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Abstract

In this paper, we study the fourth weight of generalized Reed—Muller codes. Erickson in
his Ph.D. thesis proved that the second weight of R;(a(q — 1) + b, m) depends on the
second weight R, (b, 2). Also, Leducq (Discret Math 338:1515-1535, 2015) proved that
under the same condition, by the third weight of R, (b, 2) we can determine the third weight
of R,(a(g — 1) + b, m). In this paper we will show that the similar result does not hold for
the fourth weight of generalized Reed—Muller codes. We will determine the fourth weight of
generalized Reed—Muller codes of order r = a(qg — 1) + b with3 < b < #.

Keywords Generalized Reed—Muller codes - Fourth weight - Affine subspace - Affine
hyperplane

Mathematics Subject Classification 11T71 - 11G25

1 Introduction

Let F, be the finite field with g elements and m > 1 an integer. We denote by B} the
F,-algebra of the functions from F(;" to F, and by F,[Xy,---, X,,] the F -algebra of
polynomials in m variables with coefficients in F;.

Let r be an integer such that 1 < r < m(g —”}). The generalized Reed—Muller code of

order r is the following subspace of the space Fg

Ry(rom) = [ (£ (aerp|f € FylXy, -+, Xl and deg(f) < r]

Throughout this article, we write r = a(g — 1) +b,0 <a <m—-1,0<b < g — 1,
d" = (¢ — b)g" ! and by W; we denote the ith minimum weight of Ry (r,m). The
support of f € Fy[X1,---, Xplistheset {x € F' : f(x) # 0} and we denote by | f| the
cardinal of its support.
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There exist many questions concerning generalized Reed—Muller codes. Some of the
most important questions are about the first minimum weights and weight distribution of
generalized Reed—Muller codes. Not much is known for the mentioned questions for g > 3
and r > 3.

The minimum weight has been determined by Kasami et al. [9]. It has been proved that
the minimal weight of the generalized Reed—Muller code R, (r, m) is (g — b)g™ 2! where
r=a(q@g—1)+band 0 < b < g — 1. The codewords reaching this bound were described
by Delsarte et al. [5] (see also [11]).

Erickson [7] proved that if we know the second weight of R, (b, 2) then, we can determine
the second weight for all generalized Reed—Muller codes. He conjectured that the second
weight of R;(b,2) is (¢ — b)g + b — 1 and Bruen proved the conjecture using blocking
set in [2]. This problem was studied by Geil using Grobner basis in [8] for r < ¢ and
r > (m — 1)(¢g — 1) and it was almost completely solved by Rolland [16]. Second weight
codewords have been studied in [4, 17] and finally completely described in [12].

Leducq [13] got a full description of the third weight and the third weight codewords of
generalized Reed—Muller codes of orderr = a(g — 1) + bfor3 < b < ‘1%4‘

The weight distribution of R, (2, m) was given by McEliece in [15] for any ¢ and due
to some mistakes in the computation, Li [14] provided a precise account for the weight
distribution of second order generalized Reed—Muller codes. For ¢ = 2, for all m and all r,
the weight distribution is known in the range [W{, 2.5W|] by a result of Kasami et al [10].
We refer the reader to [1, 3, 6] for further results.

In this paper, we want to determine the fourth weight of generalized Reed—Muller codes.
The main result of this article is the determination of the fourth weight of R, (a(g — 1) +b, m)
the generalized Reed—Muller code of length ¢” for prime number ¢ and order a(qg — 1) + b
for3<b < ‘%“4.

From a geometric point of view a polynomial f defines a hypersurface in F, qm and Z(f)
the set of points of this hypersurface (the set of zeros of f) is related to the support of the
associated codeword by the following formula:

Ifl=q" —#Z(f)

2 Preliminaries
2.1 Notation and preliminary remark

Let f € Bj,, A € F,. We define f; € B! | by

m—1

Vx = (X2, oo Xm) € )71 fu(x) = f(h X200, X).

Let 0 < r < m—1)(g — 1) and f € Ry(r,m). We denote by S the support of f.
Consider H an affine hyperplane in F", by an affine transformation, we can assume x; = 0
is an equation of H. Then § N H is the support of fo € R, (r,m — 1) or the support of

A=xI"Nf e Ry(r + (g — 1), m).

2.2 Useful lemmas

Here, we present some lemmas that we need to prove our main results. The Lemmas 1-8 are
proved in [7]
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Lemmal Letm > 1,q > 2, f € Bl and w € Fy. If for all (x2,---, xpm) in F;”’l,
fw,xa, -+, xym) =0, then for all (x1, x2, -+, xm) € F,
S xm) = (e —w)g(xr, -+, Xm)

with degyx, (g) < degy,(f) — 1 and deg(g) < deg(f) — 1.

Lemma2 Letm >2,q>3,0=<r <m(qg—1.If f € Ry(r,m), f # 0 and there exists
y € Ry(1,m) and (A;)1<i<n 1 elements in Fy such that the hyperplanes of equation y = A;

do not meet the support of f, then
m—a—2

n(b —n)q ifn < b,

m—a—1
[fl=(q—Db)q +[(n—b)(q—1—n)l]m7ail ifn > b.

wherer =a(q—1)+b,1 <b <qg—1.

Lemma3 If f € R,(r,m) withr <q—land|f| < (1+ i)d;”, then f is the product of r
linear factors.

Lemmad Letm >2,q >3,1 <b <q— 1. Assume f € Ry(b, m) is such that f depends
only on x; and g € Ry(b —k,m), 1 < k < b. Then either f + g depends only on x| or
|f+8l=(@@—b+hkg" "

Lemma5 Letm >2,qg>3,1<a<m—1,1<b <q—2 Assume f € R;(a(g—1)+b, m)
is such thatVx = (x1,--- , x,) € F™™,

F@ =0 =x"NFx,xm)

and g € Ry(alg — 1) +b—k,m), 1 <k <q — 1, is such that (1 — xi]_l) does not divide
g. Then either | f +g| = (¢ —b+k)g"* Lork = 1.

Lemmaé Letm >2,g>3,1<a<m—-21<b=<g—2and f € Rj(alg—1)+b,m).
We set an order on the elements of Fy such that | f,| < --- < [f3, .

If f has no linear factor and there exists k > 1 such that (1 — ngl) divides f,, fori <k
but (1 — xg_]) does not divide f;,_, then,

1f1= (g —b)g" "V + k(g — k)g" >

Lemma7 Letm >2,qg >3,1<a <mand f € Ry(a(qg — 1), m) such that | f| = g™~
and g € Ry(a(g—1)—k,m), 1 <k < q—1, suchthat g # 0. Then, either |f +g| = kg™
or|f+gl = (k+ Dg" ™.

Lemma8 Letm >2,qg >3,1<a<m—1land f € Ry(a(q—1), m). Ifforsomeu,v € Fy,
| ful = | fol = g™ %1, then there exists T an affine transformation fixing x1 such that

(foTl)y=(foT),

The following results can be found in [13].

Theorem1 Letm > 2, g > 9,0 <a <m—2and4 < b < #. The third weight of

Ryalg—1)+b,m)is W3 =(q—2)(q—b+ 2)qm—a—2.

Theorem2 Letm > 3,q > 7and 0 < a < m — 3. The third weight of Ry(a(q — 1) + 3, m)
is W = (¢ — 1)’q" 7.
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Theorem3 Forg >7,m>20<a<m—24<b< ﬂ , up to daffine transformation,

the third weight codewords of Ry(a(q — 1) + b, m) are oftheform
f = ﬂ(l —x{ g (at 1. Xar2) V= (¥,  x) € FY

where g € Ry (b, 2) is such that |g| = (g —2)(q — b+ 2).

Theorem4 Forqg > 7, m > 3,0 < a <m — 3, up to affine transformation, the third weight
codewords of Ry(a(q — 1) + 3, m) are of the form:

a

£ =[]0 =2 Dxasixasrass ¥a = @, xm) € FI
i=1

3 A lower bound on the fourth weight

In this section, we determine a lower bound on the fourth weight of R, (a(q — 1) + b, m)
for the cases where 3 < b < 13— Throughout this paper, by hyperplane we mean affine
hyperplane and ¢ is a prime number The validity of the results of this paper has been checked
by a computer program.

Lemma9 Let f € R, (b, m) be the product of b distinct linear factors such that x| —\; fori =
1,---, k are k of these linear factors. If for some jo ¢ {1, --- , k}, |f/\,-0| =(g—b+k)g"?
(the minimum weight of Ry (b — k, m — 1)) then, forall j ¢ {1, --- , k}, there is an integer t
where 0 <t <b —k — 1 such that | f,;| = (q —b+k+1)g" 2

Proof We denote by H), the affine hyperplane with the equation x; = A; fori =1,--- ,q.
Assume that S denotes the support of f. By the assumption of the lemma, S does not meet
the hyperplanes H;, fori = 1,--- ,k. Denote by H® i = 1,--., b — k the other affine
hyperplanes corresponding to the other linear factors which do not meet S. Since for some
Jo & {1, kb 1 fiy | = (@ —b+ k)g™=2 then, [1j, is a minimum weight codeword of
Ry(b —k,m —1). So Hy, N H® = PY s an affine subspace of codimension 2 where
PONPE) = Gfori # i’. We get that for each two hyperplanes H®) and H®", H® n g )
is either empty or an affine subspace of codimension 2 which is included in one of the
hyperplanes H;, fori = 1,---,q. Denote by P/ the affine subspace of codimension 2
Hy,, N HY fork+1 <i<gandl < j < b — k in which for j # j/, PV P =¢
or Pl = P’ So we get that | f3,| = ¢" ' — (b — k — )¢ 2 in which b — k — 1 is the
number of distinct subspaces P/ which is included in Hj, . O

Lemma10 Letm >3, >9,4<b < q+4 and f € Ry(b,m). If | f| > (g —2)(q — b+
2472, then |1 > g — 12(q b+ g™

Proof Let f € R, (b, m) such that | f| > (¢ —2)(¢ — b + Z)qm_2. Assume | f| < (g —
D2(g — b+ 2)g™ 3. Since

1 1
(g =Dg=b+2)g" = 1+ )dy’ = 1+ (g = )"~ M
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forb < ‘1%4, by Lemma 3 f is the product of b linear factors. For y € R, (1, m), denote by

n the number of distinct A € F;; such that y — A divides f. Since n < b by Lemma 2

(@ —b)g" ' +nb—n)q"? <(@-1*g—b+2)q"?

we getthatn € {1,2,b—2,b — 1, b}.

By applying an affine transformation we can assume that x; = Ay, Ay € Fj is one of the
linear factors.

If n = b, then forall x = (xy, -+, x,) € F™, we have

b
o) =a[ e =)
i=1
with A; € Fy, A; # Aj fori # j.Inthis case f is a minimum weight codeword of R, (b, m)
which is absurd.
Ifn=05b—1,thenforall x = (x,---,x;;) € F, we have

b—1

f) =[] =g

i=1

withA; € Fy,A; #Ajfori # jand g € R,;(1,m). If deg(g) = 0, then f is a minimum
weight codeword of R, (b — 1,m). If deg(g) = 1, then f is a second minimum weight
codeword of R, (b, m). Both cases give us a contradiction, since (g —2)(q — b + 2)q’"’2 <
If] < (g —D*g —b+2)g" .

Ifn=>b—2,thenforall x = (x1,---,x,) € F", we have

b2

o) =] e =rgx)

i=1

with A; € Fy, A; # Ajfori # jand g € R;(2,m). If deg(g) = 0, then f is a minimum
weight codeword of R, (b — 2, m). If deg(g) = 1, then f is a second minimum weight
codeword of R, (b— 1, m). Both cases give a contradiction. Sodeg(g) = 2. Foralli > b—1,
fr € RgQ2,m— 1y and | f,| = |g3;] = (g —2)¢" 2. Denote by N :=#{i = b— 1| f3,] =
(q —2)¢" %) For A € Fy, if |fil > (¢ —2)g™ 2, then |fi] > (g — 1)>¢"™ 3. Since
|l < (g — 1)%(q — b+ 2)g" 3, we get that N > 1. So by Lemma 9 we conclude that for
alli > b— 1,11 = (g —2)¢" *or|fy;| = (¢ — g" > From

N(@—2)¢"2+(@q@—b+2—N)g—1Dg" 2 <(@—D*g—b+2)g"

we get that N = g — b + 2 that gives a third minimum weight codeword of R, (b, m) which
is absurd.
If n =2, then for all x = (x1,---,x;,) € F", we have

f) =@ —AD —A2)gx)
with A, A2 € Fy, A # A and g € Ry (b—2,m). Thenforalli > 3, f3, € R;(b—2,m—1)
and | fi,| = |ga,| > (g — b +2)g" 2. Denote by N :=#{i > 3; | f,| = (g — b +2)¢"2}.
For A € Fy,if [fal > (g — b +2)g" 2, then | fi| > (g — 1)(g — b+ 3)g™~>. Since

G- —-D@-b+3)q¢" > (g—D*g—b+2)¢g"
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we getthat N > 1.Soby Lemma9 foralli > 3,|f3,| = (q—b+t)q’"’2 where2 <t < b—1.
Therefore we have

1f1 = N(g—b+2)¢" 2+ (@ —-2-N)g—b+3)q"?
= (ata =26 —b+3) = Ng)q" .

By considering | f| < (g — 1)*(g — b 4+ 2)g™ 3, we get that N = g — 2 that gives a third
minimum weight codeword of R, (b, m) which is absurd.
From now, assume n = 1. Then for all x = (x, --- , x,) € F™, we have

f ) = (1 —2A)gl)

with Ay € F, and g € R;(b — 1,m). Then foralli > 2, f;;, € Ry(b—1,m — 1) and
| fos] = lga; 1 = (g — b+ 1)g" 2. Denote by N := #{i > 2; | f3,| = (g — b+ 1)g"2}. For
A€ Fyif |fal > (g — b+ 1)g™ 2, then | fi| = (¢ — 1)(g — b+ 2)g™ 3. Since

(@—D@—-D@—b+2)q" > >(@q—-1D*g-b+2)q"

we get that N > 1. Assume Hy is the hyperplane with the equation x; = A;. Let H =
{Hy,---, Hp_1} be the set of (b — 1) other affine hyperplanes which do not meet S. Denote
by A the affine subspace of codimension 2 which is included in both of Hy and Hj. Let
A= {H;;i > 1,Hi N Hy = A}. Sincen = 1 and N > 1, for each pair (H, H') €

A X (H — A), HN H’ is an affine subspace of codimension 2 which is included in one of
HY (the hyperplane with the equation x; = };) for 2 <i < ¢. Then we have

Ifl > (g —D(g—b+Dg™ 2 +#Ab — 1 — #A)g" 2.

By considering | | < (g — 1)2(g — b +2)g™ 3, we get that | A| = b — 1 that gives a second
minimum weight codeword of R, (b, m) which is absurd. m]

Lemma 11 Letm > 3,q > 9and4 < b < ‘13i4.lff € Ry((m —3)(qg — 1) + b, m) and
If] > (g —2)(q —b+2)q, then | f| > (g — 1)*(q — b +2).

Proof The case where m = 3 comes from Lemma 10. Assume m > 4. Let f € R,((m —
3)(q¢ — 1) + b, m) such that | f| > (¢ —2)(qg — b +2)q. Assume | f| < (¢ — 1)*(q —b +2).
We denote by S the support of f.

Assume § meets all affine hyperplanes. We set an order on the elements of F;; such that
[fa,] < -+ < |fa, |- Then for all H hyperplane, #(S N H) > (¢ — b)q and since

qq—2(q—b+2)+ 1) >(q—D*g—b+2)

we get that | f,| = (¢ —b)q or | f | = (¢ —D(g—b+Dor|fi,|=(q—-2)(q—b+2).
By applying an affine transformation, we can assume (1 — xg _1) divides f;,. Letk > 1 be
such that for all i < k, (1 —x?~") divides f;, and (1 — x?~") does not divide f;,,,. Then
by Lemma 6
|1 = (q = b)g” + k(g = k)q
>(q b’ +qq—1)
we get a contradiction, since (g — b)g% +q(g — 1) = (¢ — D*(qg — b + 2).
So there exists a hyperplane Hy which does not meet S. By applying an affine transformation,

we can assume x| = o, @ € Fy is an equation of Hy. Denote by n the number of hyperplanes
parallel to Hy which do not meet S.
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Ifn=¢qg —1,thenforall x = (x1, - ,x,) € F,;” we can write

F@) =0 —=x"Ngm, - xm)

where g € Ry((m —4)(q — 1) +b,m — 1) and | f| = |g|. So g has the same conditions as
f with one variable less. Iterating this process we end either in the case where a = 0 (which
is absurd by Lemma 10) or in the case where n < g — 1.

From now, we assume n < ¢ — 1. By Lemma 2 since |f| < (g — )*(g — b +2),n €
{1,2,b—2,b — 1, b}. We can write for all x = (x1,---,x,) € F",

fo = ] 1= r)gw)

1<i<n

where g € R;((m —3)(g — 1) +b —n,m). Thenforalli > n+ 1, f5;, € Ry((m —3)(q —
D4b—nm—1)and |fi,] = lgy,] = qlg —b+n).

Assume n = b. For A € F, if |g;,] > g? then |g,| > 2(g — 1)g. Denote by N := #{i >
b+1;g,l = g?}. Since

(@—b)2q—1g>(@q—1)*Gq—b+2)
forb < ‘7%4, we get N > 1. Furthermore, since
(q—b)g* < (g —2)(g—b+2)yq

N<qg—-b—1.
Assume | fy,, v | = (N + 1)q2. Then

NG*+(q—b—N)YN+Dg> < |fl < (g—D*q—b+2).
Therefore
Ng*(q—b—N)<2bqg—3q—b+2 < @2b—3)q

which gives N(g —b — N) < 1 forb < [’Sﬂ and this is absurd since | < N <g—b—1.If
| frpensi| = Ng? then

Ng*+(q—b—N)Ng* < |f|l < (g —1)*(q —b+2).
So
Ng*(g—b) = N(N — 1)¢* —q*(q —b) <2bqg —3¢ —b+2 < (2b —3)q
which gives
(N —1)(g —b—N)g> < 2b—3)q.

So the only possibility such that | f3, v, | = Ng%is N = lor N = g — b which are absurd
by definition of N and inequality N < g — b — 1, respectively.

By Lemma 8 forall b+ 1 < i < N + b, g,,, = & So we can write for all x =
(xls"' ,xm) € F‘;'n
fo=T] - A»(gml(xz, cx)+ o [ - mh(x))
1<i<b b+1<i<N+b
=[] &« — x,-><afx,,+l(xz, cx+ [ e - ki)h(X)>
1<i<b b+1<i<N+b

@ Springer



3864 S. Golalizadeh, N. Soltankhah

where h € R;((m —3)(g — 1) — N,m) and a € F;.
Then for all (x3, -+, x) € Fé"’l,

Sopanwar X253 Xm) = By (2, Xm) + Yoy (X2, Xim)

which is absurd by Lemma 7.

Now, assume n € {1,2,b—2,b — 1}.

Applying argument as in the beginning of the proof of this lemma, we can assume that
(1 — x47") does not divide f.

Since n > 1, fi, =0.So (1 —x{™") divides f;,. Then since (1 — xJ~") does not divide
f, there exists k € {1,2,---,g — 1} such that for all i < k, (1 — xg_l) divides fj, and
a- xg_l) does not divide fj,,,. For A € Fy,if | fi| > g(g — b+ n), then

q? if n=b-1,
g—D@—-b+2) if n=1,
(q—D(g—-b+3) if n=2,
(g — 1)? if n=b-2.

[fal = Wr =

Denoteby N :=#{i > n+1; |f),| = q(g—b+n)}. Inall cases, (g —n)Wr > (g — 1)2(q—
b+ 2).So N > 1. Furthermore, for alln € {1,2,b —2,b — 1}, (¢ —n)q(qg — b +n) <
@-2(¢—b+2)q.S0N <qg—n—1.
Then | f3,,,| = qg(¢ — b +n) and f},,, is a minimal weight codeword of R, ((m — 3)(g —
1) +b — n,m — 1). So by applying an affine transformation we can assume (1 — xg_l)
divides f,,,- Thenk >n+1> 2.

IfN >2andn+1 <k <n+N-—1,then|fy, | =qlg—b+n) <q(g—b+k).IIN =1
andn+1<k<g-—lorN>2andn+ N <k <qg—1,assume |fj,, | > qlg —b+k).
Then

|fl > Nglg—b+n)+k—n—NWr+ (g —k)qlg—>b+k)
>(@-D*g—b+2)

which is absurd.
Since foralln +1 < i <k, (1 — ngl) divides f;,, it divides g,; too. Then for all
x = (x1,---,xn) € F" we can write

fo=T1] (xl—m< I1 (xl—x,»>h(x1,--~,xm>+<1—x;’*1)l(x1,x3,---,xm))

1<i<n n+l1<i<k
withdeg(h) < (m —3)(q — 1) +b — k. Thenforall x = (x1,--- ,xp) € F;"
f)\kJr] (-xZa Tt xm) = ah}nk+1 (xlv e sxm) + :3(1 - xg_l)l)nk+1 (x37 e ’xm))

Therefore, we get a contradiction by Lemma 5, since k > 2 and | f3,,,| < gq(g —b+k). O

Lemmal2 Letq > 4, m > 3. If f € R,3,m) and |f| > (q — 1)°¢"3 then, |f| >
(g = 1>+ Dg" .

Proof We prove this lemma by induction on m. The case where m = 3 is an immediate
result. Suppose that for some m > 4, if f € R,(3,m — 1) is such that | f| > (g — 1)°¢™*
then | f| > (g — 1)* + 1g" %

Let f € Ry(3, m)suchthat |f| > (g—1)3¢™ 3. Assume | f| < ((g—1)>+1)¢" 3. Denote
by S the support of f.
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Assume S meets all affine hyperplanes. Then for all H hyperplanes #(SNH) > (¢ —3)g™ 2.
Suppose that there exists H such that #(S N H;) = (¢ — 3)¢g™ 2. By applying an affine
transformation, we can assume x| = « is an equation of H;. Set an order on the elements of
Fy suchthat | fy,| <--- < |f;\q |. Then f3, is a minimum weight codeword of R, (3, m — 1).
By applying an affine transformation, we can assume fj, depends only on x;. Letk > 1 be
such that fj, depends only on x; forall i < kbut fy,, does notdepend only on x;. If k > 3,
we can write for all x = (x1, -+, xy) € F(;”

3
FEO =Y A2 Gaexm) [ =2
i=0

1<j<i
Since for i < 4, f;, depends only on x2, then f depends only on x1, x2, Then | f| = 0 (mod

¢"™=2).Since | f| > (g—1)3¢g™ 3, then | f| > ((g — 1)+ 1)¢™ 3 which is absurd. So k < 3.
Since fj,, -+, fi, depend only on x3, we can write for all x1, x, € F, and X e F(;"_Q

k
FO1,x0, %) = gler, x2) + [ [ = 2)h(x1, x2, %)

i=1
where deg(h) < 3 — k. Then

f)»k+1 ()CQ, i\) = 81 ()CQ) + ahkkJr[ (XZ, 5‘:\)

where o € F;. So by Lemma 4 since f;,,, does not depend only on x2, | fo,,,| > (¢ —3 +
k)g" 2. So

Ifl > k(g —3)g" 2+ (q = k(g —3+g" % =(q—3)q" " +k(g—kqg" .

By considering | f| < ((¢ — 1) + 1)¢™ 3, we get a contradiction.

So for all H hyperplanes, #(S N H) > (g — 1)(qg — 2)¢™ 3. By induction hypothesis and
considering ¢ parallel hyperplanes there exists an affine hyperplane Hg such that#(SN Hy) =
(g —1D(g —2)¢g" 3 or #(SN Hy) = (¢ — 1)3¢™~*. In both cases, we get that there exists
A an affine subspace of codimension 2 included in Hy which does not meet S. Considering
all hyperplanes through A, since for all H hyperplanes, #(S N H) > (g — 1)(g — 2)¢™ 3,

we get

@+ D@ —D@-2¢""7 < (g — D>+ g™

and this is absurd. So there exists an affine hyperplane H; which does not meet S. Denote
by n the number of hyperplanes parallel to H; which do not meet S.

By applying an affine transformation, we can assume x; = Aj is an equation of Hj. We
haven < 3.

Ifn =3, thenforall x = (x1,---,x;) € Fq’” we can write

FX) =1 = ADx — A2)(x1 — A3)g(x)

where A; € Fy, A # Aj foralli # j, deg(g) = 0.So0 |f] = (g —3)g™ ! that gives a
minimum weight codeword of R, (3, m) which is absurd.
Ifn =2,thenforall x = (x1,---,x;) € Fq’" we can write

fx) = (x1 —AD(x1 — A2)g(x)
where A; € Fy, M| # Ay, deg(g) < 1.1f deg(g) =0, |f] = (¢ — 2)¢g™ . If deg(g) = 1,
|f1 = (g —2)(g — 1)g™ 2. We get a contradiction in both cases.
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From now, assume n = 1. Then for all x = (x,---, x;) € F‘;” we have

fx) =& —Ar)gk)

where deg(g) < 2. Then for i > 2, deg(fy;,) < 2 and so either |f;,| = (¢ — 2)q’”*2 or
| ful = (g — D*q™ 3 or | fi,| = (g% —q — 1)g" 3 (see [13]). Since

(@—D@*—q—1Dg" 3= (g— D>+ g"3,

is a contradiction, there exists i > 2 suchthat | f;,| = (g — 2)¢™ % or [ fo;l = (g — l)zqm_3.
Denote by H’ a hyperplane such that #(S N H') = (¢ — 2)¢" > #(SN H') = (¢ —
1)2q’"_3). Then there exist P; and P, two parallel affine subspaces of codimension 2 (two
affine subspaces of codimension 2 intersect in an affine subspace of codimension 3) included
in H' notin S. Consider P an affine subspace of codimension 2 included in H’ which intersect
P and P, (in two different subspace of codimension 3). Then #(S N P) = (¢ — 2)q’"‘3.
Then for all H hyperplane through P, #(S N H) > (g — 1)(g — 2)g™ 3. We can apply the
same argument to all affine subspaces of codimension 2 included in H’ parallel to P. Now,
consider a hyperplane through P and the g — 1 parallel hyperplanes to this hyperplane. Since
|| < ((g — 1) 4+ 1)¢™ 3, by induction hypothesis one of these hyperplanes say H” meets
S either in (¢ — 2)(g — 1)g™ 3 or (¢ — 1)3¢™* points.

Denote by (A;)1<i<3 the 3 affine subspaces of codimension 2 included in H” which do
not meet S. Suppose that S meets all hyperplanes through A; and consider H one of them. If
all hyperplanes parallel to H meet S then as in the beginning of the proof of this lemma, we
getthat #(SN H) > (¢ — 1) (g — 2)q’"’3. If there exists a hyperplane parallel to H which
does not meet S then #(S N H) > (g — 2)g™ 2. In all cases we get a contradiction since
(@+ D@ —1(g—2)q" 3> (g — 1)+ g™ 3.

Then there exist three hyperplanes H; (with the equation x; = A1), H> and H3 which do
not meet S. Since n = 1, the intersection of H, and H3 is an affine subspace of codimension
2 say Aj 3. There are three following cases:

If A3 is contained in the hyperplane Hj, then for all i > 2 |f;,| = (¢ — 2)g™=2. So
|l = (g — 1)(g — 2)q"™ 2 which is absurd.

If Ay 3 is contained in one of the hyperplanes x; = 4 for j > 2, then | f3;| = (g — 1)g
and | f3,| = (g —2)g"™ > fori >2andi # j. So

1fl=( =2 =2g" >+ (@~ 1g"?
= (¢ -3¢ +3)¢" >
=((g—1D’+Dg",
we get a contradiction, since | f| < ((g — 1)3 + 1)g" 3.

If A 3 meets the hyperplane x; = A; in an affine subspace P; of codimension 3 for all i, then
|/l = (@ = D*q" . So | fl = (g = (g — D*¢" > = (¢ — 1)’¢™ which is absurd. O

m—2

In what follows, let

5b={(q—2>(q—b+2)qif 4<b<TP g>9

(g —1)?° if b=3, ¢>7

and
Gol@-D@-b+2it 4<b< B g>09
(-1 +1 if b=3, ¢>7
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Proposition1 Letm > 3,4 >9,0<a<m—-3,3<b < #andf € Ry(a(g—1)+b, m).
IFIf] > Eg™ 3 then | f| > dpg™ .

Proof The cases where @ = 0 or m = 3 have been considered in Lemmas 10 and 12. Assume
m > 4 and a > 1. We prove the result by induction on m — a. The case where a = m — 3
is an immediate result for » = 3 and follows from Lemma 11 for b > 4. If m = 4, the only
possibilities are a = 0 and a = 1 that have been considered before. So, from now suppose
thatm > 5. Letl <a < m — 4. Assume if f € Ry;((a + 1)(g — 1) + b, m) is such that
|f| > épg™ % then, | f| = dpg™ ~*~*.

Let f € Ry(a(g — 1) + b, m) such that | f| > &,q™ 973, Assume | f| < dpg™ 3.
Denote by S the support of f.

Suppose that S meets all affine hyperplanes. We set an order on the elements of Fj
such that [fy,| < --- < |f3, |- Since |f] < dpq™ %73, by induction hypothesis, S, is
either a minimal weight codeword or second weight codeword or third weight codeword of
Ry(a(g — 1) + b, m — 1). In all cases, by applying an affine transformation we can assume
(1 — x47") divides f,. Let k > 1 be such that for all i < k, (1 —x?™") divides f;, but
(1- xg_l) does not divide f3,,. Then, by Lemma 6,

1f1= (@ —b)g" 7 +k(g—kg" > (q—-bg" "+ (g —Dg" 2

which is absurd, since (¢ — b)g" %~ 4+ (¢ — )¢ 92 > dpg™ 3.

So there exists a hyperplane Hy which does not meet S. By applying an affine transfor-
mation we can assume x| = o, o« € Fy, is an equation of Hy. We denote by n the number of
hyperplanes parallel to Hy which do not meet S.

Ifn = q — 1, then we can write for all x = (xq, -+, x;) € Fq’”

F) =0 =x"Nglm, -, xm)

where g € Ry((a —1)(gq — 1) +b,m — 1) and | f| = |g|. Then g has the same conditions as
S Iterating this process, we end either in the case where a = 0 (which gives a contradiction
by Lemma 10 and 12) or in the case where n < ¢ — 1. So from now we assume n < g — 1.
Since | f| < c?;,q’"‘“_3, by Lemma 2 the only possibilities are n € {1,2,b —2,b — 1, b}.
We can write for all x = (x1, -+, x) € Fq’”

n
) =] = r)gw)
i=1
where g € R;(a(qg—1)+b—n,m). Thenforalli > n+1, fy;, € Ryj(alg—D)+b—n,m—1)
and | f,| = lgx,| = (¢ — b +m)g" 7%

Assume n = b. For A € Fy, if |g| > ¢™ %!, then |g1| > 2(g — 1)g"™ 2. We
denote By N = #{i > b+ 1: |gy| = g"™=%1}. Since fori > b+ 1 | f1;| = lg, | and
(g —b)2(g — Dg" 2 > (qum-a—3, N > 1. On the other hand since (g — b)g" %~ <
ag" < |fLN<q-b-1

Assume | fi,, v, | = (N + 1)g™ %=1 Then

Ng" ™7V 4 (g —b— NY(N + Dg" 7 < |f] < dpg™ ™3
which gives

(g —b)Ng* — N*¢* <dyp — (q — b)g*
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therefore
N(g —b— N)g?> < (2b —3)q.

which is absurd since N(g —b — N) > land b < q#,
I | frpini | = qufafl, then

Ng" N4 (g b= N)Ng" ™" < |f] < dpg" ™7
which gives
qu(q—b—N—i-l) <dp <q2(q—b+l).
So we have
(N—1)(g—b+1) <N?

whichisabsurdfor2 < N < g—b—1.Sothe only possibility such that| f3,, v, | = Ngm—a—1
is the case where N = 1 that is a contradiction by definition of N.

By Lemma 8, forall b+ 1 <i < N + b, g),,, = &,- So we can write for all x =
(x1,--+,xp) € F‘;n

fo =] - x,-><gx,,+l<xz, cxm)+ o [ @- A»h(x))
1<i<b b+1<i<N+b
= 1_[ (x1 _)‘-i)<aflb+l(x27 Cee LX) + 1_[ (x1 — )»i)h(x)>
1<i<b b+1<i<N+b
where h € Ry(a(g —1) — N,m)and @ € F;.
Then, for all (x3, -+, x) € F[;”’l,
Sopane1 G2, xm) = B a2, -+ X)) + Vhg e (2,0, Xn).

This is a contradiction by Lemma 7.

From now, assume n € {1,2,b —2,b — 1}.

Applying argument as in the begining of the proof of this proposition, we can assume that
(1 — x47") does not divide f.

Since n > 1, f5, = 0. So, (1 — xI7") divides f;,. Since (1 — x™") does not divide f,
there exists k € {1, -+ , g — 1} such that forall i < k, (1—x?™") divides f;, and (1—x7 ")
does not divide f;,,,.Fori > n+ 1,if | fy,| > (¢ — b + n)g"~*=2 then

quafl if l’l:b—l,

) @—-D@—-b+2)g" 3 if n=1,

fuul = W2 = (q—D(q—b+3)g"3if n=2andb #3,
(q — 1)?gm—a—3 if n=>0b—2.

Wedenoteby N =#{i >n+1:|fi,| =(@—b+ n)g™=%=2}. Since forn € {1,2,b —
2,b— 1} if (n,b) # (1,3) (g —n)W, > thm’“’3, N > 1. Furthermore, in all cases,
(@—n)g—b+ng" 2 <&q" "3 <|fl.SON<g—n—1.

Assume (n,b) = (1,3). We denote by N = #{i > 2: |fi,| = (g —2)¢" 2 or | fi,| =
(@ — 1)?¢™ 3} Fori > 2,if | fi,| > (g — 1)>¢"™ %3 then | f3,| > W3 = (¢*> —q —
Dg™473.Since (g — (g2 —q — g™ %3 > ((g — D3 + 1)g™ 3, N > 1. Also, since
(g—1(g—1*" 3 <|fl,N<q-2
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The above arguments show that for3 < b < # andn € {1,2,b—2, b— 1} except possibly
(n,b) = (1,3) fi,,, is a minimum weight codeword of R,(a(q — 1) +b —n,m — 1)
and if (n, b) = (1,3) f;,,, is either a minimum or second minimum weight codeword of
R,(a(g —1)+2,m —1). So by applying an affine transformation we can assume (1 —xg_l)
divides f3,,,. Thusk > n +1 > 2.

IfN>2andn+1 <k <n+N-—1,thenk+1 € Nandso|fy, | < (q—b+k)q’"’“’2.
fN=1landn+1 <k <g—-—1orN>2andn+ N < k < g — 1, assume that
| fri] = (@ = b +K)g" 2. We get

|f1= N(g—b+nmg" 7+ k—n—NWa+(qg—k(g—b+kqg" ">

which is absurd since | f| < dpg” * 3 and1 <N <gq —n — 1.
Since (1 — xg _1) divides f;, foralli <k, it divides gy, too. Therefore, we can write for
all x = (x1,x2, -+, xp) € F'

fo= 1] (xl—m( [T G0 =2t x, - xm)

I<i<n n+l1<i<k

+(1 —xg_l)l(m,xs, e ,xm)>

with deg(h) <a(qg —1)+b—kand!l € R;((a—1)(g — 1) + b —n,m — 1). Then for all
(x27"' ’xm)eF,;n_l,

Frer (2, -+ Xm) = @l (X2, -+ xm) + B —x3 D (3, Xm).

We get a contradiction by Lemma 5, since k > 2 and | f3,,,| < (¢ — b+ k)gm—a—2 O

4 An upper bound on the fourth weight

Theorem5 Letg >3, m >2,0<a <m—1,1<b < q— 1, then if Wy is the fourth
weight of Ry(a(q — 1) + b, m), we have

(1) If b =1 then,

—forq=3m>3and1 <a<m—2, Wy <43" "1
—forq=4m=>3andl <a<m—2 W4 <64m"1
—forq=3anda=m—1lorq=4anda =m — 1, W4 < 2q,
—forg=5and1l <a<m—1, Wy <2(q—1)g" %1,

@) If2<b<q—1

~forg=5m=30<a<m-3and4<b<|$+2], Wa<(g—-1D*g—b+
z)quafi’)’

—forq>7,0<a<m-2and|$+2] <b<q—1, W4 < (g—2)(g—b+2)g" 2,

—forq =4, m=>30<a<m—3andb=3 W4 <((g—1)°+ Dg" 73,

—forqg>40<a<m—2andb=2 Wy < q" "

—forq=31<a<m—1landb=2 Wy <23m" "1
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Proof (1) — Forq=3,m >3 and 1 <a <m — 2, define for x = (x1,--- , xy) € F",

a—1

fo) =[]0 =x)xa = ) (xag1 —v)
i=1
withu, v € F,. Then, f € R3(2a,m) and | f| = 4.3m~4~! > 3m—a,
— Forg=4,m>3and 1 <a <m — 2, define forx = (x1,---,xy) € F",

a—1

f@ =0 =) = w) (s — V)(at1 — w)

i=1

with u,v,w € F, and u # v. Then, f € R4(3a,m) and |f| = 6.4m7¢"1 >
18.4m—a=2,
— Forg =3 anda = m — 1 define for x = (x1,--- , x;n) € F5'

m—2
fo) =[] =xHGn1—u
i=1
with u € F,. Then, f € R;,(2m —3,m) C R;(2(m — 1) +1,m) and |f| = 6 >
4 > Ws.
— Forg =4 anda = m — 1 define for x = (x1, -+, x,n) € FJ"'
m—3
o) =0 =x))@m—2 = un) @2 — u2) o1 — u3)
i=1
(Xxm—1 — ua) Xy — us)(xXpm — )
with u; € Fy and up;—1 # up; fori = 1,2,3. Then, f € R;3m —3,m) C
R;B(m —1)+1,m)and |f| =8 > 6 > Ws.
— Forg >5and 1 <a <m — 1 define for x = (x1,---,xn) € Fé”

a—1 q—2
f@ =Ta=x"H T Ga = b)@ass —u)
i=1 j=1
withu,b; € Fyand b; # bj fori # j. Then f € Ry(a(g —1),m) C Ry(a(g —
D+ 1,m)and |f] =2(g — Dg™ ! > 2(g —2)¢g™ ! > W;.
(2) Forg >5,0<a<m-—3and4 <b < L%+2J,deﬁneforx = (X1, ,XxXm) € Fé",
a b-2
—1
f =TT =D [Gar1 = bj)Ear2 — ) xays — d)
i=1 j=1
withb; € F,;,bj # by for j # kand c,d € F,;. Then, f € R,(a(qg — 1) + b, m) and
1fl=(q—D*g—b+2)g" 3 > (g —2)(qg—b+2)g" "2
- Forg >7,0<a <m—2,[4£+42] <b < g—1,defineforx = (x1,--,xn) € F],
a b2
-1
f@ =TT =D a1 = bj)Ear2 — ) Gaya — d)
i=1 j=1
withbj € Fy,bj # by for j #k,c,d € F;and ¢ # d. Then, f € R,(a(qg — 1) +
b,m)and |f| = (q —2)(q — b+ 2)g" % > W3.
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— Forg>4,m=>3,0<a<m-—3andb =3,
a
q—1
o) =T]0 = 5D ar1 = ) (ar2 — d)@xats + Brata — €)
i=1

withe,d,e € Fy,a, B € Fq* and e # ac+ Bd. Then, f € R;(a(g —1)+ 3, m) and

I fl=((q— D3+ l)qm_‘l—3 > (g — 1)3qm—a—3.
— Forg >4,0 <a <m—2andb =2, define forx = (x1,--- , x) € FJ',

fo=Jla-+"h
i=1

then, f € Ry(alq — 1).m) C Rylalg — 1) +2,m) and |f| = ¢"~* > (q —
g™~ > ;.
— Forg =3,1<a <m—1andb = 2, define for x = (x1,--- ,x,) € F",

f) =[]0 = x) a1 —w)

i=1

with u € F,. Then, f € R3(2a + 1,m) C R3(2a +2,m) and |f| = 2.3" "1 >
1637473 > W3,

5 Fourth weight in the case wherem > 3

By combining the results in Sections 3 and 4, we have the following results.
Theorem6 Letm >3, > 9,0 <a <m—3and4 < b < #. The fourth weight of

Ry(alg — 1)+ b,m) is Wa = (g — 1)*(g — b +2)g" 473

Theorem7 Letm > 3,q > 7and0 < a < m — 3. The fourth weight of R;(a(q — 1)+ 3, m)
is Wa = ((q = 1)’ + g" 7.

Proof By Proposition 1 we have

_ [ @=1D2g—b+2)gm T if 4 <b < T2,
*=1«g = D3+ Dgm—a3 if b=3.
By Theorem 5 Part (2), there exists g € R, (b, 3) such that |g| = dp.Forx = (x1, -+ ,xp) €

F[;”, we define
a
~1
) =TT =x")e®ar1, Xat2, Xa13).
i=1
Then f € Ry(a(q — 1) +b,m) and | f| = lglg™ %3 which proves both of theorems. O

6 Fourth weight in the case wherem = 2

In this section, we determine the fourth weight and the fourth weight codewords of R, (b, 2).
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Proposition 2 For g > 11, the fourth weight of Ry(4,2) is Wy = (q — 22+ 1.
Furthermore, if f € Ry(4,2) issuchthat | f| = (q — 2)2 + 1 then up to affine transformation
forall (x,y) € qu either

2
fee,y) =] J(@x +biy + ¢j)(@ax + bay)(azx + bzy)
j=1

with (a;, b;) € qu \ {(0, 0)} are such that a;bj — ajb; # 0 fori # jandc; € F; for
j=12
or

3

Fey) =] [(@jx +bjy)aax + bay + o)
j=1

with (a;, b;) € qu \ {(0, 0)} are such that ajb; — a;jb; # 0 fori # jandc € F;.

Proof The third weight in this case is (¢ — 2)2. So if there exists f € R;(4,2) such that
Ifl=(q—2?%+1,Ws=(qg—2)>+1and f is a fourth weight codeword of R, (4, 2). Since
(g —2)*+1 < (g —3)q and (g — 3)q is the minimum weight of R;(3,2),deg(f) =4. We
prove first that f is the product of 4 affine factors. Let p be a point of F, qz which is not in S

and / be a line in qu such that p € [. Then either / does not meet S or / meets S in at least

q — 4 points. If any line through p meets S then,
@+D@-H<Ifl=@-2*+1

which is absurd for ¢ > 11. So there exists a line through p which does not meet S. By
applying the same argument to all points not in S, we get that f is the product of affine
factors.

Denote by Z the set of zeros of f. We have just proved that Z is the union of 4 lines in
F qz_ If the 4 lines are parallel then, f is the minimum weight codeword of R, (4, 2) which
is absurd. If 3 of these lines are parallel or the 4 lines intersect in one common point, f is a
second weight codeword of R, (4, 2) which is absurd. Assume 2 of these lines are parallel. If
the 2 other lines are parallel or intersect in a point which is included in one of the parallel lines
then, f is a third weight codeword of R (4, 2) which is absurd. If the 2 other lines intersect
in a point which is not included in any of the parallel lines then we are in the first case of the
proposition. Finally, assume all of 4 lines intersect pairwise. They can not intersect in one
point. If 3 of 4 lines intersect in a point then, we are in the second case of the proposition.
Otherwise |Z| = 4q — 6 < 4q — 5 which is absurd. O

Proposition 3 For g > 13, the fourth weight of Ry (5,2) is Wy = (¢ — 2)(q — 3) + 1.
Furthermore, if f € R, (5,2) is such that |f| = (q — 2)(q — 3) + 1 then up to affine
transformation for all (x,y) € qu either

3
fee,y) =] J(@x +biy + ¢j)(@ax + bay)(azx + bzy)
Jj=1

with (a;, b;) € qu \ {(0, 0)} are such that a;bj — ajb; # 0 fori # jandc; € F; for
j=12,3
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or

2 2
fey) =[x + by +c) [ [@ax + bay +dj)(arx + by + ¢;)
i=1 j=1
+B(arx +bay +d;)), i, j€{1,2)

with (a;, b;) € qu\{(O, 0}, a1by —axby #0, ¢;, d; € Fy are suchthat ¢y # cx anddy # d
anda, B € F;
or
3
f.y) = [J@ix +biy)aix + by + o) (@(ajx + bjy) + flarx + bry + c)).
i=1
j=2,3

with (a;, b;) € qu\{(O, 0)}, aibj —ajb; #0fori # jandc,a, B € F;
or
4
fe.y) = [](@jx +bjy)asx +bsy +c)
j=1

with (aj, bj) € qu \ {(0, 0)} are such that ajb; — a;b; # 0 fori # jandc € Fq*.

Proof The third weight in this case is (¢ — 2)(g — 3). So if there exists f € R, (5, 2) such
that|f| = (q—2)(q—3)+1, Wa = (g —2)(¢ —3)+ 1 and f is a fourth weight codeword of
R;(5,2). Let f € R;(5,2) suchthat | f| = (¢ —2)(g —3) + 1. Since (g —2)(¢ —3) +1 <
(g —4)q and (g — 4)q is the minimum weight of R, (4, 2), deg(f) = 5. We prove first that
f is the product of 5 affine factors. Let p be a point of F, qz which is not in S and / be a line
in qu such that p € /. Then either / does not meet S or / meets S in at least ¢ — 5 points. If
any line through p meets S then

(@+D@—=35=<Ifl=(@—-3)g—-2) +1

which is absurd for ¢ > 13. So there exists a line through p which does not meet S. By
applying the same argument to all points not in S, we get that f is the product of affine
factors.

Denote by Z the set of zeros of f. We have just proved that Z is the union of 5 lines in
F q2. If the 5 lines are parallel then f is a minimum weight codeword of R, (5, 2) which is
absurd. If 4 of these lines are parallel or the 5 lines intersect in one common point, then f
is a second minimum weight codeword of R, (5, 2) which is absurd. Assume that 3 of these
lines are parallel. Consider all possibilities:

1. If the 2 other lines are parallel or intersect in one point which is included in one of the
parallel lines then, f is a third minimum weight codeword of R, (5, 2) which is absurd.

2. If the 2 other lines intersect in one point which is not included in any of the parallel lines
then we are in the first case of the proposition.

Assume 2 of these lines are parallel. Consider all of cases.

1. If an other pair of lines are parellel and the fifth line meets the four other lines in two
points then, f is a third minimum weight codeword of R, (5, 2) which is absurd. If the
fifth line meets the four other lines in three points then, we are in the second case of the
proposition. Otherwise #Z = 5¢ — 8 < 5 — 7 which is absurd.
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2. If the 3 other lines intersect in one common point which is included in one of the parallel
lines then, f is a third minimum weight codeword of R, (5, 2) which is absurd. If 2 of
the three other lines intersect in a point which is included in one of 2 parallel lines and
the fifth line meets the four other lines in 3 points then, we are in the third case of the
proposition. Otherwise #Z < 5g — 8 < 5¢ — 7 which is absurd.

Assume all lines intersect pairwise. They can not intersect in one point. If 4 of 5 lines intersect
in one common point and the fifth line meets the other lines in different points of that point
then, we are in the last case of the proposition. Otherwise #Z < 5¢ — 8 < 5¢ — 7 which is
absurd. O

Proposition 4 For g > 16, the fourth weight of Ry(6,2) is W4 = (9 —2)(q —4) + 1.
Furthermore, if f € R,(6,2) is such that |f| = (q — 2)(g — 4) + 1 then up to affine
transformation for all (x,y) € qu either
4
f,y) = [ Jl@x + b1y + cj)@x + bay)(asx + bsy)
j=1
with (a;, b;) € qu \ {(0, 0)} are such that a;bj — ajb; # 0 fori # jandc; € F; for
j=112,3,4
or

3 3
f0,y) =] J@x +bry +e) [ J(arx +bay +dj)
i=1 j=1
with (a;, b;) € qu\{(O, 0)} are such that ayby — azby # 0, ¢;, d; € Fygandc; # cj, di #d;
fori #j

or

3 2
fo =TT =an [0 =bp (@ — a0y + G = bax + by —aby) i #k
i=1 j=1
witha;, bj € Fy, by # by and a; # aj fori # j
or
2 4

fe,y) = (@x+biy) [ [@x+biy+e) [[@x+b;y)
i=1 j=2

with (a;, b;) € qu \ {(0, 0)} are such that a;b; — ajb; #0, c1,c2 € F; and ci # ¢
or

3

oy =[] = an = bi)ex + By —aar — o) (atar — ) (x - a3)

i=1
+B(as — @)y — b))

withby, a; € Fg, a; #aj fori # janda,p € Fj
or
2 2
fey=lJe-a) ] - bj)((bz —bx + (a2 —a))y +aib; — azb2>

i=1 j=1
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((bz —by)x + (ap —a1)y +a1by + axby — Zazbz)

with a;, b; € Fy are such that ay # ap and by # by and a\by + axby # a1by + axby
or

2 2
oy =[1e =a [T = bp(b2 = box + @ — any +arby — azb2)

i=1 j=1
(b1 = b2)x + (@2 = an)y + baay — braz)

with a;, b; € F; are such that a) # ap and by # by
or

5
f,y) =] ](@jx +bjy)asx + bey + ¢)
j=1

with (aj, b;) € qu \ {(0, 0)} are such that ajb; — a;b; # 0 fori # jandc € F;.

Proof The third weight in this case is (¢ — 2)(¢ — 4). So if there exists f € R, (6, 2) such
that | f| = (g —2)(g—4)+1, Ws = (¢ —2)(¢ —4) + 1 and f is a fourth weight codeword of
R;(6,2).Let f € R;(6,2) suchthat | f| = (g —2)(g —4)+ 1. Since (g —2)(¢g —4) +1 <
q(g —5) and g(g — 5) is the minimum weight of R, (5, 2), deg(f) = 6. We prove first that
f is the product of 6 affine factors. Let p be a point of F, q2 which is not in § and / be a line
in F, qz such that p € /. Then either / does not meet S or / meets S in at least g — 6 points. If
any line through p meets S then

G+D@—-6)=<|fl=@-2)(¢g—-4H+1

which is absurd for ¢ > 16. So there exists a line through p which does not meet S. By
applying the same argument to all points not in S, we get that f is the product of affine
factors.

Denote by Z the set of zeros of f. We have just proved that Z is the union of 6 lines in
qu. If the 6 lines are parallel then, f is the minimum weight codeword of R (6, 2) which is
absurd. If 5 of these lines are parallel or the 6 lines intersect in one common point then, f
is a second weight codeword of R, (6, 2) which is absurd. If 4 of these lines are parallel, the
following cases will happen:

1. If the two other lines are parallel or intersect in one point which is included in one of the
parallel lines then, f is a third weight codeword of R, (6, 2) which is absurd.

2. If the two other lines intersect in one point which is not included in any of the parallel
lines then, we are in the first case of the proposition (see Fig. 1a).

If 3 of these lines are parallel, the following cases will happen:

1. If the three other lines are parallel then, we are in the second case of the proposition (see
Fig. 1b).

2. Assume that two of three other lines are parallel. If the last line meets the five other
lines in 3 points then, we are in the third case of the proposition (see Fig. 1c). Otherwise
#Z < 6g — 10 < 6g — 9 which is absurd.

3. If the three other lines intersect in one common point which is included in one of the
parallel lines then, we are in the fourth case of the proposition (see Fig. 1d).
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Fig. 1 Possible sets of zeros of fourth weight codewords in R, (6, 2) for ¢ > 16

4. If the three other lines intersect pairwise in three different points which are included in
the parallel lines then, we are in the fifth case of the proposition (see Fig. 1e). Otherwise
#Z < 6g — 10 < 6g — 9 which is absurd.

If 2 of these lines are parallel, the following cases will happen:

1. Assume the 6 lines can be partitioned to three pair of parallel lines. If the lines of each
pair meet the four other lines in 5 points, we are in the 6th case of the proposition (see
Fig. 1f). Otherwise #Z < 6g — 11 < 6g — 9 which is absurd.

2. Assume the 6 lines can be partitioned so that there are two pair of parallel lines. So if
the two other lines meet the four other lines in 4 points, we are in the 7th case of the
proposition (see Fig. 1g). Otherwise #Z < 6 — 10 which is absurd.

3. Assume there is one pair of parallel lines. If the four other lines intersect in one point
included in one of the parallel lines then f is a third weight codeword of R, (6, 2) which
is absurd. Otherwise #Z < 6 — 10 that is a contradiction.

If the 6 lines intersect pairwise, they can not intersect in one point. Then if 5 lines intersect
in one point and the 6th line meets the other lines in different points of that point then we are
in the last case of the proposition (see Fig. 1h). Otherwise #Z < 64 — 11 which is absurd. O

Theorem8 For g > 19and7 < b < % + 1, the fourth weight of R;(b,2) is Wy =
g—2)(qg—b+2)+1.

Furthermore, if f € Ry(b,2) is such that | f| = (q — 2)(q — b + 2) + 1 then up to affine
transformation for all (x, y) € Fq2 either

b-2
fee,y) = [ Jl@x + b1y + cj)@x + bay)(asx + bsy)

j=1
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/ \
[\

7 / N\

G, H,

Fig.2 Possible sets of zeros of fourth weight codewords in R, (7, 2) for ¢ > 19

with (a;, b;) € qu \ {(0, 0)} are such that a;bj — ajb; # 0 fori # jandc; € F; for
j=1---,b—2o0r
b—1
fee, ) =[] @jx +bjy)@px +byy +0)
j=1

with (a;, b;) € qu \ {(0, 0)} are such that ajb; — a;jb; # 0 fori # jandc € F;.

Proof The third weight in this case is (¢ — 2)(¢ — b + 2). So if there exists f € R, (b,2)
suchthat |f|=(qg —2)(q —b+2)+ 1, Was = (g —2)(g —b+2)+ 1 and f is a fourth
weight codeword of R, (b, 2). Let f € R, (b,2) such that |f| = (¢ —2)(¢g — b +2) + 1.
Denote by S its support.

Since (9 —2)(q —b+2)+1 <q(qg—b+1)and g(g — b+ 1) is the minimum weight of
Ry(b —1,2),deg(f) = b. We prove first that f is the product of b affine factors. Let p be
a point of qu which is not in S and / be a line in qu such that p € [. Then either / does not
meet S or / meets S in at least ¢ — b points. If any line through p meets S then

(g+D@—=b)=|fl=(@-2(@q—-b+2)+1

which is absurd for b < % + 1. So there exists a line through p which does not meet S.
By applying the same argument to all points not in S, we get that f is the product of affine
factors.

Denote by Z the set of zeros of f. We have just proved that Z is the union of b lines in F, qz.
For each line [ which does not meet S, we denote by n; = #{'| INI' =@,1I'NS = FrU{l})
the number of lines parallel to / and not in S plus 1. By Lemma 2 since n; < b,

(g—=Dbg+mb—-—m)=<(@g—-2)(q-b+2)+1

we getthatn; € {1,2,b —2,b — 1, b}.

We say that those lines are in configuration Ay if the b lines are parallel, in configuration
By, if exactly b — 1 lines are parallel, in configuration Cj, if the b lines meet in a point,
in configuration Dy if b — 2 lines are parallel and the 2 other lines are also parallel, in
configuration E}, if b — 2 lines are parallel and the 2 other lines intersect in one point included
in one of the parallel lines, in configuration F}, if b — 1 lines intersect in one point and the
bth line is parallel to one of the previous, in configuration Gy if b — 2 lines are parallel and
the 2 other lines intersect in one point which is not included in any of the parallel lines, in
configuration Hj, if b — 1 lines intersect in one point and the bth line meets the other lines
in different points of that point (see Fig. 2) and in configuration /,, if we are in none of the
previous configurations.
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We prove by induction on b that Z the set of zeros of f is of type G, or Hj. Since the
number of points in such set is bg — 2b + 3, we get the result.

Assume b = 7. We have just proved that Z is the union of 7 lines in qu. According

to what we said n; € {1, 2,5, 6, 7}. If the 7 lines are parallel (configuration A7) then f is
the minimum weight codeword of R, (7, 2) which is absurd. If 6 of these lines are parallel
(configuration B7) or the 7 lines intersect in a point (configuration C7) then, f is a second
weight codeword of R, (7, 2) whichis absurd. If 5 of these lines are parallel, then if the 2 other
lines are parallel (configuration D7) or intersect in one point included in one of the parallel
lines (cofiguration E7) then, f is the third weight codeword of R, (7, 2) which is absurd. So
the only possibility in this case is configuration G7. If 2 of these lines are parallel then, if the 5
other lines intersect in one point included in one of parallel lines (configuration F7) then, f is
the third weight codeword of R, (7, 2) which is absurd. Otherwise #Z < 7g — 12 < 7g — 11
that gives a contradiction. If all lines intersect pairwise then they cannot intersect in one point.
Then if b — 1 lines intersect in one point and the bth line meets the other lines in different
point of that point then, we are in configuration H7. Otherwise #Z < 7q — 14 < 7q — 11
which is absurd. This proves the result forb = 7.Let7 < b < % +1. Assumeif f € R, (b, 2)
and | f| = (¢ —2)(¢ — b+ 2) + 1 then its set of zeros is of type G} or Hp,.
Let f € R;(b + 1,2) such that | f| = (g —2)(q — b + 1) + 1. Denote by Z the set of
zeros of f. Then as in the beginning of the proof, we get that Z is the union of b 4 1 lines
in qu and as we said before for any line/in Z n; € {b+ 1,b,b — 1,2, 1}. Let us consider
now a type I+ configuration of b 4 1 lines. By considering the structure of the introduced
configuration, we get that n; = 1 or 2. So if we extract from this configuration a subset with
b lines we obtain one of the following situations:

1. Z is the union of a type F}, configuration and a line /. Since Z is a configuration Ip1, [
cannot intersect the configuration Fj, in the point where b — 1 lines of the configuration
intersect. So, [ intersects the configuration Fj in at least b — 2 points. We get that
#Z <bqg—2b+44+q—-b+2=0b+1)qg—-3b+6<b+1)g—2b+1.

2. Z is the union of a type Hj, configuration and a line /. Since Z is a configuration I 1, [
cannot intersect the configuration Hj, in the point where b — 1 lines of the configuration
intersect. So, [ intersect the configuration Hj, in at least b — 2 points. We get that #Z <
bg—2b+4+q—-b+2=0b+1)g-3b+6< b+ 1)g—2b+1.

3. Z is the union of a type I;, configuration and a line /. Since for any line [ n; = 1 or
2 so, [ meets the configuration I, in at least 2 points. Then, by induction hypothesis,
#Z <bq—2b+34+qg—2=bg+q—2b+ 1.
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