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1. In the domain Ω = R1 × (0,+∞), consider the equation

Lu(x, t) ≡ utt(x, t)−D2γ
+ u(ξ, t) = H(t− τ)u(x, t− τ), (1)

where 0 < τ ≡ const, 1 < 2γ < 2, H(ξ) is the Heaviside function, and D2γ
+ is the Riemann–Liouville

fractional integro-differentiation operator [1, p. 85] acting on a function u(x, t) with respect to the
variable x :

D2γ
± u(ξ, t) =

∂2

∂x2
D2γ−2
± u(ξ, t) =

±1
Γ(2− 2γ)

∂2

∂x2

x∫
∓∞

|x− ξ|1−2γu(ξ, t)dξ, x ∈ R1.

Equation (1) arises in mathematical modeling of processes in media with fractal geometry [2].
We write Ω =

⋃+∞
k=0 Ωk, where Ωk = R1 × (kτ, (k + 1)τ).

Problem Kγ. Find a solution u(x, t) of Eq. (1) in the domain Ω such that

D2γ−2
+ u(ξ, t) ∈ C

(
Ω̄
)
∩ C2(Ω)

and u satisfies the conditions

u(x, t)|t=0 = ω(x), ut(x, t)|t=0 = ν(x), x ∈ R1, (2)

lim
x→±∞

D2γ−2
+ u(ξ, t) = lim

x→±∞
D2γ−1

+ u(ξ, t) = 0, 0 ≤ t < +∞, (3)

where the functions ω(x) and ν(x) are twice and once continuously differentiable, respectively, and
absolutely integrable on R1; moreover,

lim
x→±∞

D2γ−2
+ ω(ξ) = 0.

2. If there exists a solution of Problem Kγ, then it is unique, which follows from the fact that
the solution of Problem Kγ with zero initial conditions (2) is trivial. To prove this, consider the
total energy integral

E(t) =

+∞∫
−∞

[
u2
t (x, t) + ux(x, t)D

2γ−1
+ u(ξ, t)

]
dx, (4)

which is positive definite and independent of t.
Indeed, by formula 2.5.3.10 in [3, p. 387],

|x− ξ|1−2γ =
(

Γ(2γ − 1) cos
π(2γ − 1)

2

)−1
+∞∫
0

s2γ−2 cos s|x− ξ|ds,
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and therefore, the assertion about positive definiteness is valid, since

+∞∫
−∞

ux(x, t)D
2γ−1
+ u(ξ, t)dx =

+∞∫
−∞

ux(x, t)D
2γ−2
+ uξ(ξ, t)dx =

+∞∫
−∞

ux(x, t)D
2γ−2
− uξ(ξ, t)dx

=
1

2Γ(2 − 2γ)

+∞∫
−∞

ux(x, t)dx

+∞∫
−∞

|x− ξ|1−2γuξ(ξ, t)dξ

= −cos πγ
π

+∞∫
0

s2γ−2

 +∞∫
−∞

ux(x, t) cos sx dx

2

+

 +∞∫
−∞

ux(x, t) sin sx dx

2  ds ≥ 0.

(We have used the fact that cos πγ < 0 for 1 < 2γ < 2.)
The second assertion that E(t) ≡ 0, 0 ≤ t ≤ τ , is also valid, since, integrating by parts in the

second and third terms of the expression

dE(t)
dt

=

+∞∫
−∞

[
2ut(x, t)utt(x, t) + uxt(x, t)D

2γ−1
+ u(ξ, t) + ux(x, t)D

2γ−1
+ ut(ξ, t)

]
dx

and taking into account conditions (2) and (3), we obtain

dE(t)
dt

=

+∞∫
−∞

ut(x, t)Lu(x, t)dx +

+∞∫
−∞

ut(−x, t)Lu(−x, t)dx = 0

owing to the fact that Lu(x, t) = 0 in Ω0. Therefore, E(t) ≡ const = E(0) = 0, 0 ≤ t ≤ τ .
Since the integral (4) is positive definite, it follows from the last relation that ut(x, t) ≡ 0 and

ut(x, t) ≡ 0 in Ω0, i.e., u(x, t) ≡ const in Ω0. Since u(x, 0) = 0 and D2γ−2
+ u(ξ, t) ∈ C

(
Ω̄0

)
, we have

u(x, t) ≡ 0 in Ω̄0.
We use a similar argument for the domains Ωk (k = 1, 2, . . .), successively take into account

the relations u(x, t)|t=kτ = 0 and ut(x, t)|t=kτ = 0, x ∈ R1, as well as Lu(x, t) = 0 in Ωk [since
u(x, t) ≡ 0 in Ω̄k−1], and obtain E(t) ≡ E(kτ) = 0, kτ ≤ t ≤ (k + 1)τ , and u(x, t) ≡ 0 in Ω̄k, i.e.,
u(x, t) ≡ 0 in Ω̄.

3. We seek a class of nontrivial solutions of Eq. (1) satisfying conditions (2) and (3) in the form

u(x, t) =

+∞∫
−∞

eiλxū(λ, t)dλ, (x, t) ∈ Ω̄, (5)

where the Fourier amplitude ū(λ, t) is determined from the problem

d2

dt2
ū(λ, t)− (iλ)2γ ū(λ, t) = H(t− τ)ū(λ, t− τ), t > 0,

ū(λ, t)|t=0 = f̄(λ), ūt(λ, t)|t=0 = ḡ(λ);
(6)

here {
f̄(λ)
ḡ(λ)

}
=

1
2π

+∞∫
−∞

e−iλξ

{
ω(ξ)
ν(ξ)

}
dξ, i =

√
−1. (7)

The solution of problem (6) can be represented in the form [4]

ū(λ, t) = {ūk(λ, t), kτ ≤ t ≤ (k + 1)τ (k = 0, 1, 2, . . .)} , (8)
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where

ūk(λ, t) = f̄(λ)A1k(λ, t) + ḡ(λ)A2k(λ, t), (9)

A2k(λ, t) = R(λ, t) +
k∑

m=1

γm

t−mτ∫
0

η
(
(t−mτ)2 − η2

)m−1
R(λ, η)dη,

A1k(λ, t) =
d

dt
A2k(λ, t), γm =

(
m!Γ(m)× 22m−1

)−1
,

R(λ, t) = (iλ)−γ sinh ((iλ)γt) . (10)

By substituting (8) into (5) and by taking into account (9) and (7), we obtain

u(x, t) =
{
uk(x, t), (x, t) ∈ Ω̄k (k = 0, 1, 2, . . .)

}
,

where

uk(x, t) =

+∞∫
−∞

eiλxūk(λ, t)dλ =

+∞∫
−∞

ω(ξ)Gkt(x− ξ, t)dξ +

+∞∫
−∞

ν(ξ)Gk(x− ξ, t)dξ

and

Gk(x, t) = R̄(x, t) +
k∑

m=1

γm

t−mτ∫
0

η
(
(t−mτ)2 − η2

)m−1
R̄(x, η)dη;

moreover,

R̄(x, t) =
1

2π

+∞∫
−∞

eiλxR(λ, t)dλ. (11)

To compute the integral (11), we rewrite the expression (10) via the Fox H-function [5, p. 626].
To this end, we successively apply formulas 1.2 in [6, p. 118] and 8.4.51.7 in [5, p. 728] to (10).
Then we obtain

R(λ, t) = 2−1(iλ)−γ
[
H11

12

(
−(iλ)γt

∣∣∣(0,1)

(0,1),(0,1)

)
−H11

12

(
(iλ)γt

∣∣∣(0,1)

(0,1),(0,1)

)]
.

In view of formula 2.25.2.4 in [5, p. 355], relation (11) becomes

R̄(x, t) =
1

4
√
π

(2i)−γxγ−1 [M+(x, t) +M−(x, t)] ,

where

M±(x, t) = H12
32

(
− t(±2i)γ

xγ

∣∣∣∣((1+γ)/2,γ/2),(0,1),(γ/2,γ/2)

(0,1),(0,1)

)

−H12
32

(
t(±2i)γ

xγ

∣∣∣∣((1+γ)/2,γ/2),(0,1),(γ/2,γ/2)

(0,1),(0,1)

)

± iH12
32

(
− t(±2i)γ

xγ

∣∣∣∣(γ/2,γ/2),(0,1),((1+γ)/2,γ/2)

(0,1),(0,1)

)

∓ iH12
32

(
t(±2i)γ

xγ

∣∣∣∣(γ/2,γ/2),(0,1),((1+γ)/2,γ/2)

(0,1),(0,1)

)
;
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moreover,

d

dt
R̄(x, t) =

1
4
√
π
x−1 [N+(x, t) +N−(x, t)] ,

N±(x, t) = H12
32

(
− t(±2i)γ

xγ

∣∣∣∣(1/2,γ/2),(0,1),(0,γ/2)

(0,1),(0,1)

)
+H12

32

(
t(±2i)γ

xγ

∣∣∣∣(1/2,γ/2),(0,1),(0,γ/2)

(0,1),(0,1)

)

± iH12
32

(
− t(±2i)γ

xγ

∣∣∣∣(0,γ/2),(0,1),(1/2,γ/2)

(0,1),(0,1)

)
± iH12

32

(
t(±2i)γ

xγ

∣∣∣∣(0,γ/2),(0,1),(1/2,γ/2)

(0,1),(0,1)

)
.

It is known [5, p. 628] that the function Hmn
pq

(
z
∣∣∣[ap,Ap]

[bq,Bq ]

)
is analytic with respect to z in the

sector |arg z| < a∗π/2, where

a∗ =
n∑
j=1

Aj −
p∑

j=n+1

Aj +
m∑
j=1

Bj −
q∑

j=m+1

Bj.

This condition is satisfied in our case, since a∗ = 1, |arg(i)±γ | = πγ/2 < π/2 for 1/2 < γ < 1 and
hence |arg (±t(±2i)γx−γ)| < π/2.

By using the analyticity of the Fox H-function and its asymptotics [2], one can justify the
solution of Problem Kγ.

If γ = 1 (k = 0), then our solution coincides with the solution of Problem K1 for the string
vibration equation.
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