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Abstract In this paper we study the average cost criterion induced by the regular utility
function (U-average cost criterion) for continuous-time Markov decision processes. This
criterion is a generalization of the risk-sensitive average cost and expected average cost cri-
teria. We first introduce an auxiliary risk-sensitive first passage optimization problem and
obtain the properties of the corresponding optimal value function under the slight condi-
tions. Then we show that the pair of the optimal value functions of the risk-sensitive average
cost criterion and the risk-sensitive first passage criterion is a solution to the optimality equa-
tion of the risk-sensitive average cost criterion allowing the risk-sensitivity parameter to take
any nonzero value. Moreover, we have that the optimal value function of the risk-sensitive
average cost criterion is continuous with respect to the risk-sensitivity parameter. Finally,
we give the connections between the U-average cost criterion and the average cost criteria
induced by the identity function and the exponential utility function, and prove the exis-
tence of a U-average optimal deterministic stationary policy in the class of all randomized
Markov policies.

Keywords Continuous-time Markov decision processes - Regular utility function -
U -average cost criterion - Optimal policy
1 Introduction

Continuous-time Markov decision processes (CTMDPs) have rich applications in the queue-
ing systems, inventory management, telecommunication, the control of the epidemic, etc;
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see, for instance, Puterman (1994), Kitaev and Rykov (1995), Guo and Hernandez-Lerma
(2009), Guo et al. (2012) and the references therein. The average cost criterion is a
common optimality criterion in the CTMDPs, which includes the expected average cost
and the risk-sensitive average cost criteria. For the expected average cost criterion, the
decision-maker is supposed to be risk-neutral and there exists a vast amount of literature;
see, for instance, Puterman (1994), Kitaev and Rykov (1995), Guo and Hernandez-Lerma
(2009), Guo et al. (2012), Wei and Chen (2014) and the extensive references therein. For
the risk-sensitive average cost criterion, the exponential utility function is employed to
characterize the risk preferences of the decision-maker. More specifically, when the risk-
sensitivity parameter of the exponential utility function takes positive (negative) values,
the decision-maker is risk-averse (risk-seeking). Although the risk-sensitive average cost
criterion for the discrete-time MDPs has been widely studied (see, for instance, Cavazos-
Cadena and Fernandez-Gaucherand (2005), Cavazos-Cadena (2010) and Cavazos-Cadena
and Hernandez-Hernandez (2011) for the countable state space and Jaskiewicz (2007) and
Di Masi and Stettner (2007) for the uncountable state space), there exists a handful of liter-
ature on this criterion for the CTMDPs. Ghosh and Saha (2014) and Wei and Chen (2016)
investigate the risk-sensitive average cost criterion with a positive risk-sensitivity parame-
ter for the CTMDPs and obtain the existence of optimal policies via the optimality equation
approach. Moreover, to the best of our knowledge, there is no existing literature dealing
with the risk-sensitive average cost criterion which allows the risk-sensitivity parameter to
take negative values for the CTMDPs.

On the other hand, the risk preferences of the decision-maker may be described neither
by the identity function nor by the exponential utility function in the real-world applica-
tions. Except the identity function and the exponential utility function, there are other utility
functions to describe the risk preferences of the decision-maker, such as the logarithmic
utility function, the power utility function, etc. Thus, it is desirable for us to consider the
average cost criterion induced by the general utility function. For the discrete-time MDPs,
Biuerle and Rieder (2014) discusses the average cost criterion induced by the power utility
function and Cavazos-Cadena and Hernidndez-Hernandez (2016) studies the average cost
criterion induced by the regular utility function which is referred to as the U-average cost
criterion for simplicity. The U-average cost criterion includes the expected average cost cri-
terion induced by the identity function, the risk-sensitive average cost criterion induced by
the exponential utility function and the average cost criterion induced by the logarithmic
and power utility functions. For the CTMDPs, as far as we can tell, the discussions on the
average cost criterion only focus on the expected average cost and risk-sensitive average
cost criteria.

In this paper we study the U-average cost criterion for the CTMDPs. The state space is
a finite set and the action space is a Borel space. Since the existence of optimal policies
for the U-average cost criterion is closely connected with the risk-sensitive average cost
criterion allowing the risk-sensitivity parameter to take any nonzero value, we need to inves-
tigate the risk-sensitive average cost criterion at first. Under the optimality conditions of the
paper (i.e., the standard continuity-compactness condition and the irreducibility condition),
we first show that the simultaneous Doeblin condition holds (see Theorem 3.1). The simul-
taneous Doeblin condition plays a crucial role in establishing the existence of a solution
to the risk-sensitive average cost optimality equation. Then we introduce an auxiliary risk-
sensitive first passage optimization problem and obtain the properties of the corresponding
optimal value function (see Theorem 3.2). Basing on Theorem 3.2, we have that the pair of
the optimal value functions of the risk-sensitive average cost criterion and the risk-sensitive
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first passage criterion is a solution to the optimality equation of the risk-sensitive average
cost criterion allowing the risk-sensitivity parameter to take any nonzero value (see Theo-
rem 3.3), which generalizes the results in Ghosh and Saha (2014) and Wei and Chen (2016)
only allowing the risk-sensitivity parameter to take positive values (see Remarks 3.3 and
3.4). It should be noted that the extension is nontrivial. Moreover, we prove that the opti-
mal value function of the risk-sensitive average cost criterion is continuous with respect to
the risk-sensitivity parameter (see Theorem 3.4). Finally, using the results on the expected
average cost and risk-sensitive average cost criteria, we show that there exists an optimal
deterministic stationary policy in the class of all randomized Markov policies for the U-
average cost criterion. Moreover, we have that the optimal value function and the set of
all optimal stationary policies for the U-average cost criterion coincide with those for the
average cost criterion induced either by the identity function or by the exponential utility
function with some risk-sensitivity parameter (see Theorem 4.1).

The rest of this paper is organized as follows. In Section 2, we introduce the control
model and the optimality criterion. In Section 3, we present the results on the simultaneous
Doeblin condition, the risk-sensitive first passage criterion and the risk-sensitive average
cost criterion, whose proofs are given in Sections 5-7. In Section 4, we state and prove the
main results on the U-average cost criterion. In Section 8, we conclude with some remarks.

2 Preliminaries

In this section, we introduce the control model and the average cost criterion induced by the
regular utility function for the CTMDPs. The control model in this paper is given by

M :={S, A, (AG),i € 5),q(jli,a),c(, a)}.

The state space S is a finite set endowed with the discrete topology.
The action space A is a Borel space with the Borel o-algebra B(A).
The set of all admissible actions in state i € S denoted by A(i) is a Borel-measurable
subset of A. Moreover, we set K := {(i, a)|i € S, a € A(i)} which stands for the set of
all admissible state-action pairs.
e The real-valued measurable transition rate g(j|i, a) satisfies g(jli,a) > O for all
(i,a) € K and j # i, and is conservative (i.e., ZjeS q(jli,a) = 0forall (i, a) € K).
e The positive real-valued cost rate function c¢(i, @) is measurable in @ € A(i) for each
ies.

The evolution of a CTMDP is intuitively described as follows. The state of the dynamical
system is observed continuously by a decision-maker. When the state of the system occupies
i € §, the decision-maker takes an action a from the set of all admissible actions A(i). As
a result of this action, a cost is incurred at the rate c(i, a), and the system stays at state i for
a random time following the exponential distribution and then jumps to a new state j # i
according to some distribution (see Proposition B.8 in Guo and Herndndez-Lerna (2009,
p.205) for the explicit expressions of the corresponding distributions). When the state of the
system transits to the state j, the above procedure is repeated.

Below we formally give a mathematical description.

Let Soo := S U {ico} with an isolated point i, ¢ S, Ry := (0, +00), QY = (S x
Ry, Q = QU {Go, 01,01, -+ Om—1, im—1, 00, Iso, 00, In0, ... )|i0 € S, i € S, 6 €
Ry for each 1 <1 < m —1, m > 2}, and F be the Borel o-algebra of Q. For each
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w = (ig, 01,1i1,...) € Q, define Xo(w) = ig, Tp(w) := 0, Xp(w) = iy, Tyn(w) =
0h+6+---+6, form > 1, To(w) := limy,— 0 T,y (w), and the state process

& (w) == Z I(1, <t <Tpir}im + lt=To}ico fort >0,

m=>0

where Ip denotes the indicator function of a set D. The process after T, is regarded to be
absorbed in the state i,. Hence, we write ¢ (ioolico, @oo) = 0, ¢(ico, o) = 0, A(ixo) =
{aco}, Ao := A U {ax}, where an is an isolated point. Let F; := o ({T,, < s, X =
i}:ieS,s<tm=>0)fort >0, Fs_ =\, Fr,and P := c({D x {0}, D €
FolU{D x (s,00), D € F;_, s > 0}) which denotes the o-algebra of predictable sets on
Q x [0, co) related to {F;};>0.

Before giving the optimality criterion, we need to introduce the following definition of a
randomized Markov policy.

Definition 2.1 A P-measurable transition probability 7 (-|w, t) on (Aso, B(Ax)), concen-
trated on A(&;— (w)) is called a randomized Markov policy if there exists a kernel ¢ on As
given Sy X [0, 00) such that 7 (-|w, 1) = ¢(:|&—(w), t). A policy 7 is said to be determin-
istic stationary if there exists a function f on S satisfying f(i) € A(i) foralli € S and
7w (-|w, 1) = 8, _(w))(-), Where 8x(-) is the Dirac measure concentrated at the point x.

Let IT and F be the set of all randomized Markov policies and the set of all deterministic
stationary policies, respectively.

Given an arbitrary initial state i € S and any policy = € IT, employing Theorem 4.27 in
Kitaev and Rykov (1995), we obtain the existence of a unique probability measure denoted
by P7 on (2, F). The notation E7 represents the expectation operator with respect to P/,

Let U be the set of all the real-valued utility functions U on R satisfying the following
properties: (i) U has continuous derivatives up to second order; (ii) the first derivative U’ (x)
is positive for all x € R;. For any U € U, the Arrow-Pratt risk-sensitivity function Ay

is defined by Ay (x) = [[]]/;((f)) for all x € Ry, where U” denotes the second derivative

of U. Below we give the definition of a regular utility function in Cavazos-Cadena and
Hernandez-Hernandez (2016).

Definition 2.2 A utility function U € U is said to be regular if Ay := limy_ o Ay (x)
exists in R := (—o00,00). The constant Ay is called the asymptotic risk-sensitivity
parameter of the regular utility function U.

Let U, be the set of all the regular utility functions in U. For any U € U,, i € S and
7 € II, the average cost criterion induced by the regular utility function U is defined by

T
Ju (i, w) ;= limsup lU_1 (El” |:U </ / c&,a)yr(dal;, t)dt)]) , 2.1)
T—00 T 0 A

where U ! denotes the inverse function of U. In the following, we refer to the average cost
criterion defined in Eq. 2.1 as the U-average cost criterion for simplicity.

Remark 2.1 Let Y = fOT [a &, a)m(dalg, 1)dt be the total cost incurred during the
finite time interval [0, T']. The quantity U -LE T[U(Y))) stands for the certainty equivalent
of Y with respect to the utility function U and the decision-maker is indifferent between
paying the random cost Y or the certainty equivalent of Y; see the detailed discussions in
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Cavazos-Cadena and Fernandez-Gaucherand (2005), Cavazos-Cadena (2010), Cavazos-
Cadena and Hernandez-Hernandez (2011), Bauerle and Rieder (2014), and Cavazos-Cadena
and Hernandez-Hernandez (2016).

Definition 2.3 A policy 7* € I is said to be U-average optimal if
Jul,n*) = inf Jy @, ) =: J; @)
mell

for all i € S. The function J;; on § is referred to as the optimal value function of the
U -average cost criterion.

Finally, we introduce the expected average cost and risk-sensitive average cost criteria
which are the particular cases of the U-average cost criterion and play an important role in
proving the existence of U -average optimal policies.

For each real number A € R, define the real-valued function V, on R as follows:

M ifa >0,
Vi(x) =4 x, ifra=0, (2.2)
—eM ) if A <0,

for all x € R... It is obvious that V, belongs to U, for all A € R. Then foreach A # 0,i € S
and 7 € II, by Eq. 2.1 we have

Jy, (i, ) = limsup L In ET [e)” Jo Ja C(ér,a)ﬂ(dd\ént)dt] ,
g T— o0 AT '

which is induced by the exponential utility function and called the risk-sensitive average

cost criterion in Ghosh and Saha (2014) and Wei and Chen (2016). For A = 0, Eq. 2.1 gives

T
Jv, (i, r) = limsup %El” |:/ f c(&, a)n(dal&,, t)dt]
0 Ja

T—o0

foralli € S and @ € II, which is induced by the identity function and referred to as
the expected average cost criterion; see, for instance, Puterman (1994), Kitaev and Rykov
(1995), Guo and Hernandez-Lerma (2009), Guo et al. (2012), and Wei and Chen (2014).
Hence, the V) -average cost criterion contains the expected average cost and risk-sensitive
average cost criteria.

3 The V) -average cost criterion

In this section, we aim to give the optimality conditions for the existence of V) -average
optimal policies and establish the existence of a solution to the optimality equation of the
V,.-average cost criterion. Since the existence of optimal policies and the optimality equation
for the Vp-average cost criterion (i.e., the expected average cost criterion) have been well
studied (see Puterman (1994), Kitaev and Rykov (1995), Guo and Herndndez-Lerma (2009),
and Wei and Chen (2014) and the references therein), we mainly focus on the V) -average
cost criterion for all A # 0 (i.e., the risk-sensitive average cost criterion) below. To do so,
we introduce the following assumption in Wei and Chen (2016), i.e., the usual continuity-
compactness condition and the irreducibility condition.

Assumption 3.1 (i) Foreachi € S, the set A(i) is compact.
(ii) Foreachi, j € S, the functions c(i, a) and ¢(j|i, a) are continuous in a € A(i).
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(iii) For each f € F, the continuous-time Markov chain associated with the transition
rate ¢ (-|-, f) is irreducible, which means that for any two states i # j, there exist
different states j; = i, jo, ..., jm such that g(j2l|j1, f) - - q(jljm, f) > 0, where
we write ¢ (j1i, ) := q(jli, f (@)

Remark 3.1 For each f € F, f can be viewed as [[;.¢ f(i)) € [[;cg A@). Thus, by
Assumption 3.1(i) and the Tychonoff theorem, we have that F is compact and metrizable.
Fix any state z € S throughout the paper. Define

7, ;= inf{t > T} : & = z} with the convention that inf# := oo.

7, is the time of the first entry into the state z after the first transition has occurred. Under
Assumption 3.1, the following result indicates that the simultaneous Doeblin condition (i.e.,
the statement of Theorem 3.1(b)) for the CTMDPs holds.

Theorem 3.1 Suppose that Assumption 3.1 is satisfied. Then the following assertions hold.

(a) There exists a constant L € Ry such that Eif[rz] < Lforalli e Sand f € F.

(b)  There exist constants to € Ry and « € (0, 1) such that Pif(tZ >19) <oaforalli €S
and f € F.

Proof See Section 5. O

Remark 3.2 The assertion of part (a) is equivalent to that of part (b). Indeed, from the proof
of Theorem 3.1, we see that part (a) implies part (b). On the other hand, suppose that part
(b) holds. Then by an induction argument, we have Pl.f (r; > mtp) < o™ foralli € S,
f e Fandm = 1,2, .... Thus, employing the last inequality and Lemma 3.4 in Kallenberg
(2012, p.49), we obtain

0 ©  A(m+Dip 0
E/le]= fo Pl >ndi=) / Pl >ndt <1 Y P/ (r. > mt) <

mtgy

l —«

m=0 m=0

foralli € S and f € F. Hence, part (b) implies that part (a) holds with L = ltfoa.

To obtain the existence of a solution to the optimality equation of the risk-sensitive aver-
age cost criterion, we need to introduce the following auxiliary risk-sensitive first passage
optimization problem which is of interest on its own.

Foreachi € S and f € F, we set c(i, f) := c(i, f(i)). Foreach g € R, A # 0,
i € Sand f € F, the risk-sensitive first passage criterion hg ; (i, ) and the corresponding
optimal value function h: , () on S are given by

1 SN
hgslis f) = XlnEl.f [6”0 <‘<f~f)—g>df] and i, 0) 1= inf hes@, . G

respectively. Let G, := {geR:h;K(Z)SO} for all A > 0 and G, :=

{g eR: h;,\(z) > 0} for all . < 0. Moreover, we define

3.2)

. [infG,, ifx>0,
& T\ sup Gy, if r <O.

Then we have the following assertions on the risk-sensitive first passage criterion.

@ Springer



Discrete Event Dyn Syst (2017) 27:501-524 507

Theorem 3.2 Under Assumption 3.1, the following statements hold for all ). #~ 0.

(a) The set G, is nonempty.
(b) For each g € R and f € F, the function hg (-, f) on S satisfies the following
equations

e f) = (i, f, g, 1) (q(zll D+ ez €9 Dqli, f))
i@ = 0(z, f,8.0) Y jesyzy €20 f)q(JIZ )
foralli € S\{z}, where we set Q(i, f, g, A) 1= foo Ml =5 +4GlL 13 ds and make

a convention that 0 - oo := (.
(c) Foreach g € G,, the function h;,x on S satisfies the following equations

AR* (i . . . AR* . (f o
e :Sgn(k)aenflxg){sgn()»)Q(l,a, g )»)(q(zll,a)—i—zjes\{iyz}e g,x(J)q(”l,a))}

Mea@ sgn(A) inf {sgn(k)Q(z, a, g, ) ZjES\{z} e)“hz"*mq(ﬂz, a)}
acA(z)

(3.3)
foralli € S\ {z}, where we set Q(i,a, g, ) = fooo e el.a)=g)s+qili.a)s g and
sgn()\) is the sign function, ie., if A > 0, sgn(A) = 1; if A < 0, sgn(}) =
Moreover, there exists a policy fg*x € F with f* (i) € A(i) attaining the minimum of
Eq. 3.3, and for any f*/\ € F with f*)\(l) € A(l) attaining the minimum of Eq. 3.3,
we have hg 2 (@, fg )= h* /\(l) IS Rand o, fg 2 & A) <ooforalli €S.

(d) We have g5 € G, and h* ;,)\(Z) =0.

Proof See Section 6. O

Remark 3.3 The equations in Eq. 3.3 are referred to as the optimality equations of the
risk-sensitive first passage criterion. The statements of Theorem 3.2 hold for an arbitrary
risk-sensitivity parameter A # 0 and extend the results in Wei and Chen (2016) for any
A > 0. Moreover, as can be seen in the proof of Theorem 3.2, the treatment of the case
A < 0 1s more difficult than that of the case A > 0. Hence, the extension is nontrivial.

Let B(S) be the set of all real-valued functions on S. Below we state the optimality
equation and the existence of optimal policies for the risk-sensitive average cost criterion.

Theorem 3.3 Suppose that Assumption 3.1 is satisfied. For each A # 0, let g§ and h;* , be
as in Eqgs. 3.1 and 3.2. Then the following assertions hold. §

(a) The pair (g}, h;* ,) € R x B(S) satisfies the following optimality equation
¥

M (i) . . , @) )»h
rgie g =sgn(A) inf {sgn(d) Ac(z,a)e E’A ' +E e St q(j|l a)
acA() ,
jes
3.4

foralli € S. Moreover, there exists f;' € F with f;(i) € A(i) attaining the minimum
of Eq.3.4.
(b) Forany f € F with (i) € A(i) attaining the minimum of Eq. 3.4, we have

1
T ) = Ju, G ) = lim — I B[ [ 0 cutDar] — g1

foralli € S. Hence, the policy f; is Vi -average optimal.
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Proof The assertions follow from the above Theorem 3.2, the Feynman-Kac formula and
the similar techniques of Theorem 3.2 in Wei and Chen (2016). O

Remark 3.4 Theorem 3.3 establishes the existence of a solution to the optimality equa-
tion and the existence of an optimal stationary policy for the V) -average cost criterion with
an arbitrary risk-sensitivity parameter A # 0, which generalizes those in Ghosh and Saha
(2014) and Wei and Chen (2016). More precisely, the risk-sensitivity parameter A is positive
in Ghosh and Saha (2014) and Wei and Chen (2016) and satisfies some additional condition
that A max; g)ek ¢(i, a) < b (for some constant b > 0) in Ghosh and Saha (2014). More-
over, to the best of our knowledge, the risk-sensitive average cost criterion with a negative
risk-sensitivity parameter has not been studied in the existing literature.

Finally, we give the following statement on the continuity of J{ﬁk (7) in A € R, which
plays a crucial role in the study on the existence of U-average optimal policies.

Theorem 3.4 Suppose that Assumption 3.1 holds. Then for eachi € S, J{ﬁA (i) is continuous
inAeR

Proof See Section 7. O

4 The existence of U-average optimal policies

In this section, we show the existence of optimal policies for the U-average cost criterion
induced by a regular utility function U with the asymptotic risk-sensitivity parameter Ay .
Below we state the main results on the U-average cost criterion.

Theorem 4.1 Suppose that Assumption 3.1 is satisfied. Let g;\kU be as in Eq. 3.2 with Ly in
liew of A for all .y # 0 and g := lim,_¢ g5. Then the following assertions hold.

(@) J50) = J‘ZU @)= gj’{uforalli € s.
r
(b) Foreach f € Fandi € S, Jy(i. f) = Jv,,, . f) = lim7—oo 7l M E/ I:e)‘Ufo C@r’f)df]
forall sy # 0and Ju G, f) = Jvy(i, ) =limg—oe k] [ [ c(&. pdt] foriw =
0. Moreover, the limits are independent of the state i € S.
(c) Forany .y # 0 and fo € F attaining the minimum of Eq. 3.4 with Ay in lieu

of A, we have J;(i) = Jy(i, f}f‘U) = gj{U forall i € S. For Ay = 0, there exist
(g5+ho) € R x B(S) and a policy f € F satisfying

8 = nf c(z,a>+;ho(nqmz,a> @1

= ¢, f§) + Y _ho(Dq(jli. f7)

Jjes

foralli € S. Moreover, for any fi € F attaining the minimum of Eq. 4.1, we have
Ju @) = J5G, f§) = gj foralli € S. Hence, the policy f;‘u is U-average optimal.
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Proof (a) Fixanyi € S, 7 € I1and n > 0. The relation lim,_, o, Ay (x) = Ay implies

(b)

(©)

that there exists a positive constant xq satisfying
ry—1n < Ayx) <Ay +1n for allx > xo. 4.2)

Note that min(; 4k c(i, a) > 0. Thus, there exists a positive constant 7* such that

T
Y = / / c(&,a)n(dal&, t)dt > xg for all T > T*.
0o Ja

Let Vy,,—y and Vj, 4, be the regular utility functions given by Eq. 2.2. Then we have
AV-AU_,; (x) = Ay —n and AVAUJH} (x) =Ay +n for all x € Ry 4.3)

Moreover, direct calculations yield that ET[U(Y)], ET[Vi,—y(¥)] and
El” [Vigy+n(Y)] are finite. Thus, employing Theorem 4.1 in Cavazos-Cadena and
Hernandez-Hernandez (2016), Eq. 4.2 and 4.3, we obtain JVAU—r] (i,m) < Jy(i,m) <
JVAUJrn (i, ), which gives

Iy, @O < @) < Iy, ). (4.4)

Hence, letting n — 0in Eq. 4.4 and using Theorems 3.3(b) and 3.4, we get the desired
result.

Fix any f € F.Let M ¢ be the control model in which we take A(i) = {f (i)} for all
i € S and the other components are the same as in the model M. Then it is obvious
that the model M  satisfies Assumption 3.1. Thus, part (b) follows directly from part
(a), Lemma 3.1(b) in Guo and Hernandez-Lerma (2009) and Theorem 3.3.

By part (a), Theorem 7.8 in Guo and Herndndez-Lerma (2009) and Theorem 3.3 we
have Jj (i) = ]‘ZU i) = JV-AU @, fo) = g;‘jU for all i € S, which together with part
(b) implies the assertion. O

Remark 4.1 (a) Theorem 4.1 indicates that the optimal value function of the U-average

(b)

cost criterion induced by a regular utility function U with the asymptotic risk-
sensitivity parameter Ay is a constant and equals the optimal value function of the
V., -average cost criterion. Moreover, the set of all U-average optimal stationary poli-
cies coincides with the set of all V}, -average optimal stationary policies. Hence, we
can compute a U-average optimal policy and the optimal value function of the U-
average cost criterion via the policy iteration algorithms given in Ghosh and Saha
(2014) for the risk-sensitive average cost criterion with the risk-sensitivity parame-
ter Ay # 0 or in Guo and Herndndez-Lerma (2009) for the expected average cost
criterion with Ay = 0.

Besides the risk-sensitive average cost criterion induced by the exponential utility
function and the expected average cost criterion induced by the identity function, the
U -average cost criterion includes other average cost criteria, such as those induced by
the logarithmic utility function W (x) = Inx and the power utility function Ug(x) :=
x# (B > 0) for all x € Ry. Obviously, we have that the utility functions W and U 8
are regular with the asymptotic risk-sensitivity parameters Aw = Ay, = 0. Thus,
Theorem 4.1 implies Jy;, (i) = J[‘}ﬁ (i) = gg forall i € S. That is, under Assumption
3.1, the optimal value functions J{A“, and J(’jﬁ are independent of the state variable,
and equal the optimal value function of the expected average cost criterion which is
risk-neutral.
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5 Proof of Theorem 3.1

In this section, we give the proof of Theorem 3.1.

Proof (a) By Assumption 3.1(iii) and the finiteness of S, for each f € F, the continuous-
time Markov chain associated with the transition rate ¢ (-|-, f) has a unique invariant
probability measure denoted by p ¢, which satisfies > ;¢ g (jli, f)p (i) = 0 for all
J € S. Below we show that j4 7 is continuous in f € F. In fact, let {f,,n > 1} C F
be an arbitrary sequence converging to f € F. Notethat0 < ur,(j) < 1forall j € §
and n > 1. Fix any i € S and choose any convergent subsequence {u un (i),l = 1} of
{ug, @), n > 1}. Let lim; K fy, (i) =: u(i). Moreover, there exists a subsequence
of {n;} (still denoted by {n;}) such that lim;_, o I f, (j) =: u(j) forall j € S and
(i) = u(i). Thus, we have 0 < 1(j) < 1, ZjeS w(j) =1, and

> aGilk HEGR) = lim Y q(lk. fuig, ) =0.

keS keS

Hence, by the uniqueness of the invariant probability measure, we obtain i(j) =
wy(j) forall j € S. Therefore, the continuity of i in f € F follows from the fact
that any convergent subsequence {u un (i),1 = 1} of {uf, (@), n > 1} has the same
limit u 7 (7). Set

Frre _
7 sup Z2 Lo a L.(&))d1]
feF EZ [TZ]

Then direct calculations give

- EL [0 - L] E{[r] - E{ (1))
g = sup 7 = sup 7 = sup (1 — ps(2),
feF E; [,] feF E; ] feF

where the last equality is due to Proposition 2.1 in Anderson (1991, p.213) and Propo-
sition B.8 in Guo and Herndndez-Lerma (2009, p.205). Thus, by the compactness of
F and the continuity of us(z) in f € F, there exists f € F suchthatg =1— ,u,f(z).
Moreover, by Assumption 3.1(iii), we have 0 < /Lf(z) < 1, whichimplies0 < g < 1.
Define

nG) = Elf~ [/rz(l — L&) — §')dti| foralli € S.
0

Then we have
h(z) =0 and %(i) >0 for alli € S\ {z}. (5.1)

Next, we show that he B(S) and

g= sup 1—Iz(i)+ZE(j)q(j|i,a) for alli € S. 5.2)
acA(i) jes
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Indeed, for each i € S\ {z}, by the strong Markov property, direct calculations yield

10

Ef[/ a —Iz(st)—zz‘)drl{fz:m] +Ef[/ Z(l—lz(st)—zz‘)drl{prl}}

(1— g)E [TIIT =ml+ 1 - @E [T\ iz, >3]
+E,‘-f |:I{rz>T1}Eif |:/T (1 L(&) - §)dt’fT1H
1

A= DE/ T+ E/ U o1y hEr)]

1— ~ ﬁ . . .’ e
_1-e 3 (J)C?(.]|l~f)’ (5.3)
q(ili, f) q(ili, f)
where the fourth equality follows from Proposition B.§ in Guo and Hernandez-Lerma
(2009, p.205). Similarly, we have

jeS\{i,z}

K@) = —ZE [T Iino1) ) + EL o1 R (E))]

g h(Ha(ilz, )
- —° _ S RS (5.4)
q(zlz, f) jg\%z} q(zlz, f)

For any i # z, Assumption 3.1(iii) i@plies that there exist different states j; = z,
J2s -+ +s Jm = i such that g(jut1ljn, f) > O foralln = 1,2,...,m — 1. Then by
Eq. 5.4 we obtain h(j2) < 0o, which together with Eq. 5.3 and an induction argument
gives h(i) < oo for alli € S. Hence, we get h € B(S). Employing Egs. 5.1, 5.3 and

5.4, we have
g=1-LO+Y h()HaGli. f) (5.5)
jes
< sup {1—LG)+ Y h()q(jli,a) (5.6)
acA(i) jes

for all i € S. On the other hand, fix any (k, a) € K and define

T 1+ L6 =Y csh(Dqli,a), ifi =k,
J . (5.7)
0, otherwise.

(i) :={

Obviously, we get ® € B(S). Let fe F be a policy with f(k) = a and f(i) = f(i)
foralli € S\ {k}. Then by Eqgs. 5.5 and 5.7, we obtain

g=1-1L3G+20)+ Y h()qGli, f)
jes
for all i € S. Thus, using the last equality and the Dynkin formula, we have
~ T ~
gT = E,f [f (=1L + qa(g,))d;} + Eif[h(ér)] —h(),
0

which together with the fact that heB (S) gives

g= Jim *Ef [/ a-1r (Sz)+@(‘§t))dt} =1l-pp@)+@M0puzk) (5.8
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for all i € S. Note that ,u]?(k) >0andg >1— Mf(z). Hence, by Eq. 5.8 we obtain
® (k) > 0. Therefore, we get

g> sup 11— L@+ Y h(igljli.a)
acA(i) jes

for all i € S, which together with Eq. 5.6 implies Eq. 5.2. Fix any i € Sand f € F
below. By Egs. 5.1 and 5.2 we obtain

1-LH-F 3 h(j)aGili, f)

hi) > ——= o
qGli, f) qGli, f)

jes\i.z}

Then employing the last inequality, we have

her,) > Ef [/T " (1—1(st)—~>dr|FTm}+E [hEr, ) lieato | P ]
" (5.9)

forallm =0, 1, .... Thus, using Eq. 5.9 and an induction argument, we get
1-IL3)

~ n
h(i) = _[I(;Tf)g + (1= §)ZEif[91+11{rz>Tz}] + Ef [h(er,, ) ie>1, 0]
’ =1

foralln =1, 2, ..., which together with Eq. 5.1 yields

~ 1 -L{ -3 N
" G 1- E; (6 ]r~> .
T g)g Iy

Hence, by the last inequality we obtain

~

n —5 =L, (510
a, a)EK q(ili,a)

ZE 1011571 < %g [maxh(l) -

1=2

Observe that

o
El 1= E/ 10211 =

1
+ E; O (z,>
2. == =G Z ezl

which together with Eq. 5.10 implies El.f[rz] < Ly — min( g)ek Therefore,

1
q(ili,a)”
the assertion holds with L := L — ming g)ck m
(b) By part (a) we have

Pl(,>1n <= <

El'lt.] L
t t

foralli € S, f € F and t > 0. Moreover, there exists #op € R such that % € (0, 1).
Hence, part (b) holds with & := L O

Ip

6 Proof of Theorem 3.2

In this section, we present the proof of Theorem 3.2.
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Proof The statements for the case A > 0 follow from Theorem 3.1 in Wei and Chen (2016).
Below we only need to prove the case A < 0.

()
(b)
(©)

Set M := ming q)ek ¢(i, a). Thus, we obtain hM’/\(i, f)>=O0foralli e Sand f € F,
which gives h*M /\(z) > 0. Therefore, the set G, is nonempty.

From the proof of Theorem 3.1(b) in Wei and Chen (2016), we see that part (b) also
holds for the case A < 0.

Fix any g € G,. Set ¢ := max( g)ek |c(i,a) — g|. Foreachi € §\ {z}, f € F and
m > 1, direct calculations yield

Mgz f) > Ef [e*fo"<“@"f)_g)d’1{ér,;ﬁi,z,lslimfl,érmzi}]

T (e (g, f)— A (e )—g)d
- £/ [’{sn;&i,z,lsISm—l,sTm=t}e”° (€. )=yt p [e J € f)=g) ,|me]]
Mg ) gt A" (& S)—g)d
= Ml f)Ez []{ET,#i,z,lslfm—l,érm=i}e fo™ (e 128) t]

%

)

Mg (i, f AT
el g I:I{ETI#i,z,lﬁlfm—l.érm:i}e ¢ ]

which together with Eq. 3.1 and the definition of G, gives

e gt [1{ }e,\zrm] < M@ < 6.1)

ST] #i,2, lflfm—l.f]'m =i
Suppose that sup .z €52 (-/) = oo, Then there exists a sequence {f,, n > 1} C F

such that eMs» @ fn) > for all n > 1. Thus, by Eq. 6.1 we obtain

tim B [ ey aictctzmr e, )€ ] =0 6.2)

n—0o0o

for all m > 1. Because F is compact, there exists a subsequence of {f,,,n > 1}
(denoted by the same sequence) such that f, converges to some f € F,i.e.,

fa() = f(j) for all j € S asn — oo. (6.3)

Moreover, for each m > 1, by Proposition B.8 in Guo and Hernandez-Lerma (2009,
p-205) we have

i AcTn
E; I:I{TETI#i,z,lilim—l’éﬂnzi}eC ]

_ 5 (_ g1z, f) ) = (_ qGialir. f) )
S\ i eS\Urtatim12,..ma N 4@z f) 28/ X qUiljis f) + A€
y (_ qGiljm—1. f) )
qUm=1ljm=1, fn) + Ac
for all n > 1, which together with Assumption 3.1(ii), Eqgs. 6.2 and 6.3 implies
EL ey stz ctzmer ey =) | = 0. (6.4)

On the other hand, Assumption 3.1(Ei) gives that there exist different states ko = z,
ki, ..., ki =isuchthat g(k,i1|k,, f) > Oforalln =0,2,...,m — 1. Thus, we get

Pl —
7 i qkiyilki, 1)

E I X <l<iri— —i e m Z - = __ > 0
{ tencziznrng=n | H( q(alk, f) + e
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which contradicts (6.4). Hence, we obtain

Mea® — sup e () < oo for alli € S. (6.5)
feF

By Eq. 3.1 and part (b), we have

Mo > 03, f.g.0) (4(Z|l7 D+ Ejesig € q i, f)>

AE L (2) e (G f) e (6.6)
e > 00z, f.8. M) Y jesyy €M N (lz, f)
foralli € S\ {z} and f € F. Note that Theorem 3.1 implies
Mealih) > pf [exmax(i.mex \C(i,a)—g\rz] -0 (6.7)

foralli € S and f € F. Thus, employing Eqs. 6.5-6.7 and Assumption 3.1(iii), we
get

M (1) < o0 and Q(, f, g, 1) < oo for alli € Sand f € F. (6.8)

Moreover, using Eq. 3.1 and part (b) again, we obtain

Mea < qup [Q(i, a,g,r) (q(zli, a) + Y jes\iz) e D i, a))}
acA() (6.9)
h* healD g (i '
Men @ < sup {Q(Z a, g, ) Z,eS\{z g'*(j)Q(Hz,a)]
acA(z)

foralli € S\ {z}. By Theorem 3.1(c) in Wei and Chen (2016), Assumption 3.1(ii)
and Eq. 6.5, we see that Q(i, a, g, 1) (q(zli,a) + ZjES\{i,z} e”’g,x(/)q(ﬂi,a)) and

0(z,a,8, M) Y jes\(2) e'\h;*(j)q(jlz, a) in Eq. 6.9 are continuous in a € A(i) and
a € A(z), respectively. Thus, the Weierstrass theorem in Aliprantis and Border (2007,
p.40) and Assumption 3.1 imply that there exists f; , € F with f; , @) € A®)
attaining the maximum of Eq. 6.9, i.e.,

AR* (i . ARE L (j ‘s
e < 00, 11,80 (q(zh e+ D jesia € Pa i,
AR (2 AhE (G .

e g,A(Z) = Q(Zv f,,}\s 8 )‘) ZjeS\{z} e g’x(])CI(ﬂZ, ;)\)

foralli € S\ {z}. Hence, by Eq. 6.10, Proposition B.8 in Guo and Herndndez-Lerma
(2009, p.205) and an induction argument, we have

;*)) (6.10)

" . n % Tim *
e)‘hg,)»(l) < Z E[ A I:e)nf() (C(Et’fg’)»)_g)dtI{l—z—’rm}]

m=1
+E;* [ M (<G e HMeaCn g }] (6.11)
foralli € S\ {z} and n = 1,2,.... Furthermore, it follows from part (b) and the

similar arguments of Eq. 6.11 that

Ah5x(t g,\) ZE T |: )‘fo (L(Ez Jea)— 8) - }]

m=1

=3

Tn * *
LB [ex i (e 0= )t g e £, e m]
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(d

foralli € S\ {z}andn = 1,2, .... Thus, employing the last equality and the fact that

Mg f2s)

min;cg e > (, we obtain

llmme T |: o (C(E"f’:k)_g)dtl{ran}} =0 (6.12)

n—oo

foralli € S\ {z}. Hence, using Egs. 6.11 and 6.12, we get

Ty * o
Mer® < MeiloSe2) L max M fim inf “|: *o (c(gl'/gj‘)_g>dt1{r.>Tn)] = Mhertfea),
jes n—o0 ©
which together with Eq. 3.1 implies
2 (@) =hg (i, fg;) for alli € S\ {z}. (6.13)

Thus, using Egs. 6.6 and 6.13, we get

AR

M > 06, 250 [qGli fFo+ Y DGl £15)

Jjes\{i,z}

= sup 10G.a.g.) [qcliay+ Y. M Dqglia)] .
acA(i) jes\{i,z)

which together with Eq. 6.9 yields
M@ = sup 106G, a. 8.0 [qclia)+ Y Mgl a) | 614

acA(i) jes\ti,z)

foralli € S\ {z}. Following the similar arguments of Eqs. 6.13 and 6.14, we have

h* h* . (j .
55 (2) = he sz, f7,) and 0@ = sup {0 a.g.2) Y MerVq(jlz.a)

aeA@ jes\iz)
(6.15)
Therefore, the function h; , on § satisfies (3.3). Moreover, Eq. 6.7 gives
Men D = Pherl) S0 for alli € S. (6.16)

Hence, by Egs. 6.5, 6.8, 6.13, 6.15 and 6.16, we see that for any f*)\ € F with
f*,k(z) € A(i) attaining the minimum of Eq. 3.3, hg ; (i, f W) = hgk(z) € R and
o, f;,\, g, M) <ooforalli € S.

Choose a sequence {?ﬁ, n > 1} C G, satisfying

A =k im o

8 = gyyy forall n>1 and  lim g = g (6.17)
By Eqgs. 3.1 and 6.17, we obtain

NOE h* LD = k5, () for alli € Sandn = 1. (6.18)

Set Hy (i) := lim, h? )\(z) for all i € S. Then by the definition of G, and
Eq. 6.18, we have !

H;(2) 2 0 and Hy(i) = I, () for all i € S. (6.19)
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Moreover, employing part (c), we get

AN O C o= . MG
¢ >Q(t,f,gﬁ,k)(q(zll,f)JrZ,-es\{i,z}e ok q(/luf))

ARz, (@) _ Az ()
e g%")\ > Q(Z5 f7 gﬁ’)\) ZJES\{Z}E gl);*)‘ q(j|Z, f)

for all n > 1, which together with the Fatou lemma gives

{e“w = Q6. f,.85.1) (4Gl )+ Sjesia @9l N) 600

M > 0z, f, g 1) Y jes\ia) M Dg(jlz, )

foralli € S\ {z} and f € F. Thus, using Eq. 6.20 and the similar arguments of
Eq. 6.11, we obtain @) > ¢ Mg for all f € F, which together with Egs. 3.1
and 6.19 yields h} ,(z2) = Hy(2) > 0. Hence, we obtain g5 € Gy.

e

Mty (2)
Suppose that hl‘,?k A(Z) > 0. Foreachn > 1, let y, := e" gt . Then we have

vn € (0,1) forall n > 1 and lim,,, » ¥, = 0. Employing Eq. 6.8 we get Ac(i, ) —
rgi +4q(li, f) <Oforalli € Sand f € F.Foreachn > 1 and f € F, define the
transition rate as follows:

Mg (G f) .
e q Gz, )

re(z, f) — rgx +q(zlz, f)

_ Ah* (z,f) —
Puzlz, £) = —ye 2D B Lz f) = —

for j € S\{z},

(6.21)
and for any i € S\ {z},

)\h * — . (Z|i7 )
e ). 5, Gl ) = ——— Ynq i 62

Palilis 1) - 3G, ) — rgt + 4li )

Ahx (7, f) L.
e S g Gliy )

e, f) — rgf +qlis f)

For any initial state i € S and any policy f € F, the probability measure and expecta-
tion operator corresponding to the transition rate p,, (-|-, f) defined in Eqs. 6.21-6.23

PuGlis f) -

for j € S\ {i, z}. (6.23)

are denoted by F,{n and E{n. For any ¥ > 0 and n > 1, define

Henli, ) = lnEf [e7%%] for alli € Sand f € F.

2. f)

Note that Eq. 6.7 gives M > Oforalli € S and f € F Employing Eq. 3.1

—Ahy 5 . , 0
and part (c), we have min;eginfrcr e 201 _ = min;cg e gx* > 0. Then by

the fact that lim,_, o, ¥, = 0, there exists a positive integer n1 such that

Yo, < min ()\g’{ — Ac(i,a) —q(i|i,a)) and (6.24)
(i.a)ek
. . h *
Yni = (ile)ng (Agy — Acli,a) — q(ili, @) x m1n ;rélfl;e Mg )

thg;,x(z,f)

IA

(hgx — Ael, f) —q(ili, ) e (6.25)
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forall i € S and f € F. Moreover, we have that there exists f I e F satisfying
hgiﬁyk(i, fl) =SUPsep hg;’)t(i, f)=: hg:,k(i) foralli € S. In fact, by part (b) we get

em’if’ NG

) . . . Mg ()
> infuea) {Q(ls a,g, ) (Q(Zhv a) + ZjES\{i,Z} e q(jli, a))}

(6.26)
q(Jjlz,a) }

emgi‘*(z Mg ()

) -
= HlfaEA(Z) {Q(Zs a, 8, A') ZjES\{z} e

foralli € S\ {z}. Then employing Assumption 3.1, Theorem 3.1(c) in Wei and Chen
(2016) and the Weierstrass theorem in Aliprantis and Border (2007, p.40), we obtain
the existence of f! € F with f!(i) € A(i) attaining the minimum of Eq. 6.26, i.e,

AT 0) ) . A% ) oy

&G > 03, £ g, M) (q(zll, MH+ Yiesviag€ 7 Pqli, fl))(6 27)
Mg 5 (2) Migeo () o .
MY > 06 g WY jeam e 4 aGz £

for all i € S\ {z}. Thus, using Eq. 6.27 and following the similar arguments of
Eq. 6.11, we have

— n —
M, (i 1 Tm 1 * 1 Tn 1 * M
B g.h,,h(z)zz Ef [ex i ee, s )*g;\)‘itl(-[z=Tm]:|+Ef {ek o e £ =g Mg Er) 1<rz>m]

m=1

foralln = 1,2, ..., which gives Eg;x(i) < hg;,;\(i, fl) foralli € S\ {z}. Hence,
we get ﬁg;,,\(i) = hg: 1@, fYforalli € §\{z}. Similarly, by Eq. 6.27 we can obtain
Eg;j(z) = hgiv}‘(z’ fl). Furthermore, by Eq. 6.7 we have

inf Hepa D pswrerhgaGf) _ Mg @D o (6.28)
(S

which implies ¢ (i) := inffep %ﬁn, (ili, f) > O for all i € S. Hence, for any k €

0, mig; (i) | =: Op,, by Eqgs. 6.21-6.23 and the similar arguments of Theorem
S
3.1(b) in Wei and Chen (2016), we get

WHieny Gof)+rh g ; G f)
t,

HMHienm () — _ aGli.f)
el N=rg; T4 Gli. J)
(6.29)

1 Yy 4Gl ) Yn €
Thox G ) NS TN
Yage gD c(i, f)—rg5+q(ili, f) jedvia
— Wiy G-H)rhgs  Gf)
eAHK,nl(z.,f) _ 1 Y€ A q(jlz, f)

W G ) re(z, f)—rgi+q(zlz, f
e 2 e jesvia c(z, f)—hg;+q(zlz. )

foralli € S\ {z} and f € F.Below we show that there exist iy € R} and &@ € (0, 1)
such that

f

P, (t:>1%) <@ for alli € Sand f € F. (6.30)
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By Theorem 3.1 and an induction argument, we have Pl.f (z; > ntg) < «" for all
n =1, 2, ..., which implies that there exists a positive integer n, such that

1
0<a" <3 and P/ (z, > natg) < o™ (6.31)

foralli € Sand f € F.Let oy := max( q)ex (—q(ili, a)). Then direct calculations
yield

P,'f(el + o+ Oy < n2tp)

= / > et Ng i, )
s

1S <Ml e S\(i}. jrr €S\LikI=1...m—1

Pif(Tm < nalo)

m—1
% l_[ (eq(/"j’*f)”“q(le|j1, f)) dsy - - dsy
I=1

1 m
o / dsp - - dsy = 200" (6.32)
1 ]
s1ttsm <naty m:

IA

foralli € S and f € F, where the second equality follows from Proposition
B.8 in Guo and Herndndez-Lerma (2009, p.205). Thus, using Eq. 6.32 we obtain

limy,, — o0 SUP; . feF Pl.f (T, < nato) = 0, which gives that there exists a positive
integer m* satisfying

naz

f o
P/ (Tiy» < natp) < 5

for alli € Sand f € F. (6.33)
For each f € F, let {Y,,n = 0,1,...} be the embedding Markov chain of the
continuous-time Markov chain associated with the transition rate ¢ (-|-, f) and define
71 :=1inf{n > 1 : ¥, = z}. Employing Eqgs. 6.31 and 6.33 we get

Pl (i <m* =P/ (. < T)

v

Pif(Tz < naty, Tnx = nato)

v

1
P/ (z, < natg) + P/ (T = natg) — 1 > 5 (634)

. . Yn
foralli € Sand f € F.Let wy = ming g)ck (—WW), w3 =
M G, f)

min;esinfrepe & , and @y = min;es infrer py, (ili, ). Then Eq. 6.24 and

Theorem 3.2(c) imply @» € (0, 1) and w4 € (—0o0, 0). By Egs. 3.1, 6.28 and the fact
that g € G, we obtain

Mrge (i, f1) Migs , @) -

w3 = mine >0 and w3 <e 1.

ieS
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Thus, for eachi € S, f € F and m > 1, direct calculations yield

F;-{,,l (tz < nato)

> Pl (t. <mato, v < Ty)
m
=Y Pl <mi. . =T,
n=l1
m
_ / P DMG Gili, f)
n=1 Y SIHF T EmN0 G eg\ (i 2} i €S\ Uiz} I=1.2,...n =2
n—2
x l_[ e?n, (jl\jlyf)slﬂﬁnl G111 f)eﬁ"l (n—1 \jn—lvf)snﬁnl @ljuet, fdsn - --dsi
ml_l
> / mymze™ AU g (i, f)
n=1 VSISl e g\ 2y g €S\ 2)I=1.2,..n =2
n—2
x [T aamsemsirea il D3 iy, i, frame™s et ntlint-Dsng |y, fldsy -~ dsy
I=1
m
— Z(w2w3)11—1w,2/ Z ew4(5]+».4+5n)
n=1 SIS Sn200. Gy e 9\ (i 2, ji g €S\Lin2hI=1,2,...n—2
n—2
XeQ(i\is.f)Slq(j] li, ) l_[ eq(jl‘jl’f)sl+lq(j]+l Lt f)equ""U”"’Dx”q(zlj,,q, F)dsy - - - ds
=1
m
> (@) e Z/ > I g (i, )
n=1 VSISl e g\ (i 2y i €S\ U2} d=1.2,...n—2
n—2
x l_[ eq(j"j”f)sl“q(jl_'_] Ljirs f)eq(jn—l|jn—lvf>an(zljn_l’ fds, ---ds;
I=1
= (@03)" 2™ P (v, < motg. T < T), (6.35)

where the second equality follows from Proposition B.8 in Guo and Herndndez-
Lerma (2009, p.205). Note that b := (w2w3)m*’1wzew4”2’° € (0, 1). Hence, using
Egs. 6.31, 6.34 and 6.35, we have

Fl{n] (t; < nato) = EPif (t; < nato, Tz < Tiwx)

= EPl-f(Tz < naty, 11 < m™)
7rpf f * 1
> b[P (t; < mafo) + P/ (11 =m™) — 1] = gb
foralli € S and f € F. Therefore, Eq. 6.30 holds with7) := natp and @ := 1 — %Z.
Furthermore, employing Eq. 6.30 and an induction argument, we obtain
Fif,nl(fz >nfg) <@ forallieS, fe Fandn=1,2,.... (6.36)
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Then for any ko € O, satisfying ko < ]7{1%, ieSand f € F, by (6.36) we get

o0
WH e n, G f) =/ —AKOT: - -
Mm@ = N "E] L (67 L ey, m-Dion )
0

3

< Z *’\KO("’*])IOP n, (T2 > mi)

e—lko%

P —
T 1 — ole— Mol
Take any k1 € (0, ko) satisfying k1 < ming g)ck [%[Ac(i, a) — Ag;f +q(ili, a)]} and

o . MHoey o G f)+AMR 5 5 G f
define H:hﬂl(l’ f) = 1 Ly G )+ g)L,)»(l f
using Eqgs. 6.25 and 6.29, we have

i ) 2 = s prrarrargar (@l D + s Feyn U NaGilis )

—x 1 —x . .
HKI-”] (z, )=z T he@ —Arg —re+q @Iz, ) ZJ’ES\{Z) HKlJll (s Halilz, )

foralli € S and f € F. Thus,

foralli € S\{z} and f € F.Hence, by the last inequalities and the similar arguments

of Eq. 6.11, we obtain qunl(l ) = e Mg 26D forall i € S and f eF,
which implies

Y H,
Mo () sup MHipm @) > sup e
feF feF
Let {pm,m > 1} C (0,«1) be a sequence satisfying lim,,—.00 o = 0. Note that

0 < e 4Pl < =00 < 1 for all m > 1. Then direct calculations give

Aﬁ,q,nl(z,f)+)xhg;yk(z,f) N e'\h;i‘“r*(z}. 6.37)

- : o (—Apm)" —
05 Sllp eAHpnz,nl(Z~f) -1 = SUPZ+EZ,HI[I;]
feF fer, o
o0
_)L n
= sup EAom)” " le (t; > t)dt
. — 1! n1
feF, (n )" Jo
00 ])t
(—Aom)" /“* 0 1S
=sup Yy —— "7 Py, (T > tdt
feF,; n—1)! 12(; I e
( )‘:0 tO) n—
< supz ’”1 ' Z(1+1) Pl > )
feF, )! 1=0

IA

(= )LPmTO) n—lgl
Z =D Z(Hl)

n=I 1=0

B Apmige ™ +oml0
=1 _zeoo (6.38)
for all m > 1, where the second equality is due to Lemma 3.4 in Kallenberg (2012,

p-49) and the last inequality follows from Eq. 6.36. Thus, employing Eq. 6.38 we
— )\h* )
obtain limy;_ o SUpP fer Momn @) = . Hence, for any ¢ € (0, ¢ 2 — 1],

AH g ny 2. f)

there exists a positive integer mq such that sup . e — 1 < ¢, which

together with Eq. 6.37 implies
Meiromor @ < M@y MHomgm @1 <, (6.39)
feF
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Moreover, by Eq. 6.39 we have g} + pm, € G, which leads to a contradiction that
85 + Pmo < & Therefore, we get hZ'* ;@) =0. O
¥,

7 Proof of Theorem 3.4

In this section, we prove Theorem 3.4.

Proof Fix any i € S and = € II. For any A1, A» > 0, we have
ET [exl Iy fa c(s,,am(da\sf,r)dt] — g7 I:e)»z o Jy e dalg ndt Joa=22)fy [y c(s,,a>n<da|s,,z)dr]
1 1

IA

Elﬂ I:e}\zfoT fA C(ét,a)ﬂ(dalét.,t)dt] e‘)nl —x|T max( q)ek c(i,a)

and
ET [ex. Iy Ja c@,,a)n(da\s,,z)dt] ~ ET [exz A c<s,,a>n(da\a,z>dz] o~ Hi=22IT max a)ex c(i,a)
i — i ’

which give
AJy (@) = Aady ()] < |A1 — A2| max c(i, a).
|21 VM() 2 sz()|_| 1 2'(1‘,) @, a)

Thus, Theorem 3.3(b) and the last inequality yield that Ag} is continuous in A € (0, 00).
Hence, by Theorem 3.3(b) again, we obtain that J‘Z (i) is continuous in A € (0, c0).
Moreover, employing the same technique above, we can obtain the continuity of J";A (i) in
A € (—o00, 0). Below we show that ‘]\2 (i) is continuous in A = 0. Take an arbitrary sequence

{An,n > 1} C (0, 00) with lim,, o A, = 0. For eachn > 1, let gf and h*, be as in
85, & WA
n Anv n

Theorem 3.3 with X, in lieu of A. Set EZ,* , (@) = h;‘f* , (i) — minjeg h;‘f* , (j) for all
Apln Apin apin
n > 1. Then for each n > 1, we have h;* , (@) = 0 and there exists i* € § satisfying
o M

ZZ* 2 (i*") = 0. Moreover, using Theorem 3.3(a), for each n > 1, there exists f/\* e F
)"Vl’ n n
such that

M () bt (@) b ()
hngr,e = inf YAne(i e S Y e St g (lia) b (7.0)
n acA(i) N
jes
. s (D) mhte ()
e, fr)e Sty e et g li, f). (1.2)

jes

Note that Theorem 3.3(b) gives 0 < g;n < max,ayek (i, a) for all n > 1. Thus, choose
any convergent subsequence {gj{nl .1 = 1} of {gf ,n > 1} and denote the corresponding

limit by
g:= lim gf € [0, max c(i,a):|. (7.3)
l—o00 "M (i,a)eK
Furthermore, by the finiteness of S and the compactness of F and [0, oc], there exists a

subsequence of {n;} (still denoted by {n;}) such that i* = i* ¢ Sforalll > 1 and the
limits of the sequences {h;* [ > 1} and {f;‘nl ,1 > 1} exist. Set

)»n]’)h"’[’
R(j) = lim %, (j) and f*(j) = lim f; (j) for all j€S.  (14)
[—o00 g)»n[’ ny |—00 ny

Then we have #(j) > 0 for all j € S and h(i*) = 0. Below we show A(j) < oo for
all j € S by an induction argument. For any j # i*, Assumption 3.1(iii) yields that there
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exist different states k; = i*, k%, el kmLZ Jj such that q(lc,,+1 lkn, f*) > Oforalln =
1,2,...,m — 1. Observe that h(k;) = h(i*) = 0. Thus, h(k,) < oo holds forn = 1.
Suppose that h(k,«) < oo for some n* € {1, 2, ..., m’ — 1}. Employing Eq. 7.2 we obtain

~ - Ao )
" E;nl g

Py s (o) oy (k) _

1 g* Ay n 1 gk* y)»n/ n e 1 .

g;jnle Any = c(kp*, f)ik,,l)e n + . qGlkn=, f)il;[)’
JjeS n

which together with the inequality ¢* — 1 > x (x > 0) gives

K 7 Ay I k

. )m]hz;r: g (k%) . knlhzf . (k) . ny ;\Fnl g ( n*)il )

S > clhwe, f7, e + gt ke e £

R ) et s £
;Ln[a ny ny

for all [ > 1. Then letting [ — oo in the both sides of the last inequality and using the
induction hypothesis, Assumption 3.1(ii), Eqs. 7.3 and 7.4, we get
g = clkys, )+ h(kys)q (Knx lhne, %)+ R (kx4 G s £5),

which implies & (kq«;1) < oo. Hence, by induction we have /(k,) < oo for all n =
1,2,...,m. Therefore, we obtain h(j) € [0, co) for all j € S. By Eq. 7.1 we get
~ )Lnlh *

3 .
ﬁ** 0) )\.n]h:* ) @) e g)»n/ Ay () 1
1 sAn . »An I
< (i a)e - T4y — Ul
jes "

Any
* g
g)‘"l

forall/ > 1 and a € A(i). Then the last inequality, Eqs. 7.3 and 7.4 yield
Egc(i,a)+Zﬁ(j)q(j|i,a) for alla € A(i). (7.5)

jes
Thus, employing Eq. 7.5 and the Dynkin formula, we obtain
T
gT < E} [/ f c(§, a)m(dalé;, t)dt] + E['[h(ET)] — h(i)
0 Ja

for all T > 0, which gives

g < Jy, (). (7.6)
On the other hand, using Eq. 7.2 and the similar arguments of Eq. 7.6, we have
g = Iy, ) = Jy, @0). (1.7

Then combining Eqs. 7.6 and 7.7, we get g = J; (i). Since all the convergent subse-
quences of {g;n, n > 1} have the same limit J;; (i), we obtain lim,,, oo gj\‘n = Jy (i), which
together with Theorem 3.3(b) implies lim,,—, oo J\Zn @)= J\“jo (). Therefore, J\Z (i) is right-
continuous in A = 0. Moreover, following the same technique above, we have that J \Z (i) is
left-continuous in & = 0. Hence, we complete the proof of the theorem.

8 Concluding remarks
In this paper we have studied the U-average cost criterion for the CTMDPs with a finite

state space. Under the continuity-compactness condition and the irreducibility condition, we
have shown that the simultaneous Doeblin condition for the CTMDPs holds. Moreover, we
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have obtained the optimality equation of the auxiliary risk-sensitive first passage optimiza-
tion problem and the properties of the corresponding optimal value function for any nonzero
risk-sensitivity parameter. Then employing the obtained results on the risk-sensitive first
passage criterion, we have established the existence of a solution to the optimality equation
of the risk-sensitive average cost criterion allowing the risk-sensitivity parameter to take
any nonzero value. Furthermore, we have proven that the optimal value function of the risk-
sensitive average cost criterion is continuous with respect to the risk-sensitivity parameter.
Finally, we have given the connections between the U-average cost criterion and the aver-
age cost criteria induced by the identity function and the exponential utility function, from
which the existence of a U-average optimal deterministic stationary policy has been shown.
It should be mentioned that the optimality equation of the risk-sensitive average cost crite-
rion allowing the risk-sensitivity parameter to take any nonzero value plays a crucial role in
the study of the U-average cost criterion. Hence, when dealing with the U -average cost cri-
terion with a countable state space, the difficulty lies in finding the conditions under which
the optimality equation of the risk-sensitive average cost criterion holds for any nonzero
risk-sensitivity parameter. In addition, the CTMDPs with the bounded transition rates under
the expected discounted cost and expected average cost criteria can be transformed to the
equivalent discrete-time MDPs by the uniformization technique. Whether the uniformiza-
tion technique is applicable to the CTMDPs under the risk-sensitive average cost criterion
is a very interesting problem.

Acknowledgments The authors are greatly indebted to the referees for the valuable comments and sug-
gestions which have greatly improved the presentation. The research of the first author was supported by
National Natural Science Foundation of China (Grant No.11601166) and Cultivation Program for Outstand-
ing Young Scientific Talents of Fujian Province. The research of the second author was supported by the
Fundamental Research Funds for the Central Universities of Xiamen University (Grant No.20720170008).

References

Aliprantis C, Border K (2007) Infinite dimensional analysis. Springer, New York

Anderson WJ (1991) Continuous-time Markov chains: an applications-oriented approach. Springer, New York

Béuerle N, Rieder U (2014) More risk-sensitive Markov decision processes. Math Oper Res 39:105-120

Cavazos-Cadena R, Fernandez-Gaucherand E (2005) Risk-sensitive optimal control in communicating aver-
age Markov decision chains. In: Dror M, L’Ecuyer P, Szidarovsky F (eds) In: Modelling uncertainty: an
examination of stochastic theory, methods, and applications. Springer, New York, pp 515-553

Cavazos-Cadena R (2010) Optimality equations and inequalities in a class of risk-sensitive average cost
Markov decision chains. Math Meth Oper Res 71:47-84

Cavazos-Cadena R, Herndndez-Herndndez D (2011) Discounted approximations for risk-sensitive average
criteria in Markov decision chains with finite state space. Math Oper Res 36:133-146

Cavazos-Cadena R, Hernandez-Herndndez D (2016) A characterization of the optimal certainty equivalent
of the average cost via the Arrow-Pratt sensitivity function. Math Oper Res 41:224-235

Di Masi GB, Stettner L (2007) Infinite horizon risk sensitive control of discrete time Markov processes under
minorization property. SIAM J Control Optim 46:231-252

Ghosh MK, Saha S (2014) Risk-sensitive control of continuous time Markov chains. Stochastics 86:655-675

Guo XP, Herndndez-Lerma O (2009) Continuous-time Markov decision processes: theory and applications.
Springer, Berlin

Guo XP, Huang YH, Song XY (2012) Linear programming and constrained average optimality for gen-
eral continuous-time Markov decision processes in history-dependent policies. SIAM J Control Optim
50:23-47

Jaskiewicz A (2007) Average optimality for risk-sensitive control with general state space. Ann Appl Probab
17:654-675

Kallenberg O (2012) Foundations of modern probability. Springer, New York

Kitaev MY, Rykov VV (1995) Controlled queueing systems. CRC Press, Boca Raton

@ Springer



524 Discrete Event Dyn Syst (2017) 27:501-524

Puterman ML (1994) Markov decision processes: discrete stochastic dynamic programming. Wiley, New York

Wei QD, Chen X (2014) Strong average optimality criterion for continuous-time Markov decision processes.
Kybernetika 50:950-977

Wei QD, Chen X (2016) Continuous-time Markov decision processes under the risk-sensitive average cost
criterion. Oper Res Lett 44:457-462

Qingda Wei received the Ph.D. degree in probability and statistics from Sun Yat-Sen University in 2013. He
is an associate professor in Huaqgiao University. His research interests include Markov decision processes,
stochastic games and stochastic optimization.

y

Xian Chen received the Ph.D. degree in probability and statistics from Academy of Mathematics and Sys-
tems Science, Chinese Academy of Sciences in 2014. She is an assistant professor in Xiamen University. Her
research interests include Markov decision processes, mathematical biology, Dirichlet forms and stochastic
partial differential equations.

@ Springer



	Average cost criterion induced by the regular utility function for continuous-time Markov decision processes
	Abstract
	Introduction
	Preliminaries
	The V-average cost criterion
	The existence of U-average optimal policies
	Proof of Theorem 3.1
	Proof of Theorem 3.2
	Proof of Theorem 3.4
	Concluding remarks
	Acknowledgments
	References


