature of pollution
permitsmeans that they are normally allocated inmultiple units,which increases the complex-
ity of designing an efficient allocation mechanism (Alvarez et al. 2019). Although multi-unit
uniform-price auctions are a natural process to allocate these resources (and preferred by
governments), there are significant concerns regarding the efficiency of these mechanisms
(Wilson 1979; Ausubel et al. 2014). Furthermore, previous attempts to improve auction
efficiency—for example, by designing Vickrey-Clarke-Groves (VCG) mechanisms—have
never been used in large-scale practical applications due to complex payment rules that limit
the adoption of thesemechanisms. Thus it is currently unknownhow to design a uniform-price
auction that is both allocatively efficient and implementable in the vast array of environmental
applications.

This article proposes a new auction design that can lead to the efficient allocation of
permits. A new set of rules is introduced where the auctioneer restricts buyers’ bids and
allows the supply of rights to be reduced once bids have been submitted. We show that
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integrating these new bidding rules and marginal ex-post supply adjustment can result in
truthful bidding and potential revenue improvement.

The ideal outcome of a uniform-price auction is to achieve the Walrasian equilibrium.
If buyers submit their bids truthfully, then the clearing price associated with the Walrasian
equilibrium can be obtained by using the pricing rule for the uniform-price auction. This
is especially important in environmental auctions as the price associated with the Wal-
rasian equilibrium may result in the correct valuation of the resource, which has important
consequences for firms’ emissions choices, activity on secondary markets, and investment
decisions.1 Yet uniform-price auctions usually fail to achieve the desirableWalrasian equilib-
rium. This is because there exists ‘demand reduction’ by buyers, which is the underreporting
of their actual demand (Wilson 1979; Back and Zender 1993). In a uniform-price auction
each buyer’s bid could potentially determine the price paid for all units. Unsurprisingly, then,
buyers will manipulate their bids (reduce demand) in order to reduce the clearing price. Thus
to achieve the ideal outcome in a uniform-price auction, it is important to design rules so that
the incentives for demand reduction are eliminated.

This article considers a situation where buyers have private values for pollution rights with
asymmetric demand capacities. The basic model studies a case where buyers have constant
values with flat demands, however this is later extended to a case with diminishing marginal
values and downward sloping demands. Under the assumption of constant values, we pro-
pose two major changes to the original uniform-price auction: (i) we limit the number of bids
each buyer can submit to one and (ii) we allow the auctioneer to adjust the ex-post supply
of rights. By restricting the number of bids that buyers submit, we eliminate their potential
to manipulate demand using a schedule of bids. As a result, the winners’ bids do not have
an impact on the clearing price.2 Using (ii), the auctioneer has the potential to reduce the
supply of auctioned rights after the bids have been submitted. The rationale behind using this
supply adjustment is that if buyers could win a proportion of their total capacity, then they
would have incentives to manipulate their bids at the margin in order to win a proportion of
their total demand at a lower price. To eliminate this incentive the supply can be reduced to
ensure winning bidders obtain only their full capacity and all other bidders receive zero allo-
cation. The proposed auction design in this article mitigates buyers’ incentives for demand
reduction and results in truthful bidding. Thus, if a regulator implements this auction design
to allocate pollution permits, then buyers with the highest realized valuations receive those
rights, whenever the regulator decides to sell them.

Truthful bidding also occurs when the model is extended to include buyers that have
diminishing marginal values for the pollution rights. In this setup, buyers’ values for the
rights continually diminish throughout their capacity demands. The auction rules are similar
to the constant value case but with someminor differences: buyers are only allowed to submit
linear demands up to their capacities. This essentially becomes a case where buyers report
their maximum willingness to pay. There is again an ex-post supply adjustment, where the
auctioneer adjusts the supply based on the slope of the aggregate demand. However, as we
show later, the supply adjustment will not take place in equilibrium and it therefore mainly
acts as an instrument of deterrence. Thus for a range of potentially realistic scenarios, the

1 We focus on the efficiency of the initial allocation of permits and abstract from the secondary market. As
(Krishna 2009) states, resale cannot guarantee efficiency, due to, for example, transaction costs or thinmarkets,
therefore a regulator should aim for the most efficient initial allocation mechanism.
2 The independence of a winning firm’s bid and the price paid is the result of the single-bid rule. Thus if
buyer i’s bid is above the clearing price, then the clearing price is set by the bid of another buyer, which is
independent of buyer i’s bid.
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auction design ensures truthful bidding and potential revenue improvements from existing
uniform-price auctions.

This proposed auction design may be applicable to existing pollution permit auctions
(Lopomo et al. 2011). Within most cap-and-trade markets, quarterly uniform-price auctions
are the predominant method of initial permit allocation. For example, the Regional Green-
house Gas Initiative (RGGI), the European Union Emissions Trading Scheme (EU-ETS),
and the California Cap-and-Trade Program run uniform-price auctions. The revenue raised
from these auctions is significant. For example total cumulative auction proceeds from RGGI
in 2017 totaled just over US$198mwhile Member States of the EU-ETS generated EUR11.8
bn in the period 2013-2015 (Commission 2017).3 While differences do exist in each of
these auctions—such as the inclusion of Cost Containment Reserves (Khezr and MacKen-
zie 2018b) in RGGI and the process of consignment in California (Khezr and MacKenzie
2018a)—the basic uniform-price rules continue to apply, which may mean the existence of
inefficiencies and the loss of auction revenue. The proposed auction design within this article
shows that, in many circumstances, these schemes could be simplified and improved.

1.1 Related literature

The proposed auction design has two distinct features: a restriction on buyers’ bids and a
supply rule that may reduce the number of total rights after bids have been submitted. Supply
adjustment rules have previously been proposed to eliminate or reduce demand reduction in
uniform-price auctions (Back and Zender 2001; LiCalzi and Pavan 2005; McAdams 2007;
Damianov and Becker 2010). In Back and Zender (2001) the seller maximizes revenue by
adjusting supply downward from a predefined maximum supply. Whereas in LiCalzi and
Pavan (2005) a predefined increasing supply function is used and in McAdams (2007) and
Damianov and Becker (2010) the seller selects auction supply after bids have been submitted.
Our approach complements this literature by designing an alternative ex-post supply adjust-
ment process in amore general setting. Previous studies have shown the efficiency-enhancing
properties of supply adjustments in a relatively restrictive environment; namely, all previous
studies assume buyers have a common value for the auctioned goods. In this article we ana-
lyze new auction rules in an environment where buyers have their own private value for the
goods, which can be either constant or diminishing in their (asymmetric) capacity demand.

The auction design presented in this article has some similarities to thewell-knownVickrey
auction (Vickrey 1961). For instance, in both cases it is aweakly dominant strategy for bidders
to bid truthfully. However, the auction proposed in this article has simpler rules and may be
easier to implement in reality compared to a Vickrey auction (which has not been widely
adopted (Ausubel and Milgrom 2004)).

A key focus of this article is to outline an efficiency-enhancing auction design for pollution
rights. Related to environmental policy, a substantive literature exists on investigating opti-
mal (truthful inducing) regulatory design (e.g., Kwerel 1977; Dasgupta et al. 1980; Duggan
and Roberts 2002; Montero 2008; Shrestha 2017). In this literature the goal of the regulator
is to choose a regulatory design that maximizes social welfare. Most of these studies assume
that the regulator is certain about the damage function that is associated with the environ-
mental policy but is uncertain about firms’ private costs (i.e., uncertain about the demand for

3 The California Cap-and-Trade Program has over US$3bn of revenue generated per annum (CARB, 2018)
yet the process of consignment requires a proportion of this revenue to be rebated back to auction participants
(Khezr andMacKenzie 2018a). For RGGI results see https://www.rggi.org/Auctions/Auction-Results/Prices-
Volumes
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pollution). In order to obtain the efficient level of pollution, schemes have been devised that
allow firms to report the pollution of rivals (Duggan and Roberts 2002), obtain rebates with
adjustable permit supply (Montero 2008), and choose from a menu of price and quantity
contracts (Shrestha 2017). These regulations, therefore, are designed to induce firms to act
truthfully by submitting correct cost functions. In particular, a key component of Montero
(2008) is that firm-specific rebates are generated by the regulator, which induce truth telling
(based on the damage caused), whereas Shrestha (2017) shows that if the menu schedule (i.e.,
supply) is more elastic than the firm’s residual marginal damage function then this offsets the
firm’s incentive to underbid. In our alternative approach we do not require rebates to occur
(as in Montero (2008)) and we allow each firm to submit a single price/quantity demand
(rather than choose from a regulator-determined set of contracts as in Shrestha (2017)).
Underbidding/non-truth-telling usually occurs because firms have multiple bids to strategi-
cally manipulate prices (i.e., so-called demand reduction). In our approach we obtain truthful
bidding because we restrict firms to a single bid (by way of an auction rule)—thus they are
constrained in their bid manipulation—while also ensuring that the supply can be ex post
reduced. Our focus is to model an auction in a second-best scenario where the policy target
is (quite realistically) set by a political process. Our objective, then, is somewhat different to
this literature as we focus on how to design an efficient auction for a given policy level: one
that can incite truthful bidding and potentially increase revenue.4

Our contribution, then, provides the architecture for a pollution permit auction that incites
truthful bids. This has potential benefits to regulators and policymakers as the design rules
we outline could be operationalized within existing regulatory frameworks. For example,
the regulator is required to design two new auction rules. Requiring single bids from firms
is simply an administrative matter and the use of variable supply within auctions is now
becoming commonplace in existing permit markets; auction supply now varies within the
Regional Greenhouse Gas Initiative (RGGI), albeit in a very different manner to what is
proposed in this article.

The remainder of this article is organized as follows. Section 2 introduces the model
and presents the results related to the single-bid uniform-price auction. Section 3 extends
the model to allow for diminishing marginal values. Section 4 discusses unknown capacity
demand. Finally, Section 5 concludes the paper. All proofs are relegated to the appendix.

2 The basic model

Consider a regulator that sells up to Q̄ pollution permits in an auction.A set of potential buyers
� = {1, . . . , n}, with n > 2, exists where buyer i ∈ � has a marginal value vi for all units up
to a capacity λi .5 Buyers’ individual capacities are theirmaximumdemand for permits, which
can be interpreted as their unconstrained (unregulated) emissions and we focus on non-trivial

4 Later in the article we provide a comparison between the proposed auction design and a conventional
uniform-price auction to show the possibility of social welfare improvements as well as discussing potential
limitations of using this new approach.
5 In Section 3 we extend the model to allow for diminishing marginal values. We initially focus on constant
values as there exists a number of justifications within an environmental setting. In the short run—when
technologies are fixed—bidders’ values of the auction units can be interpreted as their expected value of
selling the right on a secondary market or their marginal cost of using their abatement technology, which
would be constant for the short-run capacity limits within this auction. As in existing permit auctions, we
focus on scenarios where there are a relatively large number of bidders from similar industries (thus firm
heterogeneity is not excessive).
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cases where λ ≡ ∑n
1 λi > Q̄.6 Buyers’ values are private information but their unregulated

emission levels are public information. This assumption reflects pollution permit markets, for
example, as althoughfirmsmayhave individual private values for permits—which reflect their
private costs of abatement—their unregulated emissions may be accurately known because
the regulator has monitored and verified the emissions prior to the commencement of the
regulation. Indeed the regulator controls the registry that tracks firms’ held permits, emissions,
and transactions. Note also that this information from the registry is public knowledge and
firms can only bid for permits in an auction by using their designated registry accounts, which
thus provides the auctioneerwith immediate access to estimates of capacity information about
bidders.7 We allowmarginal values to be independently and identically distributed according
to some known distribution function F(.) on [v, v̄] with density f < ∞, but the results are
robust for a situation with interdependent values.8 Also suppose the seller’s reservation value
for the units is normalized to zero.

The selling method is a modified version of a sealed-bid uniform-price auction. In par-
ticular, the auctioneer only allows bidders to submit a single sealed-bid for all units they
demand. The auctioneer sorts the submitted bids from the highest to the lowest value, which
generates the aggregate demand as a step function. The allocation rule is defined as follows.
At the beginning of the game the auctioneer announces Q̄ as the maximum quantity available
for sale. However, the auctioneer determines the exact amount of supply after the bids are
submitted. The final quantity supplied by the seller is equal to the largest amount less than
or equal to Q̄ such that the whole capacity of successful buyers is satisfied.9 That is, if the
lowest-valued (successful) buyer cannot obtain their full capacity then the auctioneer reduces
supply until the next lowest-valued buyers can satisfy their full capacity (we assume ties in
bids are broken randomly). To observe this consider Fig. 1. In Fig. 1 (a) the aggregate demand
is not flat at Q̄, therefore all buyers to the left of Q̄ receive quantities equal to their capacities:
Q̄ is the determined auction supply. In Figure 1 (b), however, the aggregate demand is flat
at Q̄, meaning that the lowest successful buyer(s) cannot satisfy their full capacity. The auc-
tioneer then reduces supply to Q∗∗ such that all buyers to the left of Q∗∗ obtain the permits,
and other buyers receive nothing. In this case the final quantity supplied by the seller Q∗∗, is
less than Q̄.

To specify the payment rule, denote bi as the bid submitted by bidder i , which determines
the maximum willingness to pay for λi permits. The aggregate demand is therefore the sum
of individual bids, and can be represented by the following step function D(p), where p is
the price per permit:

6 This can also be interpreted as the verified emissions of each firm in the previous compliance period as long
as the aggregate emissions are decreasing over time.
7 Within the Regional Greenhouse Gas Initiative (RGGI) the COATS tracking platform not only gives the
auctioneer immediate access to estimates of bidders’ capacities but also provides public reports of emissions
and allowance activity https://www.rggi.org/allowance-tracking/rggi-coats. The same is also true within the
European Union Emissions Trading Scheme (EU-ETS) with their Union Registry https://ec.europa.eu/clima/
policies/ets/registry_en and also the (publicly available) European Union Transaction Log (EUTL) http://
ec.europa.eu/environment/ets/transaction.do?languageCode=en. The California Cap-and-Trade Program also
has their Compliance Instrument Tracking SystemService (CITSS) that reports emissions data and transactions
similar to the other schemes.
8 While we abstract from the explicit modeling of a secondary market, note that inclusion of the market would
not alter our results. As the secondary market occurs after the auction has finished, firms within the auction
would use backward induction and their marginal values in the auction vi would represent their expected
marginal value of a permit on the secondary market.
9 We thus assume the process of quantity adjustment is costless.
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(a) (b)

Fig. 1 Supply adjustment and auction clearing price

D(p) =
n∑

i=1

λi |[bi≥p]. (1)

The auction clearing price, which is the price for all quantities won, is set by the highest
losing bid. The formal expression of the auction clearing price is,

p∗(Q̄, λ) =
{
max{p|D(p) > Q̄} if not flat,

{p|D(p) = Q̄} if flat.
(2)

The first expression of (2) is equivalent to the highest losing bid when the aggregate demand
is not flat at Q̄ (Figure 1 (a)). The second expression is for the case where the aggregate
demand is flat at Q̄. In this instance, the price is set as in Figure 1 (b).10

2.1 Results

We now show how the auction design performs with respect to truthful bidding and allocative
efficiency as well as how this design compares to conventional uniform-price auctions. To
begin let us formally define allocative efficiency.

Definition 1 Allocative efficiency:

• Weak allocative efficiency. An allocation of Q < Q̄ permits has weak allocative effi-
ciency if and only if all Q permits are allocated to those buyers with highest values for
them.

• Strong allocative efficiency. An allocation of Q̄ permits has strong allocative efficiency
if and only if all Q̄ permits are allocated to those buyers with highest values for them.

10 Note that despite the single-bid property of the auction proposed, the outcomes can vary from the Vickrey
auction. In fact, given that firms havemulti-unit demandswith heterogeneous capacities, these twomechanisms
could result in very different outcomes. For instance, denote λl as the capacity of the firm who submitted the
highest losing bid. If, at least, one winning bidder has a larger capacity than λl , the Vickrey auction results
in lower prices equal to the second highest losing bid for at least some units. However, the single-bid auction
results in a uniform price equal to the highest losing bid for all units independent of the capacities.
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Note that, followingArmstrong (2000),wemake a distinction between ‘weak’ and ‘strong’
allocative efficiency: the difference being that, in the former, the seller can withhold rights
and the efficiency focus is solely on the rights that are sold whereas, in the latter, all potential
gains from trade between auctioneer and bidder need to be realized. Given the auction design
and the setting, the next proposition shows that bidders would bid truthfully.

Proposition 1 It is a weakly dominant strategy for bidders to bid truthfully, that is to bid
equal to their marginal value.

An essential point in the result of Proposition 1 is that all winning buyers’ bids are
independent of the price they pay.11 This is the result of both the payment rule and the supply
adjustment. The payment rule guarantees that bidders never pay a price equal to their own
bid. Also, as a result of the supply adjustment, bidders cannot manipulate their bid to win a
proportion of the total capacity at a lower price. Recall that without the supply adjustment
truthful biddingmay not be the optimal outcome.When there is no ex-post supply adjustment,
bidders could win some of their capacities at the flat section of the demand schedule. In that
case, there are clear incentives for demand reduction in order to reduce the final price for a
proportion of the total capacity.

Given we know bidders have a (weakly) dominant strategy to bid truthfully, we now
consider the performance of the proposed auction design.

Corollary 1 The uniform-price auction with single bids generates weak allocative efficiency.

The result of Corollary 1 shows that the single-bid uniform-price auction is allocatively
efficient. When the seller allocates these permits, they will be allocated to the buyers with
the highest value. This is denoted “weak efficiency” as the auctioneer may decide to retain
some permits even if there were bidders with a positive value for them.12

In terms of the expected revenue that can be generated, it is ambiguous whether the
proposed mechanism is revenue superior to a standard-uniform price auction. It is difficult to
analyze because the equilibrium permits sold at each auction might be different between both
mechanisms: either Q̄ in the standard auction and Q∗∗ ≤ Q̄ in the single-bid uniform-price
auction. If we were to hold the number of permits constant across both mechanisms then
it can be shown that the single-bid uniform-price auction is revenue superior to a standard-
uniform price auction. However, note that a standard-uniform price auction that sells Q̄
permits could result in higher revenue compared to a single-bid uniform-price auction that
supplied Q∗∗ < Q̄ permits.

Throughout this part of the analysiswe allowedbuyers to have a constantmarginal value for
a given capacity (we provide the case of diminishing marginal values in Section 3). Constant
values are realisticwithin themajority of environmental contexts, including pollutionmarkets
(e.g., Khezr and MacKenzie 2018a). As pollution rights are tradable, the marginal valuation
can be interpreted as firms’ (differing) estimates of the expected future price on the secondary
market that they could obtain for selling a right.

11 The result in Proposition 1 can also be extended to values that are interdependent, similar to the model in
Ausubel et al. (2014).
12 Note that when the number of bidders is low and each bidder’s capacity is a significant proportion of the
total units, the supply adjustment could potentially result in not allocating a significant amount of units. For
instance, suppose there are only two bidders, one with a large capacity and one with a small capacity. If the
bidder with a smaller capacity has the higher value and the total supply intersects the aggregate demand at
a flat, then the auction could end up allocating zero units to the larger firm. However, note that given the
application we noted for the current mechanism, we are unlikely to have such a scenario: the number of firms
in a permit auction is relatively large (above 50 in some cases) and the capacity of firms are relatively small
compared to the total number of permits available.
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Fig. 2 Impact on social welfare.
A reduction in auction supply
will increase social welfare

Fig. 3 Comparison of single- and
multiple-bid uniform-price
auctions

2.2 Social welfare implications

Throughout the analysis our focus has been on auction efficiency: to allocate auctioned
permits to those with the highest value. Thus our context is within a second-best world where
the maximum externality target Q̄ is not chosen to maximize social welfare but simply
(and realistically) a political decision. Yet, even in this environment, implications for social
welfare can be obtained. Consider a welfare maximizing level of Q denoted by Q∗, where the
marginal damage of the environmental rights is equal to the true demand for rights (marginal
cost) in Figure 2. It is likely that any real-world policy target Q̄ is larger than the level
required within a first-best world (given the nature of negative externalities) . For example,
this is the case in most current cap-and-trade markets. In this framework the auctioneer has
the ability to reduce the level of permits and—simply assuming increasing marginal damages
over Q—will result in improvements in social welfare due to a reduction in the policy target
away from Q̄ (see, for example, Shrestha 1998). From Figure 2, the social welfare gain from
this auction is the hatched area under the marginal damage function (MD) and above the
demand schedule. In the event that Q̄ < Q∗ then it is clear that social welfare may decrease
using this auction design.

We can also compare the proposed auction design to a conventional uniform-price auction.
Figure 3 is similar to Figure 2 but now we have introduced the aggregate demand from a
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Fig. 4 Aggregate demand with
diminishing marginal values
(v1, v2, v3, v4)

conventional uniform-price auction denoted by the thick dashed red line. It is clear that under
a conventional uniform-price auction demand reduction occurs and a lower clearing price is
established at p̂. Note that in terms of social welfare each unit is now being bought below the
clearing price derived in this new auction design, p′. Thus relative to a conventional uniform-
price auction, the proposed auction design can generate social welfare improvements.

3 Diminishingmarginal values

In this sectionwe extend the original model to a casewhere buyers have diminishingmarginal
values for units. Similar to the above analysis, suppose buyer i’s maximum willingness to
pay for a unit is vi , where vi is private information. We now suppose that buyers’ values
diminish at a rate equal to ρ, which is common for all buyers.13

The new auction rules for the diminishing marginal values setting are as follows. Each
buyer i submits a linear demand schedule di (vi , qi ), where qi is the amount of demand at each
price. The auctioneer sorts these demands from the highest to the lowest and calculates the
aggregate demand schedule. The auctioneer then allocates the permits based on the aggregate
demand function from the highest price to the lowest until Q̄ is reached. Let us first discuss
the shape of the aggregate demand. The aggregate demand starts from the highest submitted
value, and diminishes at a rate equal to ρ until it reaches the second highest submitted value.
At this point, there exists a kink in the aggregate demand where it diminishes at a rate equal
to ρ

2 until the next kink, which is the third highest submitted value, and so on. A typical
example is presented in Fig. 4.

The supply adjustment is as follows. Bidders to the left of Q̄ receive their demand as long
as the aggregate demand diminishes at a rate equal to ρ

k after kink k. Otherwise, the supply
reduces to the first kink k′ that satisfies the right diminishing rate, that is, ρ

k′ .

Proposition 2 It is a weakly dominant strategy for bidders to submit their true demand.

The intuition behind Proposition 2 is that being untruthful results in a punishment by the
supply adjustment. A buyer may influence the price that other buyers pay by submitting an
untruthful demand, but cannot reduce the price they pay for their own permits by reducing

13 Ausubel et al. (2014), is one of the few papers that study diminishing marginal values, where buyers have
identical utility functions. Unlike their model, we assume buyers have asymmetric demand functions.
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their own demand schedule. The weakly dominant strategy provides several more desirable
features for the proposed mechanism, which are presented in the next proposition.

Proposition 3 The mechanism has a dominant strategy equilibrium that generates strong
allocative efficiency.

Proposition 3 indicates that, in the case of diminishing marginal values, the proposed
mechanism with supply adjustment would allocate all the Q̄ permits to those with the high-
est value. Therefore, it results in ‘strong’ efficiency. This result is noteworthy because almost
all of the existing literature suggests that variants of the uniform-price auction are inefficient.
Also note that when buyers have diminishing marginal values, it is usually more difficult for
the regulator to identify demand reduction. In the current mechanism this is not a problem as
the simple supply adjustment acts to prevent buyers from demand reduction. Further, in equi-
librium, the mechanism achieves strong allocative efficiency, where the supply adjustment
process is not used.

3.1 Comparison with a standard uniform-price auction

As shown above, the proposed mechanism has some desirable equilibrium properties. What
remains is the revenue comparison between the proposed mechanism and the standard
uniform-price auction. We first need to analyze bidding behavior within a standard uniform-
price auction. In a uniform-price auction, bidders submit demand schedules and the auctioneer
allocates all the objects based on the aggregate demand without any supply adjustments. The
expected payoff bidder i receives from winning a quantity qi is

πi = 1

2
(vi − p)qi , (3)

where p is the auction clearing price. The expected payoff of each firm is the area under the
individual demand function and above the clearing price. The equilibrium quantity allocation
of bidder i is the residual supply determined by other bidders’ demand at the equilibrium
price. So one can rewrite Equation (3) as follows

πi = 1

2
(vi − p)

⎛

⎝Q̄ −
∑

j 	=i

q j (v j , p)

⎞

⎠ . (4)

The next step is to show that buyerswould reduce their demands in a uniform-price auction.
The following proposition shows that truthful bidding cannot be an equilibrium of a standard-
uniform price and, in fact, if there exists an equilibrium with undominated strategies, it must
include demand reduction.

Proposition 4 In every undominated equilibrium of the uniform-price auction, at least some
buyers submit demand schedules below their actual demand.

The result of Proposition 4 is intuitive. When bidders can affect the price they pay for the
permits they win, and the supply is fixed, there are clear incentives for demand reduction.
Thus Proposition 4 shows that every undominated equilibrium of a standard uniform-price
auction is allocatively inefficient. Note that even if all buyers underbid proportionally, we
would still have an inefficient allocation of units. To see this, begin with the the highest
value buyer that reduces demand at a rate higher than ρ. Once we get to the second highest

123



An allocatively efficient auction for pollution permits 581

buyer and allocate units the allocation becomes inefficient because the highest buyer still has
demand for larger values. Further, the aggregate demand represented in an equilibrium of
a uniform-price auction is strictly below the actual aggregate demand. Thus the following
proposition is immediate.

Proposition 5 The current mechanism is revenue superior to the standard uniform-price
auction.

The intuition behind revenue superiority is straightforward. In equilibrium all firms bid
truthfully because any demand reduction will be punished by supply reduction. Unlike the
case with constant marginal values, here in equilibrium the allocated supply will always be
equal to Q̄. Thus revenue superiority is guaranteed.

The diminishingmarginal value setup extends the previous results of this article to address
situations where buyers have downward sloping demands rather than flat demands. Although
there are reasonable grounds to assume that buyers in environmental markets may have
constant marginal values for a single auction (as discussed in the previous section), the
extension to the case of diminishing marginal values helps to highlight the robustness of this
auction design and the potential applicability of this framework to other areas of interest.

4 Unknown capacities

Up to this point we have assumed that firms’ capacities are known by the regulator. This is
a reasonable condition as the capacities are in the form of unregulated emissions determined
prior to the auction or verified emissions in a previous compliance period. In this section,
we consider two relaxations of this assumption, where firms’ capacities are unknown. In
particular, suppose (i) the regulator monitors and determines the unregulated emissions, but
there is a level of uncertainty as to the accuracy of the findings and (ii) firms’ capacities are
privately known and are chosen by firms. For the first case, suppose the regulator privately
receives a signal si for the actual capacity of firm i from a known distribution. The regulator
upon observing signal si chooses λ̂i (si ) as the capacity of firm i before the auction starts.14 It is
straightforward that unless the signals are perfect—which only happens in the full information
case—the regulator would not be able to estimate the correct capacity of each firm. However,
given that the distribution is known, there are bounds that limit these estimates. Note that
irrespective of underestimation or overestimation by the regulator, as long as inaccurate
estimations exist, the allocative efficiency of the auction is reduced. This is because at least
some permits are no longer allocated to firms that value them the most. Yet it can also be
shown that the truthful dominant strategy equilibrium will still exist in the case where the
regulator estimates the capacities: it is still a weakly dominant strategy for each firm to bid
their true values, irrespective of the choice of the capacity by the regulator.

The second case exists where capacities are privately known and chosen by firms. In
particular, suppose each firm’s capacity is independently distributed according to a known
distribution function. Only firm i knows their exact capacity while the distribution function
and the limits are public information. In such a case, with a similar argument as the one

14 Note that the accuracy of the signal has a close relationship with the level of efficiency. In particular,
one expects a less accurate ex-ante signal results in, on average, less accurate prediction of capacities and
lower level of efficiency. In this context, the accuracy of signals could be translated to both the probability of
estimating the correct capacity and the dispersion of the distribution. However, due to the probabilistic nature
of signals, the ex-post efficiency of a particular auction may not monotonically decrease if the uncertainty
regarding the signal increases.
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in Proposition 1, it is possible to show firms would still submit their bid prices truthfully.
Note that when firms can choose their capacities, they can essentially adjust their demand.
Therefore they may have incentives to reduce their demand in order to increase their overall
payoff by paying less for the winning units. This is similar to the classic demand reduction
discussed in the literature (e.g., Wilson 1979; Back and Zender 1993). In this case the auction
could becomevulnerable to demand reduction and result in a reduction in allocative efficiency.

Thus when capacities are unknown there are two main conclusions: firms continue to
submit their bid prices truthfully and the allocative efficiency of the auction may reduce.

5 Conclusions

This article proposes an auction that results in truthful bidding for pollution permits. The
proposed auction design has two distinct features (i) the auctioneer restricts buyers’ bids for
their full demand of permits and (ii) allows a simple ex-post supply adjustment rule, where
the aggregate supply of rights can be reduced after bids have been submitted. Using these
two features we show truthful bidding occurs. This proposed mechanism is administratively
simple and requires no knowledge of firms’ marginal costs or marginal damages to incite
truthful bidding. Thus this mechanism is able to efficiently allocate permits. Similar to the
Vickrey auction, we show it is a weakly dominant strategy for each firm to bid their true
values. Despite the similarities between this and the Vickrey auction, our main contribution
is to propose a design that has advantages over the Vickrey auction: a simple and applicable
design for an environmental context.

A natural application of this auction is to tradable permit auctions. In all current permit
auctions, the uniform-price design is chosen to generate a single equilibrium price that can
assist the development of the secondary market. Yet current auction designs come at a cost:
these uniform-price auctions are known to be inefficient as bidders normally shade their bids
with a resulting lower equilibrium auction price (Khezr and MacKenzie 2018a). This newly
proposed auction could, under a number of potential settings, generate an allocatively effi-
cient permit auction that will generate the Walrasian equilibrium. Although tradable permit
auctions are a potential application, this auction design can be further applied to other envi-
ronmental (multi-unit) resources (such as rights for water, conservation, and so on) as well
as non-environmental rights such as treasury bills.

Appendix

Proof of Proposition 1 Suppose bidder i with value vi submits a bid bi < vi and the price at
which all permits are sold is p. We claim that bidding bi = vi weakly dominates bi < vi .
If p > vi in both situations the payoffs are zero. If p < vi , then bidding bi < vi either
results in a zero payoff or results in a payoff equal to vi − p. However, bidding equal to vi
would always result in a positive payoff equal to vi − p. Therefore, bidding bi = vi weakly
dominates bidding bi < vi .

Now suppose bidder i submits a bid equal to b′
i > vi . We show this is also weakly

dominated by a bid equal to her value. If vi < b′
i < p, then both cases would result in zero

payoff. If vi < p < b′
i , then b′

i wins but results in a negative payoff, since vi < p. In this
case bidding equal to vi results in zero payoff. Finally, if p < vi < b′

i both bids would result
in similar payoffs. 
�
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Proof of Corollary 1 Efficiency is a straightforward result of truthful bidding. Since the mech-
anism allocates the objects to those with the highest values, then it is efficient. However, since
there are instances that the seller may sell less than Q̄, then it is weakly efficient. 
�
Proof of Proposition 2 To show that bidding truthfully is a weakly dominant strategy we start
by a representative buyer and show that this buyer cannot benefit from demand reduction
if all other buyers act truthfully. Suppose buyer i bids its true demand schedule, that is,
p = vi − vi

λi
qi . First, calculate the aggregate demand without the consideration of buyer

i . Note that each buyer by submitting a demand schedule, creates a kink on the aggregate
demand at their reported value. Define c−i as the value of the buyer who sets the last kink
before Q̄ when excluding buyer i in the aggregate demand. In other words c−i is the lowest
reported value that can win some permits, excluding i . There are two possible scenarios with
respect to the relation of c−i and buyer i’s value vi .

S1: If vi > c−i , then buyer i wins some permits, say qi , and pays a price p < vi . Thus,
the payoff for buyer i is,

πt = (vi − p)qi
2

. (5)

S2: If vi < c−i , then two outcomes are possible. The kink at vi on the aggregate demand
could be either to the left of Q̄ or to the right and the last one before Q̄.

S2.1: When the kink is at the left of Q̄, but lower than c−i , they win q ′
i permits and pay a

price equal to p′ with a positive payoff equal to,

πt ′ = (vi − p′)q ′
i

2
. (6)

S2.2: When the kink is at the right of Q̄, buyer i receives zero payoff.
Now, suppose buyer i submits a value zi < vi in its demand schedule then in scenario

S2.2 they obviously receive zero payoff again. But now in scenario S1 and S2.1 they would
also receive a zero payoff due to the supply adjustment. To see this, suppose the kink at zi is
the kth highest kink. The slope of the aggregate demand after this kink is,

slope =
ρ

(k−1) ρ
′

ρ
(k−1) + ρ′ , (7)

where ρ′ < ρ is the slope of the buyer i’s demand function with zi . The above slope is less
than ρ

k because,

slope =
ρ

(k−1) ρ
′

ρ
(k−1) + ρ′ <

ρ

k
⇔ ρ′

(k − 1)
<

ρ + (k − 1)ρ′

k(k − 1)
⇔ kρ′ < ρ + (k − 1)ρ′. (8)

The last inequality is true because ρ′ < ρ. According to the supply adjustment, when the
slope of aggregate demand is less than ρ

k after kink k, the supply would reduce to kink k and
buyer i receives zero permits.

Thus it is a weakly dominant strategy for buyers to bid their true demand. 
�
Proof of Proposition 3 Given the result of Proposition 2, if all buyers except buyer i play their
weakly dominant strategy, then there is no incentive for buyer i to deviate from this strategy.
So submitting the true value is a dominant strategy equilibrium of this game. The efficiency
part is straightforward because the mechanism allocates the objects to those with the highest
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values, since in equilibrium the aggregate demand represents the true demand of each buyer.
Also, since the supply adjustment does not take place in equilibrium, all quantities available
would be allocated to buyers. Thus the mechanism is fully efficient. 
�

Proof of Proposition 4 Suppose all buyers except buyer i submit their true demands. We want
to show it is not optimal for buyer i to follow the same strategy. First, rewrite Equation (4)
as follows,

πi = 1

2
(vi − p)

⎛

⎝Q̄ −
∑

j 	=i

(

λ j − λ j

v j
p

)
⎞

⎠ . (9)

The first-order condition is

− Q̄ +
∑

j 	=i

(

λ j − λ j

v j
p

)

+
∑

j 	=i

λ j

v j
(vi − p) = 0. (10)

Given the market-clearing price condition, q∗
i = Q̄ − ∑

j 	=i (λ j − λ j
v j

p), one can rewrite the
first-order condition as follows

q∗
i =

∑

j 	=i

λ j

v j
(vi − p). (11)

Define ψ j = ∑
j 	=i

λ j
v j
, then the equilibrium demand schedule of bidder i becomes,

p∗ = vi − qi
ψ j

. (12)

Since 1
ψ j

< ρ for n > 2, the best response of player i is to submit a demand function with
a strictly lower slope than their actual demand. Thus there exist no equilibrium with truthful
demands.

What remains to show is that bidding above the actual demand is not an optimal decision
for buyers. To see this, suppose bidder i submits a demand schedule that is above their actual
demand function. The only situation that matters is the one where buyer i is pivotal and wins
some permits. When the submitted demand is higher than the actual demand, buyer i wins
more permits but pays a higher price. Let us focus on the margin and a case where buyer i
is only marginally above their true demand. For any extra unit buyer i wins, there will be an
extra loss to the surplus at the same price. Now given that price will also go up, the loss in
the surplus will be even higher. Therefore, submitting the true demand dominates submitting
any demand above the true demand. 
�

Proof of Proposition 5 Given the result in Proposition 4, in any undominated equilibrium
of the standard uniform-price at least some buyers reduce their demands. Therefore, any
equilibrium aggregate demand of the standard uniform-price auction is strictly lower than
the actual demand. Since we show that in the proposed mechanism the aggregate demand is
the same as the sum of the true demands, then the auction clearing price for the proposed
mechanism is strictly larger than the clearing price of a standard uniform-price auction. Thus,
the revenue of the proposed auction, which is pQ̄, is also strictly higher than the revenue of
a standard uniform-price auction. 
�
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