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Abstract The role of information and communication technologies (ICT) in educa-
tion is nowadays well recognised. The Web Geometry Laboratory, is an e-learning,
collaborative and adaptive, Web environment for geometry, integrating a well known
dynamic geometry system. In a collaborative session, teachers and students, engaged
in solving collaboratively a given set of problems, can exchange geometrical and tex-
tual information between them. In a normal work session (stand-alone mode), all the
geometric steps done by the students are recorded, allowing, in a latter stage, their
teachers to “play back” the students sessions. This information, alongside the nav-
igation and chat information, can be used, later on, to assert the students level of
geometric knowledge, adjusting the teaching strategies to each individual student.
Teachers can register and begin using the public servers, defining students, preparing
materials to be released to the students, open collaborative sessions, etc. Students can
work in WGL, defining his/her own working space, sharing geometric constructions
between themselves. From the case studies already conducted it was possible to con-
clude that, using WGL, the students improved their achievement in mathematics, in
the classroom and doing homework. In this paper an in-depth, full description of the
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WGL system in its current version, is made, covering all the features and functioning
modes, from the perspective of teachers and students.

Keywords Collaborative learning tools · Dynamic geometry systems · E-learning
tools · Homework support systems · Personalised adaptive learning tools

1 Introduction

In this paper we discuss the development of an information and communication tech-
nology (ICT) learning environment for geometry. The long term goal that drives the
development of WGL is the development of an e-learning Web-platform that is col-
laborative, adaptive, integrating a dynamic geometry system (DGS) and geometric
automated/interactive theorem provers (G(A|I)TP). We also want to assess if it makes
a good learning resource for the teaching and learning of geometry.

When designing a learning environment for geometry, including a DGS is a natural
choice. The advantages of using DGSs in a learning environment for geometry are
multiple: they are easy to use and they stimulate the creativity and the discovery
process (De Villiers 2006; Laborde 2002).

Collaborative work can be an effective method to motivate students and encour-
age active learning, to develop essential critical-thinking, communication, as well as
to improve decision making skills. Collaborative work promotes school performance
and socialisation between students (Gillies 2003; Summers et al. 2005). Given the
strong visual impact of geometry, a collaborative environment for geometry should
allow the exchange of geometric information, alongside the exchange of textual
information (Quaresma et al. 2013; Santos and Quaresma 2013, 2015).

A learning environment should have adaptive characteristics in order to cope with
their students different learning needs and different learning characteristics, provid-
ing support to the specific needs, knowledge and background of each individual
student (Chrysafiadi and Virvou 2013; Shute and Psotka 2001; Triantafillou et al.
2003). In a learning environment for geometry the authors claim that the environment
should be able to infer the van Hiele levels of geometric reasoning (Usiskin 1982).

The synchronous and asynchronous interactions allow different modes of access-
ing WGL. In Mendicino et al. (2009) and in Fish (2013) it is shown that the students
who used a Web based systems for homework in mathematics exhibited a significant
improvement over students who did their homework traditionally.

With the inclusion of a G(A|I)TP it will be possible to fill the gap between the
informal and formal proofs. It will became possible to check the soundness of the
constructions, e.g. if two given lines are parallel, and also to make formal proofs of
geometric conjectures with a natural language output (Janičić and Quaresma 2007;
Quaresma et al. 2008; Santos and Quaresma 2012).

As said above, the Web Geometry Laboratory, WGL, is an e-learning, collaborative
and adaptive, Web environment for geometry. It integrates a well known DGS, the
GeoGebra JavaScript applet (Hohenwarter 2002) and it possess a database where
each user can save geometric constructions produced using the DGS.



Educ Inf Technol (2018) 23:237–252 239

There are two main types of users in WGL: teachers and students. Students should
always be connected to a given teacher. Teachers are able to work independently in
the environment, but are also able to create student accounts and to organise them
in classes and/or groups, and also to engage them in individualised work sessions
(stand-alone sessions) or collaborative work sessions.

The change between a stand-alone session or a collaborative session is decided by
the teachers, they are able to “begin” and, later on, “end”, a collaborative work
session. Whenever they do it the students interface change, changing the way the
students access WGL.

In the stand-alone mode the students are working alone, accessing the environment
using a computer, or tablet (or even a smartphone), through a Web-browser, having
a DGS to work with. This mode can be used by teachers in a classroom, providing
geometric problems to be solved by the students, to be solved with the help of the
DGS, as a very powerful substitute of the physical rules and compass. The stand-
alone mode can also be used in the context of homework, again to solve geometric
problems given by the teachers, or for the students own work.

The collaborative mode is aimed to be used by groups of students, solving geo-
metric problems given by their teachers in a collaborative way, again in a classroom,
or at home. In the collaborative mode each student has two DGS windows at his/her
disposal. In one of them he/she develops his/her own work, the other is the group
window where the task is being done, collaboratively, by all the students. Besides the
exchange of geometric information among the students, a chat channel is also avail-
able to allow the exchange of short textual messages between the students (and also
with the teacher).

In the stand-alone mode the access to the environment is individualised. Each user
has his/her own work-space, with a scrapbook of geometric constructions that can
be shared, or not, among a group of colleagues. To be able to construct an adaptive
learning environment WGL collects all the information about the students’ naviga-
tion, and also all the steps done during each student’s stand-alone work session. In its
current version (v. 1.4) all this information can be visualised by the students’ teach-
ers, the visualisation of the geometric steps done by the students is done in “video
mode”, i.e. play, fast-forward, stop, and pause, buttons are available.

To assess the usefulness, and to certify the correction of the objectives formulated
at the beginning, a series of case studies are being done in Portugal and Serbia. In
Santos et al. (2016) some of the already concluded case studies are reported. The
Portuguese case studies were conducted in a classroom (synchronous) setting, the
Serbian case studies focus on homework (asynchronous).

Using an action research methodology to software development (Baskerville and
Wood-Harper 2016), the WGL development cycles intertwine implementation and
testing stages with evaluation stages.

The WGL is a Web client/server application. The database (constructions;
users’ information; constructions; permissions; etc.); the DGS JavaScript applet;
the synchronous and asynchronous interaction, are all implemented using free
cross-platform software. The WGL is an internationalised system with the English
language as the default language and already localised to the Portuguese and Serbian
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languages. It is an open-source system,1 versions of the server are available to be
installed on Linux systems (or other systems through virtual machines).

Related systems There are several DGS available (see Wikipedia (2016) for a com-
prehensive list) but none of them defines an environment where the DGS is integrated
into a learning environment with collaborative and adaptive features. In (Quaresma
and Janičić 2006, 2007; Santos and Quaresma 2008) accounts of DGSs and G(A|I)TP
integration and the integration of those tools in learning environments can be found,
but always partial integrations not building any kind of collaborative, adaptive e-
learning environment. Some learning environments in the area of geometry have been
developed, e.g. Tabulae (Moraes et al. 2005) and GeoThink (Moriyón et al. 2008).
There are also some tutoring systems in the field of geometry, e.g. Advanced Geom-
etry Tutor (AGT) (Matsuda and VanLehn 2005), AgentGeom (Cobo et al. 2007) and
geogebraTUTOR (Richard et al. 2007). The WGL distinguishes itself by relying on
an external, full fledged DGS, well known by its users and supported by its devel-
opers. The two modes, collaborative and stand-alone, the well grounded permissions
system and the capability that this opens for a personalised contact with the envi-
ronment are also points in favour of WGL. The internationalisation, i.e. the ability to
receive translations into different languages (Tabulæ lacks this feature) is also a pos-
itive point for WGL. Several case-studies already conducted have validated the WGL
goals.

Overview of the paper This paper is organised as follows: first, in Section 2 we
describe the global characteristics of WGL. In Section 3 the collaborative mod-
ule is described. In Section 4 the adaptive module is described. Section 5 describe
the Case studies already performed. The description of the access to the system is
done in Section 6. Finally in Section 7 some conclusions are drawn and the future
developments are foreseen.

2 The web geometry laboratory learning environment

With the development of WGL our aim is to build an e-learning environment for
geometry with collaborative, adaptive and automatic reasoning features. An environ-
ment to be used in a classroom, in synchronous interactions, mediated by a teacher,
but also at home, in synchronous or asynchronous interactions.

The main features of the Web Geometry Laboratory (v. 1.4) are:

– An integrated DGS, the GeoGebra JavaScript applet;
– A user’s management module for: administrator(s), teachers and students, allow-

ing the definition of classes and groups;
– A repository of geometric problems: each user has his/her own list of constructions;
– A permissions system allowing the sharing (or not) of each construction between

users and groups;

1webgeometrylab.sourceforge.net/

webgeometrylab.sourceforge.net/
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– A collaborative module, where a given geometric task can be worked collabora-
tively by a group of users;

– An adaptive module, allowing the capture of all the information regarding the
students interactions with the system. Later this information can be viewed and
analysed by teachers;

– A chat, to allow the exchange of short textual messages between users engaged
in collaborative sessions;

– A forum to allow the exchange of messages between users about different
subjects regarding the WGL.

The WGL is a client/server application (see Fig. 1). The WGL server is the place
where all the information is kept: the log-in information; the groups definitions;
the geometric constructions of each user; the users activity logs; etc. The users will
access the server through a Web browser, each loading an instance of the DGS applet,
and using the server for all necessary information exchange. For a remote access to
the WGL servers,2 a normal bandwidth (≥ 4Mbps) should be enough for a good
interaction with the system.

2.1 Type of users in WGL

Apart from teachers and students the WGL type of users include, administrators and
anonymous visitors.

The administrator(s) main role is the administration of teachers. They have
also access to the log-in information of all users, information that can be used to
streamline the server.

The teachers are privileged users in the sense that they are capable of defining
other users, their students. In the beginning of each school year the teachers should
define all their classes and the students belonging to those classes. At any time the
teachers could also decide to aggregate their students into groups (see Fig. 2).

The students, each linked to a given teacher, are able to work in the environment,
solving geometric problems created by their teachers and/or pursuing their own work.
The students are unable to create other users.

Finally, the anonymous user is a student-type user, not linked to any teacher and
because of that, unable to participate in collaborative sessions. The purpose of this
type of user is solely to allow unregistered users to test WGL.

2.2 Types of interaction within the WGL

There are two distinct modes for the students to interact with the WGL system. The
collaborative sessions (see Section 3) and the regular (stand-alone) sessions (see
Section 4). The change between these two distinct modes is controlled by the teach-
ers. In a collaborative session the students, working in groups, have some specific
assignment to fulfil and they will do it in a collaborative way, exchanging geometric

2hilbert.mat.uc.pt/WebGeometryLab; http://jason.matf.bg.ac.rs/wgl

hilbert.mat.uc.pt/WebGeometryLab
http://jason.matf.bg.ac.rs/wgl
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Fig. 1 WGL system schema

and textual information to reach the common goal. In a regular session the stu-
dents will be working alone, they can share constructions with the other users of the
environment, but all this exchange of information will be asynchronous.

2.3 Individualised scrapbook

Each user (teachers/students) has access to a “scrapbook”, kept in the server, where
he/she can keep all the geometric construction produced using the DGS integrated
in the WGL environment. Each user will have full control over this personal scrap-
book, having the possibility of saving, modifying, deleting, and change the access
permissions of each construction produced.

Fig. 2 WGL group membership relation
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To allow sharing geometric constructions among users, a permission system was
implemented. This permission system is similar to the “traditional Unix” file permis-
sions system. The users will own the geometric construction defining the reading,
writing and visibility (rwv) permissions per geometric construction. For example,
given a geometric construction cnst01, created by the user stdN, belonging to
the group grpX, the construction could have a permission rwvr-v---, meaning
that the construction’s owner, the first three positions, will have all the permissions,
the members of the group, the middle three positions, will be able to read and see
(visibility) but not to write (modify), and all the other users, the three last positions,
will have no permission over this construction, not even being aware that the geo-
metric construction exists. By default, the teacher will belong to all the groups he/she
had created, giving him/her the group access privilege to the students’ constructions.

During the last three years these systems have been intensively used, e.g., for
testing collaborative learning in teaching geometry.

3 The collaborative module

Planning a collaborative working session the teacher has to decide how to group the
students and has also to conceive the geometric problems to be solved collabora-
tively, i.e., prepare a set of geometric constructions, starting points for problems to
be completed during the class; illustrative cases; etc.

In a WGL collaborative session the students will solve the geometric problems
proposed by their teachers, being able to exchange geometric and textual information,
producing the geometric constructions in a collaborative fashion.

The students engaged in a collaborative session will always be in working groups,
with access to the material prepared by the teacher and with access to two DGS
applets. One of those DGS applets is for their own work, the other is where the group
construction is being done. The group-construction is shared by all the members of a
given group, one of the students will have the lock over the construction, all the other
group members will see the work being done (synchronised every 20s). At any given
moment the student can release the lock, which can be claimed by any student in the
group.

At the same time, the students have their own work-space that can be used to:
follow the work that is being done by the group representative; develop their own
constructions; to anticipate the group construction; to develop auxiliary construc-
tions. In this work-space the saving (to his/her scrapbook) of the work being done is
the responsibility of the student.

The students have the possibility to exchange constructions between DGS work-
space windows. The students without the lock are able to “import” the group
construction to his/her own work-space. The student with the lock adds to that, the
possibility to “export” the construction to the group work-space. A chat is provided
to allow the exchange of short messages between all the members of the group,
including the teacher (see Figs. 3 and 4).

Apart from being responsible for setting the collaborative session, and being able
to assess its results at the end, the teacher has also access to a DGS work-space



244 Educ Inf Technol (2018) 23:237–252

Fig. 3 Collaborative session – student’s view

window where he/she can follow the work of all the students in each group (see
Fig. 4).

3.1 A collaborative session

For a better grasp of the roles of teachers and students, a collaborative session is
now described. A simple problem, “Given two lines, defined by three (non-collinear)
points, construct the bisector of the internal angle of the two lines”, will be asked to
be solved, collaboratively, by the students.

3.1.1 Session preparation

When the teachers plan a collaborative lesson they begin to create a new collaborative
work session (CWS), give it a name, a description, and the goals to attain in the
session. At the end of the CWS the teacher can save a text record of the session
(see Fig. 5). After the CWS creation its status is “Open”. From this point on, up-to
the moment where the teacher decides to change the status of the CWS to “Start”,
only the teachers are aware that the CWS is created, the students’ interface remain
unchanged, in stand-alone mode (see Fig. 6).

The next step is to decide how to distribute the students in groups and from those
groups which will be engaged in the collaborative session. This amounts to keep the
existing groups, change them, or create new groups

Next, it is necessary to prepare one or more problems to be solved by the students,
collaboratively, in groups (see Fig. 7). If needed, the permissions, namely the visibil-
ity permission, can be manipulated in such a way that different problems can be given
to different groups at different moments of the collaborative session (see Fig. 8).

When the preparation steps are completed the teachers can decide, at any given
moment, to change the status of the CWS to “Start”, starting the collaborative work
session. From this point on, up-to the “End”, the WGL students’ interface change,
from the stand-alone interface, to the collaborative interface where the students will
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Fig. 4 Collaborative session – teacher’s view

Fig. 5 Collaborative session creation

Fig. 6 Collaborative session – changing status

Fig. 7 Constructions and collaborative sessions relation
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Fig. 8 Task planning (teacher)

be engaged in the CWS, with geometric problems to solve and two DGS windows to
work with. The window on the left is where the group is developing the construction,
the window on the right is the individual student work-space (Fig. 3).

After the problems are solved, in a classroom setting or in a remote homework
setting, the teachers can change the status of the CWS to “End”. From this point on
the students will resume a normal workflow in the environment. The teachers still
have access to the CWS, with all the work done by the students, and can use this
period to write the CWS’s report.

All the constructions made by the students, and saved by them, during the CWS
are saved in the student’s scrapbook, in this way the student can profit from the work
done during the CWS, eventually exploring new ways to tackle the problems.

3.1.2 Students perspective

As was already mentioned above, when the teacher changes the status of the CWS to
“Start” the students’ interface change, from a stand-alone mode to a collaborative
work mode.

In the new mode, the collaborative mode, the students are in groups and they have
a specific set of problems to solve. To do that, they have a new interface with two
DGS windows, the one on the left, is the group window, where all the work done
there is broadcasted (synchronised every 20s) to all the members of the group. The
window on the right is for the individual work of each student (see Fig. 3).

At the beginning of the CWS, a given element of the group gets the “lock” over
the group construction, meaning that he/she will be working in the group construc-
tion, being the group representative, with his/her work being broadcast to the other
members of the group. The “unlock” button is visible, meaning that any time he/she
can release the lock, allowing others to take charge.

Whenever the student releases the lock (pushing in the “unlock” button), the
“lock” button appears above the left window of all the students in the groups, mean-
ing that the group construction belongs to nobody, it is necessary that someone pushes
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the “lock” button, to resume the work in the group construction. The chat windows
allow the members of the group to interact, changing messages between the group
members, and also with the teacher, and this is very useful to change ideas and also
to arrange the unlock/lock status between the members of the group.

The DGS window on the right is the student individual working space, it should be
use to follow the group representative work, to pursue the student own work, maybe
anticipating the next steps of the group representative. The possibility of importing
the group construction is very useful to allow to each student to save the latest version
of the group construction to his/her working space, and, using the “save” button, to
save that construction to the scrapbook.

The group representative can export his/her own construction to the group con-
struction window. This could be useful, e.g. when the student was already some steps
ahead when he/she claims the lock.

The saving of the student’s construction in his/her scrapbook is not automatic, the
student needs to push the “save” button, in order to transfer the construction from
the CWS to his/her scrapbook (see Fig. 3).

3.1.3 Teachers perspective

Beside all the preparation stage and final report stage, teachers are also active players
in a collaborative session. Teachers have access to a DGS window where they can
follow the students work, and can also participate in their conversations, reading the
students’ chat messages, and sending messages to each, selected, group (see Fig. 4).

At any given moment teacher can have only one active collaborative session (in
the “Start” status), so only for that session the constructions of the students are
begin updated, and only for that session the chat messages are active. Nevertheless,
the access to the final work done in all collaborative session is always available to the
teachers, in this way teachers can access the work done by the students, using that
information to write a final CWS report.

4 The adaptive module

The permission system allow teachers to differentiate groups’ working plans. Teach-
ers can prepare a set of problems alongside a definition of groups, setting the
permissions in such a way that different construction will be available to different
groups.

Besides this, and the individualised scrapbooks, the WGL adaptive features are
implemented in the adaptive module, whose aim is the construction of student’s
profiles and individual learning paths. To be able to build individual student’s
profiles and individual learning paths, the system collects information about the stu-
dent’s interactions when in the stand-alone mode, i.e., in a regular work session
(see Fig. 9).

The system records navigation and also geometric information for each student.
The navigation information is a plain list of all the pages visited with enter and exit
timestamps. The geometric information is recorded when the student is using the
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Fig. 9 WGL stand-alone session (students’ perspective)

DGS applet, using JavaScript listeners of the DGS application programming interface
(API). We record every step done by the students, every point, line, circle, etc. intro-
duced, any deletion of any previously introduced object and even all the modifications
done to them. Only the time spent in doing each and every step is not recorded.

At a later stage the student’s teacher is able to see the work done by the stu-
dent, play it step by step, play in a regular speed, play in a fast forward fashion (see
Fig. 10). Given the fact that the WGL does not record the time spent in doing any
given step, the reproduction as a regular motion. In this way the teacher can analyse
all the steps done by any one of his/her students, to solve a given task, getting infor-
mation that can be used to assert the student’s van Hiele level of geometric knowledge
(Crowley 1987) and also the student’s learning style (Kolb and Kolb 2005; Felder
and Silverman 1988).

In a collaborative session (see Section 3) the students are not developing the
construction alone, so no recording of the geometric interactions is performed.
Nevertheless the teachers have access to the ’chats’ exchanged during those sessions
and given the fact that every entry is tagged with the student (or teacher) identifica-
tion, this could also be used to help the teachers to access his/her students levels of
geometric knowledge.

Fig. 10 WGL adaptive, ‘playing’ a student’s session
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5 Case studies

After the development of a first WGL prototype the need to evaluate the environment
and its usefulness as a collaborative, synchronous and asynchronous, environment
for the learning of geometry, lead to the preparation of case studies in Portugal and
Serbia.

Two different set of studies were performed, one in Portugal, in a classroom set-
ting, and another in Serbia, for homework. The first case studies on those sets where
done using WGL version 1.2, still without the group-wise communication channel
(chat). The second case studies were done using WGL version 1.3, already with the
chat communication channel, among other improvements done in WGL. The case-
studies are being used to improve the system but also to publicise the system, and
training teachers in its use.

The first case studies where conducted in the school year of 2012/2013 in Portugal
and Serbia, one in each country. In Portugal 22 students where engaged, using WGL
in a classroom setting. In the Serbian study, 69 students where engaged, this time,
using the platform to develop homework. These first case-studies served to refine
the platform and also to prepare materials and methodologies for the main studies
presented in Santos et al. (2016). The Portuguese main case study was conducted in
a classroom setting, the Serbian main case study focus on homework (Rogers et al.
2003).

In 2016 a pilot study with a 15 year old student, in a stand-alone session, was
conducted in Portugal. The goal was to analyse the student’s interactions, the student
behaviour, to find his level of geometric knowledge and learning style.

6 Access to the system

The WGL public servers can be used by any teacher willing to incorporate such an
e-learning environment in his/her teaching practice. After registration (subject to val-
idation) a teacher can create classes and use the system as a geometry laboratory,
or as an e-learning environment for homework tasks, in stand-alone or collaborative
sessions.

7 Conclusions & future work

From the case studies already conducted it can be concluded that:

– a Web learning environment should have an easy and simple interface. The
teachers and students involved in the case studies were pleased by the WGL
environment;

– the collaborative module was validated with the students being highly motivated
in its use.

– the asynchronous interaction allowing the resolution of homework with the help
of WGL was validated;
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– it was possible to conclude that, using WGL, the students improved their achieve-
ment in mathematics, in the classroom and doing homework. The inclusion
of a full-fledged DGS in WGL revealed itself a very important asset, in accor-
dance with the findings in Botana and Abánades (2012) and Ruthven et al.
(2008).

– analysing the student’s interaction it was possible to perceive the level of
geometric knowledge and the student’s learning style.

The case-studies gave the necessary information to make improvements in the
environment, e.g. the “chat” window, from version 1.2 to the version 1.3. Many other
small changes were made and also some more changes to be done where identified.
One of those, identified needs, is the change in the teachers’ participation in the CWS,
they should be allowed to exchange also geometric information with the students, not
only textual information.

The case studies conducted in two different countries where also useful to validate
the internationalised character of the environment with the Portuguese and Serbian
languages already supported.

More case-studies, with a significant number of students, must be prepared and
conducted to validate the adaptive features.

In a collaborative session the lock management is being felt to be too restrict. It
is planned that the lock could be claimed also by teachers, to, at any given point in
time, help students complete their tasks. Even between students, the lock mechanism
can be improved, at any given time, any student should be able to claim the lock, that
would be released, or not, by the student owning it.

At the moment the adaptive module only collects the student’s information and
allow the teachers to “play” that information. To be able to know the time took in
each step the recording of timestamps will be implement in a future version. Another
improvement, already planned, will give the teachers the possibility to use all the col-
lected information alongside with other additional information, e.g. questionnaires, to
determine students’ learning styles and build individualised learning paths, adjusted
to those learning styles. A second, more ambitious, step would provide the sys-
tem with the capabilities of automatic management of those learning styles and the
construction of the learning paths.

Another development planned is the integration of a G(A|I)TP. To be able to pro-
vide a formal validation of geometric properties, e.g. “two lines are perpendicular,
because . . . ”, formal reasoning, visual proofs and also to support the automatic or
semi-automatic adaptive features, e.g. one-step guidance.

The case studies and their findings allowed us to conclude that, using WGL, our
students improved their achievement in mathematics, in the classroom and doing
homework. The cases studies also gave us good clues to future research in the context
of using WGL to improve the classroom, homework or mixed learning, on secondary
schools’ geometry.

The Web Geometry Laboratory is an e-learning, collaborative, adaptive, Web envi-
ronment for geometry already being used by teachers in Portugal and Serbia and it
is expected that its user base can grow not only in those countries but also in other
countries.
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